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From  the  Preface  to  the  First 
Russian  Edition 


This  book  has  been  written  mainly  for  the  benefit  of  people  engaged 
in  experimental  work  in  the  field  of  semiconductor  physics.  It  will 
probably  prove  useful  to  students  specializing  in  physics. 

Among  the  principal  subjects  treated  in  this  book  are  crystal 
lattice  vibrations,  the  laws  of  electron  motion  in  an  ideal  and  a per- 
turbed periodic  fields,  the  kinetic  equation  and  transport  phenomena 
(electric  current). 

The  reader  must  be  familiar  with  mathematics,  quantum  mecha- 
nics and  physical  statistics  within  the  limits  specified  in  the  curri- 
cula of  physical  faculties  of  universities  or  physical  and  mathemati- 
cal faculties  of  polytechnical  colleges.  He  or  she  need  not  have 
a detailed  knowledge  of  those  courses  but  is  expected  to  be  able 
to  find  a way  through  the  appropriate  sections  of  textbooks  referred  to. 

The  special  feature  of  the  book  is  that  those  elementary  facts  are 
used  to  derive  all  the  formulae.  This,  I hope,  is  done  meticulously 
enough  to  make  the  book  comprehensible  for  the  abovementioned 
category  of  readers. 

Some  mathematical  derivations  of  a more  comple£  manure  and 
less  connected  with  the  main  text  are  presented  in  the  end  of  the 
book  in  Appendices. 

Quite  naturally,  such  detailed  derivation  of  the  fundamental 
relations  in  a book  of  limited  size  precluded  the  discussion  of  some 
important  problems  and  detailed  comparison  of  theory  with  experi- 
ment. 

I have  dedicated  this  book  to  the  noble  memory  of  Abram  Fyodoro- 
vich Ioffe  on  whose  initiative  it  has  been  written.  I express  sincere 
gratitude  to  the  editor  G.  E.  Pikusforhis  numerous  remarks  which 
helped  to  improve  the  book. 


A.  I.  Anselm 


lYul'aco  to  the  Second  Russian  Edition 


In  its  new  edition  the  hook  has  been  greatly  augmented  and 
revised.  Yet  the  general  aims  and  purpose  of  the  book  have  remained 
the  same.  Like  the  first  edition,  the  second  is  intended  for  the  same 
category  of  readers:  for  students  specializing  in  physics  and  for 
experimental  physicists.  This  sets  the  standard  of  knowledge  required 
for  reading  this  book. 

Two  new  chapters  have  been  written  for  the  2nd  edition:  Elements 
of  Group  Theory  and  Crystal  Symmetry  (Chapter  2)  and  Optical 
Phenomena  in  Semiconductors  (Chapter  7).  Besides,  old  sections 
have  been  revised  and  new  ones  added:  Sections  3.6-3.10,  4.8-4.15, 
5.1,  6.9.  8.6,  0.2-0. 6,  0.9,  and  9.11. 

Willi  the  extent  of  modern  solid  state  physics  having  grown  bound- 
lessly, the  choice  of  the  additional  material  naturally  had  to  be 
subjective.  1 have  as  before  tried  to  present  the  material  so  that 
“the  reader  will  derive  some  pleasure  from  the  perusal  of  this  book 
and  from  our  refusal  to  invite  prolonged  confusion  by  the  phrase 
‘it  can  readily  be  shown  that’”  (from  P.  T.  Landsberg’s  preface  to 
Solid  State  Theory : Methods  and  Applications  (ed.  by  P.  T.  Lands- 
berg,  Wiley,  London,  1969,  p.  V). 

Although  the  book  has  grown  in  size  almost  one  half  as  large 
as  the  first  edition,  many  important  sections  of  semiconductor  theory 
(strong  electric  fields,  disordered  semiconductors,  optics  of  impurity 
centres,  semiconductor  electronics,  etc.)  could  not  be  included. 

Being  a textbook,  the  book  contains  almost  no  references  to 
original  papers.  At  appropriate  places  the  reader  is  referred  to 
monographs  and  textbooks;  in  part  they  have  been  used  in  the 
preparation  of  the  book.  Besides,  I have  used  the  lectures  on  semi- 
conductor theory  I have  been  reading  at  the  Leningrad  Polytechnical 
Institute  and  at  the  Leningrad  State  University. 

I express  my  sincere  gratitude  to  Grigori  Evgen’ievich  Pikus, 
who  has  carefully  read  the  whole  manuscript,  for  his  numerous 
remarks  that  helped  to  improve  the  book  appreciably.  I am  thankful 
to  Yu.  N.  Obraztzov  and  to  G.  L.  Bir  for  their  part  in  discussions 
on  several  problems  leading  to  improvement  of  the  text,  and  to 
A.  G.  Aronov  for  Section  7.8.3. 
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1 The  Geometry  of  Crystal  Lattices 
and  X-Ray  Diffraction 


1.1  Simple  and  Complex  Crystal  Lattices 

1.1.1  Most  solid  semiconductors  and  solid  metals  have  a crystalline 
structure,  i.e.,  they  are  collections  of  an  enormous  number  of  atoms 
regularly  arranged  in  space.  Regular  arrangement  is  the  property 
of  periodicity  in  space,  or  translational  symmetry , characteristic  of 
crystal  lattices.  In  other  words,  we  assume  the  existence  of  three 
vectors,  al5  a2,  a3,  not  lying  in  one  plane,  such  that  when  the 
crystal  as  a whole  is  displaced  along  any  of  those  vectors  it  coincides 
with  itself.  Of  course,  we  ignore  the  existence  of  thermal  motion 
and  the  surface  of  the  crystal.  As  we  will  show  below,  in  the  lattice 
the  directions  of  the  vectors  a;  (i  = 1,  2,  3)  may  be  chosen  in 
a number  of  ways.  It  is  also  evident  that  the  displacement  of  the 
crystal  by  an  integral  number  of  vectors  a;  results  in  it  coinciding 
with  itself.  In  what  follows  we  will  assume  a,  to  be  the  vectors  of 
minimum  length  and  fixed  direction. 

The  vectors  a;  so  chosen  are  called  the  basis  vectors  of  the  crystal 
lattice.  A parallelepiped  built  on  the  three  vectors  a;  is  called  the 
unit  cell.  Let  us  agree  to  arrange  the  vectors  alt  a2,  and  a3  in  the 
same  order  as  the  positive  axes  x,  y,  z of  a right-handed  coordinate 
frame.  Making  use  of  the  usual  definition  of  a triple  scalar  product 
in  a right-handed  coordinate  frame  [1.1,  p.  214],  one  can  demonstrate 
that  the  volume  of  the  unit  cell  is 

= I ai’(a2  X a3)  | = | a3*(a1  X a2)  | = | a2-(a3  X ax)  |.  (1.1) 

1.1.2  We  shall  begin  the  study  of  the  geometry  of  crystal  lattices 
with  the  discussion  of  a linear  (one-dimensional)  lattice,  which  is 
a collection  of  particles  arranged  periodically  along  an  infinite 
straight  line.  Such  a lattice  can  be  obtained  by  successive  displace- 
ments of  an  atom  or  a group  of  atoms  by  equal  segments  aloof 
a straight  line.  In  this  case  we  have  only  one  basis  vector  ax  = a, 
and  the  “volume”  of  the  unit  cell,  is  equal  to  the  length  of  the 
segment,  a.  Figure  1.1  depicts  three  linear  lattices.  White  and  black 
circles  depict  atoms  of  different  types.  Keeping  in  mind  that  the 
basis  vector  a is  the  least  distance  by  which  the  lattice  must  be 
displaced  to  make  it  coincide  with  itself,  we  see  that  lattice  (a) 
contains  one  atom  per  unit  cell  £20  = a,  and  the  lattices  (b)  and  (c) 
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I wo  atoms  each.  The  lattice  (a)  is  termed  simple  or  primitive , and 
the  lattices  ( b ) and  (c)  complex. 

Figure  1.2a  depicts  a planar  lattice  with  atoms  arranged  at  the- 
vertices  of  parallelograms.  It  can  be  obtained  as  a result  of  parallel 


(«) 


1 2 


( b ) 


0—0 


(t) 


1 2 


Fig.  1.1 

displacements  of  a simple  linear  lattice  (Fig.  1.1a)  by  equal  distances 
in  a plane.  Figure  1.2a  shows  that  the  choice  of  basis  vectors  aj 
and  «i2  is  not  unique.  The  unit  cells  I and  II  contain  one  atom  each, 
and  their  “volumes”  Q0  — [ ai  X I equal  to  the  area  of  the  shaded 


Fig.  1.2 

parallelograms  are  equal.  We  see  from  the  example  of  the  unit 
cell  III  containing  three  atoms  that  a unit  cell  of  more  than  one 
atom  can  be  built  even  in  a simple  lattice.  If  the  basis  vectors  ae 
are  chosen  so  that  any  translation  of  the  lattice  can  be  expressed 
in  the  form  2«,a;,  with  the  being  integers,  the  unit  cell  built 
on  a i is  termed  primitive.  The  unit  cells  / and  II  in  Fig.  1.2a  are- 
primitive,  and  the  cell  III  is  not.  Indeed,  in  the  latter  case  a dis- 
placement along  the  x axis  by  one  (two)  minimum  translations  is 
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//,«!  + n2a2,  with  /ij  = n2  — 1/3  (=  2/3).  If  the  primitive  cell  of 
n lattice  contains  one  atom,  the  lattice  is  termed  simple , and  if  the 
number  of  the  atoms  exceeds  one,  it  is  termed  complex.  This  defini- 


te 


(b) 
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l ion  holds  also  for  a three-dimensional  lattice.  Hence,  the  lattice 
in  Fig.  1.2a  is  simple. 

Figure  1.26  depicts  another  simple  lattice  obtained  from  the 
lattice  shown  in  Fig.  1.2a  by  placing  atoms  of  the  same  type  at  the 
intersections  of  diagonals  of  the  pa- 
rallelograms. Now  we  can  choose 
I lu>  primitive  cell  as  shown  in 
Fig.  1.26.  If  we  displace  all  the 
atoms  at  the  intersections  of  the 
diagonals  in  a similar  manner 
(see  Fig.  1.2c),  we  obtain  a complex 
la  I l ice  with  two  atoms  per  primitive 
coll,  which  we  choose  as  shown  in 
I lie  figure.  We  can  imagine  this 
complex  lattice  as  consisting  of 
I wo  simple  lattices  one  inserted 
info  the  other.  If  we  place  atoms  Fig.  1.4 
of  different  types  at  the  intersec- 

lions  of  the  diagonals  of  the  parallelograms  (Fig.  1.26),  we  obtain 
a complex  lattice,  because  in  this  case  the  lattice  sites  are  not  equi- 
valent. 

Figure  1.3a  depicts  a very  symmetrical  lattice  whose  atoms  are 
located  at  the  vertices  of  octagons  filling  the  plane.  This  lattice 
may  easily  be  seen  to  be  complex,  since  the  primitive  lattice 
shown  in  the  figure  by  the  vectors  ax  and  a2  contains  two  atoms. 

I f we  place  an  additional  atom  of  the  same  kind  in  the  centre  of  each 
octagon,  we  obtain  a simple  lattice  (1.36). 
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1.1.3  A three-dimensional  crystal  lattice  is  based  on  a unit  cell 
in  the  shape  of  a parallelepiped  built  on  the  basis  vectors  ax,  a2, 
and  a3  (Fig.  1.4;  a12  denotes  the  angle  between  ax  and  a2;  the  other 
angles  are  denoted  in  a similar  manner). 

We  can  choose  the  basis  vectors  of  a lattice  in  an  infinite  number 
of  ways.  Let  the  new  (primed)  basis  vectors  be 

ai  = 2‘Piftafci  (1*2) 

h 

where  are  integers.  For  the  lattice  vector 
a = + n2a2  + n3a3,  (1.3) 

where  nx,  n2,  n3  are  integers,  to  be  expressed  in  terms  of  aj  by  a for- 
mula similar  to  (1.3)  the  determinant  must  be 

det  [pIfc]  = ±1,  (1.4) 

this  condition  being  necessary  and  sufficient.  Indeed,  it  follows 

from  (1.2)  that 

a*  = 2P*iai,  (1.5) 


where  the  coefficients  of  the  inverse  transformation  are  [1.1,  p.  266] 


ft  1 A (Pgft) 

PAi  det  [pife] 


(1.6) 


Here  A ((5ift)  is  the  cofactor  of  the  element  in  det  p. 
Substituting  (1.5)  and  (1.6)  into  (1.3),  we  obtain 


«=2 


h 


nhah  = 2 nh 

h , i 


JJhhLa'. 

detIPjft]  1 


To  guarantee  that  the  factors  of  a[  remain  integers  for  all  nk,  we 
should  enforce  the  condition  (1.4). 

1.1.4  We  have  already  stated  that,  if  the  primitive  cell  contains 
one  atom,  the  lattice  is  termed  simple.  Complex  lattices  with  two 
or  more  atoms  per  primitive  cell  can  be  made  up  both  of  atoms  of 
one  and  of  several  types.  Let  us  consider  some  of  the  more  important 
simple  lattices. 

Figure  1.5  depicts  three  cubic  lattices  whose  basis  vectors  a!,  a2, 
and  a3  are  mutually  perpendicular  (a12  = a23  = a13  = 90°)  and 
of  equal  length.  Such  lattices  are  said  to  belong  to  the  cubic  system. 
The  term  for  the  lattice  in  Fig.  1.5a  is  simple  cubic.  The  unit  cells 
in  Fig.  1.55  are  termed  body-centred  cubic  and  face-centred  cubic, 
respectively.  In  the  former  case  the  additional  atom  is  located 
in  the  cube’s  centre  and  in  the  latter  in  the  centres  of  each  of  the 
six  faces  of  the  cube. 
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Let  us  calculate  the  number  of  atoms  per  unit  cell  of  a cubic 
In  I Lice.  To  do  this  we  must  bear  in  mind  that  the  number  of  unit 
cells  (cubes)  in  contact  at  the  vertex  of  the  cube  is  eight,  or  that 
I here  is  1/8  of  an  atom  per  cell,  the  atom  located  on  the  cell’s  face 


l l«.  1.5 


i oulributes  1/2  of  an  atom  (by  the  way,  an  atom  located  on  the 

i ell's  edge  contributes  1/4  of  an  atom).  Obviously,  in  the  case  of 

ii  simple  cubic  lattice,  a cell  contains  1/8  X 8 = 1 atom;  in  the 
ruse  of  a body-centred  cubic  lattice  1/8  X 8 + 1 = 2 atoms,  in 


<«) 


(6) 


I in  1 .11 


i lie  ruse  of  a face-centred  cubic  lattice  1/8  X 8 + 1/2  X 6 = 
i u toms.  However,  the  body-centred  and  face-centred  cubic 
I ii  1 1 Ires  are  simple  lattices,  for  their  primitive  cells  contain  one- 

In  case  of  the  face-centred  cubic  lattice  (when  there 

•lie  i a loins  to  the  cubic  cell),  the  basis  vector  can  point  from  the 

• a he's  vertex  to  the  centres  of  adjoining  faces,  as  shown  in  Fig.  1.6a. 
In  ibis  ease  the  primitive  cell  (aJ2  = a23  = cti3  = 60°)  contains  one 

• i mu  In  the  body-centred  cubic  lattice  the  basis  vectors  can  be 
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made  to  point  from  the  cube’s  vertex  to  the  centres  of  adjoining 
cubes,  as  depicted  in  Fig.  1.6 b. 

Figure  1.5 d depicts  the  so-called  hexagonal  cell  in  the  shape  of 
a regular  hexagonal  prism  whose  edges  are  perpendicular  to  the 
base  of  a regular  hexagon.  In  a simple  lattice  similar  atoms  are 
located  at  the  prism’s  vertices  and  at  the  centres  of  the  bases.  In 
a hexagonal  lattice  the  basis  vectors  of  the  primitive  cell  can  be 
directed  along  the  three  edges  of  the  hexagonal  prism  leading  to  one 
vertex. 

The  division  of  lattices  into  simple  and  complex  types  is  essential 
in  the  study  of  atomic  vibrations  in  crystals,  because  only  complex 
lattices  have  optical  branches  in  the  vibration  spectrum. 

Generally,  ajunit  cell  in  the  shape  of  a parallelepiped  does  not 
possess  the  property  of  symmetry  typical  of  a crystal  lattice.  For 
example,  by  rotating  a plane  lattice  in  Fig.  1.3 b about  any  atom 
through  an  angle  of  60°  the  lattice  is  made  to  coincide  with  itself, 
a symmetry  not  exhibited  by  the  primitive  cell  depicted  in  Fig.  1.3b. 
Obviously  the  primitive  cell  of  the  face-centred  cubic  lattice  shown 
in  Fig.  1.6a  does  not  possess  the  symmetry  of  a cube. 

E.  P.  Wignerjj  and  F.  Seitz  demonstrated  how  to  choose  a pri- 
mitive cell  so  that  it  possesses  the  symmetry  of  the  crystal 
lattice.  Let  us  take  some  atom  0 belonging  to  the  lattice  and  draw 
lines  connecting  it  with  the  nearest  atoms;  draw  planes  normal 
to  the  segments  and  passing  through  their  midpoints.  The  inter- 
sections of  those  planes  define  a certain  minimum  polyhedron  contain- 
ing the  site  0,  the  term  for  this  polyhedron  is  Wigner-Seitz  cell. 
Obviously,  the  entire  space  inside  the  crystal  can  be  compactly 
filled  with  such  cells.1 

If  we  carry  out  this  procedure  for  the  plane  lattice  in  Fig.  1.3b, 
the  Wigner-Seitz  cell  assumes  the  shape  of  a regular  hexagon  po- 
ssessing the  symmetry  of  the  hexagonal  lattice. 

The  shape  of  the  Wigner-Seitz  cell  for  the  simple  cubic  lattice 
is  that  of  a cube.  What  will  be  the  shape  of  the  Wigner-Seitz  cell 
for  the  body-centred  cubic  lattice?  Choose  an  atom  at  the  centre 
of  the  cube  as  the  site  0.  Eight  perpendicular  planes  drawn  through 
the  midpoints  of  the  lines  connecting  O with  the  atoms  at  the 
eight  vertices  of  the  cube  constitute  a regular  octahedron.  Six  per- 
pendicular planes,  drawn  through  the  midpoints  of  the  segments 
connecting  0 with  the  central  atoms  of  neighbouring  cells  will  cut 
off  six  vertices  from  the  octahedron,  thus  forming  a polyhedron 
of  fourteen  faces  depicted  in  Fig.  4.5a.  Eight  of  its  faces  are  regular 


1 A complex  lattice  consists  of  several  simple  lattices  inserted  into  each 
other;  in  this  case  the  above  construction  is  carried  out  for  one  of  the  simple 
lattices. 
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hexagons,  and  six  faces  are  squares.  The  Wigner-Seitz  cell  of  fourteen 
faces  has  the  symmetry  of  a cube.  Wigner-Seitz  cells  for  crystal 
lattices  of  other  types  may  be  constructed  in  a similar  way. 

1.2  Examples  of  Crystal  Structures 

1.2.1  Let  us  consider  some  concrete  crystal  structures  that 
serve  to  illustrate  the  propositions  of  the  preceding  section  and  are 
essential  for  further  study  of  the  theory. 

X-ray  structural  analysis  shows  that  most  crystals  of  pure  metals 
belong  to  the  cubic  or  hexagonal  system  (Fig.  1.5a)2.  Monovalent 
alkali  metals  Li,  Na,  K,  Rb,  Cs,  bivalent  Ba,  the  transition  metals, 
a-,  P-,  and  5-modifications  of  iron  and  several  other  elements  crystal- 
lize in  the  form  of  a body-centred  cubic  lattice  (Fig.  1.55).  The 
metals  Cu,  Ag,  Au,  Al,  Pb,  y-modification  of  iron,  Ni,  Ir,  Pt 
and  some  other  metals  crystallize  in  the  form  of  a face-centred  cubic 
lattice  (Fig.  1.5c).  The  elements  Be,  Mg,  Zn,  Cd  and  some  other 
metals  have  a unit  cell  of  a hexagonal  structure  (Fig.  1.5d).  It  was 
shown  with  the  aid  of  X-ray  structural  analysis  that  in  the  latter 
case  we  are  dealing  with  so-called  close  hexagonal  packing.  In 
this  case  a hexahedral  prism  contains  in  its  volume  three  addi- 


tional atoms,  as  shown  in  Fig.  1.7.  In  the  case  of  close  hexagonal 
packing  the  lattice  is  no  longer  a simple  one  and  contains  two  atoms 
per  primitive  cell. 

1.2.2  Consider  the  problem  of  the  number  of  nearest  atoms  sur- 
rounding a given  atom  and  located  at  the  same  distance  d from  it. 
Denote  this  number,  termed  coordination  number,  by  the  letter  z. 
In  any  simple  lattice  this  number  is  the  same  for  all  sites.  In  a simple 
cubic  lattice  z = 6,  and  the  distance  d is  equal  to  the  length  of  the 

2 A rigorous  definition  of  a crystal  system  will  be  presented  in  Section  2.4. 
2-01137 
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cube’s  edge  a.  In  a body-centred  cubic  lattice  z = 8 and  d = 
= (V  3/2)  a;  in  a face-centred  cubic  lattice  z — 12  and  d = (]/  2/2)  a. 
Indeed,  for  a face-centred  cubic  lattice  the  atoms  nearest  to  the 
cube’s  vertex  are  those  located  in  the  centres  of  adjoining  faces 
a distance  (]/  2/2)  a away  from  the  vertex.  Obviously,  in  a three- 
dimensional  lattice,  twelve  such  faces  meet  at  the  vertex  of  each 
cube  (z  = 12). 

1.2.3  A problem  of  importance  for  X-ray  structural  analysis 
concerns  different  close  packings  of  solid  spheres  of  equal  dia- 
meter. When  spheres  of  equal  diameter  are  closely  packed  on 
a horizontal  plane,  the  centres  of  adjoining  spheres  are  located  at 
the  vertices  of  equilateral  triangles  with  sides  equal  to  the  diameter 
(Fig.  1.8a).  The  second  horizontal  layer  of  the  spheres  compactly 
laid  on  the  first  layer  also  forms  a mesh  of  identical  equilateral 
triangles.  The  arrangement  of  the  centres  of  the  spheres  in  the 
second  layer  with  respect  to  the  triangles  of  the  first  is  indicated  by 
circles  in  Fig.  1.8 6.  There  are  different  ways  in  which  the  third 


Fig.  1.9 


layer  can  be  laid,  as  depicted  in  Fig.  1.9,  where  • are  atoms  of  the 
first  layer,  o atoms  of  the  second,  and  + atoms  of  the  third.  In 
Fig.  1.96  the  centres  of  atoms  of  the  third  layer  are  directly  above 
the  centres  of  the  atoms  of  the  first.  This  is  the  case  of  close  hexagonal 
packing.  The  cross  section  of  the  hexagonal  prism  in  Fig.  1.96  is 
represented  by  a dashed  line.  It  can  be  demonstrated  that  the  struc- 
ture corresponding  to  the  packing  in  Fig.  1.9a  is  that  of  a face-centred 
cubic  lattice  ( close  cubic  packing);  [1.2,  p.  283]. 

It  should  be  noted,  however,  that  in  this  case  no  face  of  the  cube 
will  be  parallel  to  the  horizontal  plane. 
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1.2.4  Alkali-halide  compounds  NaCl,  LiF,  Nal,  KC1,  etc.,  as 
well  as  binary  compounds  MgO,  CaO,  MgS,  GaSe,  BaTe,  etc.,  crystal- 
lize in  the  shape  of  a simple  cubic  lattice  whose  sites  are  alternately 
occupied  by  atoms  (by  ions,  to  be  more  exact)  of  the  elements  making 
up  the  compound.  The  term  for  such  a crystal  lattice  is  rock  salt 
structure  (the  name  comes  from  a very  abundant  compound,  NaCl). 
In  this  case  each  ion  of,  for  example,  Na+  is  surrounded  by  six  Cl“ 


(a) 


Fig.  1.10 

Ions,  and  vice  versa  (Fig.  1.10a).  It  may  easily  be  seen  that  lattices 
of  Na+  (or  Cl-)  form  the  structure  of  a face-centred  cubic  lattice. 
Lattices  with  rock  salt  structure  are  complex  lattices  with  two 
atoms  per  unit  cell.  In  the  case  of  the  rock  salt  structure  the  basis 
vectors  of  the  unit  cell  containing  two  atoms  can  be  chosen  in  the 
sumo  way  as  in  the  case  of  a simple  face-centred  cubic  lattice 
(Fig.  1.6a). 

The  compounds  CsCl,  CsBr,  Csl  have  the  structure  of  a body- 
centred  cubic  lattice.  In  this  case  each  Cs+  ion  is  surrounded  by 
eight  negative  halide  ions  and  each  halide  ion  is  surrounded  by 
eight  Cs+  ions  (Fig.  1.106).  k 

In  the  crystals  discussed  above  the  number  of  positive  ions  is 
o(|iinl  to  the  number  of  the  negative  ions.  Therefore  both  the  crystal 
ns  a whole  and  the  unit  cell  are  neutral. 

I (,  is  easy  to  see  that  in  all  the  above  cases  the  crystal  lattice 
is  not  only  neutral  but  that  its  dipole  electric  moment  is  zero.  For 
Instance,  in  the  case  of  the  cell  of  the  face-centred  cubic  lattice  of 
CsCl,  the  zero  electric  moment  of  the  cell  is  a geometrical  sum  of 
night,  dipole  moments  directed  along  the  four  space  diagonals  of 
the  cube  (the  magnitude  of  each  moment  is  (e/8 a ]/3/2),  where  e is 
the  charge  of  the  monovalent  ions,  and  a is  the  length  of  the  cube’s 
mlgo).  Thermal  motion  violates  the  conditions  in  which  the  cell’s 
dipole  moment  is  zero.  This,  as  we  shall  learn  later,  is  the  cause  of 
conduction  electron  scattering  in  ionic  crystals. 
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1.2.5  In  recent  years  some  materials  with  the  diamond-type  lattice 
(Ge,  Si,  InSb)  became  very  important  in  technology.  In  a lattice 
of  this  type  each  atom  located  in  the  centre  of  a regular  tetrahedron 
is  surrounded  by  four  atoms  of  the  same  (Ge  or  Si)  or  of  another 
(InSb)  type  located  at  its  vertices.  Figure  1.11  depicts  a site  of 
the  diamond  lattice  0 with  four  neighbouring  atoms  1,  2,  3,  4 
located  at  the  vertices  of  a regular  tetrahedron  inscribed  into  a cube. 
The  angle  between  two  directions  from  the  site  0 to  the  atoms 
surrounding  it  is  109°28'. 

The  diamond-type  lattice  may  also  be  regarded  as  being  the 
result  of  the  superposition  of  two  face-centred  cubic  lattices  displaced 
with  respect  to  one  another  in  the  direction  of  a space  diagonal  by 


3 


Fig.  1.11 


one-fourth  of  its  length.  This  is  clearly  seen  in  Fig.  1.12.  Suppose 
initially  we  had  a face-centred  cubic  lattice  with  atoms  represented 
by  open  circles  o.  If  we  displace  it  in  the  direction  of  the  space 
diagonal  AB  by  one-fourth  of  its  length,  the  o-atom  1 occupies 
the  place  of  the  a-atom  1’ , the  o-atom  2 the  place  of  the  •-atom  2' , 
the  o-atom  3 the  place  of  the  •-atom  3',  and  the  o-atom  4 the 
place  of  the  •-atom  4'.  Since  the  face-centred  cubic  lattice  is  simple, 
in  the  diamond  lattice  we  can  separate  the  unit  cell  containing 
two  atoms. 

In  the  case  of  germanium  the  open  and  black  circles  in  Fig.  1.12 
represent  atoms  of  one  sort,  but  in  the  case  of  the  InSb  compound 
they  represent  atoms  of  different  types  (for  instance,  atoms  o are 
those  of  In  and  atoms  • those  of  Sb). 

In  a diamond  lattice  we  can  separate  the  group  of  18  atoms  forming 
the  cubic  lattice  depicted  in  Fig.  1.13.  The  arrangement  of  atoms 
of  this  group  may  be  visualized  as  follows,  Divide  the  face-centred 
cube  into  eight  identical  cubes  ( I-VIII ) (Fig.  1.12).  Place  atoms 
(black  circles)  at  the  centres  of  four  of  those  cubes,  as  shown  in  the 
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ligure.  We  obtain  the  diamond-type  lattice  shown  in  Fig.  1.13. 
Count  the  number  of  atoms  in  such  a cell.  It  follows  from  Fig.  1.12 
that  eight  atoms  are  located  at  the  cube’s  vertices,  six  on  its  faces, 
and  four  in  its  volume.  Flence,  the  number  of  atoms  in  the  cubic 
cell  as  a whole  is 

8 x -g-  + (5  x + 4 = 8. 

It  should  not  be  inferred  that  the  cubic  cell  (Figs.  1.12  and  1.13) 
we  separated  in  the  diamond  lattice  possesses  all  the  properties  of 


Tig.  1.13 

symmetry  of  a cube.  For  instance,  the  rotation  about  a vertical 
axis  passing  through  the  cube’s  centre  through  an  angle  of  90°  does 
not  cause  the  atoms  to  coincide  with  themselves.  It  can,  however, 
be  demonstrated  that  with  respect  to  its  macroscopic  properties 
I lie  diamond  crystal  possesses  cubic  symmetry. 

1.3  Direct  and  Reciprocal  Crystal  Lattices 

1.3.1  The  property  of  paramount  importance  of  an  ideal  crystal, 
as  lias  already  been  stated,  is  the  periodic  arrangement  of  its  atoms 
(or,  to  be  more  exact,  of  atomic  nuclei)  in  space.  This  means  that, 
when  the  crystal  as  a whole  is  displaced  by  a vector, 

a = a„  = nx  a2  + ra2a2  + n3  a3,  (3.1) 

where  a;  are  the  basis  vectors  of  the  lattice,  and  are  integers 
(/  1,  2,  3),  the  crystal  coincides  with  itself. 

Such  quantities  as  electrostatic  potential  or  electron  density 
regarded  at  some  point  inside  the  crystal  are  obviously  functions 
periodic  in  space  (three-dimensional  periodic  functions).  Indeed, 
Mime  point  inside  the  crystal  defined  by  its  position  vector  r and 
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the  point  r + an  are  physically  equivalent.  Therefore,  for  example, 
the  electrostatic  potential 

V (r)  = V (r  + a„).  (3.2) 

To  expand  the  periodic  function  V (r)  into  the  Fourier  series  we 
introduce  the  coordinates  |l5  £2,  and  i3  of  an  oblique  coordinate 
frame  with  axes  pointing  in  the  directions  of  the  vectors  al5  a2, 
and  a3. 

Then  the  function  V (r)  will  be  periodic  in  the  variables  fl5  |2, 
and  |3  with  the  periods  a^  a2,  and  a3,  respectively.  Expand  the 
periodic  function  V ( r ) into  a triple  Fourier  series  [1.3,  p.  143], 
which  we  shall  write  in  complex  form: 

-f-oc  -foo  4*°° 

V (r)  = 2 S S (3.3) 

k\  = — OO  ft  2=  — oo  ft — OO 

where  kx,  k2  and  k3  are  positive  or  negative  integers  or  zero. 

Passing  from  the  oblique  coordinates  to  the  orthogonal  coordinates 
Xi  (see  Appendix  1)  via  the  equations 

li  = V!  + + a13x3, 

^2  = ^21^1  ~f~  ^22^'2  ~1~  ^“23^3» 

13  = a 3!#!  + a32x2  + a33x3,  (3.4) 

where  aih  are  coefficients  that  depend  on  the  angles  between  the 
axes  of  the  oblique  and  the  orthogonal  frames,  we  obtain 

V (r)  = 2 2 2 V6t6t6iei<6‘*‘+6***+6**->,  (3-5) 

b i bz  bn 

where  bx,  b3,  b3  are  coefficients  that  depend  on  aih , kh  and  at. 
The  summation  in  (3.5)  should  be  performed  over  all  integral  values 
of  the  indices  kt.  Regarding  bu  &2,  and  b3  as  orthogonal  components 
of  the  vector  b,  we  write  (3.5)  in  the  form 

F(r)  = 2 Wi(b-r>.  (3.6) 

b 

The  easiest  way  to  determine  b is  from  the  requirement  (3.2) 
of  the  periodicity  of  V (r): 

V (r  + an)  = 2 TVb'<r+8n)=  2 Fbei(b-r)ei(b'an). 

I)  L> 

Hence,  it  follows  that  ei<b  an>  should  be  unity,  i.e.,  that  b-an  = 
= (h-a^  + n2  (b-a2)  + n3  (b-a3)  = 2jx  X integer  for  all  integral 

values  of  nlt  re2,  and  n3,  which  is  possible  only  if 


b-ax  = 2jtg1,  ba2  = 2jtg2,  b.a3  = 2ng3, 


(3.7) 
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where  glt  g2  and  g3  are  arbitrary  positive  or  negative  integers  or 
zero.  Each  vector  is  determined  by  its  three  components;  therefore 
the  three  independent  equations  (3.7)  suffice  to  determine  b.  It  can 
be  demonstrated  (Appendix  2)  that 

bg  = b = + g2b2  + g3b3, 

where 

i 2jt&2  X a3  % 2na3  X ax  , 2na^  X a2  .o  q\ 

bl“  O;  > b2-  Q0  ’ b2  £^  • 

and  Q„  = a].*  (a2  X a3)  is  the  volume  of  the  unit  cell. 

It  may  easily  be  checked  that  b-an  = bg-an  = 2it  X integer  = 
= 2 it  ( n1-g1  + rc2-g2  -f-  n3-g3).  It  follows  directly  from  the  defini- 
tion (3.8)  of  the  bfe  that 

f 0 for  i =^=  k, 

,,b,  = 2n6,»-{2jifor.  = fc  (3.9) 

Conversely,  from  equations  (3.9)  we  see  that  the  bft  are  determined 
by  (3.8).  The  vectors  bft  are  called  the  basis  vectors  of  the  reciprocal 
lattice.  The  vectors  an  and  bg  are  termed  vectors  of  the  direct  and 
reciprocal  lattices.  The  dimensionality  of  the  vectors  bft  is  (length)-1 
as  follows  from  (3.8).  An  infinite  periodic  lattice  built  on  the  basis 
vectors  bft  is  termed  a reciprocal  lattice.  The  space  of  the  reciprocal 
lattice  has  the  dimensionality  of  (length)-3.  A parallelepiped  built 
on  the  vectors  bfe  is  termed  a unit  cell  of  the  reciprocal  lattice.  It  can 
he  proved  [1.4,  pp.  11-12]  that  its  “volume”  is  bx-(b2  X b3)  = 
= (2ji)3/Q0. 

It  follows  from  the  condition  (3.8)  that  the  vector  b2  is  perpendi- 
cular to  the  vectors  a2  and  a3,  the  vector  b2  to  the  vectors  ax  and 
a3,  and  the  vector  b3  to  the  vectors  ax  and  a2.  If  the  unit  cell  of  the 
direct  lattice  is  in  the  shape  of  a right  parallelepiped,  the  vectors 
bt,  b2,  b3  are  parallel  to  the  vectors  ax,  a2,  a3,  respectively,  and 
l>i  = 2jt/a t.  It  is  obvious  that  if  the  direct  lattice  is  a simple  cubic 
lattice,  the  reciprocal  lattice  is  also  a simple  cubic  lattice  with 
I),  = b2  = b3  = 2n/a. 

The  concept  of  the  reciprocal  lattice  stemmed  directly  from  the 
problem  of  expanding  a function  with  the  period  of  the  direct  lattice 
into  a Fourier  series.  We  shall  see  below  how  the  concept  of  the 
reciprocal  lattice  is  effectively  used  in  the  analysis  of  X-ray  diffrac- 
tion in  crystals,  in  the  study  of  atomic  vibrations  in  crystals,  and 
in  the  quantum  mechanical  study  of  electronic  motion  in  a periodic 
hold. 

1.3.2  Let  us  introduce  an  important  concept  of  the  Miller  indices 
(bkl),  which  is  closely  connected  with  the  reciprocal  lattice  concept. 

Imagine  a plane  in  the  crystal  passing  through  the  centres  of  the 
atoms.  Figure  1.14  depicts  four  such  planes  oriented  in  different 
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ways  with  respect  to  the  unit  cell  of  a simple  cubic  lattice.  We  shall 
describe  the  position  (the  orientation)  of  the  plane  in  the  crystal 
passing  through  atomic  centres  in  terms  of  the  Miller  indices  ( hkl ) 
which  we  shall  define  as  follows.  Let  three  integers,  sx,  s2  and  s3, 
be  the  number  of  units  of  ax,  a2  and  a3  in  the  three  segments  that 
the  plane  cuts  off  the  coordinate  axes  ax,  a2,  and  a3,  respectively. 
We  form  the  ratio  Msx  4-  l/s2  4-  l/s3  and  express  it  as  the  ratio  of 
three  smallest  integers.  The  latter  are  termed  the  Miller  indices 
(hkl).  Hence  h 4-  k 4-  l = Msl  4-  l/s2  4-  l/s3.  Figure  1.14a  depicts 
the  axes  ax,  a2,  and  a3.  The  Miller  indices  of  the  shaded  plane  in 


Fig.  1.14 

Fig.  1.14a  are  obviously  l/st  4-  l/s2  4-  l/s3  = 1/1  4-  Moo  ~ l/oo  = 
— 1 4-  0 4-  0 = (100).  Likewise,  the  Miller  indices  of  theshaded 
planes  in  Fig.  1.14b,  c,  and  d are  (110),  (111),  (111),  where  1 means 
minus  one  and  expresses  the  fact  that  the  shaded  plane  in  Fig.  1 . 14c? 
cuts  a segment  a off  the  negative  axis  a3.  It  is  obvious  that  the  speci- 
fic Miller  indices  (hkl)  define  not  a single  plane  but  a whole  family 
of  parallel  planes.  It  may  easily  be  seen  that  (hkl)  = (hkl). 

The  set  of  physically  equivalent  planes  (e.g.  all  six  faces  of 
a cube)  is  denoted  by  a symbol  in  curly  brackets  (e.g.  {100}).  The 
notation  for  the  direction  of  a straight  line  passing  through  the 
atomic  centres  is  [uvw],  where  u,  v and  w are  the  three  least  integers 
whose  ratio  u 4-  v 4-  w is  equal  to  the  ratio  of  the  lengths  (in  units 
of  al5  a2,  a3)  of  the  components  along  alt  a2,  and  a3  of  the  vector 
directed  along  the  straight  line.  For  example,  the  symbol  for  the  x 
axis  in  Fig.  1.14,  which  coincides  with  the  vector  ax,  is  [100].  The 
symbol  corresponding  to  the  direction  of  the  space  diagonal  of 
the  cube  that  passes  through  the  origin  is  [111],  Physically  equiva- 
lent directions  in  the  crystal  are  designated  by  the  symbol  (uvw). 
In  a cubic  crystal  the  direction  (uvw)  is  perpendicular  to  the  plane 
(uvw);  this  is  not  the  case  with  crystals  of  lower  symmetry. 

Let  us  prove  two  important  propositions.  Construct  a reciprocal 
lattice  in  the  space  of  a direct  lattice  whose  sites  are  determined 
by  the  vectors  a;,  the  sites  of  the  reciprocal  lattice  being  determined 
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by  the  vectors  oriented  with  respect  to  a,-  in  accordance  with 
equations  (3.8).  Of  course,  the  scale  of  the  vectors  b,:  remains  in  this 
case  arbitrary.  We  now  prove  that  the  vector  of  the  reciprocal 
lattice,  bg  = gjbx  + g2b2  + gabs  is  perpendicular  to  the  plane 
with  the  Miller  indices  (hkl)  if  gi  ~ g2  -f-  g3  = h -j-  k -f-  l.  The 
terminations  of  the  vectors  a Jh,  a 2/k,  a 3ll  obviously  lie  in  the  plane 
(hkl);  therefore,  the  vectors  (a Jh,  — a2/&)  and  (a t/h  — a 3ll)  lie  in  the- 
plane  (hkl). 

Take  the  vector  b,lfe;  = hbx  -f  kb2  + Zb3  parallel  to  the  vector  bg 
and  prove  that  bhhi  is  perpendicular  to  the  plane  (hkl).  To  this  end 
it  suffices  to  make  sure  that  the  scalar  products  vanish: 

b“'(-T-T)=('*b.  + ^+,b»)'(T--x)=0- 
b»«'(x-Jr)  = <'*b'  + i[b"+'b>>-(Jr-ir)  = 0. 

in  accordance  with  (3.9). 

Second,  let  us  prove  that  the  distance  dhki  between  neighbouring- 
planes  of  the  (hkl)  family  is  2nlbhhl.  Let  n = bhki/bhhl  be  the  unit 
vector  of  the  normal  to  the  (hkl)  planes.  Then 

'<™-X'"=T^7‘'.-(4b,  + 4b2+/b,)  = ^7. 

Let  us  see  if  the  distance  between  the  (100)  planes  in  a cubic: 
lattice  is  equal  to  the  lattice  constant  a.  Indeed,  in  this  case  bhhl  = 
= b100  = bx  — 2 n/a  and,  consequently,  d100  = 2n/b100  — a.  It  is 
just  as  easy  to  compute  the  distance  between  the  (111)  planes  in 
a cubic  lattice:  6U1  = \'  b\  + bl  + b23  = 2n  [/  3/a,  or  dni  — 

= 2n/bni  = a/y  3. 

1.4  The  Laue  and  Bragg  Equations  for  X-Ray  Diffraction  in 
Crystals.  Atomic  and  Structural  Scattering  Factors 

1.4.1  Let  us  discuss,  following  Laue,  the  conditions  for  the 
diffraction  of  X rays  in  a crystal.  Figure  1.15  depicts  two  atoms  0 
and  A separated  by  the  basis  vector  ax.  A bunch  of  X rays  falling 
in  the  direction  n (|  n | = 1)  is  scattered  by  the  atoms  in  all  direc- 
tions. Consider  a bunch  RS  scattered  in  a direction  (as  deter- 
mined by  the  unit  vector  n'  (|  n'  | = 1))  in  which  the  rays  IAR 
and  KOS  augment  each  other  as  the  result  of  interference.  To  this 
end  their  geometrical  path  difference,  BO  + OC,  should  be  equal 
to  an  integral  number  of  wavelengths,  i.e.  BO  + OC  = — (ai-n)  + 
+ (arn')  = ar(n'  — n)  = gxX,  where  gx  is  an  arbitrary  integer. 
In  a three-dimensional  lattice  the  condition  of  augmentation  as  the- 
result  of  interference  should  hold  simultaneously  for  all  atoms. 
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■of  the  crystal  corresponding  to  the  basis  vectors  a2,  and  a3.  This 
leads  to  the  following  Laue  conditions  for  interference: 

ar(n'  — n)  = gjX,  a2-(n'  — n)  = gzk, 

a3-(n'  — n)  = g3X,  (4.1) 

which  can  also  be  written  in  the  more  conventional  form 
% (cos  a'  — cos  ax)  = gjX,  a2  (cos  a'  — cos  a2)  = g2%, 
a3  (cos  a'3  — cos  a3)  = g3l,  (4.2) 

if  we  introduce  the  angles  a * and  a[  between  the  directions  of  the 
incident  and  the  reflected  rays  and  the  crystal  axes  a;,  i.e.,  if  we 

put  a;-  n = at  cos  a;  and  a;  - n'  = 
= at  cos  a[ . 

It  follows  from  (4.1)  that  the  vec- 
tor 2jt  (n'A,  — n/X)  satisfies  the 
same  equations  (3.7)  as  the  vector 
b.  Hence,  it  follows  that 

2,t(x-v)=b«'  <4-3> 

where  bg  = + g2b2  + g3b3  is 

the  vector  of  the  reciprocal 
lattice.  The  condition  (4.3)  may 
be  regarded  as  equivalent  to  the 
Laue  conditions  (4.1)  and  (4.2). 

We  now  introduce  the  wave  vector  k=  (2jtA,)n.  The  condition  (4.3) 
then  assumes  the  form 

k'  - k = bg.  (4.4) 

Since  k'  = k , it  follows  from  (4.4)  that  k2  = k'2  = (bg  + k)2  = 
= b|  + k2  2 (bg-k),  whence 

(1/2)  bg  4-  bg-  k = 0,  (4.5) 

which,  of  course,  is  also  equivalent  to  (4.1)  and  (4.3). 

1.4.2  We’shall  now  demonstrate  how  the  Laue  conditions  in  the 
form  (4.4)  can  be  interpreted  geometrically  in  the  space  of  the  recip- 
rocal lattice.  To  make  the  discussion  visualizable,  a planar  recipro- 
cal lattice  is  shown  in  Fig.  1.16.  Draw  a vector  — k from  an  arbitrary 
site  O of  the  reciprocal  lattice  and  describe  a circumference  of  radius 
k = 2n/X  with  the  centre  at  the  vector’s  origin  R (Ewald’s  sphere). 
If  this  circumference  (sphere)  passes  quite  close  to  another  site  S 

of  the  reciprocal  lattice,  the  vector  RS  will  be  equal  to  k',  the  wave 
vector  of  the^scattered  bunch  augmented  by  the  interference.  Then 

the  vector  of  the  reciprocal  lattice  OS  will  be  equal  to  bg,  which 
satisfies  equation  (4.4).  Thus,  by  building  Ewald’s  sphere  in  the 
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space  of  the  reciprocal  lattice  we  can'  graphically  find  all  the  direc- 
tions in  which  interference  maxima  may  be  observed. 

1.4.3  The  Laue  conditions  for  the  interference  of  X rays  (4.1)-(4.5) 
can  be  formulated  in  another  way.  Draw  a straight  line  (a  plane) 

PQ  perpendicular  to  the  vector  of  the  reciprocal  lattice  bg  = OS 
(Fig.  1.16).  As  demonstrated  at 
the  end  of  the  preceding  section, 
this  plane  in  the  space  of  the  di- 
rect lattice  determines  an  atomic 
plane  with  the  Miller  indices  ( hkl ), 
where  h k l = gx  g2  -h  g3. 

Denoting  the  common  multiplier 
of  the  numbers  gly  g2,  and  g3 
by  n,  we  have  bg  = nbhhi.  On  the 
other  hand,  the  distance  between 
neighbouring  planes  (hkl)  is  d = 

= 2n/bhht  = 2nn/bg.  Consider  now 
the  triangle  ORS.  Denoting  the 
angle  QRS  by  0,  we  have  OS  = 

= 2RS  sin  8,  or  bg  = 2k  sin  8 = 2 (2n/k)  sin  8.  Substituting  the 
quantity  d,  we  obtain  the  Bragg  equation 

2d  sin  0 = nk.  (4.6) 

It  is  evident  from  Fig.  1.16  that  the  incident  bunch  k and  the 
scattered  k'  can  formally  be  treated  as  a reflection  of  the  bunch  from 
the  atomic  plane.  Hence,  the  Bragg  condition  (4.6)  which  is  equiva- 
lent to  the  Laue  conditions  (4.1)  may  formally  be  treated  as  a reflection 
of  the  rays  from  the  crystal’s  atomic  planes  at  angles  0 satisfying  (4.6). 

1.4.4  Let  us  introduce  the  concept  of  the  atomic  scattering  factor  / 
which  takes  into  account  the  distribution  of  the  atom’s  electric  charge 
in  the  scattering  of  X rays.  Let  p (r)  dx  be  the  average  number  of 
electrons  in  the  volume  of  an  atom  dr.  Obviously,  the  total  number 

of  electrons  in  an  atom  is  [ p dx  = Z.  Figure  1.17  depicts  the  centre 
of  an  atom  O and  the  volume  element  dx  whose  position  at  point  A 

is  determined  by  the  position  vector  OA  = r.  Let  OS  be  the  direc- 
tion of  the  ray  scattered  by  one  electron  which  we  shall  imagine  (for 
simplicity)  to  be  located  at  the  centre  0 of  the  atom.  The  amplitude 
of  this  scattered  radiation  at  some  sufficiently  distant  point  (com- 
pared with  the  atomic  dimensions)  at  a given  moment  of  time  t is 
A (f).  Assuming  the  scattering  to  be  coherent  and  taking  into  account 
the  fact  that  its  amplitude  is  proportional  to  the  number  of  scat- 
tered electrons,  we  obtain  for  the  amplitude  of  the  ray  A if  at  the 
same  point  of  observation  and  at  the  same  moment  of  time  t the 
expression  dAp  ( t ) = A (f)p  dxei<x>.  Here  p dx  is  the  number  of 


18  1.  THE  GEOMETRY  OP  CRYSTAL  LATTICES 


electrons  in  dx  and  <t>  is  the  phase  difference  of  the  rays  IAR  and 
KOS.  Obviously,  CD  = (2n/X)  d,  where  d is  the  path  difference  of  the 
rays.  It  follows  from  Fig.  1.15  that  the  path  difference  for  the  rays 
IAR  and  KOS  scattered  by  the  atoms  0 and  A,  which  must  be 

calculated  to  find  the  Laue  in- 


terference conditions,  is  identical 
to  the  path  difference  of  the  rays 
scattered  by  the  centre  of  the  atom 
and  by  dx.  Hence  d = r-  (n'  — n), 
where  n and  n'  are  unit  vectors 
in  the  directions  of  the  incident 
and  scattered  bunches,  respectively. 
It  may  be  generally  assumed 
that  r,  n',  and  n lie  in  the  same 


Fig.  1.17  plane  (that  of  the  figure).  Draw 

an  axis  parallel  to  the  vector 
s = n'  — n and  a plane  POQ  perpendicular  to  the  z axis  (see 
Fig.  1.17).  If  the  atom  being  considered  belongs  to  the  crystal, 
and  if  the  directions  of  the  incident  and  the  scattered  bunches  cor- 


respond to  an  interference  maximum,  then  POQ  is  a planar  atomic 
mesh  from  which  Bragg  reflection  takes  place.  In  this  case  the  angle 
it  POK  = it  QOS  = 0 satisfies  the  Bragg  equation  (4.6).  It  may 
be  seen  from  Fig.  1.17  that  s = 2 sin  0 ( n = n'  = 1),  therefore 
(I>  = (2 n/X)  (r-s)  (2n/X)  sr  cos  ft  = (4 n/X)  r sin  0 cos  fi,  where  ft 

is  the  angle  between  the  direction  of  s (the  z axis)  and  the  position 
vector  r. 


The  amplitude  of  scattering  by  all  the  electrons  of  an  atom  is 


Ap{t)  = A(t)  j p(r)ei0dT. 


Let  the  distribution  of  the  electrons  in  the  atom  be  spherically 
symmetric:  p = p (r).  Putting  dx  = 2jtr2  dr  sin  ft  dft,  we  obtain  for 
the  atomic  scattering  factor,  by  definition, 

A (t)  7 ? 

/ = — ^y-=2it  ) J p (r)  r2eiarcos®  dr  sin 
o o 

where  a = (4jt IX)  sin  0.  Integrating  with  respect  to  ft,  we  obtain, 
as  will  be  demonstrated  below, 

f=\W(r)^dr,  (4.7) 

o 

where  W ( r ) dr  = 4jcr2p  (r)  dr  is  the  probable  (average)  number  of 
electrons  in  the  spherical  layer  between  r and  r + dr  in  an  atom. 
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JT 

To  evaluate  the  integral  ^ eiar  cos  0 sin  ■O'  dfi  we  put  cos  ft  = x; 

o 

then  dx  = —sin  ft  dft  and  the  limits  of  integration  are  +1  and  — 1. 
Accordingly, 

+ i 

^ eu,rx  dx 

-T 

Thus,  / is  the  atomic  scattering  factor3,  which  is  equal  to  the  ratio 
of  the  amplitude  of  radiation  scattered  by  all  the  electrons  of  an 
atom  in  a certain  direction  to  the 
amplitude  of  radiation  scattered 
in  the  same  direction  by  one  elec- 
tron. 

The  quantity  W ( r ) that  enters 
the  definition  of  / can  be  cal- 
culated with  the  aid  of  the  quantum 
mechanical  (the  Hartree-Fock)  me- 
thod or  the  statistical  (the  Thomas- 
Fermi)  method.  The  results  of  cal- 
culating / for  sodium  are  presented 
in  Fig.  1.18.  At  0 = 0,  equation  (4.7) 
yields  / = Z (the  number  of  elec- 
trons in  the  atom).  Theoretical 
computations  of  the  quantity  / have 
been  proved  to  be  very  accurate 
by  experimental  studies  of  inten- 
sity distribution  near  interference 
maxima  (with  account  taken  of  the 
temperature  factor  of  scattering). 

The  same  investigations  carried  out  at  low  temperatures  also  served 
as  proof  of  the  existence  of  zero-point  energy  of  vibrations  of  the 
lattice  atoms. 

1.4.5  We  deduced  the  Laue  interference  conditions  (4.1),  or  the 
equivalent  Bragg  conditions  (4.6),  while  considering  the  scattering 
from  identical  atoms  of  a simple  lattice.  How  will  the  result  change 
if  we  take  a complex  lattice  with  a basis  consisting  of  s atoms  whose 
position  with  respect  to  the  cell’s  origin  is  determined  by  the  vectors 

= un ai  + fna2  + u;na3,  n = 1,2,  . . .,  s? 


3 This  is  also  known  as  the  atomic  form  factor  or  the  atomic  scattering  power. 
Sometimes  / is  called  the  atomic  scattering  amplitude;  the  term  atomic  scatter- 
ing factor  is  reserved  for  /2,  to  which  the  relative  intensity  of  the  scattered 
radiation  is  proportional. 
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Since  the  sublattice  of  every  nth  atom  of  the  cell  has  the  same 
basis  vectors  ax,  a2,  a3,  it  produces  interference  maxima  determined 
by  the  same  relation  (4.1)  as  for  the  atom  with  n = 1 located  at  the 
site  (at  the  cell’s  origin).  However,  since  the  radiation  is  coherent, 
we  must  take  into  account  phase  relationships  arising  from  scattering 
by  different  sublattices.  We  introduce  the  structural  scattering 
amplitude  F ( hkl ) defined  as  the  ratio  of  the  scattering  amplitude 
at  the  interference  maximum  (hkl)  from  all  the  sublattices  to  the 
scattering  amplitude  in  the  same  direction  from  one  electron. 

If  fn  is  the  atomic  scattering  factor  of  the  nth  atom, 

F(hkl)=  t /„*•*",  (4.8) 

n— 1 

where  On  is  the  phase  difference  of  the  rays  scattering  by  the  nth 
atom  and  by  the  atom  located  at  the  cell’s  origin  (n  = 1).  Here  we 
are  interested  in  the  interference  maximum  determined  by  the 
conditions  (4.1)  with  gx  = h,  g2  = k,  and  g3  = l. 

In  exactly  the  same  way  as  <t>  was  calculated  in  the  preceding 
section,  we  obtain,  with  account  taken  of  (4.1), 

d>n  = -y-  rn  • (n'  — n)  = (w„a,  + una2  + wn a3)  • (n'  — n) 

= 2n(hun  + kvn  + lwn).  (4.9) 

It  follows  from  (4.8)  and  (4.9)  that  the  structural  scattering  factor, 
which  determines  the  scattering  intensity,  is  equal  to 

S 

| F (hkl)  | 2 = | 2 fn  cos  2n  (hun  + kvn  + lwn)  p 

n— 1 

5 

+ 1 2 fn  sin  2n  (hun  + kvn  + lwn)  p.  (4.10) 

n=l 

If  all  the  atoms  of  the  crystal  are  of  the  same  type,  /i  = /2  = ••• 

. . . = / and 

S 

F(hkl)  = f 2 exp  [2ni  (hun  + kvn  + lwn)]  =fS,  (4.11) 

n—  1 

where 

S 

S = 2 exp  [2ixi  (hun  + kvn  + lwn)].  (4.11a) 

71  = 1 

Considering  the  centred  cubic  lattice  a complex  lattice  with  a basis 
(0,^0,  0;  1/2,  1/2,  1/2),  we  obtain 

5 = 1 + exp  [iti  (h  + k + Z)]. 
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If  h -j-  k + l is  an  odd  number,  then  exp  [in  (h  + k + I)]  = — I 
and  5 = 0,  i.e.  the  intensity  of  the  corresponding  maxima  is  zero. 

Hence,  in  a body-centred  cubic  lattice  consisting  of  atoms  of  one- 
type  there  will  be,  for  example,  no  interference  maxima  of  the 
types  (100),  (111),  (210),  (300),  etc.  Of  course,  in  the  case  of  a body- 
centred  cubic  lattice  we  can  obtain  the  same  result  without  bringing; 
in  the  concept  of  the  structural  amplitude  if  we  isolate  the  unit, 
cell  corresponding  to  a simple  lattice. 


2.  Elements  of  Group  Theory  and 
Crystal  Symmetry 


2.1.  Introduction 

2.1.1  Physics,  and  the  theory  of  semiconductors  in  particular, 
is  becoming  increasingly  permeated  with  the  methods  evolved  in 
group  theory. 

We  have  chosen  to  devote  a separate  chapter  to  this  theory, 
despite  the  fact  that  the  theory  itself  and  its  applications  to  phys- 
ics are  treated  in  several  monographs  and  textbooks.1  There  are  two 
reasons  for  this.  First,  most  books  on  the  subject  are  too  advanced 
and  contain  too  much  material,  at  least  for  the  experimental 
physicist.  Second,  we  do  not  intend  to  teach  the  reader  how  to 
apply  group  theory,  as  do  most  books,  but  desire  only  to  make 
him  familiar  with  the  minimum  material  essential  for  understanding 
the  following  chapters  and  the  current  literature  on  semiconductor 
physics. 

The  goal  of  group  theory  is  to  answer  several  questions  pertain- 
ing to  the  state  of  a physical  system  solely  on  the  basis  of  considera- 
tion of  its  symmetry.  With  this  in  view,  we  shall  be  mainly  interested 
In  the  symmetry  of  the  potential  field  acting  on  the  system  (for 
instance,  the  symmetry  of  the  periodic  field  acting  on  the  conduction 
electrons  in  a crystal),  as  well  as  in  symmetry  involving  the  reversal 
of  time:  t —*•  — t. 

Certain  general  methods  are  evolved  in  group  theory  that  enable 
it  to  be  used  for  (1)  classification  of  crystals  according  to  their  sym- 
metry, (2)  classification  of  normal  vibrations  of  crystals,  (3)  classi- 
fication of  quantum  mechanical  states  of  conduction  electrons  in 
crystals  and  of  electrons  at  impurity  atoms,  (4)  determination  of 
selection  rules  for  matrix  elements  in  a system,  etc. 

2.1.2  Consider  two  simple  examples,  in  which  the  results  following 
from  the  symmetry  of  the  system  can  be  obtained  without  resorting 
to  the  formalism  of  group  theory. 

A.  Consider  a helium  atom  that  has  two  electrons.  If  we  neglect 
weak  interaction  between  the  electron  spins  and  their  orbital  motion, 

1 Landsberg  [2.1,  Chaps.  IV  and  V]  is  a very  consistent  and  comprehensible 
treatise,  Tinkham  [2.2]  is  one  of  the  best  books  on  the  applications  of  group 
theory  in  physics  (only  Chap.  8 deals  with  the  solid  state  as  a separate  subject), 
and  Bir  and  Pikus  [2.3]  is  a very  extensive  and  thorough  treatise  on  the  subject. 


22 


2.1  INTRODUCTION  23 


we  can  represent  the  full  wave  function  of  the  electrons  as  a product 
nl  l lie  coordinate  function  i|)  (rlt  r2),  where  r2  and  r2  are  the  position 
vectors  of  the  electrons,  and  the  spin  function  v (szl,  sz2),  where 
iv, i and  sz2  are  the  projections  of  the  electron  spins  on  the  z axis). 
Since  quantum  mechanics  regards  the  electrons  as  indistinguishable, 
llieir  permutation  can  change  the  coordinate  part  of  the  wave  func- 
I ion  i|'  (rl5  r2)  only  by  a factor  e of  unit  modulus.  But  as  the  result 
nl  a repetition  of  the  electron  permutation 

T (rn  ra)  = «l>  (r2.  ri)  = (ri>  r2)> 

whence  e2  =1;  therefore,  e = +l  or  e — — 1.  Thus,  we  are  able 
In  classify  the  electron  states  in  the  helium  atom: 

•I1  (rii  r2)  — (r2i  ri)  is  parahelium  with  a symmetric  coordinate 
wave  function; 

i|i  (rx,  r2)  = — (r2,  rx)  is  orthohelium  with  an  antisymmetric 
i nordinate  wave  function. 

Since  the  full  wave  function  equal  to  the  product (rlt  r2)  v (szl,  sz2) 
must,  in  compliance  with  Pauli’s  principle,  be  antisymmetric,  the 
spin  wave  function  v ( szl , sz2)  is  antisymmetric  for  parahelium  and 
symmetric  for  orthohelium. 

1 1 follows  from  the  symmetry  connected  with  the  permutation 
of  indistinguishable  electrons  that  the  state  corresponding  to  para- 
helium  with  its  antisymmetric  spin  function  is  the  singlet  state  with 
opposite  spins  and  a zero  total  spin;  similarly,  the  state  correspond- 
ing to  parahelium  is  the  triplet  state  with  parallel  spins  and  a total 
spin  equal  to  Ti. 

Indeed,  let  a (i)  and  (J  (i)  be  the  spin  functions  of  the  ith  electron 
for  spins  directed  “upward”  and  “downward”.  The  three  symmetri- 
cal spin  functions  for  both  electrons  in  that  case  will  be 

a (1)  a (2),  p(l)P(2),  «0)  P (2)  + « (2)  p(i)  , 

V ^ 

where  [/  2 was  introduced  as  a normalization  factor.  It  can  be  de- 
monstrated that  the  total  spin  of  each  of  these  three  states  is  h 
(for  the  first  two  this  is  obvious  and  for  the  third  state  see  [2.4, 
$ 72]).  On  the  other  hand,  only  one  antisymmetric  spin  function 
(I h'  2)  [a  (1)  p (2)  — a (2)  |J  (1)]  with  zero  total  spin  is  possible. 

We  see  that  the  electron  states  in  a helium  atom  can  be  classified 
on  the  grounds  of  simple  symmetry  considerations  based  on  the 
indistinguishability  of  the  electrons. 

B.  As  the  second  example,  consider  the  matrix  element  of  the 
dipole  moment 
+ 00 

Mx  = H I ’!’*  ^ x ^ ^ dx  dydz 


i 01137 
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appearing  in  an  atom  when  the  electric  field  of  a light  wave  oscillates 
along  the  x axis.  Here  (r)  and  if>2  (r)  are  wave  functions  of  the 
valence  electron  in  the  atom.  The  probability  of  light  being  absorbed 
in  the  course  of  the  transition  tpi  — >- ijj2  in  the  dipole  approximation 
is  proportional  to  the  square  of  the  modulus  of  the  matrix  element, 
| M x |2.  The  electronic  states  in  a spherically  symmetrical  atomic 
field  can  be  classified  by  the  orbital  quantum  number  l: 

l = 0,  . . .,  s is  a nondegenerate  state, 

1 = 1,  . . .,  p is  a three-fold  degenerate  state, 

l = 2,  . . .,  d is  a five-fold  degenerate  state, 

and  so  on.  The  wave  function  corresponding  to  the  s-state  is  the 
spherically  symmetrical  wave  function  \|?s  (r)  (r  = | r 1).  There  are 
three  wave  functions  corresponding  to  the  p-state,  which  can  be 
written  in  the  form:  z(p  (r),  yep  ( r ),  zep  (r);  etc.  This  form  of  the  elect- 
ron wave  functions  is  a direct  consequence  of  the  spherical  symmetry 
of  the  electric  field  acting  on  the  electron. 

It  may  easily  be  seen  that,  if  the  two  electronic  states  ijjj  and  ij)2 
are  s-states,  the  expression  under  the  integral  in  Mx  will  be  an  odd 
function  of  x,  and  therefore  integration  with  respect  to  x from  — oo 
to  +oo  will  yield  zero.  If,  on  the  other  hand,  one  state  is  an  s-state 
and  the  other  a p-state,  the  expression  under  the  integral  for  the 
p-state  (r)  will  be  an  even  function  in  all  the  variables,  and  as 
a result  the  integral  is  nonzero. 

We  come  to  the  following  selection  rules.  In  the  dipole  approxi- 
mation, the  probability  of  light  being  absorbed  in  a transition  be- 
tween s-states  is  zero.  But  if  the  transitions  are  between  an  s-  and 
a p-state,  the  probability  is  nonzero. 

Group  theory  enables  answers  to  be  obtained  to  questions 
similar  to  those  discussed  under  A and  B,  as  well  as  in  much  more 
complicated  cases. 


2.2  Elements  of  Abstract  Group  Theory 

2.2.1  The  term  group  applies  to  a finite  or  infinite  set  of  distinct 
elements:  A,  B,  C,  . . .,  P,  Q,  R,  ...  that  satisfies  the  following 
four  requirements. 

I.  The  operation  of  multiplication2  is  defined  for  each  pair  of 
elements  chosen  in  a definite  succession,  the  resulting  product  being 
a definite  element  of  the  same  set.  For  instance,  the  product  of  the 


2 We  shall  abstain  from  writing  the  words  “multiplication”  and  “product” 
in  quotation  marks  although  the  appropriate  operation  may  be  quite  unlike 
conventional  algebraic  multiplication. 
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elements  B and  A of  our  set  is  equal  to  the  element  C of  the  same 
set,  this  being  written  as  AB  = C.3 

Note.  In  general  the  product  of  the  elements  of  the  group  is  not 
commutative:  AB  =£  BA.  A group  all  of  whose  elements  commute 
with  one  another  is  termed  Abelian. 

II.  The  product  of  the  group’s  elements  obeys  the  associative 
law:  {AB)  C = A (BC). 

III.  The  set  of  the  group’s  elements  must  include  an  element 
termed  unit  or  identity  element  (we  shall  denote  this  by  E)  character- 
ized by  the  property  EB  — RE  =--■  R,  where  R is  an  arbitrary  element 
of  the  group. 

IV.  For  every  element  Q of  the  group  there  must  be  among  the 
(dements  of  the  group  an  inverse  element  (we  shall  denote  this  by 
(?-1)  such  that  Q~XQ  = QQ _1  = E. 

Note.  Demonstrate  that  {ABC)~X  = C~XB~XA~X.  Indeed, 
(A  BC)~XABC  = E.  Multiplying  both  parts  of  the  latter  equality 
by  C~x , then  by  B~x  and  lastly  by  A~x  and  making  use  of  the  associa- 
tive law,  we  obtain  the  desired  result. 

Note  that  the  number  of  the  elements  of  a finite  group  is  its  order. 

2.2.2  Examples  of  Groups. 

A.  Positive  and  negative  integers  and  zero  form  an  infinite  (Abe- 
lian) group  if  multiplication  in  the  group  is  interpreted  to  mean 
algebraic  addition.  The  unit  element  in  this  case  is  zero  (E  = 0), 
and  the  inverse  element  for  the  element  (the  number)  Q is  — Q. 

Integers  do  not  form  a group  with  respect  to  conventional  multi- 
plication, because  the  inverse  element  1 !Q  is  not  an  integer,  i.e.,  is 
not  part  of  the  group. 

B.  The  totality  of  all  positive  rational  numbers  forms  an  infinite 
Abelian  group  with  respect  to  conventional  arithmetical  multipli- 
cation. In  this  case  the  unit  element  E — 1,  and  if  Q = A!B,  then 
Q-x  = B/A . 

C.  The  set  of  vectors  a forms  an  infinite  Abelian  group  if  the 
multiplication  in  the  group  means  geometrical  addition  of  the 
vectors  a + a'  = a".  The  unit  element  E = a = 0;  the  inverse 
element  (a)-1  = —a. 

D.  An  instructive  example  of  a group  is  the  rotation  of  an  equilat- 
eral triangle  725  (Fig.  2.1)  about  a fixed  centre  0 , as  a result  of  which 
the  triangle  comes  into  coincidence  with  itself  (the  operation  of 
self-coincidence).  The  altitudes  of  the  triangle,  la,  2b  and  3c,  inter- 
sect in  the  centre  of  the  triangle,  0 , and  are  at  the  same  time  its 
bisectors  and  medians. 

Introduce  the  following  notation  for  the  operations  of  self-coin- 
cidence of  the  triangle:  (1)  rotation  through  180°  about  the  height 
I a,  A;  (2)  rotation  through  180°  about  the  height  2b,  B;  (3)  rotation 


:l  The  multiplicands  in  a product  are  read  from  right  to  left. 
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through  180°  about  the  height  3c,  C;  (4)  rotation  through  an  angle 
of  120°  — 2jt/3  clockwise  about  the  axis  perpendicular  to  the  plane 

through  its  centre  0,  D\  (5)  rotation 
about  the  same  axis  and  in  the  same 
direction  through  an  angle  120°  X 
X 2 — 4jt/3  (this  motion  can  also  be 
imagined  as  the  rotation  about  the 
same  axis  in  a counterclockwise  direc- 
tion through  a negative  angle  120°  = 
= 2jx/3),  F;  (6)  absence  of  motion  of 
the  triangle,  or  its  rotation  through 
an  angle  2n  about  any  axis,  E. 

In  addition  to  the  operations  of 
rotation  discussed  above,  there  are 
also  operations  of  symmetry  involv- 
ing the  reflection  in  planes  perpen- 
dicular to  that  of  the  triangle  and 
passing  through  the  altitudes  la, 
2b,  3c.  However,  we  shall  consider 
the  sixth  order  group  consisting  only  of  rotations  A.  B,  C,  D, 
E,  F. 

It  should  be  noted  that  the  operation  of  self-coincidence  of  a body 
can  be  considered  from  two  equivalent  points  of  view:  (1)  the  coor- 
dinate frame  ( xy ) remains  at  rest  but  the  body  moves  (from  this 
point  of  view  the  operation  D,  for  example,  is  the  rotation  of  the 
triangle  through  120°  clockwise,  so  that  its  vertices  turn  into  each 
other  in  the  order  / -*-2,  2 -a- 3,  3 ->- 1),  and  (2)  the  body  is  at  rest 
but  the  coordinate  frame  is  in  motion  (from  this  point  of  view  the 
operation  D is  the  rotation  of  the  coordinate  frame  through  120° 
counterclockwise).  Sometimes  it  will  be  expedient  to  apply  the  first 
point  of  view  and  sometimes  the  second.  The  important  thing  to 
keep  in  mind  is  the  relative  motion  of  the  body  and  the  coordinate 
frame. 

The  product  AB  is  interpreted  as  meaning  the  application  of 
operation  B followed  by  the  operation  A (similar  to  operators  acting 
on  a function).  All  the  rotation  axes  retain  their  positions  and  do 
not  move  with  the  triangle.  Let  us  represent  the  product  A B in  the 
form  of  a diagram 

Ab\  A }=h|a  1=  A = D { A } , 

(3  2)  (l  ?J  2 1 (3  2 J 

whence  it  is  evident  that  the  product  is  D. 

It  may  easily  be  checked  that  this  set  of  six  elements  satisfies 
all  the  requirements  I-IV  of  a group. 


of  the  triangle  and  passing 
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The  product  of  two  of  the  group’s  elements  always  produces 
a Ihird  element.  For  example,  it  can  easily  be  checked  that  AB  = D, 
HA  = F,  A A = A2  = E,  DD  = D2  = F.  The  application  of  the 
operations  B and  A in  turn  is  equivalent  to  the  operation  D,  the 
implication  of  those  operations  in  the  reverse  order  being  equivalent 
In  F.  Hence,  the  group  is  non-Abelian. 

It  follows  directly  from  the  geometrical  meaning  that  A _1  = A, 
IF1  = B,  C'1  = C,  D'1  = F,  F~l  = D.  As  a result  we  can  write 


Table  2.1 
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a multiplication  table  for  the  group  (Table  2.1).  This  sixth  order 
group  is  often  denoted  as  D3. 

2.2.3  Note  that  in  each  row  and  in  each  column  of  Table  2.1  every 
element  of  the  group  appears  only  once.  This  is  so  for  the  following 
reason.  If  we  have  an  /(-order  group  ?I  = {Ax  = E,  A2,  A3,  . . .,  A h) 
and  form  a product  of  every  element  of  the  group  times  one  of  the 
elements, 

AhE,  A hA  2,  A kA3,  A hAh,  (2.1) 

we  shall  obtain  all  the  elements  of  the  group,  but  in  another  order 
(I  lie  group  shifts).  To  prove  this,  we  must  show  only  that  all  the 
products  are  different,  so  that  there  cannot  be,  for  example, 

= AhA  3. 

I ndeed,  multiply  both  sides  of  this  equality  by  A*1.  Then  Aj,1AkA2  = 
AixAhA3 , or  EA  2 = EAS,  or  A2  = A3  and  this  is  in  contradic- 
lion  to  the  definition  of  a group.  If  we  raise  some  element  Au 
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to  a power,  we  obtain  other  elements  of  the  group  until  we  reach 
a power  n , termed  order  of  the  element  Ak,  such  that  A*  = E. 
Accordingly,  we  obtain  a sequence  of  elements 

Ak,  A 1,  A%,  . . .,  A^  = E.  (2.2) 

If  the  element  is  raised  to  still  higher  powers,  this  sequence  will 
be  repeated  (A"+l  = = EAh  = Ah)\  therefore,  it  is  termed 

the  period  of  the  element  Ah  and  denoted  For  example,  for  the 

element  D of  the  group  D3  we  have  {D}  = {D,  D 2 = F,  D3  = E). 

The  period  of  the  element  Ah  obviously  forms  an  Abelian  group 
of  the  nth  order,  the  term  for  this  being  cyclic  group.  In  general,  if 
within  a given  group  we  can  separate  a set  of  elements  that  also 
forms  a group,  the  term  for  such  a group  is  subgroup.  Thus,  E,  D,  F 
form  a subgroup  of  the  group  D3.  A trivial  subgroup  of  the  first 
order  (for  every  group)  is  the  unit  element  E.  Since  every  subgroup 
must  include  a unit  element,  only  one  subgroup  can  be  selected 
out  of  a group,  because  the  remaining  elements  do  not  include 
the  unit  element. 

In  the  case  of  finite  groups  it  can  be  proved  that  the  order  g of 
a subgroup  is  an  integral  divisor  of  the  group’s  order  h,  i.e.,  hlg 
is  an  integer  [2.5,  p.  61]. 

For  the  cyclic  subgroup  (Z)}  of  D3  we  have:  6 -f-  3 = 2.  Speci- 
fically, it  follows  that,  if  the  group’s  order  h is  a prime  number, 
it  has  only  one  (trivial)  subgroup  E. 

2.2.4  The  element  B is  said  to  be  conjugate  to  A if 

B = f-'AV,  (2.3) 

where  V is  an  element  of  the  group.  Premultiplying  (2.3)  by  V 
and  multiplying  it  into  F_1,  we  obtain 

A = VBV~1  = (V-1)-1BV-1  = U~lBU , 

where  U = V~x  is  also  an  element  of  the  group.  Hence,  if  B is  con- 
jugate to  A,  then  A is  also  conjugate  to  B. 

Let  us  show  that  if  B is  conjugate  to  A and  C is  conjugate  to  A, 
then  B is  conjugate  to  C.  We  have 

B - V-'AV,  C = X-'AX. 

Then  A = XCX-1,  and 

b = v-lxcx-lv  = (. x-lvylcx-lv  = Z~lCZ, 

where  Z — X ~lV  is  also  an  element  of  the  group.  Hence,  if  instead 
of  V we  substitute  into  (2.3)  all  the  elements  of  the  group  in  suc- 
cession, we  shall  obtain  the  collection  of  all  the  mutually  conjugate 
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dements,  the  term  for  which  is  class.  Define  the  class  of  the  group  D3 
which  includes  the  element  A.  The  elements  conjugate  to  A are: 

E-lAE  = A,  A~lAA  = A,  B^AB  = B^D  = C, 

C-'AC  = B,  D~lAD  = C,  F^AF  = B. 

Here  we  resorted  to  Table  2.1.  Hence,  the  corresponding  class  is 
,1,  B,  C. 

The  unit  element  alone  forms  a class,  since  V'^EV  = E for 
any  V.  It  may  easily  be  demonstrated  that  the  elements  D and  F 
also  form  a class  of  the  groupjD3.  Hence,  D3  can  be  subdivided  into 
three  classes: 

1)  E,  2)  A,  B,  C,  3)  F , D.  (2.4) 

Any  group  can  be  subdivided  into  classes,  so  that  no  element  is 
part  of  two  different  classes. 

Every  element  of  an  'Abelian  group  forms  a class.  In 
an  Abelian  (i.e.,  commutative)  group:  V_1AV  = V~lVA  = A for 
any  V,  i.e.,  every  element  is  conjugate  only  to  itself. 

The  concept  of  a class  is  very  important.  It  does  not,  of 
course,  coincide  with  the  subgroup  concept.  All  classes,  with  the 
exception  of  E (for  instance,  the  classes  2)  and  3)  in  (2.4)),  lack  the 
unit  element  without  which  there  can  be  no  subgroup, 

A subgroup  consisting  of  one  or  several  complete  classes  is  termed 
invariant , or  normal  divisor.  (In  general,  a subgroup  does  not  always 
consist  ol  an  integral  number  of  classes.) 

Therefore,  if  a is  an  element  of  an  invariant  subgroup  of  the 
group  G,  then  all  the  elements  a'  = g_1ag,  where  g is  an  arbitrary 
element  of  the  group  G (g  6 G),  belong  to  the  invariant  subgroup 
(I  bis  is  because  all  the  elements  of  the  class  are  part  of  the  subgroup 
.'//). 

All  elements  of  one  class  are  of  the  same  order  n;  indeed,  if  An  — 

E,  then  Bn  = (V~lA  V)n  = F~L4  VV~lA  V . . . V^A  V = V~lAnV  = 

E.  It  may  easily  be  seen  that  there  is  a “similarity”  between  the 
elements  of  one  class.  Class  2)  in  (2.4)  consists  of  rotations  through 
130°,  and  class  3)  of  rotations  through  120°.  Below  we  shall  define 
the  essence  of  the  similarity  of  the  elements  of  one  class  more  pre- 
cisely. 

2.2.5  Let  there  be  two  (in  general,  non-Abelian)  groups 
VI  — =B,  A 2,  A3,  . . .,  A/,o},  25  ={/?!=/?>  B2,  B3,  . . .,  By ,fc} 

(2.5) 

of  the  orders  ha  and  hb.  Let  all  the  elements  of  both  groups  (with 
(lie  exception  of  the  unit  elements  A-,  = B±  = E)  be  different  and 
commute  with  each  other,  i.e.,  AhBt  = BiAk  (for  all  k and  l).  Form 
hjib  products  AhBi  and  demonstrate  that  this  set  is  a group. 
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First  of  all  we  shall  show  that  the  product  of  two  elements  is  an 
element  of  the  same  set: 

(Ak'Bf)  ( AhBt ) = {Aht  Ah)  ( Bi>Bt ) = AmBn, 

where  Ak-Ah  = Am  and  BrBt  = Bn.  The  product  AmBn  is  an 
element  of  the  same  set. 

Next  we  shall  show  that  the  set  AhB * contains  both  a unit  and  an 
inverse  element.  It  follows  from  (2.5)  that  the  unit  element  of  the 
set  AkBt  is  equal  to  AlB1  = EE  = E.  The  inverse  of  AhB  z is  equal 
to  (AhBi)~x  — BjxA~kl  — Al'Bj1  and  also  belongs  to  the  same  set. 

The  group  of  elements  AhBt  is  termed  the  direct  product  of  the 
groups  21  and  93  and  denoted  91  X 93.  The  order  of  the  direct- 
product  group  21  X 93  is  equal  to  the  product  of  the  orders  of  21 
and  93. 

The  elements  of  a class  of  21  X 93  determined  by  the  element 
AhBi  are 

Ma'S*')-1  (A^Bt)  (Ah-Bf)  = BfAA-MuBtAvBt. 

= (A-k\AhAk.)  (BTWtBi.)  = Ak.Bt.. 

(2.6) 

Here  we  made  use  of  the  commutativity  of  the  elements  belonging 
to  different  groups  91  and  93.  In  (2.6)  Ah>  and  Br  are  equal  to  all 
the  elements  in  groups  21  and  93  in  succession.  If  Ab  belongs 
to  a certain  class  a of  21  and  Bt  to  class  {3  of  93,  then  Ak~  and  By 
also  belong  to  a and  (3.  The  element  Ak"Br  will  belong  to  the  class 
of  the  group  21  X 18  derived  from  classes  a and  p of  the  groups 
21  and  58.  Hence,  there  is  a class  of  the  group  91  X 58  to  correspond 
to  each  pair  of  classes  of  91  and  93;  therefore,  the  number  of  classes 
of  the  direct  product  is  equal  to  the  product  of  the  numbers  of  classes 
in  each  of  them. 

2.2.6  Let  there  be  two  groups,  an  “unprimed”  and  a “primed”, 

G = {A,  B,  C,  . .}  and  G'  = {A' , B\  C' <?',  ...}, 

consisting,  in  general,  of  elements  of  different  nature  and  having 
a different  meaning.  If  a one-to-one  correspondence  A-^~A', 
B -*-*  B' , . . .,  Q*-*Q\  ■ ■ . can  be  established  between  the  ele- 
ments of  both  groups  such  that  for  BA  = Q we  have  B A'  = Q’ , 
i.e.,  the  same  multiplication  table  for  both  groups  is  valid,  then 
these  groups  are  called  isomorphic.  For  instance,  the  elements  consti- 
tuting the  group  G may  be  the  elements  performing  motions  of 
a geometrical  figure  resulting  in  its  coinciding  with  itself  (see  the 
equilateral  triangle  group  D3),  and  the  elements  of  group  G'  may 
be  matrices  of  the  same  rank  whose  multiplication  is  performed 
in  compliance  with  the  same  multiplication  table  (Table  2.1)4. 


4 We  shall  consider  this  case  in  detail  in  the  following  chapter. 
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Prom  the  point  of  view  of  the  abstract  group  theory,  isomorphic- 
groups  are  identical. 

But  if  several  elements  of  group  G are  the  counterpart  of  one  ele- 
ment of  group  G'  (for  instance,  A —>■  A' , B -*-A',  . . . , Q -*~Q' , . . . ) 

and  if  it  follows  from  BA  = Q that  A' A'  = (A')'1  = Q' , then 

group  G is  called  homomorphic  to  group  G' . The  homomorphic  groups 
are  of  different  orders  (since  all  the  elements  in  group  G'  must  he- 
el iff  erent).  A trivial  example  of  a homomorphism  is  the  collation 

of  all  the  elements  of  group  G with  unity:  A -*■  1,  #->-1, 

Q ->  1 with  the  law  of  arithmetical  multiplication  acting  in 
group  G' . In  this  case  the  counterpart  of  any  group  will  be  a first 
order  (h  = 1)  group. 

If  each  symmetry  operation  on  the  triangle  (E,  A,  B,  . . .) 
in  Fig.  2.1  is  made  to  correspond  to  a permutation  of  the  numbers 
/,  2,  and  3 marking  the  vertices  of  the  triangle,  then  the  set  of  the 
permutations  (whose  number  is  3!  = 6)  will  form  a group  isomor- 
phic to  D3: 

E — (. 1 , 2,  3),  A — (2,  3,  2),  B — (. 3 , 2,  2),  ...  . 


2.3  Point  Groups5 

2.3.1  Displacements  of  a body  of  finite  dimensions  (e.g.  a molecule) 
resulting  in  its  coinciding  with  itself  (in  self-coincidence)  form  the 
so-called  point  group.  For  a body  of  finite  dimensions,  such  displace- 
ments may  involve  rotations  through  certain  angles  about  axes 
intersecting  in  a common  point  and  reflections  in  planes  containing 
this  point.6  The  axis  of  rotation  through  an  angle  2 nln  is  denoted 
by  Cn,  and  through  an  angle  p (2 n/n)  by  if  p is  a multiplier 
of  n,  then  Cp  = Cnlp.  Obviously,  C™  = E,  a unit  element,  since 
it  corresponds  to  a rotation  through  an  angle  n2n/n  = 2k  or  to 
the  absence  of  a rotation;  therefore,  C1  = E. 

Reflection  in  a plane  is  denoted  by  o;  obviously,  a2  = E,  a unit 
element.  Usually  the  axis  of  the  highest  symmetry  (with  the  greatest 
//)  is  chosen  as  the  vertical  axis.  The  reflection  plane  that  passes 
through  this  vertical  axis  is  denoted  crv  (vertical),  and  the  reflection 
plane  perpendicular  to  this  axis  oh  (horizontal). 

The  rotary-reflection  transformation  (axis)  Sn  is  defined  as  a sequen- 
tial application  of  two  operations  Cn  and  oh: 

ahCn  — Cna  h = Sn.  (3.1) 


r’  An  excellent  and  a more  complete  treatise  on  the  subject  may  be  found  in 
l.midau  and  Lifshitz  [2.6,  §§  91  and  93], 

11  Indeed,  if  the  rotation  axes  (or  reflection  planes)  have  no  common  points 
(or  intersection  lines),  sequential  rotation  and  reflection  operations  may  result, 
in  a linear  motion  of  the  body,  in  the  course  of  which  it  cannot  coincide  with 
i l self. 
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A body  possessing  rotary-reflection  symmetry  Sn  coincides  with 
itself  if  it  is  rotated  about  the  symmetry  axis  through  the  angle 
2jt In  and  then  reflected  in  the  plane  perpendicular  to  the  axis  Cn 
^or  if  such  operations  are  performed  in  reverse  order);  see  Fig.  2.2. 

It  follows  from  (3.1)  that  = crh. 
An  important  specific  case  is 

<?hC2  = Ciah  = S 2 = / , (3.2) 

where  J is  the  operation  of  inversion. 
As  the  result  of  the  inversion  operation, 
every  point  of  a body  P is  transformed 
into  a point  P'  lying  on  the  straight  line 
that  passes  through  P and  a stationary 

centre  O,  so  that  OP=  — OP'.  When  an 
inversion  operator  is  applied  to  the 
x,  y,  z coordinates,  they  change  sign: 
/ (x,  y,  z}  = { — x,  — y , — z};  therefore 
a right-handed  coordinate  frame  changes 
It  follows  from  (3.2)  that  Joh  — C2  and 
JC2  = oh;  hence,  those  three  elements  of  symmetry  C2,  ah  and  J 
are  interconnected,  so  that  the  existence  of  two  of  them  automati- 
cally leads  to  the  existence  of  the  third. 

2.3.2  Here  we  ^present  some  geometrical  properties  inherent  in 
rotations  about  an  axis  and  reflections  in  a plane  that  will  be 
helpful  in  the  study  of  point  groups. 

It  is  a well-known  fact  from  the  kinematics  of  solid  bodies  that 
two  rotations  in  succession  about  intersecting  axes  are  equivalent 
to  one  rotation  about  an  axis  passing  through  the  point  of  intersec- 
tion, the  resulting  rotation  being  dependent  on  the  order  in  which 
the  former  two  have^been  performed  (i.e.,  rotations  through  finite 
angles  do  not  commute,  and  for  this  reason  cannot  be  represented 
by  vectors)  [2.7,  Sec.  22], 

Successive  reflections  in  two  intersecting  planes  are  equivalent 
to  the  rotation  about  an  axis  coinciding  with  the  line  of  intersection 
of  the  planes  through  an  angle  twice  the  angle  between  the  planes  cp: 

ovo;  = C (2<p).  (3.3) 

The  proof  of  this  theorem  follows  directly  from  the  analysis  of 
Fig.  2.3  (note  that  reversal  of  the  order  of  reflections  changes  the 
sign  of  the  rotation). 

Premultiplying  (3.3)  by  ov  and  taking  into  account  that  o|  = E , 
we  obtain 

<iv  = avC(2cp),  (3.3a) 

■i.e.,  the  product  of  a rotation  and  a reflection  in  a plane  passing 
through  the  rotation  axis  is  equivalent  to  the  reflection  in  another 


Tig.  2.2 

to  a left-handed  one. 
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plane  passing  through  the  same  axis  and  forming  an  angle  with  the 
first  plane  equal  to  one-half  the  rotation  angle/Hence,  it  follows  that 
if  a plane  ov  passes  through  an  axis  Cn,  it  automatically  results 
in  the  appearance  of  re  — 1 additional  reflection  planes  passing 
through  the  same  axis,  so  that  the  angles  between  them  are  jt/re. 
Similarly,  it  may  be  demonstrated  [2.6,  p.  363]  that  the  existence  of 
a C2  axis  perpendicular  to  a Cn  axis  automatically  leads  to  the  ap- 
pearance of  re  — 1 additional  C 2 axes  perpendicular  to  Cn,  so  that 
the  angles  between  them  are  it  In. 

Although  the  result  of  two  successive  transformations  generally 
depends  on  their  order,  in  the  following  cases  the  operations  are 


commutative:  (1)  two  rotations  about  the  same  axis;  (2)  two  rota- 
I ions  through  the  angle  jt  about  two  mutually  perpendicular  axes; 
(3)  two  rotations  in  mutually  perpendicular  planes;  (4)  rotation 
and  reflection  in  the^plane  perpendicular  to  the  rotation  axis  (see 
(3.1));  (5)  any  rotation  (or  reflection)  and  inversion  in  a point  lying 
on  the  rotation  axis  (or  in  the  reflection  plane). 

We  have  already  mentioned  in  Section  2.2.4  the  “similarity” 
of  elements  belonging  to  the  same  class,  using  the  group  D3  as  an 
example.  To  generalize  this  proposition,  let  us  prove  the  following 
llioorem:  two  rotations  through  an  equal  angle  about  two  different 
axes  (or  two  reflections  in  different  planes)  belong  to  one  class  of 
a point  group  if  among  the  elements  of  the  latter  there  is  an  operation 
1 hat  makes  different  rotation  axes  (or  different  reflection  planes) 
coincide. 

Proof.  Figure  2.4  depicts  the  axes  Oa  and  Ob',  an  element  of 
point  group  B transforms  the  axis  Oa  into  the  axis  Ob\  Cn  and  C'n 
are  rotations  about  the  axes  Oa  and  Ob  through  the  angle  2 jt/re. 
The  product  B~xC’nB  has  the  following  geometrical  meaning:  the 
axis  Oa  turns  until  it  coincides  with  the  Ob  axis;  next  a rotation  is 
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performed  about  the  latter  axis  through  an  angle  2nJn,  after  which 
the  axis  Ob  is  rotated  until  it  coincides  with  Oa.  Evidently,  the 
result  is  a rotation  through  an  angle  2jt In  about  the  Oa  axis: 

Cn  = B~XC'nB, 

which  means  that  Cn  and  C'n  are  mutually  conjugate  elements, 
i.e.,  they  belong  to  the  same  class. 

The  proof  for  reflections  in  two  different  planes  is  quite  similar. 
Axes  and  planes  that  are  made  to  coincide  by  the  application  of 
one  of  the  group’s  elements  are  termed  equivalent. 

Two  rotations  about  the  same  axis  through  equal  angles  but  in 
different  directions,  i.e.,  the  elements  C*  and  belong  to  the 


Fig.  2.5 


same  class  if  among  the  elements  of  the  group  there  is  an  axis  C2 
perpendicular  to  the  rotation  axis  or  a plane  ov  passing  through  it. 
Indeed,  in  this  case  the  operations  C2  and  gv  reverse  the  direction  of 
rotation.  In  this  case  the  rotation  axis  Cn  is  termed  bilateral.  Note 
that  a reflection  in  a ah  plane  perpendicular  to  a Cn  axis  does  not 
reverse  the  direction  of  rotation  and  hence  does  not  make  it  bilateral. 

Let  us  consider  the  major  point  groups.  Here  we  shall  make  no 
attempt  at  a complete  and  thorough  study  of  the  problem.  The 
symbols  of  the  point  groups  will  be  printed  in  bold  type. 

I.  Cn  groups.  These  groups  consist  of  a symmetry  axis  of  the  nth 
order,  i.e.,  the  body  coincides  with  itself  if  rotated  about  the  axis 
through  an  angle  2n/n.  This  is  a cyclic  group  consisting  of  n ele- 
ments: Cn,  C~t,  . . .,  Cn  = E.  Every  element  is  a class  by  itself. 
The  group  C1  consists  of  one  element  C1  = E\  the  corresponding 
state  is  the  absence  of  any  symmetry.  Figure  2.5  depicts  bodies  with 
symmetries  Cly  C2  and  C 3.7 


7 The  notation  for  the  symmetry  axes  of  the  second,  third,  fourth,  etc., 
orders  is  •,  At  Bt  etc- 
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II.  Sr  groups.  A rotary-reflection  axis  for  odd  n -----  2p  1 
reduces  to  a symmetry  axis  C2P  + 1 and  to  a symmetry  plane  ah 
perpendicular  to  it.  Indeed,  since  in  this  case  the 

rolary-reflection  axis  corresponds  to  the  type  of  symmetry  discussed 
in  III,  the  group  Cnh. 

For  even  n -=  2/j,  the  group  S2],  is  a cyclic  group  consisting  of  2 p 
(dements:  S2P,  So,,,  . . .,  SVj,  = E,  every  one  of  which  forms  a sep- 
arate class.  The  group  S2  consists  of  two  elements:  S2  C2oh  = J 
(inversion)  and  S'2,  — E (a  unit  element);  the  notation  for  it  is  Ct. 


I'ig.  2.6 


Figure  2.6  depicts  a body  with  the  symmetry  of  S 4.  Indeed,  when 
i lie  rigid  framework  (shown  by  solid  lines)  is  rotated  through  an 
angle  2jt/4  = 90°  and  reflected  in  the  plane  crh  passing  through  the 
ciMitre  O,  it  coincides  with  its  original  position  (prior  to  rotation). 

III.  CT, h groups.  These  groups  are  obtained  when  a plane  ah 
perpendicular  to  a Cn  axis  is  added  to  this  axis.  The  group  con- 
la  ins  2 n elements:  n rotations  about  the  Cn  axis  and  n reflections8: 
r(;oh  — k = 1,  2,  . . .,  n (including  the  reflection  C"ah  = at,). 
All  elements  of  the  group  are  commutative,  i.e.,  the  group  is  Abelian; 
I lie  number  of  classes  is  equal  to  the  number  of  elements.  In  the 
case  of  an  even  n (n  = 2 p)  the  group  contains  a symmetry  centre 
(inversion)  (i.e.,  C^poh  = C2oh  = J).  The  simplest  group  Clh 
cimlains  two  elements:  E and  ah.  Another  notation  for  it  is  Cs. 
Figure  2.6  depicts  a body  with  a C4h  symmetry. 

Since  for  even  n = 2p  a C2ph  group  contains  an  inversion,  the 
group  may  be  represented  in  the  form  of  a direct  product  C2P  X 
C i , where  Ct  = {E,  J}. 

IV.  Cnv  group.  This  group  is  realized  if  a plane  av  passing 
llirough  the  axis  Cn  is  added  to  it.  According  to  the  theorem  proved 


H A group  must  meet  the  following  condition:  a product  of  two  elements  must 
limdiice  an  element  belonging  to  the  group. 
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above,  this  automatically  leads  to  the  appearance  of  re  — 1 addi- 
tional planes  passing  through  axis  Cn,  so  that  the  angles  between 
them  are  n/n.  Thus,  group  Cnv  contains  2 re  elements:  re  rotations 
about  the  Cn  axis  and  re  reflections  in  the  ov  planes.  The  presence 
of  the  ov  planes  makes  the  Cn  axis  bilateral. 

The  division  into  classes  is  different  for  even  and  odd  re's.  If  re  is 
odd  (re  = 2p  -f-  1),  then  the  successive  rotations  make  all  the  planes 
av  coincide  with  one  another,  and  because  of  that  re  reflections  belong 
to  the  same  class.  Since  the  C„  axis  is  bilateral,  each  pair  of  rotations 
C 2p+i  and  (Cjlp+i)-1  (ft  = l,  2,  . . .,  p)  belongs  to  the  same  class, 
the  total  number  of  which  is  p.  Lastly,  Coj;+i  = E (a  unit  element) 
also  constitutes  a separate  class.  Hence,  altogether  we  have  p + 2 
classes. 

If  re  is  even  (re  = 2 p),  with  the  aid  ol  successive  rotations  only 
planes  in  alternating  successions  can  be  made  to  coincide;  in  this 
case  there  are  two  systems  of  equivalent  planes  and  therefore  two 
classes.  As  to  the  rotations  about  an  axis,  C%  = E and  C'/p  = C2 
each  constitute  a class  by  themselves,  the  other  rotations  being 
conjugate  in  pairs  and  forming  p — 1 addi- 
tional classes.  Hence,  the  total  number  of 
classes  is  2 -f  2 -f-  (p  — 1)  = p + 3. 

Figure  2.6  depicts  a body  with  the  symmetry 
of  C4V  (two  planes  ov  pass  through  the  symmetry 
axis  and  through  solid  diameters;  two  other 
planes  bisect  angles  made  by  the  former  two). 

V.  Dn  group.  If  a horizontal  axis  C2  per- 
pendicular to  a vertical  symmetry  axis  Cn  is 
added  to  it,  this  will  automatically  create  re  — 1 
additional  horizontal  axes  C2,  so  that  the 
angles  between  them  will  be  n/n  (see  above). 
The  number  of  elements  is  2 re  (re  rotations  about 
Cn  and  re  rotations  about  the  C2  axes).  The  Cn 
axis  is  bilateral.  The  division  into  classes 
is  quite  similar  to  that  of  the  Cnv  groups. 
Figure  2.7  depicts  a body  with  the  symmetry 
of  Dk  (note  the  difference  between  Z?4  and  C4h);  the  four  axes  pass 
through  the  centre  O.  Note  that  the  equilateral  triangle  group 
(Section  1.2)  is  a Ds  group. 

VI.  Dnh  groups.  If  a horizontal  reflection  plane  is  added  to  a system 
of  D„  axes,  it  will  automatically  lead  to  the  appearance  of  n vertical 
planes  ov  passing  through  the  Cn  axis  and  through  one  of  the  C2 
axes  perpendicular  to  it  [this  follows  from  (3.3a)  if  we  put  ov  = oh 
and  2<p  = 180°].  The  Dnh  group  obtained  in  this  way  contains  4 re 
elements:  2 re  elements  of  the  Dn  group,  re  reflections  ov,  and  re  rotary- 
reflection  transformations  C*oh. 


D 
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Fig.  2.7 
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The  reflection  oh  commutes  with  the  rest  of  the  group’s  elements; 
I lierefore,  we  can  write  Dnh  in  the  form  of  a direct  product  Dn  X 

T's  (or  Cnv  X Cs),  where,  Cs  is  a group  of  two  elements  E and  crh. 
Hence,  it  follows  that  the  number  of  classes  in  a Dnh  group  is 
eipial  to  twice  the  number  of  classes  in  a Dn  group.  One-half  coin- 
cides with  the  classes  of  the  Dn  group,  and  one-half  is  the  result  of 
llieir  multiplication  by  oh.  It  is  obvious  that  for  an  even  n = 2 p, 
when  the  group  D2P h contains  an  inversion  J,  we  can  write  D21> h = 

02P  X Cj. 

VII.  Dnd  groups.  If  a plane  of  symmetry  is  drawn  through  a Cn 
axis  of  a Dn  group  so  that  it  bisects  the  angle  between  adjacent  C2 
axes,  it  will  lead  to  the  appearance  of  w — 1 additional  planes 
passing  through  the  Cn  axis. 

The  group  Dni  thus  obtained  contains  4 n elements;  n reflections  in 
I lie  vertical  planes  are  denoted  by  crd  (d  for  diagonal),  and  n transfor- 
mations of  the  type  C2o&  are  added  to  the2n  elements  ofjtheI>n  group. 
It  can  be  demonstrated  [2.6,  p.  364]  that  C2crd  = SfA+i,  where 
U 1,  2,  . . .,  ( n — 1),  i.e.,  are  rotary-reflection  transformations 
about  a vertical  axis  which  thus  becomes  not  only  a symmetry  axis 
of  the  nth  order  but  a rotary-reflection  axis  of  order  2 n as  well. 

Let  us  now  turn  to  the  discussion  of  very  important  point  groups 
nf  higher  symmetry  (when  there  are  several  intersecting  axes  of 
I lie  nth  order)  termed  cubic.  The  justification  for  this  term  is  that 
llieir  elements  of  symmetry  can  be  selected  from  among  the  axes 
and  planes  of  symmetry  of  a cube. 

VIII.  Tetrahedron  axes  group  T.  This  group  is  made  up  of  three 
axes  and  four  C3  axes  of  a regular  tetrahedron.  Figure  2.8a 


Idg.  2.8 


and  b depicts  how  those  axes  should  be  drawn  in  a tetrahedron  and’ 
Imw  they  can  be  chosen  in  a cube  (the  C2  axes  are  perpendicular  to 
I lie  cube’s  faces  and  the  C3  axes  coincide  with  the  cube’s  space 
diagonals);  in  Fig.  2.8 b a tetrahedron  with  the  vertex  a and  the  base* 
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bccl  is  inscribed  into  a cube.  Altogether  there  are  twelve  elements: 
E,  3 C2,  4 C3,  4 C\  (=  4C;,1).  The  three  C2  axes  are  equivalent. 
The  C 3 axes  are  also  equivalent,  but  they  are  not  bilateral,  and  for 
this  reason  the  elements  of  a T group  are  divided  into  four  classes: 

E,  3 C,,  4 Ca,  4 q. 

The  T symmetry  is  not  the  full  symmetry  of  a tetrahedron  (see  Td 
group).  To  obtain  a body  with  the  symmetry  of  T,  it  suffices  to  take 

a body  without  any  symmetry 
and  subject  it  to  all  twelve 
transformations  of  T;  thus,  we 
obtain  a figure  with  the  symmetry 
of  T. 

Such  a figure  is  shown  in  Fig.  2.9. 
The  label  1 has  been  subjected 
to  all  the  transformations  of  the 
group  T in  turn.  The  C2  rotations 
c about  the  x,  y,  z axes  transform  1 


£ 


into  2,  3,  4;  the  C3  and  C\  = C"1 
o rotations  about  the  axes  passing 

through  the  vertices  of  the  tetra- 
Fig.  2. it  hedron  a,  b,  c,  d multiply  the 

label  so  that  it  assumes  the  posi- 
tions 5,  ...,  12. 

IX.  Ta  group.  This  group  contains  all  the  symmetry  trans- 
formations of  a tetrahedron.  To  obtain  it,  we  add  six  reflec- 
tion planes,  each  of  which  passes  through  one  C2  axis  and  two  C3 
axes  to  the  three  C2  and  four  C3  axes  (see  Fig.  2.8c).9  This  turns 
the  C2  axes  into  the  rotary-reflection  axes  S 4.  Indeed,  the  product 
of  a clockwise  C2  rotation  about  the  Ox  axis  (Fig.  2.86)  and  of  the 
reflection  in  the  plane  aOd  displaces  the  vertices  of  a tetrahedron 
in  the  following  order:  a — c,  d — 6,  b -*-d  a,  and  c -*■  a — >-  d. 
On  the  other  hand,  a rotary  reflection  about  the  Oz  axis  through 
an  angle  jt/2  followed  by  a reflection  in  a plane  perpendicular  to  Oz 
(each  of  these  operations  by  itself  is  not  a tetrahedral  symmetry 
operation)  displaces  the  tetrahedron’s  vertices  in  the  following 
order:  b — a,  d — 6,  a — ► c,  c — d\  this  coincides  with  the  result 
of  the  first  two  operations.  Hence,  it  follows  that  a tetrahedron 
contains  axes  of  symmetry  Sk  directed  along  the  C2  axes.  Since 
the  symmetry  planes  pass  through  the  C3  axes,  the  latter  become 
bilateral;  because  of  that  the  elements  Cs  and  C \ = C"1  belong  to 
the  same  class.  All  the  planes  and  axes  of  each  type  are  equivalent. 


9 The  second  plane  that  passes  through  the  same  C2  axis  in  Fig.  2.8c  passes 
through  the  edge  afb  and  through  point  e. 
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Therefore,  the  24  elements  of  the  group  are  divided  into  the 
following  five  classes:10 

E,  8 ( C3 , Cl),  60,  6 (S4,  Sf),  3 C2. 

X.  Tb  group.  This  group  is]  obtained  if  a centre  of  symmetry 
(inversion)  is  added  to  the  T group,  so  that  Tb  = T X C\.  The 
result  is  the  doubling  of  the  number  of  elements  and  classes  as 
compared  with  the  T group  (i.e.,  24  elements  distributed  over 
8 classes). 

XI.  Cubic  axes  group  O.  This  is  one  of  the  most  important 
point  groups;  it  consists  of  all  the  cube’s  axes  of  symmetry— of  three 
C4  axes  passing  through  the  centres  of  the  opposite  faces,  of  four  C3 
axes  passing  through  the  opposite  vertices  and  of  six  C2  axes  passing 


Fig.  2.10 

through  the  midpoints  of  the  opposite  edges  (Fig.  2.10).  All 
the  axes  of  the  same  order  are  equivalent  and  bilateral.  Accordingly, 
the  24  elements  of  the  group  are  distributed  over  five  classes: 

Et  8 (Ca,  Cl),  3 (Ca  = Cl),  6 Ca,  6 (C4,  C\). 

We  should  like  to , point  out  that  the  O group  does  not  describe 
the  full  symmetry  of  a cube.  A figure  with  the  symmetry  of  the  O 
group  can  be  obtained  in  the  way  similar  to  that  described  for  the  T 
group,  i.e.,  by  “breeding”  some  asymmetrical  figure  as  the  result 
of  24  symmetry  transformations  of  the  0 group.  It  can  easily  be 
demonstrated  that  the  O group  is  isomorphic  to  the  tetrahedral 
group  r4. 

XII.  Oh  group.  This  is  the  full  symmetry  group  of  a cube 
(bctahedron).  It  contains,  in  addition  to  all  the  cube’s  symmetry 


10  Here  and  below  the  numerical  coefficient  js  equal  to  the  total  nunifieTof 
elements  in  a class;  e»g.,-  8!(C$,  C§)  = 'A'C'a  4s' 
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axes,  a centre  of  symmetry  (inversion).  Since  E and  the  inversion  J 
commute  with  all  the  elements  of  group  O,  the  Oh  group  is  equal 
to  the  direct  product  of  0 and  C{  = { E , J),  i.e.,  Oh  = 0 X Cx. 
It  can  be  demonstrated  that  the  0h  group  can  also  be  represented 
in  the  form  of  a direct  product  of  Td  and  Cl,  i.e.,  Oh  = Td  X Ct.u 
The  elements  of  the  0h  group  are  48  (24  X 2)  in  number  and  the 
classes  10  (5  X 2).  All  the  elements  and  classes  of  the  0h  group 
can  be  obtained  by  multiplying  the  elements  and  classes  of  the  O 
(or  the  Td)  group  by  E and  by  J.  (It  follows  that  one  half  of  the 
elements  and  classes  of  the  Oh  group  coincides  with  those  of  O or  Td 
and  the  rest  are  obtained  by  multiplying  by  /.)  The  addition  of 
a centre  of  inversion  automatically  results  in  the  appearance  of  six 
reflection  planes  passing  through  the  opposite  edges  [this  may  be 
shown  with  the  aid  of  (3.2)].  It  may  also  be  easily  shown,  as  in  the 
case  of  the  Td  group,  that  in  the  process  the  C3  axes  turn  into  the  S6 
rotary-reflection  axes  (Fig.  2.10),  the  fourth  order  axes  turning  into 
the  <S4  rotary-reflection  axes,  which  leads  to  the  appearance  of  three 
additional  reflection  planes  perpendicular  to  those  axes,  i.e.,  parallel 
to  the  cube’s  faces. 

Such  a symmetry,  as  was  already  mentioned  in  Section  1.1,  is 
also  the  property  of  the  Wigner-Seitz  cells  for  a body-centred  cubic 
lattice  (a  polyhedron  of  14  faces  shown  in  Fig.  4.5a)  and  for  a face- 
centred  cubic  lattice  (a  polyhedron  of  12  faces  (a  dodecahedron) 
depicted  in  Fig.  4.6a). 

■J 

2.4  Translation  Group. 

Crystal  Systems  and  Bravais  Lattices 

2.4.1  Consider  a set  of  lattice  vectors 

a =a„  = + «2a2  + n3a3  (4.1) 

corresponding  to  integral  values  of  nu  n2,  n3.  The  set  (4.1)  will 
constitute  a group  if  geometrical  addition  of  the  vectors  a is  accepted 
as  the  multiplication  rule.  The  unit  element  of  the  group  is 

E = a„  = 0.  (4.2) 

The  inverse  of  an  is  — an.  This  group,  which  we  shall  denote  by  ST , 
is  termed  a translation  group.  The  group  is  obviously  an  Abelian 
group,  so  that  every  element  of  it  (4.1)  is  a class  of  the  group. 

For  an  ideal  infinite  crystal  the  translation  group  is  infinite. 
We  shall  demonstrate  in  Section  2.8.1  how  an  infinite  translation 
group  can,  through  the  introduction  of  certain  conditions  (cyclic 
conditions),  be  transformed  into  a finite  group  with  a large  but 
still  finite  number  of  elements. 


11  This  will  be  demonstrated  at  length  in  Section  4.8. 
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If  identical  spherical  atoms  are  placed  into  each  site  n (%,  n2 , n3) 
(4.1),  we  shall  obtain  a simple  (or  a vacant)  crystal  lattice. 

Simple  lattices  can  meet  not  only  the  conditions  of  translational 
symmetry^ (4.1),  but  also  the  additional  conditions  of  symmetry  of  some 
point  group.  For  example,  a simple  cubic  lattice  meeting  the  condi- 
tions of  translational  symmetry  with  three  mutually  perpendicular 
basis  vectors  a*  ( i = 1,  2,  3)  of  equal  length  is  symmetrical  under 
transformations  of  the  point  group  Oh  (the  origin  can  be  placed 
in  one  of  the  sites  or  in  the  centre 
of  a cubic  cell).  We  shall  denote 
the  point  symmetry  group  of  a 
simple  lattice  by  f.  It  is  evident 
that  any  element  R of  the  group  pF 
transforms  any  lattice  vector  an 
into  another  lattice  vector  an-, 
i.e.,  i?an  — 3n'* 

We  shall  demonstrate  that  the 
translational  symmetry  (4.1)  (for 
arbitrary  a;)  places  limitations  on 
the  point  symmetry  groups  ep  that 
a simple  lattice  should  satisfy.  As  we  intend  to  demonstrate  now, 
for  simple  lattices  there  are  only  seven  point  groups  compatible 
with  translational  symmetry. 

First  we  note  that,  since  in  addition  to  the  lattice  vector  a„  there 
is  also  the  vector  — an  (to  this  end  it  suffices  to  reverse  the  signs  of 
all  the  numbers  nt),  a simple  lattice  is  symmetrical  (invariant) 
under  inversion  /.  A complex  lattice  (e.g.,  see  Fig.  1.2c)  is  generally 
not  invariant  under  the  inversion  operation. 

Second,  let  us  demonstrate  that  only  the  symmetry  axes  of 
the  second,  third,  fourth,  and  the  sixth  orders  are  compatible  with 
translational  symmetry.  Axes  of  the  fifth,  seventh  and  ofj  higher 
orders  cannot  exist  in  crystals. 

Here  is  an  elegant  proof  due  to  P.  Niggli  (1919). 

Draw  a plane  in  the  crystal  perpendicular  to  the  Cn  symmetry- 
axes  ( n = 2jt/a,  where  a is  the  minimum  rotation  angle  about  a Cn, 
symmetry  axis).  Let  this  plane  coincide  with  the  plane  of  Fig.  2.11; 
A and  B are  the  traces  of  the  Cn  axes  nearest  to  each  other,  so  that. 
AB  = ax  = the  length  of  the  basis  lattice  vector  (if  a2  does  not 
lie  in  the  plane  being  considered,  AB  is  the  projection  of  ax  on  this 
plane).  Rotating  the  crystal  about  the  A and  B axes  through  the 
angle  a in  opposite  directions,  we  obtain  an  equilateral  trapezoid 
ABA'B'  in  which  BA'  — AB'  = av  If  the  rotation  through  the 
angle  a is  a symmetry  operation  for  the  crystal,  there  will;  be  Cn 
axes  passing  through  the  points  A'  and  B'\  therefore,  B'A'.  = palt, 
where  p is  an  integer  (including  zero). 


Fig.  2.11 
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It  follows  from  Fig.  2.11  that 
B'A'  = ax  + 2 a1  sin  (a  — 90°)  = pau 


whence 


cos  a = 

1 -p 

2 * 

(4.3) 

Since  | 

cos  a |^1 

, only  the  following  values  of  p are 

possible: 

P = 3,  2, 

1,  0,  -1. 

The  following  angles  a correspond 

to  these 

values  of 

P- 

P = 3 

cos  a = — 1 a = 180°  = 2jt/2, 

P = 2 

cos  a — —1/2  a = 120°  = 2n/3, 

P = 1 

cos  a = 0 a = 90°  = 2n/4, 

P = o 

cos  a = 1/2  a = 60°  = 2n/6, 

P = — 1 

cos  a = 1 a = 0°  or  2it. 

(4.4) 

Hence,  only  the  following  symmetry  axes  can  exist  in  a 

crystal: 

KJlLiy  me 

C 2,  ^3’  ^4  C$. 


The  third  limitation  placed  on  the  point  group  JF  is  that,  if 
a point  group  of  a simple  lattice  contains  a Cn  axis  (where  n > 2), 
it  must  also  satisfy  the  conditions  of  the  Cnv  symmetry.  (For  proof 
see  Ljubarskii  [2.8].) 

If  we  inspect  all  the  point  groups  (Section  2.3),  we  will  establish 
that  only  seven  groups  (namely,  S2,  C2h,  02h,  D3A,  J94h,  Deh  and 
Oh)  meet  all  the  three  conditions  stated  above. 

It  may  easily  be  seen  that  the  groups  S2,  C2h  and  Z>2h  meet  the 
above  conditions  (in  this  case  n = 2,  and  the  third  condition  is  not 
required).  Next,  the  Cnv  groups  do  not  include  an  inversion  centre, 
and  the  Cnh  groups  ( n > 2)  do  not  include  the  Cnv  subgroup.  The 
groups  D4h  and  D6h  satisfy  all  three  of  the  above  conditions.  The  D 3h 
group  has  no  inversion  centre  and  must  be  replaced  by  the  D3i 
group  [2.6,  p.  364].  Lastly,  among  the  cubic  groups  only  the  Oh 
group  meets  the  above  requirements. 

The  seven  point  groups  IF  specified  above  constitute  seven  crystal 
systems,  the  terms  and  designations  for  them  being: 

1)  triclinic  (S2)  . . . tr, 

2)  monoclinic  (C1^)  . . . m, 

3)  orthorhombic  (D2 h)  . . . o, 

4)  tetragonal  or  quadratic  (Dih)  . . . t, 

5)  rhombohedral  or  trigonal  (Z>3( i)  ...  rh, 

6) .  hexagonal  (De h)  . . . h, 

7)  cubic  (0h)  ...  c. 

'*  It  can  be  demonstrated  that  several  different  simple  lattices 
may  belong  to  one  system.  For  example,  the  following  lattices 
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belong  to  the  cubic  system  (c):  the  simple  (rc),  the  body- 
centred  (rj)  and  the  face-centred  (r£)  cubic  lattices  (see  Figs.  1.5 
and  2.13).  It  can  be  demonstrated  that  there  are  no  other  simple 
lattices  with  the  symmetry  of  0h. 

The  triclinic  system  (tr)  has  the  lowest  symmetry  <S2  = Cx  = 
{E,  /} — that  of  a simple  lattice  (r(r)  with  basis  vectors  of  arbi- 
I rary  length  (a1  a3)  arbitrarily  oriented  with  respect  to  each 

id  her. 

The  French  physicist  Auguste  Bravais  (1850)  demonstrated  that 

I here  are  altogether  14  types  of  simple  lattices  (Bravais  lattices) 
corresponding  to  the  seven  systems. 

Let  us  demonstrate,  using  the  monoclinic  system  ( m ) as  an  exam- 
ple, how  the  possible  types  of  Bravais  lattices  can  be  determined 
in  succession. 

First  of  all,  let  us  demonstrate  that  in  the  case  of  the  monoclinic 
system,  where  the  symmetry  of  the  lattice  is  of  the  C2h  type,  two 
Imsis  vectors  (for  instance,  ax  and  a2)  lie  in  the  plane  0h  perpendic- 
ular to  the  C2  axis.  Take  two  lattice  vectors  a and  a'  not  lying 
in  one  plane  passing  through  the  C2  axis.  The  vectors  a + 0ha 
mid  a'  + oha'  are  also  lattice  vectors  (oha  is  the  lattice  vector 
obtained  from  a by  reflection  in  the  0h  plane)  and,  as  may  readily 
he  seen,  lie  in  the  CTh  plane.  But  this  means  that  the  two  basis  vectors 
a,  and  a2  can  be  selected  in  the  oh  plane. 

Represent  the  third  basis  vector  in  the  form 

«:i  = a + P, 

whore  a ||  C2  and  p _L  C2.  The  lattice  vector 

( 2&3  — a3  = C2(a  + P)  — a — p = a — P — a — p = — 2p 
lies  in  the  0h  plane;  therefore 
-P  = + m2  a2 

(/»,  and  m2  are  integers  or  zero).  Hence 
n , — a -j-  P = a -{ — ai  *2^-  a2.  (4-6) 

I I may  easily  be  seen  that  if  the  vector  + n2a2  (n2  and  n2 
are  integers)  is  subtracted  from  a3,  then 

= a3  — ax  + rc2a2 

will  also  be  a basis  vector  (for  a planar  lattice  this  is  evident  from 
Rig.  1.2a).  Put  the  third  basis  vector  equal  to 

t , 171  \ . /7lo 

= a3  — Mjaj  — n2 a2  = a + -~  at  + a2  — — re2a2 

= «+(^  — «i)  ai+  — n2  ) a2 
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and  choose  the  coefficients  of  ax  and  a2  positive  and  not  exceeding 
unity;  then  we  shall  obtain  the  following  four  cases,  depending 
od  whether  m1  and  m2  are  even  or  odd: 

1)  a'a  = a,  2)  a'  = a + -i-  alt 

3)  aj  = a + -g-  aj-j — g-a2,  (4.7) 

4)  a'  = a + a2. 

It  may  readily  be  seen  that  the  only  difference  between  (2)  and  (4) 
is  in  the  designation  of  the  vectors  ax  and  a2,  and  that  (4)  transforms 
into  (3),  if  the  basis  vector  a2  is  replaced  by  at  + a2.  Essentially 
different  simple  lattices  are  (1)  and  one  of  the  three  remaining 
types  [for  instance,  (4)].  It  follows  from  (4.7)  that  the  following 
mutual  orientations  of  the  basis  vectors  correspond  to  these  cases 
(we  omit  the  prime  in  a'): 

ai»  a2  _]_  a3;  alt  a2  _L  2a3  — a2.  (4.8) 

The  terms  for  the  Bravais  lattices  corresponding  to  the  cases  (4.8) 
(Fig.  2.12)  are  simple  monoclinic  (rm)  and  base-centred  monoclinic 


Fig.  2.12 

(fbase)  \ye  see  that  for  the  r£,ase  type  the  vector  corresponding 
to  the  centre  of  the  lower  base  is  a3  and  to  the  upper  base  a3  + at. 
The  centres  of  the  other  four  faces  of  the  parallelepiped  considered 
here  do  not  coincide  with  the  ends  of  the  vectors  of  the  translation 
group. 

Note  that  for  the  Tm  type  six  vectors  zhal5  ±a2,  ±a3  are  invariant 
under  transformations  of  the  C2h  group.  For  the  f^ase  type  the 
vectors  invariant  under  those  transformations  are  ±ax,  ±a2  and 
± (2a 3 - a2). 
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By  analyzing  the  five  remaining  systems  in  the  same  way  we 
can  obtain  all  the  14  Bravais  lattices  depicted  in  Fig.  2.13. 

The  lattices  corresponding  to  the  orthorhombic  system  (o)  with 
a Dih  symmetry  are  four  in  number:  ro,  Foaso,  T^  and  r„.  Their 
unit  cells  are  right  parallelepipeds  with  three  unequal  edges.  The 
lattice  types  T0  and  Foase  are  equivalent  to  [the  Tm  and  T^ase  lattices. 
The  terms  for  the  r„  and  the  r£  lattices  are  body-centred  and  face- 
centred  orthorhombic , respectively. 

The  lattices  corresponding  to  the  tetragonal  system  ( t ) with  a Dih 
symmetry  are  the  Ft  and  the  Tf  lattices.  They  differ  from  the  ortho- 
rhombic lattices  in  that  they  have  squares  instead  of  rectangles 
for  their  bases.  There  are  two  types  of  tetragonal  lattices:  the  simple 
rt  and  the  body-centred  T?.  The  appearance  of  centres  in  the  upper 
and  lower  bases  of  a Tt  cell  does  not  produce  a new  type  of  lattice, 
since  we  obtain  the  same  simple  tetragonal  structure,  but  with  the 
side  of  the  square  ]/  2 times  shorter. 

There  is  one  Bravais  lattice  with  a12  = a23  = a13  = 60°  and 
a1  = a2  = a3  (for  notation  see  Fig.  1.4)  to  correspond  to  the  rhombo- 
hedral  system  (rh)  with  a D3i  symmetry.  This  lattice  can  be 
obtained  by  extending  a cube  along  its  space  diagonal.  In  Fig.  2.13 
it  is  denoted  by  rrft. 

The  corresponding  lattice  for  the  hexagonal  system  with  a D6 h 
symmetry  is  the  lattice  in  which  the  basis  vectors  of  a simple 

lattice  may  be  directed  along  three 
edges  of  a hexagonal  prism  meeting 
at  the  same  vertex. 

For  the  benefit  of  future  discussion  it 
would  be  useful  to  expose  the  special 
features  of  the  hexagonal  and  rhombo- 
hedral  lattices.  In  both  these  lattices 
the  atoms  are  located  in  planes  perpen- 
dicular to  the  sixth  and  the  third  order 
axes,  respectively.  In  both  cases  the 
atoms  in  the  planes  are  located  at 
the  vertices  of  equilateral  triangles. 
But  whereas  the  atoms  in  a hexagonal 
lattice  r*  are  arranged  one  on  top  of  the 
other  (and  because  of  that  the  hexagonal 
lattice  has  a C6  symmetry  axis;  see 
Fig.  2.14),  in  the  rhombohedral  lat- 
tice the’  atoms  of  the  lower  neighbouring  layer  are  arranged  under 
the  centres  of  the  triangles  of  the  upper  layer  (X  and  o in  Fig.  2.14). 

Lastly,  as  we  have  already  mentioned,  three  Bravais  lattices 
correspond  to  the  cubic  system  with  an  Oh  symmetry:  the  simple 
cubic  rc,  the  body-centred  Tc,  and  the  face-centred  T'  (Fig.  2.13). 
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Fig.  2.14 
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In  Section  1.1.3  we  discussed  the^problem  of  how  the  basis  vectors 
in  body-centred  and  face-centred  cubic  lattices  should  be  chosen 
for  the  primitive  cells  to  contain  one  atom  each. 


2.5  Crystal  Classes.  Space  Groups 

2.5.1  In  the  preceding  section  we  discussed  the  symmetry  proper- 
ties of  simple  lattices.  We  arrived  at  the  conclusion  that  there  are 
only  7 crystal  systems  compatible  with  the  symmetry  of  simple 
lattices  and  14  types  of  simple  lattices  (Bravais  lattices).  However, 
all  the  chemical  compounds,  as  well  as  some  atomic  materials, 
crystallize  in  complex  lattices.  In  this  case  the  primitive  cell  of 
the  crystal  contains  more  than  one  atom,  which  inevitably  reduces 
the  symmetry  of  the  crystal.  The  simplest  pertinent  examples  have 
already  been  cited  above.  The  planar  complex  lattice  in  Fig.  1.26 
has  no  inversion  centre  characteristic  of  the  simple  lattice  obtained 
from  it  when  an  atom  located  inside  the  cell  is  removed. 

Consider  from  this  point  of  view  the  complex  diamond  lattice 
(Ge,  Si)  depicted  in  Fig.  1.12.  It  is  well  known  that  this  lattice  can 
be  obtained  by  displacing  one  face-centred  cubic  lattice  with  respect 
to  another  along  the  space  diagonal  AB  (Fig.  1.12)  by  one-fourth 
of  its  length.  The  cubic  lattice  of  diamond  may  be  imagined  as 
consisting  of  eight  smaller  cubes  numbered  /,  . . .,  VIII  in  Fig.  1.12. 
As  the  result  of  the  displacement  described  above  (one-lourth  of  AB) 
the  • -atoms  1' , 2',  3'  and  4'  take  up  positions  in  the  centres 
of  the  smaller  cubes  I,  III , VI,  VIII.  Choosing  the  primitive  cell 
ns  shown  in  Fig.  1.6a,  we  shall  ensure  that  it  contains  two  atoms. 

Let  us  demonstrate  that  the  symmetry  in  the  diamond  lattice  is 
lower  than  that  of  a simple  face-centred  cubic  lattice.  If  the  origin 
of  the  coordinate  frame  is  placed  in  a site  in  the  diamond  lattice, 
it  will  not  be  invariant  under  inversion.  The  C4  axes  of  the  face- 
centred  cubic  lattice  (Fig.  2.10)  in  the  diamond  lattice  are  trans- 
formed into  C2  axes;  indeed,  when  the  lattice  is  rotated  about  the 
vertical  axis  passing  through  the  centre  of  the  cube’s  face  through 
nn  angle  n/2,  the  atoms  1'  and  2' , as  well  as  3'  and  4'  do  not  coin- 
cide with  themselves,  this  being  the  case  only  if  the  rotation  angle 
is  n.  The  C3  axes  coinciding  with  the  space  diagonals  of  the  cube 
are  also  the  symmetry  axes  of  the  diamond  lattice;  when  the  lattice 
is  rotated  by  an  angle  2ji/3  about  the  AB  diagonal  the  following 
aloms  coincide:  2'  -+4',  3'  -+2',  4'  ->3'.  Finally,  symmetry 
planes  of  the  diamond  lattice  are  the  reflection  planes  passing 
I lirough  the  Ct  axis  and  the  two  C3  axes  (Fig.  2.8c).  If  a reflection  plane 
is  drawn  through  the  vertices  of  the  cube  ABCD,  the  atoms  1' , 2' 
will  be  located  in  this  plane,  the  atoms  3' , 4'  being  arranged  sym- 
metrically with  respect  to  it.  For  this  reason  this  plane  will  be- 
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a plane  of  symmetry  of  the  diamond  lattice.  Hence,  the  diamond 
lattice  has  the  symmetry  of  the  point  group  Td,  a subgroup  of  the 
Oh  group. 

It  is  obvious  that  in  all  cases  the  point  group  obtained  as  the 
result  of  atoms  filling  the  primitive  cell  of  a simple  lattice  will  be 
a subgroup  of  thejsystem  of  the  simple  lattice  (the  Bravais  lattice). 

Because  of  this  the  complete  set  of  point  groups  F of  crystals, 
termed  crystal  classes,  coincides  with  the  set  of  all  possible  subgroups 
contained  in  the  seven  systems  of  the  simple  Bravais  lattices. 

We  write  out  all  the  possible  subgroups  contained  in  the  seven 
.systems. 


Crystal  Systems 


1)  triclinic  S2  = Ci 

2)  monoclinic  C2h 

3)  orthorhombic  I)2j, 

4)  tetragonal  /)4h 

5)  rhombohedral  jD3(] 

6)  hexagonal  />6d 

7)  cubic  Oh 

32  crystal  classes  in  all. 

In  determining  crystal  classes  it  usually  turns  out  that  each  crys- 
tal class  is  a subgroup  not  of  one  but  of  several  systems.  In  all  such 
cases  the  crystal  class  is  classified  as  belonging  to  the  system  with 
the  lowest  symmetry.  For  instance,  the  crystal  class  Cy  = {E,  J} 
is  a subgroup  of  all  the  systems,  since  all  the  simple  lattices  have 
an  inversion  centre  J,  but  we  classify  Cy  under  the  triclinic  system, 
which  has  no  other  symmetry  elements.  When  determining,  for 
example,  the  classes  of  the  orthorhombic  system  D2h,  we  take  into 
account  that  the  Z>2h  group  consists  of  eight  elements:  E,  C2,  2 C' 
(horizontal  axes  of  the  second  order),  2ov,  oh,  C2ob  = J.  The 
subgroups  E,  Cu  Clh  = {E,  oh},  and  C2h  must  be  classified  as 
belonging  to  the  triclinic  and  monoclinic  systems;  therefore,  only 
the  crystal  classes  C2V,  D2,  and  D2h  are  classified  as  belonging  to  the 
•orthorhombic  system. 

The  convention  used  to  classify  a class  as  belonging  to  the  sys- 
tem with  the  lowest  symmetry  finds  its  justification  in  physical 
•considerations.  It  is  highly  improbable  that  the  atoms  of  a crystal 
belonging  to  a definite  crystal  class  would  constitute  a Bravais 
lattice  of  higher  symmetry  than  needed  for  the  realization  of  this 
class  (it  may  be  reasoned  that  this  is  connected  with  the  minimum 
•of  the  crystal’s  thermodynamic  potential).  Should  this  improb- 
able situation  be  realized,  the  crystal  would  be  in  a metastable 
state,  and  a small  perturbation  (for  instance,  heating)  would 
cause  it  to  return  to  the  equilibrium  state  with  a less  symmetrical 


Crystal  Classes 
( subgroups  of  systems) 

E,Ci={E,J}, 

Cih  = Cs={E,  0j,),  Ct,  C2h, 

C2V,  C>2,  Z>2h> 

C4,  CiV,  Ct j,,  <S4,  /}2d>  ®4h> 

C 3,  Se , C3v,  D 3,  i>3d, 

Ce,  C6 j,,  C8v,  ^3h>  -®«ht 

T,  srh>  Td,  O,  Oh.  (5.1) 
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Bravais  lattice.  Should,  for  example,  a crystal  of  the  Z)4  class,  which 
can  crystallize  in  the  tetragonal  system,  crystallize  in  the  more 
symmetrical  cubic  system,  a negligible  interaction  would  be  able 
to  extend  or  contract  one  of  the  edges  of  the  cubic  cell,  turning  it 
into  a right  prism  with  a square  base. 

It  is  evident  from  this  example  that  for  the  principle  of  crystalli- 
zation in  a Bravais  lattice  of  the  lowest  symmetry  to  be  realized, 
there  should  exist  the  possibility  of  continuous  transition  by  means 
of  infinitesimal  deformations  from  a Bravais  lattice  of  higher  sym- 
metry to  one  of  lower  symmetry. 

Comparing  Bravais  lattices  of  different  symmetries,  we  can 
establish  that  there  is  one  exception  where  such  a continuous  trans- 
formation is  impossible.  Namely,  there  is  no  such  infinitesimal 
deformation  that  could  transform  a hexagonal  lattice  into  a rhom- 
bohedral  lattice  with  a lower  symmetry.  Indeed,  the  atoms  of  the 
neighbouring  layers  of  a rhombohedral  lattice  are  displaced  with 
respect  to  each  other  by  a finite  distance,  whereas  in  the  hexagonal 
lattice  they  are  arranged  one  on  top  of  the  other  (see  Fig.  2.14). 
In  this  case  the  classification  of  all  the  crystal  classes  under  the 
rhombohedral  system  is  a matter  of  convention,  since  all  of  them, 
being  subgroups  of  the  Z)6h  groups,  can  crystallize  into  the  hexagonal 
structure. 

Thus,  we  arrived  at  the  conclusion  that  any  complex  crystal  can 
be  described  in  terms  of  a definite  system,  a Bravais  lattice  and 
a crystal  class. 

The  symmetry  of  a crystal  class  involving  definite  rotations, 
reflections  and  inversion  obviously  determines  physically  equivalent 
directions  in  the  crystal.  Since  this  symmetry  does  not  involve 
discrete  translations,  we  may  say  that  it  determines  the  macro- 
scopic symmetry  of  an  anisotropic  continuous  medium.  A symmetry 
of  this  kind  determines  such  physical  phenomena  as  the  propagation 
of  light  in  a crystal,  its  thermal  expansion  and  its  mechanical 
properties,  when  acted  upon  by  external  forces. 

2.5.2  We  have  studied  the  connection  between  the  types  of  simple 
lattices  (Bravais  lattices)  and  their  point  symmetries.  We  also 
discussed  the  symmetry  of  directions  in  crystals  (classes)  that 
determines  their  macroscopic  properties.  Let  us  now  turn  to  the 
study  of  the  full  crystal  symmetry,  i.e.,  transformations  resulting 
in  the  coincidence  of  all  atoms  of  a definite  kind.  The  set  of  such 
transformations  to  which  a crystal  can  be  subjected  constitutes 
a group  termed  space  group.  This  symmetry  of  the  crystal,  which 
depends  on  the  arrangement  of  all  its  atoms  and  which  it  is  natural 
to  term  microscopic  symmetry , determines,  for  example,  the  scattering 
of  X rays  by  the  crystal. 

Every  crystal  is  invariant  (if  we  ignore  its  surface  and  defects) 
under  translations  by  certain  basis  vectors  alt  a2  and  a3. 
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The  translation  group  £T 

a ss  a„  = + n2a2  + n3a 3,  (5.2> 

where  n1,  n2,  n3  are  integers  (including  zero),  is  an  invariant  Abe- 
lian subgroup  of  a space  group. 

In  addition  to  translations  an,  a^ space  group  generally  also  includes 
various  point  symmetry  transformations:  rotations  about  simple 
and  rotary-reflection  axes  of  the  second,  third,  fourth  and  sixth  orders, 
reflections  in  planes  and  inversion  (which  coin- 
cides with  the  rotary-reflection  axis  of  the 
second  order,  S2).  However,  in  addition  to 
such  point  symmetry  transformations  a space 
group  (i.e.,  a crystal)  can  also  have  the  fol- 
lowing symmetry  elements:  screw  axis  and 
glide  plane. 

The  term  screw  axis  applies  to  a symmetry 
transformation  of  a crystal  consisting  of  two 
consecutive  operations  (performed  in  an  arbit- 
rary order):  rotation  about  an  axis  through 
the  angle  2 n/n  with  a subsequent  displace- 
ment along  the  axis  by  some  integral  part 
of  the  lattice  vector  termed  improper  trans- 
lation. 

Figure  2.15  depicts  a screw  axis  of  the  third 
order,  C3.  Three  atoms  of  different  kinds,  ©,0 
and  *,  are  arranged  on’  the  circumference  of 
a circle  perpendicular  to  the  axis  at  equal  dis- 
tances from  one  another.  The  displacement  cor- 
responding to  proper  translation  along  the  axis 
is  a.  However,  self-coincidence  also  takes  place  when  the  crystal  is 
rotated  about  the  axis  through  the  angle  a = 2n/3  = 120°  and  sub- 
sequently displaced  by  a/3.  Since  rotation  and  linear  motion  cor- 
respond to  the  right  screw,  the  C3  axis  is  termed  right  screw  axis 
of  the  third  order. 

Consider  yet  another  lattice  symmetry  element  involving  an  im- 
proper translation,  the  glide  plane.  Figure  2.16  depicts  a planar  lattice 
(to  make  the  discussion  more  graphic)  with  a glide  plane  PP' . When 
the  lattice  is  reflected  in  the  PP'  plane,  it  does  not  coincide  with 
itself  (the  A layers  coincide  but  the  B layers  do  not).  However,  if 
after  reflection  the  lattice  is  displaced  in  the  direction  PP'  by  at/2, 
where  ax  is  the  basis  vector  in  the  PP'  direction,  the  lattice  will 
coincide  with  itself  (we  can  first  shift  the  lattice  by  ax/2  and  then 
reflect  it  in  the  PP'  plane).  It  can  be  demonstrated  that  there  can 
be  no  other  symmetry  elements  in  a crystal  involving  an  improper 
translation  except  the  two  considered  above. 


Fig.  2.15 
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Consider  the  diamond  lattice  (Fig.  1.12)  from  the  point  of  view  of 
(lie  existence  of  improper  symmetry  elements,  i.e.,  symmetry  elements 
involving  improper  translations.  We  shall  apply  the  term  basis 
lattice  to  a face-centred  cubic  lattice  consisting  of  o-atoms  and  the 
term  displaced  lattice  to  one  consisting  of  o-atoms. 

In  Section  2.5.1  we  demonstrated  that  the  diamond  lattice 
is  invariant  with  respect  to  the  transformations  of  the  point  group  Td. 
Lot  us  investigate  the  operations  JT&  = Td/  (where  J is  inversion) 


* 

B • • • • • 

A • • • • *•  • • • • • 


P A P' 

B • • • • • 

✓ 

A*  ••••••••• 


I'itf.  2.16 


for  this  group.  Since  the  operations  of  the  Td  group  leave  the  dia- 
mond lattice  invariant,  it  suffices  to  investigate  the  effect  of  inver- 
sion /.  When  inversion  is  applied  to  the  o-atoms  of  the  basis  lat- 
tice (we  choose  the  A atom  of  the  basis  lattice  as  the  origin),  we  re- 
produce the  basis  lattice,  which  after  an  improper  translation  by 
one-fourth  of  AB  coincides  with  the  displaced  lattice  of  the  •-atoms. 
When,  on  the  other  hand,  inversion  is  applied  to  the  #-atoms  of  the 
displaced  lattice  (with  the  origin  remaining  at  H),  they  occupy  “va- 
cant places,”  but  after  an  improper  translation  by  one-fourth  of  AB 
they  coincide  with  the  o-atoms  of  the  basis  lattice.  Hence,  the  /Td 
operations  followed  by  an  improper  translation  by  one-fourth  of  AB 
uro  also  symmetry  operations  of  the  diamond  lattice. 

The  reader  may  be  perplexed  by  the  above  statement  that  there 
are  only  two  improper  symmetry  operations  for  a crystal,  a screw 
axis  and  a glide  plane,  whereas  in  the  diamond  lattice  there  appears 
lo  be  a new  improper  symmetry  element  involving  inversion. 

It  should,  however,  be  pointed  out  that  the  definition  of  improper 
symmetry  elements  is,  in  a sense,  a matter  of  convention.  If  we  place 
the  origin  not  at  A but  between  A and  a •-atom  1’,  the  diamond 
lattice  is  invariant  under  inversion  (not  followed  by  an  improper 
i ranslatipn).  However,  this  would  lead  to  the  appearance  of  glide 
planes  in  the  diamond  lattice  [2.9,  Sec.  34], 
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Finally,  we  would  like  to  point  out  that  indium  antimonide  (InSb),. 
which  crystallizes  in  a diamond-like  lattice,  has  no^ improper  sym- 
metry elements,  because  here  the  o-  and  •-atoms  are  of  different 
kinds  (In  and  Sb;  see  Fig.  1.12).  The  symmetry  of  InSb  is  that  of 
the  point  group  Td. 

2.5.3  All  possible  space  groups  of  crystals  are  obtained  when  all 
the  Bravais  lattices  are  matched  to  all  possible  rotational  symmetry 
axes,  reflection  planes,  screw  axes  and  glide  planes.  To  gain  insight 
into  the  peculiarities  of  such  matching,  we  introduce  an  operator 
(element)  of  the  space  group  {R  \ a ( R ) + an},  where  R is  an  ele- 
ment of  the  point  group  of  the  crystal  class  JF  (rotation,  rotary- 
reflection,  reflection  in  a plane,  inversion),  a (R)  is  an  improper  trans- 
lation (always  a , rotational  fraction  of  the  lattice  vector)  corres- 
ponding to  the  element  R , and  an  is  a lattice  vector.  The  action  of 
this  operator  on  the  position  vector  r is  described  by  the  equation12 

{f?  | a (R)  + a„}  r = Rr  + a (R)  + an.  (5.3> 

Here  R is  a matrix  of  orthogonal  rotational  transformation,  inversion 
or  reflection  R.  For  the  elements  of  R for  which  the  improper  trans- 
lation is  zero,  a ( R ) = 0.  For  the  operator 

g = {R  | a (R)  + an}  (5.4> 

to  be  an  element  of  the  crystal’s  space  group,  the  set  of  all  elements 
of  type  (5.4)  must  contain  the  unit  element  and  the  inverse  ele- 
ments, and  the  product  of  two  elements  of  the  set  must  belong  to 
the  same  set. 

The  unit  element  of  the  set  is  obviously  {E  | 0},  where  E is  thn 
nuit  element  of  the  point  group  Indeed, 

{E  | 0}  r = Er  = r.  (5.5> 

The  inverse  element  of  (5.4)  is 

g-1  = {R  | a (R)  + an}-1  = {f?-1  | -R -><(/?)  - R^a,,}.  (5.6) 

Indeed, 

g-'gr  = {R-1  | - R-1ce  (R)  - R-^n}  {Rr  + a (R)  + an} 

= R_1Rr  + R-hz  (R)  + R-^n  - R xa  (R)  — R-Xan 
= r = {E  | 0}  r.  (5.7) 

12  We  use  the  common  designation  of  the  operator  (element)  of  a space 
group  in  which  r is  operated  on  first  with  the  operator  R to  the  left  of  the  verti- 
cal line  and  then  with  the  operator  a (R)  + an  (displacement)  to  the  right  of 
the  line. 
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Finally,  let  us  demonstrate  under  what  conditions  the  product, 
of  two  elements  of  the  set  of  elements  of  type  (5.4)  belongs  to  the  same 
set.  If  R1  and  i?2  are  both  elements  of  the  crystal  point  group  JF,  theq 

{i?2  | a (R2)  + am}  {i?x  | a (RJ  + an}  r 

= {R2\  a (R2)  + am}  [(Rxr  + a (i?x)  + an] 

= R2Rxr  + R2a  (i?x)  -f-  R2an  + cc  (i?2)  -f-  am.  (5.8) 

The  first  addend  in  the  last  line  of  (5.8)  is  of  the  same  structure, 
as  that  of  the  first  addend  in  the  right-hand  side  of  (5.3),  since  i?2/?x  = 
/?,  which  is  an  element  of  the  point  group  A strict  condition 
for  the  elements  of  the  space  group  (5.4)  is  the  requirement  that  the. 
remaining  four  addends  in  (5.8)  be  of  the  structure  of  (5.3),  i.e., 

R2a  (/?x)  + R2a„  + a (R2)  + am  = a (R)  + ap,  (5.9). 

where  a (R)  is  an  improper  translation  corresponding  to  the  element 
H — and  ap  is  a lattice  vector.  Clearly,  (5.9)  can  be  satisfied;, 

only  if  there  is  an  adequate  matching  of  the  operations  of  improper 
translations  a (i?x),  a ( R2 ) and  a (/?2,  i?x)  and  the  basis  lattice  vec- 
tors ax,  a2,  a3.  An  accurate  analysis  carried  out  in  1891  independently, 
by  the  Russian  crystallographer  E.  S.  Fedorov  and  the  German  scien-, 
fist  A.  Schonflies  demonstrated  that  altogether  there  are  230  space, 
groups  (see,  e.g.,  [2.10]  and  [2.11]). 

The  space  groups  for  which  a (R)  — 0 for  all  R are  termed  simple, 
or  symmorphic;  if,  on  the  other  hand,  a (R)  0 even  for  a single  i?, 

the  group  is  termed  nonsymmorphic. 

The  condition  (5.9)  for  symmorphic  groups  is  simplified  thus: 

R2an  + am  = ap.  (5.10),, 

If  R2  is  the  operation  of  rotation  about  an  axis,  the  condition  (5.10), 
means  that  the  only  possible  axes  are  those  of  the  second,  third, 
fourth  and  sixth  orders  (see  Section  2.4.1). 

We  can  obtain  a notion  about  the  number  of  space  groups,  if  he, 
fakes  into  account  that  each  crystal  class  in  combination  with  a pos- 
sible Bravais  lattice  forms  a space  group.  For  example,  three  classes. 
|see  (5.1)]  and  four  Bravais  lattices  T0,  Toase,  Bo,  Fo  (Fig.  2.13)  cor- 
respond to  the  orthorhombic  system  D 2j,;  therefore,  for  this  case  we. 
have  at  least  twelve  symmorphic  groups.  Taking  into  account  the  fact 
I hat  the  classes  of  the  rhombohedral  system  may  also  belong  to  the. 
hexagonal  system,  we  obtain  for  the  14  Bravais  lattices  and  the  32  clas- 
ses (5.1)  61  symmorphic  space  groups.  If,  in  addition,  we  take  intq, 
account  that  in  some  cases  the  symmetry  elements  of  a crystal; 
class  can  be  differently  arranged  with  respect  to  basis  vectors  (e.g,, 
the  horizontal  two-fold  axes  of  the  D3  class  in  a hexagonal  structure. 
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Table  2.2 


Crystal 

systems 

Bravais  lattices 

Point 

groups 

Number 
of  space 
groups 

Total 
number 
of  space 
groups 

Triclinic 

Triclinic 

E 

i 

C i 

i 

Monoclinic 

Simple  monoclinic,  base-cen- 

Cih 

4 

13 

tred  monoclinic 

C2 

3 

C^h 

6 

■Orthorhombic 

Simple  orthorhombic,  base- 

C2v 

22 

centred  orthorhombic,  face- 

ih 

9 

59 

centred  orthorhombic,  body- 
centred  orthorhombic 

-f  >2  b 

28 

Tetragonal 

Simple  tetragonal,  body-centred 

C 4 

6 

tetragonal 

C4v 

12 

e4h 

6 

68 

s4 

2 

-®2d 

12 

10 

^4h 

20 

Rhombohedral 

Trigonal 

c3 

4 

or  trigonal 

2 

^3V 

6 

25 

7 

^3d 

6 

Hexagonal 

Hexagonal 

C, 

6 

c3h 

1 

Ceh 

2 

4 

27 

■^3h 

4 

6 

■®6h 

4 

■Cubic 

Simple  cubic,  face-centred  cu- 

T 

5 

bic,  body-centred  cubic 

Th 

7 

T’d 

6 

36 

O 

8 

Oh 

10 

Total 

14  ; 

32 

230 

230: 
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can  point  either  to  the  vertices  of  the  hexagon  or  to  the  midpoints 
of  its  sides),  then  the  total  number  of  symmorphic  groups  rises  to  73. 

Screw  axes  and  glide  planes  present  extensive  additional  possibil- 
ities for  the  construction  of  space  groups;  the  number  of  nonsym- 
morphic  groups  turns  out  to  be  157,  so  that  the  total  number  of  space 
groups  will  be  73  4-  157  = 230. 

Table  2.2  shows  the  distribution  of  the  space  groups  over  crystal 
systems  and  crystal  classes. 

Let  us  represent  the  element  of  a space  group  (5.4)  as  a product  of 
two  operators: 

g = {R  I « (R)  + an}  = {■ E | an}  {R  | a (/?)},  (5.11) 

where  E is  the  unit  element  of  the  point  group  S F with  the  elements  R. 
Although  the  transformations  {R  \ a (/?)}  are  the  symmetry  elements 
of  the  crystal,  they  do  not  constitute  a group.  Indeed,  their  product 
may  produce  a lattice  vector  a belonging  to  the  translation  group  jF. 

For  example,  by  performing  three  times  a transformation  corre- 
sponding to  the  screw  axis  depicted  in  Fig.  2.15,  we  obtain  a displace- 
ment along  the  axis  by  the  length  of  the  basis  vector  a.  Similarly, 
applying  twice  the  operator  {R  \ aj 2},  where  R is  a reflection  in 
the  PP'  plane  (Fig.  2.16),  we  obtain  a translation  by  the  basis  vector 
«!• 

At  the  same  time  the  totality  of  all  orthogonal  transformations  R 
(including  those  for  which  a (R)  =4=  0)  constitutes  a point  group  .F 
that  determines  the  class  of  the  crystal.  Indeed,  it  follows  from  (5.8) 
that,  if  Rx  and  i?2  are  orthogonal  transformations  of  the  crystal’s 
symmetry  (with  zero  or  nonzero  improper  translations),  R2Ri  = R 
will  be  an  orthogonal  transformation  of  the  crystal’s  symmetry 
(with  a (R)  = 0 or  a (R)  =4=  0). 

Hence,  to  determine  the  class  of  the  crystal  we  have  to  take  into 
account  all  the  symmetry  axes  and  planes,  replacing  the  screw  axes 
and  glide  planes  by  equivalent  simple  axes  and  reflection  planes. 


2.6  Irreducible  Representations  of  Groups 
and  the  Theory  of  Characters 

2.6.1  Applications  of  group  theory  in  physics  and,  in  partic- 
ular, solid  state  physics  is  based  on  the  theory  of  irreducible  re- 
presentations and  on  the  theory  of  characters.13 

Consider  a group  G consisting  of  h elements:  A = E,  R,  C,  . . .,  S , 
7’,  . . . .To  be  definite,  let  us  imagine  that  this  is  a point  symmetry 
group,  every  element  of  which  corresponds  to  some  transformation 
of  the  body’s  coordinates  x,  y,  z.  Take  an  arbitrary  single-valued 


13  Information  about  matrices  and  their  properties  required  for  under- 
standing this  section  is  contained  in  Appendix  3. 
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function  tJjj  (x,  y,  z ) = (x)  and  operate  on  it  with  the  operator 

P R (R  is  one  of  the  group’s  elements)  defined  as  follows: 

Pf$ i (x,  V,  z)  =115!  (R_1x)  = 0R  (x).  (6.1) 

Here  R _1  is  an  element  inverse  to  R;  R-1  x is  an  orthogonal  trans- 
formation of  the  coordinates  corresponding  to  the  element  if-1. 
At  first  it  would  seem  more  natural  to  define  the  operator  P r as 
follows: 

(x)  = (R*)-  (6-la) 

We  shall  demonstrate,  however,  that  the  operators  P R constitute  a 
group  isomorphic  to  the  group  G,  i.e., 

PsPr  = Psri  (6.1b) 

only  if  defined  as  in  (6.1).  Indeed,  it  follows  from  the  definition  of  PR 
(6.1)  that 

PsPr^I  (*)  = Ps®R  (X)  = <I>fi  (S-1x)  =$!  (R-1S-1x) 

= ip!  [(SR)_1x]  = PSRtyi  (x), 

whence  (6.1b)  follows  directly.  In  the  case  of  the  definition  (6.1a) 
we  would  obtain  P'sP'r  — P'rs,  and  this  is  not  always  convenient.14 
If  instead  of  R in  (6.1)  we  take  the  other  elements  of  G,  we  shall  not 
generally  obtain  h linearly  independent  functions  d>  R (x).  The  number 
of  linearly  independent  functions  r will,  in  general,  be  less  or  equal 
to  h\  we  denote  them  by  ipi  (x),  op2  (x),  . . .,  tf>r  (x),  where  xp!  (x) 
is  one  of  such  functions  (since  R may  be  equal  to  E).  It  is  always 
possible,  by  applying  an  appropriate  linear  transformation,  to  make 
the  functions  op;  (x)  (i  = 1,  2,  . . .,  r)  orthogonal  and  normalized, 
and  in  the  future  we  shall  assume  them  to  be  such.  The  terms  for  the 
functions  are:  basis  functions  or  simply  basis.  For  a different  choice 
of  xp!  (x),  the  number  of  basis  functions  r generally  changes.  The 
application  of  Ps  to  one  of  the  basis  functions,  e.g. , i|) ; (x),  is  expressed 
in  the  form  of  a linear  superposition  of  basis  functions  (this 
follows  from  (6.1)  if  Ps  is  applied  to  both  sides  of  the  equality  and 
if  account  is  taken  of  the  fact  that  (P  R (x)  is  a linear  combination 
of  the  functions  (x): 

(6.2) 

fc=i 

where  the  T ( S)ki  are  the  elements  of  the  r-rank  matrix  T (S')15. 

14  Some  authors  (e.  g.,  see  [2.1,  p.  157])  use  definition  (6.1a). 

16  The  conjugation  of  the  number  of  the  basis  function  with  the  first  index 
of  the  matrix  in  the  sum  (6.2)  makes  it  easier  to  establish  the  correspondence 
between  the  matrices  and  the  group  elements  (see  below). 
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Premultiplying  both  parts  of  (6.2)  by  i| )f  (x),  integrating  with  respect 
to  x ( dx  = dx  dy  dz)  and  making  use  of  the  orthonormality  of  the 
basis  functions,  we  find  that 

r 

\ $,*  (x)PsiJ;i(x)dx=2  T(S)ki  j (x)  (x)  dx 

h—  1 
r 

= S r (S)hi  8lk  = T (S)H.  (6.3) 

fe=i 

Hence,  the  matrix  elements  of  T ( S ) in  (6.2)  are  the  matrix  ele- 
ments of  the  operator  Ps  expressed  in  terms  of  the  basis  functions 

(x).  If  the  operator  P T is  applied  to  both  sides  of  (6.2),  then 

P tP s1!5;  = P rs'fi  = 2 (P = 2 r (<5)ft i Pripk  , 

l h 

= S r (S)kl  s r (T)lh  ^ = s 2 r (T),h  r (S)hl  ^ 

A i i ft 

= ^{T(T)T(S)]U^.  (6.4) 

Here  we  made  use  of  the  matrix  multiplication  rule.  The  first  row 
has  been  obtained  as  the  result  of  the  application  of  P T to  the  left- 
hand  side  of  (6.2)  and  the  second  to  the  right-hand  side  of  (6.2). 

Comparing  the  third  member  in  the  chain  with  the  last,  we  obtain 

r(7’S)It  = [r(7)r(S)],„  (6.5) 

or 

r ( TS ) = r (T)  r ( S ).  (6.5a) 

We  see  that  the  matrix  corresponding  to  the  product  TS  is  equal 
to  the  product  of  the  matrices  for  T and  S.  The  matrices  T (5)  in 
(6.2),  where  S is  an  arbitrary  element  of  the  group,  multiplied  in 
accordance  with  the  same  multiplication  table  as  the  group’s  ele- 
ments, are  termed  the  representation  of  the  group.  If  all  the  matrices 
of  a representation  are  different,  the  representation  is  termed  true, 
or  faithful ; otherwise  it  is  termed  untrue.  In  the  first  case  the 
matrix  representation  constitutes  a group  isomorphic  to  the  initial 
group;  in  the  second  the  initial  group  is  homomorphic  to  the 
matrix  representation. 

If  we  make  use  of  the  definition  (6.1a)  for  the  operator  P'R,  in- 
stead of  (6.5a)  we  shall  obtain 

r (TS)  = r (S)  r (T),  (6.5b) 

i.e.,  the  multiplication  of  the  representation  matrices  takes  place 
in  the  reverse  order  to  that  of  the  group’s  elements  (this  is  because, 
as  was  noted  above,  in  the  case  (6.1a)  P'Ts  — P'sP’t)-  However, 
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transposed  representation  matrices,  even  if  P’R  is  defined  as  in  (6.1a), 
are  multiplied  in  accordance  with  (6.5a).  This  follows  from  (6.5b): 

f (. ts ) = r (syr  (T)  = r (T)  f ( s ),  (6.5c) 

where  we  made  use  of  (A3. 30).  We  shall  see  in  Section  2.7  how  repre- 
sentations and  basis  functions  naturally  appear  in  the  study  of  the 
symmetry  of  quantum  mechanical  systems. 

A unit  matrix 

(1  0 ...  0\ 

01  7.°  =[M,  (6.6) 

0 0 ...  1/ 

where  8ik  = 1 for  i = Jc  and  8lh  = 0 for  i k,  corresponds  to  the 
unit  element  E of  a group.  Indeed, 

r (E)  r (S)  = r (, s y (6.7) 

which  follows  from 

[r (E)  r (S)iih  = 2 r (E)u  r (syk  = 2^r (S)lk  = r (S)ih, 

i i 

this  coinciding  with  (6.7),  i.e.,  we  have  demonstrated  that  the  matrix 
element  of  the  product  of  matrices  on  the  left-hand  side  of  (6.7)  is 
equal  to  the  corresponding  matrix  element  of  the  matrix  T ( S ). 

If  Q~lQ  = E,  i.e.,  Q~l  is  an  element  inverse  to  Q,  then 

r (Q-1)  = r (Q)-\  (6.8) 

i.e.,  the  matrix  of  an  inverse  element  is  the  inverse  matrix  of  the 
direct  element.  Indeed,  T (<?-1)  T (Q)  = T ( E );  multiplying  both 
parts  by  the  inverse  matrix  T (^)_1,  we  obtain  (6.8).  It  follows  from 
(6.8)  that  a group  can  be  represented  only  by  matrices  that  have 
inverse  matrices,  i.e.,  only  by  nonsingular  matrices  (the  deter- 
minant of  such  matrices  must  not  be  zero). 

If  all  the  matrices  of  a representation  are  subjected  to  a similarity 
transformation  (see  Appendix  3,  item  4), 

s-1  r (A)  s = r (Ay,  s-1  r (b)  s = r (By, 
s -1  r (C)  s = r (cy,  . . .,  (6.9) 

where  S is  a (nonsingular)  matrix,  then  the  new  (primed)  matrices 
will  also  be  a representation  of  the  group.  Indeed, 

r (By  r (i cy  = s-1  r ( b ) ss -1  r (C)  s 

= S~lT  ( B ) r (C)  S = S-XT  (BC)  S = T ( BC )', 

(6.10) 
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where  in  the  second  equality  the  use  is  made  of  the  fact  that  SS  -1  = E. 
Since  the  choice  of  the  matrix  S is  arbitrary,  it  is  obvious  that  there 
cannot  be  much  difference  between  the  representations  (6.9)  and 
that  they  cannot  convey  different  information.  We  shall  apply  the 
term  equivalent  to  all  such  representations  obtained  with  the  aid 
of  a similarity  transformation  and  shall  regard  them^as  one.  It  is 
important  in  this  connection  to  note  that  the  trace  of  a matrix  does 
not  change  when  a similarity  results: 

Tr  T (A)'  = Tr  [S^T  (A)  S]  = Tr  [r  (A)  SS'H 

= Tr  [T  (A)  E]  = Tr  T (4),  (6.11) 

where  we  made  use  of  the  fact  that  the  trace  of  a product  of  two  matri- 
ces is  independent  of  the  order  in  which  they  are  multiplied.  Hence, 
the  matrices  of  all  the  equivalent  representations  for  a given  element 
of  the  group  have  an  equal  trace. 

Let  us  demonstrate  that,  if  the  basis  functions  are  orthonormal, 
i.e.,  if 

(Ti>  ^ ft)  = j T*  (x)  ^ft  (x)  dx  = 8ih,  (6.12) 

then  the  matrices  of  the  representation  T ( R ) are  unitary  matrices. 
Indeed, 

Sift  = (^i.  Ifft)  = Pr' J5ft)  = (2  r (P)ri  llv.  2 r (P)sk  Tft) 

r s 

= 2 r*  (B)ri  r (B)sk  (ij v,  ipg)  = 2 r*  (B)rt  r (B)sh  srs 

r,s  r,s 

= 2 r*  (B)ri  r (B)rh  = 2 r+  (B)ir  r (B)rk  = ir+  (B)  r (/?)]«. 


When  effecting  the  transition  from  the  second  to  the  third  equality 
of  the  chain  we  made  use  of  the  property  of  the  scalar  product  (ij j£,  ij)fc) 
remaining  invariant  under  an  orthogonal  transformation  P R of  the 
integration  variables  (the  Jacobian  of  the  transformation  is  unity); 
in  going  from  the  fifth  to  the  sixth  equality  we  profited  by  the 
orthonormality  of  the  functions  ij) j (x);  finally,  in  the  step  from  the 
seventh  to  the  eighth  equality  we  made  use  of  the  definition  of  a 
conjugate  matrix.  Comparing  the  first  equation  in  the  chain  with 
the  last,  we  obtain 

r+  (B)  r (B)  = E,  (6.13) 

i.e.,  the  T (B)  matrices  are  unitary. 
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It  can  easily  be  demonstrated  (we  shall  not  go  into  it)  that,  if 
the  old  basis  functions  are  subjected  to  an  arbitrary  linear  transfor- 
mation 


= 2 
k 


(6.14) 


the  new  (primed)  representation  will  be 

I"  ( R ) = S-xr  (R)  S,  (6.15) 

i.e.,  will  be  equivalent  to  the  old. 

It  may  easily  be  seen  (by  a direct  check)  that  the  group  of  the 
equilateral  triangle  D3  (Section  2.2,  Table  2.1)  has  the  following 
(nonequivalent)  representations.  (1)  The  trivial  unit  representation, 
when  each  element  of  the  group  is  related  to  unity;  the  group  D3 
is  homomorphic  to  this  representation  of  dimension  one  (all  groups 
have  such  a representation).  (2)  A representation  of  dimension  one 
in  the  form 

r (E)  = i,  r (A)  = r (B)  = r (C)  = -1,  r (D)  = r (F)=i, 


which  can  easily  be  checked  with  the  aid  of  Table  2.1.  (3)  An  iso- 
morphic representation  of  dimension  two: 


r®-C  ;).  rw-C  _I).  ™>-y"  nZ,\ 


r (0  = 


-1/2 

-1/3/2 


1/3/2 

1/2 


r (F)  = 


-1/2  — V 3/2 
)/3/2  -1/2 


(6.16) 


Indeed,  in  accordance  with  the  matrix  multiplication  rule  and 
Table  2.1  we  have,  for  example, 


r (A)  r (D)  = 


/I  0\  / -1/2 

\°  -1/  V-  1/3/2 


V 3/2  \ 

— 1/2  ) 


( — 1/2 
V 1/3/2 
/ — 1/2 
VI/ 3/2 


1/3/2 


= r (B), 


l/2> 

-1/3/2W  -1/2 

-1/2  ) V- 1/3/2 


= T(£). 


r (F)  r (D)  = 


1/3/2 

— 1/2 
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Note  that  all  the  matrices  (6.16)  are  unitary.  Since  all  the  matrices 
of  the  representation  (6.16)  are  different,  this  representation  is 
termed  true. 

Should  we  choose  an  arbitrary  nonsingular  matrix  S of  rank  2 
and  apply  (6.9),  we  would  be  able  to  write  the  matrix  representa- 
tion (6.16)  in  a quite  different  (but  actually  equivalent)  form. 

The  two-dimensional  representation  (6.16)  can  be  built  if  use 
is  made  of  the  basis  functions 

'in = V ^ x exp  [-4 -(*2+»2)]» 

^2=  it y exP  [— 4-(*2+rJ)]. 

To  find  the  matrices  T ( S)ik  in  (6.2),  we  subject  the  coordinates  x , 
!/  to  transformations  of  group  D3  (Sec.  2.2.2);  note  that  the  factor 
1^2/jx  exp  [ — ( x 2 + y2)/ 2]  remains  invariant  under  all  the  transfor- 
mations of  D3.  In  the  process  we  can  either  rotate  the  triangle  assum- 
ing the  coordinate  axes  x,  y to  be  at  rest  (so  the  operations  A, 
It,  C,  . . . are  defined),  or  rotate  the  frame  (in  the  reverse  direction) 
assuming  the  triangle  to  be  at  rest  (this  is  more  convenient  in  our 
case).  It  follows  from  Fig.  2.1  that  the  transformations  correspond- 
ing to  the  symmetry  operations  of  group  D3  are  those  of  (6.2) 

^a^v  A~lx  = x,  PA$  a:  A~'y  = — y, 

or 


)(;;)• 

ii 

t-. 

PBtyu  B~lx  — — x 

. , vs .. 
+ 2 

Pb' h:  B lV  = 

V 3 ,1 

= 2 * + T V' 

p (' ^ \ _ ( ~ 1/2 

Vm\  I 

>)•  r(B) 

/ — 1/2  1/3/2 

B vW\  1/3/2 

1/2 ) \ 

~ V V 3/2  1/2. 

In  the  same  way  we  can  consider  the  transformations  corresponding 
to  the  elements  C,  D,  F of  the  group,  i.e. , construct  all  the  matrices 
(6.16). 

2.6.2  Suppose  we  have  two  non-Euclidean  representations,  gen- 
erally of  different  dimensions  r and  s : 

r ! (A),  i\  (5),  r ! (C),  . . .,  r,  (P),  .... 

r2  (A),  r2  (5),  r2  (C),  . . .,  r2  (P),  .... 


(6.17) 
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Construct  block  or  quasi-diagonal , matrices  of  rank  (r  + s)  from 
matrices  of  rank  r and  matrices  r2  of  rank  s: 


r (A)  = 

( r,  (A) 

! 0 ) 

{ o 

! t2(A)) 

r (o  = 

(Ti  (C) 

0 .....  \ 

V 0 

r2  (C) ) 

r (B) 

etc., 


(B) 

0 

0 

r 2(B) 

(6.18) 


where  the  zeros  in  the  upper  right  corner  fill  in  a rectilinear  block 
with  s columns  and  r rows,  and  the  zeros  in  the  lower  left  corner  a 
rectilinear  block  with  r columns  and  s rows.  Demonstrate  that  the 
matrices  (6.18)  are  also  a representation  of  the  group,  i.e.,  if  BA  = C , 
then 

r (B)  r (A)  = r ( ba ) = r ( c ). 


Indeed,  it  follows  from  the  equation  that  determines  the  matrix 
elements  of  a matrix  equal  to  the  product  of  two  other  matrices 
that 


[F(S)  r (A)]ih  = 2 

i 


r4  (B)  ; o \ 
o \'rz  Tb)  )u 


Fi  (A)  \ 0 \ 

o HvS)  L 


where  the  sum  in  the  right-hand  side  is  calculated  in  accordance  with 
the  diagram 

* 

[ lift  = i (***)  ^ j . 


i.e.,  so  that  the  elements  of  the  z-th  row  of  the  first  matrix  are  mul- 
tiplied by  the  elements  of  the  /c-th  column  of  the  second.  Evidently, 
as  long  as  i changes  from  1 to  r,  k also  changes  from  1 to  r (since  the 
values  corresponding  to  greater  k's  are  zeros).  Thus  the  upper  left 
block  F ! ( B ) is  multiplied  by  the  upper  left  block  (H);  a similar 
situation  exists  in  case  of  the  lower  right  blocks.  Hence 

/ rt  ( B ) Fj  (A) 
r (B)  r(l)-[  -r 


r,  (Q 

0 

0 

r2i 

= r (C), 


which  is  what  had  to  be  proved. 

If  we  now  subject  the  T matrices  in  the  representation  (6.18)  to 
some  similarity  transformation  (with  the  aid  of  a matrix  of  rank 
(r  + s )),  the  T matrices  will  lose  their  quasi-diagonal  (block)  ap- 
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pearance,  although  they  will  still  be  a representation  of  the  group. 
By  subjecting  this  equivalent  representation  to  an  inverse  similarity 
transformation  we  return  it  to  the  quasi-diagonal  (block)  form. 

Hence  we  arrive  at  the  conclusion  that  there  are  cases  when,  by 
subjecting  all  the  matrices  to  a similarity  transformation,  we  can 
reduce  them  to  a quasi-diagonal  (block)  form.  In  this  case  the  repre- 
sentation is  termed  reducible.  In  some  cases,  however,  no  similarity 
transformation  can  reduce  the  matrices  to  a quasi-diagonal  form. 
Such  representations  are  termed  irreducible. 

The  existence  of  irreducible  representations  in  the  form  of  matrices 
of  rank  2 and  higher  appears  quite  natural  for  non-Abelian  groups, 
because  in  this  case  noncommutativity  of  matrix  multiplication 
may  (but  not  necessarily)  correspond  to  the  noncommutativity  of 
multiplication  of  the  group’s  elements.  The  dimension  of  all  the  irre- 
ducible representations  of  Abelian  groups  should  be  unity. 

Irreducible  representations  of  groups  play  a major  part  in  the 
application  of  group  theory  to  physical  problems.  As  will  be 
explained  below,  the  number  of  irreducible  representations  of  a 
group  is  equal  to  the  number  of  its  classes. 

2.6.3  The  following  theorem  of  orthogonality  holds  for  irreducible, 
nonequivalent,  unitary  representations!  (e.g.,  see  [2.12,  Chap.  3, 
Sec.  8]): 

S = r?  (R)^  Tj  (R)a&  = A.  (6.18) 

R 

Here  the  summation  is  performed  over  all  the  h elements  of  the  group 
(R  = Au  A 2,  A3,  ...,  A h);  i and  j are  the  numbers  of  the  irre- 
ducible representations  lt,  is  the  dimension  of  the  i-th  representation 
(since  the  right-hand  side  of  (6.19)  is  nonzero  only  if  i = we  can 
write  lj  instead  of  lt);  Tf  (i?)uv  is  the  complex  conjugate  pv-th 
element  of  the  matrix  of  the  i-th  irreducible  representation  for  ele- 
ment R of  the  group. 

The  right-hand  side  of  (6.19)  is  nonzero  only  for  i = j,  p — a, 
and  v = p.  In  this  case 

S ir;(/?)ap!2  = -A  (6.20) 

R 

We  see  that  the  left-hand  side  is  independent  of  a and  p.  It  fol- 
lows from  (6.19)  that 

Sr?  (ft)nVTj  (#)nv  = 0 for  i=£j 

R 

and 

Sr?  (R)^  Tt  (R)afi  = 0 for  p =7^=  a or  v^=p. 

R 


(6.21) 


04  2.  elements  of  group  theory  and  crystal  symmetry 


It  is  evident  from  (6.21)  that  the  matrix  elements  r£  (^4 1) 
r ; (A 2)  liv,  . . rt-  (4^)^  for  all  h elements  of  the  group  may  be 
treated  as  the  components  of  an  /i-dimensional  vector  orthogonal 
to  any  of  the  vectors  with  other  indices  p and  v,  as  well  as  to  any  of 
the  similar  vectors  of  another  /-th  irreducible  representation. 

Similarly,  in  the  usual  three-dimensional  space  the  orthogonality 
of  three-  and  two-dimensional  vectors  is  written  in  the  form 

2 'A 

i-1 

2 

2 aibi 

i=*  1 

If  there  are  altogether  s such  irreducible  representations,  the  total 

S 

number  of  mutually  orthogonal  vectors  will  be  ^ Zf  since  for  the  i-th 

i=l 

representation  the  number  of  the  matrix  components  is  If.  But  it  is 

impossible  to  draw  more  than  h mutually  orthogonal  vectors  in  an 

8 

Zi-dimensional  space,  and,  therefore,  Zf  It  can  be  demonstrated 

i=l 

(we  shall  not  dwell  on  this  here)  that  in  this  respect  a limiting  equal- 
ity (see  [2.13.  p.  107])  is  valid: 

S 

2 Zf  =h.  (6.22) 

i=l 

We  introduce  the  important  concept  of  the  trace  (the  sum  of  the 
diagonal  elements)  of  a representation  matrix;  in  this  case  the  trace 
is  termed  character  and  is  denoted  by  %£  (R).  We  have 

h 

It  (R)  = Tr  r£  (R)  = 2 r2  (fl)w.  (6.23) 

n=i 

Here  Z£  is  the  dimension  of  the  i-th  representation.  From  (6.23)  the 
character  of  the  unit  element  is 

li  lt 

Xi(E)=  2 r£(EW=  S 1 = Z„  (6.24) 

n=i  n=i 

i.e.,  the  character  of  the  irreducible  representation  of  the  unit  ele- 
ment of  a group  is  equal  to  the  dimension  of  the  representation. 

It  follows  from  (6.11)  that  the  character  (the  trace  of  a representa- 
tion) does  not  change  in  the  process  of  a similarity  transformation. 
For  this  reason  the  characters  of  equivalent  representations  coincide. 
Since  the  representations  of  the  elements  belonging  to  the  same 
class  of  a group  are  related  by  a similarity  transformation  (see  (2.3)), 


= a-  b = 0,  i = x,y,z , 
= a*b  = 0,  i = x,  y. 
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il,  follows  that  T ( B ) = T (V)-1  T (A)  T (F),  and  the  characters  of 
all  elements  of  a class  are  identical.  Therefore,  we  may  write 

X;  (R)  = li  (Cfc),  if  R e €ftl  (6.25) 

where  Cft  is  the  symbol  for  the  &-th  class. 

The  following  theorem  of  the  orthogonality  of  characters  is  important 
for  applications: 

Sxf(fl)Xj(*)-A6u,  (6.26) 

R 

or,  taking  (6.25)  into  account, 

SiVhx?(Ch)X/(Cft)=^,  1(6.27) 

h 

where  Nh  is  the  number  of  elements  in  the  Cft  class,  and  the  summa- 
tion is  performed  over  all  the  k classes.  To  prove  (6.26),  in  (6.19)  we 
Hot  p =z-  V and  (X  : P,  then  ~=:  ^.tid 

2 rf  (R)mTj  {R)aa  = \ 8,A«- 

R 

Taking  the  sum  of  both  sides  of  the  equality  over  p and  a we  obtain 

2 2 r*  (*W  2 r,  (*)..= -£-6w  2 

Hu  a naj 

Making  use  of  the  definition  of  characters  (6.23),  bearing  in  mind 
that  2!6fia  = 2 1 — h (or  2 &na  = h>  which  makes  no  difference), 

M-oc  [i  ixa 

and  canceling  lt  in  the  right-hand  side,  we  obtain  (6.26).  From  (6.27) 
il  follows  that 

vi  f 0 if  i =^=  /, 

2 Nat  ( CO  X/  (Cft)  = { h if  = (6.28) 

Note  that  this  expression  can  serve  as  a test  of  irreducibility  of  a 
representation.  A representation  is  irreducible  if  and  only  if 

2 Nh\Xi(Oh)\>=h.  (6.29) 

A 

lf]a  representation  T ( R ) contains,  for  example,  two  irreducible 
representations  I and  II,  then  obviously  for  it  x ( R ) = X1  (R)  + 
I-  x11  (R)  [see  (6.32)  below].  Therefore,  the  sum  5j  I X (R)  I2  for  it  is 

R 

'Mi  if  the  representations  I and  II  are  nonequivalent  and  their  cha- 
racters are  orthogonal,  and  4 h if  they  are  equivalent.  This  means 
i hat  (6.29)  is  the  necessary  and  sufficient  condition  of  irreducibility. 
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Now  we  shall  consider  orthonormal  characters  ]/  Ar1x,  (€-[), 
y N2%t  (C2),  . . y Nk%i  (Ck)  of  the  classes  as  the  components 
of  a vector  in  the  class  space  (in  the  same  way  as  it  was  done  for 
F;  (f?)nv)-  It  follows  then  from  the  condition  of  mutual  orthogonality 
of  such  vectors  (6.27)  that  the  number  of  irreducible  representations  is 
less  or  equal  to  the  number  of  classes.  In  this  case,  too,  it  can  be 
proved  (see  [2.2,  Chap.  3])  that  the  limiting  relation  remains  valid: 
number  of  representations  = number  of  classes.  (6.30) 

An  expression  similar  to  (6.27)  can  be  deduced  (see  [2.2,  Chap.  3]): 

2x?(Cft)Xi(Q)  = ^6M,  (6.31) 

i 

where  the  orthogonality  of  characters  exists  not  between  different 
representations  but  between  different  classes. 

Although  the  characters  of  irreducible  representations  provide 
less  information  than  the  representations  themselves,  in  many  cases 
they  are  adequate  for  the  solution  of  physical  problems.  For  this 
reason  it  seems  to  be  a lucrative  goal  to  obtain  the  characters  of  ir- 
reducible representations  of  various  classes  without  determining  the 
representations  themselves  in  an  explicit  form.  This  may  be  done 
with  the  aid  of  the  following  relations:  (6.30),  (6.22),  (6.27)  and  (6.31). 

We  shall  compile  the  table  of  characters  so  that  there  is  a definite 
irreducible  representation  to  correspond  to  each  row  and  a definite 
class  to  each  column.  It  follows  from  (6.30)  that  the  number  of  rows 
and  columns  should  be  equal,  i.e.,  that  the  table  of  characters  should 
be  square.  If  the  corresponding  representation  for  the  first  row  is 
a unit  one,  then  its  characters  for  all  the  classes  must  be  unity.  If  the 
class  corresponding  to  the  first  column  is  E,  then  the  characters  of 
the  irreducible  representations,  according  to  (6.24),  are  equal  to 
their  dimensions  lt  which  can  be  determined  from  (6.22)  (usually 
for  specified  h and  s the  values  of  lt  can  be  determined  uniquely). 
If  we  know  the  first  row  and  the  first  column  of  the  table,  we  can 
find  the  other  characters  by  trial,  so  as  to  satisfy  the  conditions  of 
orthonormality  of  the  characters  by  rows  (6.27)  and  by  columns  (6.31). 
Usually  there  is  an  overabundance  of  such  conditions;  therefore  some 
of  them  can  serve  to  check  the  table16. 

By  making  use  of  the  properties  of  the  table  formulated  above,  we 
can  easily  compile  it  for  any  group  of  the  second  order.  In  this  case 
the  group  is  Abelian,  and  both  irreducible  representations,  in  com- 
pliance with  (6.22),  are  of  unit  dimension.  Applying  the  condition  of 
orthogonality  of  rows  (or  of  columns),  we  obtain  for  the  groups 
Uj  = { E , /}  and  Cs  = Clh  = {E,  crh}  Table  2.3. 

16  There  is  no  definite  algorithm  for  compiling  the  table  of  characters;  there- 
fore some  experience  is  required.  It  must  be  said,  however,  that  the  tables  for 
groups  that  are  of  interest  to  the  physicists  have  already  been  made. 
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Table  2.3 


Cl 

E 

J 

Cs 

E 

Oh 

Ti 

1 

1 

r2 

1 

-1 

Table  2.4 


A. 

E 

3C2 

2(C3,C|) 

r i 

l 

1 

1 

r2 

l 

—1 

1 

r3 

2 

0 

—1 

Let  us  cite  the  example  of  group  D3  (Sec.  2.2.2)  to  illustrate 
the  above  relations.  This  non-Abelian  group  of  the  sixth  order  ( h = 6) 
consists  of  three  classes: 

€,  = E,  C,  = {A,  B , C}  = 3 Ca,  C3  = {D , F}  = 2 (C3,  C2). 

Since  the  number  of  irreducible  representations  of  this  group  should 
also  be  equal  to  three,  the  three  nonequivalent  representations  (6.16) 
are  irreducible  representations.  We  find  that  for  each  representation 
the  characters  belonging  to  the  same  class  are  equal.  Table  2.4  con- 
tains the  characters  of  the  D3  group  (the  factors  in  C 2 and  C3  re- 
mind of  the  number  of  elements  in  the  class).  It  follows  from  the 
table  that  the  sum  of  the  squares  of  the  dimensions  of  the  representa- 
tions is  equal  to  the  group’s  order  (6.22):  l2  + l2  + 22  = 6.  We  can 
easily  check  the  validity  of  (6.27).  For  example,  the  normalization 
condition  for  T3  is  of  the  form  2*  + 3 X 0 + 2 X ( — l)2  = 6;  the 
orthogonality  condition  for  T2  and  T3  is  1 X 2 + 3 X ( — 1)  X 0 + 
|-2xlx( — 1)  =0.  In  the  same  way  we  can  check  the  validity  of 
(6.31).  For  example,  the  normalization  condition  for  the  column 
i 2 is  l2  + ( — l)2  + 0 = 6/3  = 2,  and  the  orthogonality  condition 
for  + and  C3  is  lxl  + 1 X 1 + 2 X (—1)  = 0.  The  other  rela- 
tions can  also  be  verified. 

2.6.4  Imagine  some  reducible  representation  T.  With  the  aid  of 
an  appropriate  similarity  transformation  all  the  matrices  of  a reduc- 
ible representation  T (R)  (R  is  an  element  of  the  group)  can  be  simul- 
taneously reduced  to  quasi-diagonal  matrices  of  a similar  structure 
in  which  the  irreducible  representation  T*  (R)  is  contained  at 
limes17.  We  shall  write 

1 = + a2r2  + . . . + asrs  = 2 (6.32) 


17  The  uniqueness  of  such  an  expansion  can  be  proved;  of  course,  some  of 
the  a.i  may  turn  out  to  be  equal  to  unity  or  zero. 
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which  is  a formal  statement  (to  the  right  we  have  a “sum”  of  matrices; 
of  different  ranks;  it  is  sometimes  termed  direct  sum).  Since  such  at 
similarity  transformation  does  not  change  the  character  of  the  mat- 
rix, it  follows  that 

%(R)=  s a.Xi  (R)  (6.33> 

i 

(here  the  sum  and  the  equality  sign  are  no  longer  a mere  formality).. 
Making  use  of  the  orthogonality  of  characters  of  irreducible  repre- 
sentations (6.26),  we  obtain  from  (6.33) 

2 X (R)  Xj  (R)  = 2 «2  2 Xi  (R)  xf  (R)  = 2 “Mu  = hah 

R i R i 

whence 

8 

a>  = y2x  W xt  (* ) = 4-  2 <C*)  Xf  (Cft),  (6.34> 

R ft=i 

where  is  the  number  of  elements  in  the  class  Cft. 

This  equation,  which  determines  the  number  of  times  a specified 
irreducible  representation  1^-  is  contained  in  a reducible  representa- 
tion T,  plays  an  important  part  in  all  applications. 

2.6.5  In  Section  2.2.5  we  introduced  the  concept  of  a direct 
product  of  groups 

21  = — E,  -4  2!  . . .,  A /,a},  2b  = {B1  = E,  B3,  . . ,,  Bhh}' 

and  denoted  it  *31  X 93- 

Let  rx  be  a representation  of  the  group  ?I,  and  T2  a representation 
of  the  group  93,  generally  of  a different  dimension.  Demonstrate 
that  the  direct  product  (see  Appendix  3,  Sec.  6)  of  the  representa- 
tions, Fj  ( Ah ) X r2  ( Bi ) is  a representation  of  the  direct  product 
21  X 23.  Let  the  multiplication  rule  for  the  elements  of  the  direct 
product  group  be 

( AhBi ) (Ah'Bi>)  — (AhAk*)  (BiBy)  = Ah"Br,  (6.35) 

where 

A h*  = A ^A  h’  and  B y = B iB  y. 

Demonstrate  that  the  same  multiplication  rule  holds  for  the  direct 
product  of  the  representations  rx  X T2.  We  have 

[i\  (Aft)  x r2  (sol  tr1  (Ak>)  x r2  (s,.)] 

= v,  (Ak)  r,  (Afeo  X r2  (By)  r2  (By) 

— I\  (AuAh>)  X r2  (B {B y)  = Tj  (A^)  X r2  (By).  (6.36) 
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Here  the  first  equality  follows  from  (A. 3. 50)  and  the  last  from  (6.35). 
Evidently,  the  direct  products  r;  X rs  satisfy  the  multiplication 
rule  (6.35). 

It  follows  from  (6.36)  that  the  representation  of  the  direct  product 
of  groups  is  equal  to  the  direct  product  of  their  representations: 

T (AuBt)  X ra(fi,).  (6.37) 

Making  use  of  (A. 3. 52)  we  obtain 

Tr  T (Ah,  Bt)  = Tr  [I\  (Ah)  x T2  (£;)] 

= Tr  T1  (Ah)  X Tr  T2  {Bt), 
or 

X {A kB ,)  = xi  (Ah)  Xi  {Bt).  (6.38) 

i.e.,  the  character  of  the  representation  of  a direct  product  of  the 
groups  for  an  element  AkBi  is  equal  to  the  product  of  the  characters 
of  the  representations  for  the  elements  Ak  and  B ;. 

The  fact  that  this  relation  connects  the  characters  of  irreducible 
representations  can  be  explained  as  follows.  From  (6.38)  and  (6.26) 
we  have 

S I X (AkBt)  P = 2 ! Xi  (Ah)  I\'2l  X2  (Bi)  ]2  = KK  = A, 

k.i  k i 

where  ha,  hb  and  h are  the  numbers  of  the  elements  in  the  groups  91 
and  35  and  in  their  direct  product  91  x33,  respectively.  Hence,  if 
and  T2  are  irreducible  representations  of  91  and  35,  then  I\  X Ta 
will  also  be  an  irreducible  representation  of  the  group  91  X 35 
|since  the  relation  (6.26)  holds  only  for  an  irreducible  representation]. 

Relation  (6.38)  facilitates  the  compilation  of  tables  for  such 
groups  that  can  be  regarded  as  direct  products  of  simpler  groups. 

We  have  seen  in  Section  2.3.4  that  the  group  Dnh  = Dn  X C g, 
where  the  group  Cs  = { E , oh}.  Table  2.4  presents  the  characters 
of  group  D3.  The  group  D3h  contains  twice  as  many  elements,  classes 
and  representations  as  the  group  D3.  Using  equation  (6.38),  we  can 
easily  draw  up  a table  of  characters  for  the  D3h  group  (Table  2.5). 
Generally,  if  group  G is  considered  a direct  product  of  some  group 
- W and  a second-order  group  Cs  or  with  characters  as  shown  in  Table 
2.3,  then  the  table  of  characters  for  G should  be  compiled  in  accor- 
dance with  Table  2.6,  where  x are  the  characters  of  the  group  <W- 

Table  2.7  presents  the  characters  of  the  O group  and  of  the  Td 
group  isomorphic  to  it.  The  notation  in  the  first  and  the  second  col- 
umns is  that  used  by  L.  P.  Bouckaert,  R.  Smoluchowski  and  E.  Wig- 
ner  and  in  papers  on  molecular  spectra,  respectively  [in  the  latter 
case  the  usual  designations  are  A for  one-dimensional,  E for  two- 
dimensional  and  F (or  T)  for  three-dimensional  representations]. 

Since  the  full  cubic  symmetry  group  is  Oh  = O X Cx  where 
Ci  = {E,  /},  the  table  of  characters  for  group  Oh  can  be  obtained 
from  Table  2.7  in  conjunction  with  Table  2.6. 
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Table  2.5 


D$h 

E 

3 C2 

2 (<V.  Cl) 

<*h 

3(7^2 

2ofc  (C3;  C|) 

r1+ 

1 

1 

1 

1 

l 

1 

r2+ 

1 

—1 

1 

1 

—l 

1 

r3+ 

0 

-1 

0 

—1 

rt- 

1 

1 

1 

—1 

—i 

—1 

r2- 

1 

—1 

1 

—1 

l 

—1 

r3- 

2 

0 

—1 

-2 

0 

1 

Table  2.6 


G 

Classes 

Classes 

Irreducible  representations 

X 

X 

Irreducible  representations 

X 

—x 

If  the  elements  R and  R -1  of  some  point  group  belong  to  different 
classes  (for  instance,  this  is  the  case  if  the  rotation  axis  for  the  ele- 
ment R is  not  a bilateral  one),  then  for  some  irreducible  represen- 
tation 

r (R-1)  = r-1  (R)  = r+  (R)  = f*  (R), 

because  T is  a unitary  matrix.  Hence 

r (R-')ik  = r*  (R)ki, 

and,  consequently, 

x (tf-1)  = 2 r (R-^u  = S r*(7?)„  = **  (R), 

i i 

or 

X(R-')  = (R),  (6.39) 

i.e. , the  characters  of  the  elements  R and  R -1  are  complex  conjugate. 
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Table  2.7 


0 

Td 

E 

00 

OS 

CI4 

6C2 

6C4 

E 

8C3 

3C| 

6a 

6S4 

I’l 

*^1 

1 1 

■di 

1 

1 

1 

1 

1 

1 

^2 

r.. 

^2 

1 

1 

1 

— 1 

—1 

I 12 

E 

r12 

E 

2 

—1 

2 

0 

0 

i’i» 

F 1 

Xl/Z 

^25 

F\ 

3 

0 

—1 

—1 

1 

1 25 

F 

f 15 

F 2 

XIJZ 

3 

0 

-1 

1 

-1 

Table  2.8 


£ 

^3 

c§ 

ri 

1 

1 

1 

fr* 
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Table  2.8  presents  the  characters  of  the  group  C3,  whose  ele- 
ments C3  and  C"1  belong  to  different  classes  (for  more  detailed  tables 
of  characters  of  point  groups  see,  e.g.,  Landau  and  Lifshitz  [2.6, 
pp.  377-8].  We  see  that,  indeed,  for  the  representation  T2, 

X (C3)  = (o  = e2ni/3  and 

X (Cj1)  = u>2  = e4ltJ/3  — g-2ni/3t 
i.e., 

X (Cs)  = X*  ( C ?). 

A similar  situation  exists  in  the  case  of  the  irreducible  represen- 
tation r8. 


(i  -01137 
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2.7  Quantum  Mechanics  and  Group  Theory 

2.7.1  At  the  beginning  of  Section  2.6  we  stated  that  matrix 
representations  of  groups  are  the  natural  outcome  of  the  study  of 
physical  problems. 

The  most  important  example  of  this  sort  is  the  study  of  the  solu- 
tions of  the  stationary-state  Schrodinger  equation. 

Imagine  a physical  system  in  the  configurational  space  of  n coor- 
dinates Xi,  x2,  . . .,  xn  forming  an  n-dimensional  vector  x = (xly 
x2,  . . .,  xn).  The  wave  function  of  the  system,  i|)  (x),  in  the  sta- 
tionary state  satisfies  the  Schrodinger  equation 

S£  (x)i]3  (x)  = g\p  (x),  (7.1) 

where  Sf  (x)  is  the  Hamiltonian  of  the  system,  and  % the  energy  eigen- 
value. 

If  the  state  with  the  energy  % is  Z-fold  degenerate,  there  are  l 
linearly  independent  eigenfunctions  corresponding  to  it: 

ih(x),  tJ>2  (x),  . . .,  i|>i  (x),  • • •,  iMx).  (7.2) 

We  know  from  quantum  mechanics  that  these  functions  can  always 
be  assumed  to  be  orthonormal,18  i.e.,  their  scalar  products  can  be 
assumed  to  be  equal  to 

('lb,  = j 'Ju*  (x)  i'k  (x)  dx  = 8ih,  (7.3) 

where  dx  — dxxdx2  . . . dxn. 

Any  solution  of  the  equation  (7.1)  corresponding  to  the  eigenval- 
ue % can  be  represented  as  a linear  combination  of  the  functions  (7.2). 

Imagine  now  that  the  system  being  considered  possesses  a sym- 
metry of  some  sort,  for  instance,  a space  symmetry  of  some  point 
group  or  a symmetry  with  respect  to  permutations  of  identical  par- 
ticles. 

Every  operation  of  such  a symmetry  (rotation,  reflection,  inver- 
sion, permutation  of  particles)  involves  some  linear  transformation 
of  the  configurational  coordinates  of  the  system,  which  can  be  writ- 
ten in  the  form 

x'  = Rx,  (7.4) 

where  R is  a real  orthogonal  matrix  of  the  linear  transformation. 
The  inverse  of  transformation  (7.4)  is 

x = RV,  (7.5) 


18  See  in  Appendices  3 and  5 the  discussion  of  a similar  problem  of  orthogo- 
nalization  of  eigenvectors  corresponding  to  the  same  eigenvalue  of  hermitian 
matrices. 
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where  R_1  is  the  inverse  matrix.  For  real  orthogonal  matrices,  R-1  = 
= R,  i.e.,  (R-1)^  = R n (see  A. 3. 28).  For  example,  an  equilateral 
triangle  (Fig.  2.1)  can  be  described  with  the  aid  of  six  coordinates  xx, 
x2,  x3,  Xi ,,  xs,  x6  which,  in  turn,  are  equal  to  the  x and  y coordinates 
of  the  vertices  1,  2 and  3. 

The  transformation  corresponding  to  operation  D (clockwise 
rotation  through  120°  about  . the  axis  perpendicular  to  the  plane  of 
the  triangle  and  passing  through  its  centre)  is19 

x\  = x3  = 0-Xi  + 0-x2  + i-x3  + 0-x4  + 0-x5  + 0-;r6, 
x’2  = xk  = O-Zj  + 0-x2  + 0-x3  + l-x4  + 0-x5  + 0-a:6, 

x'3  = x5  = l-x5  + 0-x6, 

X$  ~~  Xq  —— + 1-^67 

x'b  = X!  = \-xx  + , 

Xq  = x2  ==  O-Zj  + i'X2 .,  (7.6) 


so  that  the  matrix  of  orthogonal  transformation  becomes 


R = 


[0010 
0 0 0 1 
0 0 0 0 
0 0 0 0 
10  0 0 
0 10  0 


0 O' 

0 0 

1 0 

0 1 • 
0 0 
0 0 


1 1 may  easily  be  seen  that  the  inverse  transformation  is 


000010' 

0 0 0 0 0 1 

1 0 0 0 0 0 

R-i 

0 1 0 0 0 0 

0 0 1 0 0 0 

0 0 0 1 0 0 

and  that,  indeed. 


(7.7) 


(7.8) 


R1  = R.  (7.9) 

If  the  system  possesses  a certain  symmetry,  so  that  it  coincides 
with  itself  as  the  result  of  transforihation  (7.5),  the  potential  energy 

19  In  the  process  the  triangle’s  vertex  1 becomes  vertex  2,  2 becomes  3,  and  3 
becomes  1. 
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of  the  system,  V (x),  which  enters  the  Hamiltonian  d#-  (x)  in  (7.1), 
satisfies  the  condition 


V (x)  = V (R-V)  = V (x'), 


(7.10) 


where  we  performed  the  transformation  (7.5)  from  x to  x'  in  V (x). 
For  instance,  the  potential  energy  of  the  electron  in  the  field  of  an 
atomic  nucleus,  Ze2/r,  is  spherically  symmetric,  i.e.,  does  not  change 
with  any  rotations  of  the  atom  (or  of  the  coordinate  frame)  about  the 
origin  coinciding  with  the  nucleus.  Indeed,  performing  the  or- 
thogonal transformation  (7.5)  with  respect  to  the  electron’s  coordi- 
nates xx  — x,  x%  = y,  x3  = z we  obtain 


Ze 2 _ Ze.2 

Yx2  + y2  + z2  Y x'2  + y'2  + z'2 


(7.11) 


Since  the  Laplace  operator  is  invariant  under  orthogonal  transfor- 
mations (7.5),  it  follows  that 

M (x)  - m (R_1x')  = m (x).  (7.i2) 

Changing  the  coordinates  as  in  (7.5)  throughout  equation  (7.1), 
we  obtain 

Se  ■(x')tlJ  (R_1x')  = gip  (R-V). 

We  can,  of  course,  denote  x'  by  x and  obtain 

SB  (x)t|>  (R-1x)  = (R_1x).  (7.13) 

The  term  for  all  symmetry  transformations  that  leave  the  Hamilto- 
nian invariant  is  the  Schrodinger  equation  group. 

Comparing  (7.13)  with  (7.1),  we  see  that  the  function  ij)  (R_1x)  = 
s cp  (x)  satisfies  the  same  equation  as  the  function  Tp  (x)  f°r  the  same 
energy  eigenvalue  %. 

If  the  eigenvalue  of  % is  nondegenerate,  cp  (x)  can  differ  from 
oj)  (x)  only  by  a constant  factor,  i.e., 

tp  (x)  = alp  (x).  (7.14) 

If  R2  = E,  then  c2  = 1 and,  consequently,  c = ±1.  Hence,  in  the 
case  of  R2  = E there  are  two  solutions  to  equation  (7.1):  one  that 
does  not  change  sign  as  the  result  of  a symmetry  transformation  (the 
symmetric  solution),  and  one  that  changes  sign  as  the  result  of  a 
symmetry  transformation  (the  antisymmetric  solution)20. 

If,  on  the  other  hand,  the  eigenvalue  of  % is  1-fold  degenerate, 
so  that  i|)  (x)  is  equal  to  one  of  the  functions  (7.2),  then  (R-1x) 
(see  (7.13))  is  a solution  of  the  Schrodinger  equation  (7.1)  for  the 


20  See  the  solution  for  the  helium  atom  in  Section  2.1. 
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same  energy  eigenvalue  % and  because  of  that  should  be  expressed 
linearly  in  terms  of  the  wave  functions  (7.2): 

^ (R_1x)  = PR^i  (x)=  S T (R)hiypk  (x).  (7.15) 

*=i 

This  expression  coincides  with  (6.2)  for  the  transformation  of  the 
basis  functions  ijj;.  It  follows  from  (6.3)  that  the  elements  of  the 
matrix  F ( JR)fti  are  the  matrix  elements  of  the  operator  P R construc- 
ted on  the  wave  (basis)  functions  (7.2).  It  follows  from  (6.5a)  that 
the  unitary  matrices  T (i?)  in  (7.15)  represent  the  Schrodinger  equa- 
tion group  (7.1). 

We  can  draw  an  important  conclusion  that  there  is  a definite  (to 
within  a similarity  transformation)  representation  of  the  Schrodinger 
equation  group  to  correspond  to  every  energy  eigenvalue  %. 

In  what  follows  we  shall  assume  that,  in  the  absence  of  accidental 
degeneracy , the  representation  of  the  Schrodinger  equation  group 
corresponding  to  a definite  energy  eigenvalue  is  irreducible. 

Indeed,  if  the  representation  were  reducible,  T (R)  could  be  re- 
duced, with  the  aid  of  an  appropriate  similarity  transformation 
[or  by  an  appropriate  choice  of  basis  functions  (7.2)],  to  the 
quasi-diagonal  form,  for  example,  to  two  blocks  of  ranks  n and 
l — n arranged  along  the  principal  diagonal  of  T (R).  In  this 
case,  n functions  from  (7.2)  would  in  all  symmetry  transformations  R 
be  transformed  only  into  each  other,  the  same  being  true  for  the 
remaining  l — n functions.  Hence,  each  of  the  two  groups  of  func- 
tions would  behave  as  if  it  belonged  to  some  definite  energy  level. 
The  probability  of  such  a coincidence  at  both  levels  (accidental  de- 
generacy) would  be  quite  small;  in  any  case  it  would  have  nothing  to 
do  with  the  symmetry  of  the  Hamiltonian  M (x). 

Thus,  we  assume  that  a definite  irreducible  representation  of  the 
Schrodinger  equation  group  corresponds  to  every  energy  level.  Of 
course,  one  irreducible  representation  can  correspond  to  different 
energy  levels.  For  example,  we  shall  learn  below  that  the  irreducible 
representations  of  the  electron  in  an  atom  in  the  single-particle  ap- 
proximation are  characterized  by  the  orbital  quantum  number  l, 
so  that  the  s-state  (l  = 0),  the  p-state  (l  = 1),  the  rf-state  (l  = 2), 
etc.  are  different  irreducible  representations  of  a continuous  rotation 
group  in  which  a definite  irreducible  representation  with  a specified  l 
corresponds  to  each  energy  level  of  the  electron.  Still,  of  course,  the 
same  irreducible  representations  with  the  same  l can  correspond  to 
different  energy  levels  with  different  principal  quantum  numbers  n. 
Consider  an  atom  in  a site  of  a cubic  crystal  lattice.  Let  the  resultant 
field  acting  on  the  atom  possess  the  symmetry  of  the  O group  (in  this 
approximation  an  electric  field  with  the  symmetry  of  the  lattice  can 
be  substituted  for  the  effect  of  all  the  other  electrons  and  of  all  the 
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nuclei  of  the  lattice),  which  has  five  irreducible  representations 
(Table  2.7).  In  that  case  all  the  energy  levels  of  the  electron  in  an 
atom  located  in  a site  of  a cubic  crystal  must  belong  to  one  of  the 
five  irreducible  representations  of  the  O group.  Hence,  we  may  as- 
sert that  in  a field  with  the  symmetry  of  O there  cannot  be  any  energy 
levels  of  greater  than  three-fold  degeneracy. 

In  Section  2.8  we  shall  consider  the  •problem  of  splitting  energy 
levels  of  a valence  electron  acted  upon  by  the  crystal  field  with 
an  d or  an  Oh  symmetry21. 

2.7.2  Consider  an  important  case  in  which  the  Hamiltonian  in 
(7.1)  can  be  represented  as  a sum 

m = se0  + sc,  (7.16) 

with  SC  being  of  lower  symmetry  than  SC 0,  so  that  the  symmetry 
group  of  SC  is  a subgroup  of  the  symmetry  group  of  St  o-  Such  a situa- 
tion is  brought  about,  for  example,  by  the  application  of  an  electric 
field  E0  to  an  atom,  with  the  result  that  the  spherical  symmetry 
of  the  field  acting  on  its  electrons  by  the  perturbation  = — eEaz 
(E0  ]|  z axis)  is  violated. 

A similar  reduction  in  symmetry  takes  place  if  the  atom  is  placed 
in  one  of  the  sites  of  a crystal  lattice  and  it  is  assumed  that  in  ad- 
dition to  the  central  forces  with  which  the  atomic  nucleus  and  the 
other  electrons  act  on  it  there  is  also  the  averaged  electric  field  deter- 
mined by  the  symmetry  of  the  lattice.  The  symmetry  of  the  total 
Hamiltonian  will  obviously  be  determined  by  its  least  symmetrical 
part  SC. 

Consider  what  will  happen  to  some  (in  general,  degenerate)  energy 
level  %0  corresponding  to  the  Hamiltonian  Si9  when  SC  is  “switched 
on”.  Since  the  group23  of  SC  is  a subgroup  of  the  group  of  Si0 , the 
irreducible  representation  of  the  level  <f0  will,  in  general,  be  a re- 
ducible representation  of  the  group  of  SC . We  can  decompose  this 
reducible  representation  in  terms  of  the  irreducible  representations 
of  the  group  of  SC\  in  that  case,  if  the  energy  corresponding  to  SC  is 
much  less  than  the  spacing  between  the  energy  terms  of  the  unper- 
turbed Hamiltonian,  Si0i  we  will  be  able  to  say  into  what  number  of 
levels  of  what  degeneracy  the  level  will  split  as  the  result  of  the 
application  of  SC  ■ However,  we  shall  not  be  able  to  say  anything  about 


21  As  we  shall  demonstrate  below,  in  this  case  group  O has  the  same  prop- 
erties, from  the  point  of  view  of  the  nature  of  term  splitting,  as  the  group 

oh  = o x ct. 

22  We  say  “group  of  &6'"  instead  of  “symmetry  group  of  A?'”  for  the  sake 
of  brevity. 
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the  magnitude  of  this  splitting,  or  about  the  order  in  which  the  split 
levels  are  arranged. 

Let  the  unperturbed  system,  i.e.,  the  Hamiltonian  S( 0,  have  the 
symmetry  of  group  O (see  Table  2.7).  We  are  interested  in  what 
will  happen  to  the  irreducible  representation  F2  (three-fold  degenerate 
level  F2)  when  a]  field  SC  with  a Ds  symmetry  (see  Table  2.4)  is 
applied,  if  its  C3  axis  coincides  with  one  of  the  C3  axes  of  group  O. 
We  shall  see  that  the  elements  of  group  O,  i.e.,  E , 2 (C3,  C\),  3 C2 
form  a subgroup  of  Ds.  The  representation  F2  is  a reducible  repre- 
sentation of  this  subgroup  (this  is  evident  from  the  fact  that 
a subgroup  of  D3  has  no  irreducible  representations  of  dimension 
three).  Thus,  we  have  to  decompose  the  reducible  (for  D3 ) represen- 
tation F2  with  the  characters  3,  0,  1 (for  the  elements  E,  8 ( C3 , C\ ) 
and  6C3)  in  terms  of  the  irreducible  representations  Tl5  T2  and  T3 
of  group  Dz.  In  accordance  with  (6.32)  and  (6.34)  we  obtain 

F2  = + a2T2  + a3T3 

.and 

«1  = .J[3Xl  + 2x0xl  + 3xlXl]  = l, 
a2  =-g-  [3xl  + 2x0xl+3xlx(  — 1)]  = 0, 
a3=i[3x2  + 2xOx(-l)  + 3xlxO]  = l. 

Hence 

F2  = fj.  + r3, 

i.e.,  the  three-fold  degenerate  level  F2  splits  under  the  influence  of 
a lield  with  a D3  symmetry  into  a nondegenerate  level  ^ and  a two- 
fold degenerate  level  T3. 

2.7.3  In  addition  to  the  direct  product  of  two  groups,  we  intro- 
duce the  important  concept  of  a direct  product  of  irreducible  repre- 
sentations of  one  group. 

Let  there  be  two  irreducible  representations  of  the  group  Fj  and 
l'»,  of  dimensions  Z and  m,  respectively.  The  basis  functions  for  these 
irreducible  representations  are 

l’i  : Ti>  • • •.  • • •>  To  r2  : 9i>  • • •»  9ft,  • • 9m-  (7.17) 

1 1 may  easily  be  seen  that  the  products  (i  = 1,  2,  . . .,  Z, 
k =1,  2,  . . .,  m)  also  form  the  basis  of  a representation  of  a 
group  of  dimension  Z X m.  Indeed, 

Pr  (Ti9ft)  = Pr^Pi  X Pr 9ft  = S r j (fyjityj  S r2  (7f)pfc9p 

3 P 

= 2 [Ti  (P)ji  1 2 (7?)pft]  l|3/9p  = Ij  r (P)jp,  ifc'lWp! 

3.  P 3,  P 
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where  the  matrix  T (R)  = I\  ( R ) X F2  (R),  i.e. , equal  to  the  direct 
product  of  the  matrices  rx  and  T2  (see  Appendix  3,  Sec.  6). 

Hence  it  follows,  in  exactly  the  same  way  as  in  Section  2.6.5, 
that  the  direct  product  of  the  matrices  of  irreducible  representations 
of  a group  is  also  its  representation.  However,  whereas  a direct  prod- 
uct of  irreducible  representations  of  two  different  groups  is  also 
an  irreducible  representation  of  the  direct  product  of  the  groups,  a 
direct  product  of  two  irreducible  representations  of  one  group  is,  in 
general,  a reducible  representation  of  the  group. 

As  we  did  in  (6.38),  we  can  demonstrate  that  the  character 
% (R)  of  the  representation  T is  equal  to  the  product  of  characters 
Xx  (R)  and  X2  (#)  of  irreducible  representations  Fj  and  T2: 

x (R)  = Xi  m X2  (R).  (7.18) 

The  reducible  representation  T = X T2  can  be  decomposed  in 
accordance  with  (6.32)  and  (6.34)  in  terms  of  irreducible  represen- 
tations of  the  group. 

2.8  Application  of  Group  Theory  to  the  Study  of  Splitting 

Energy  Levels  of  Impurity  Atoms  in  Crystals  and  to  the 
Classification  of  Normal  Vibrations  in  Polyatomic  Molecules 

Consider  two  examples  of  applications  of  group  theory  in  physics: 
(1)  splitting  energy  levels  of  an  atom  (or  ion)  in  the  crystal  field 
and  (2)  the  study  of  natural  vibrations  of  a molecule. 

The  first  problem  is  directly  related  to  the  study  of  impurity  atoms 
in  solids;  the  second  problem  not  only  provides  an  instructive 
example  of  applications  of  group  theory  in  physics  but  is  also  of  major 
importance  for  the  study  of  lattice  vibrations. 

2.8.1  As  an  approach  to  the  first  problem,  consider  a continuous 
group  of  rotations. 

In  addition  to  the  finite  point  groups  discussed  in  Section  2.3, 
there  are  also  the  so-called  continuous  point  groups  with  an  infinite 
number  of  elements,  namely,  the  groups  of  axial  and  spherical  sym- 
metries. We  shall  deal  only  with  the  spherical  symmetry  group  ,9?t, 
which  consists  of  an  infinite  number  of  rotations  through  arbitrary 
angles  about  arbitrary  axes  passing  through  a static  point  0 and 
of  reflections  in  any  plane  containing  this  point.  Since  OhC2=/ 
is  inversion,  we  may  say  that  the  group  of  spherical  symmetry  con- 
sists of  arbitrary  rotations  about  all  axes  passing  through  the  centre 
and  of  inversion.  The  subgroup  of  the  spherical  group  that  con- 
sists only  of  arbitrary  rotations  became  known  as  the  proper  rotation 
group  M or  simply  as  the  rotation  group  (see  A. 3. 33),  in  contrast  to 
the  spherical  group  (which  includes  inversion),  another  term  for  which 
is  improper  rotation  group.  Obviously,  3/\  = a/i  X Cu  where  = 
= {E,  /}. 
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It  is  obvious  that  in  the  rotation  group  all  the  axes  are  equiv- 
alent and  bilateral;  therefore  the  classes  of  this  group  consist  of 
rotations  through  a specified  angle  a about  any  axis.  The  classes  of 
the  group  ,°f.  t are  obtained  immediately  from  the  direct  product 
.it  X Cx. 

To  determine  the  characters  of  the  continuous  rotation  group  ,'Ji , 
consider  the  solutions  of  the  Schrodinger  equation  with  a Hamilto- 
nian invariant  with  respect  to  the  group  3i.  Consider  an  electron  in 
a spherically  symmetric  field  for  which  the  Hamiltonian  is 

where  the  potential  energy  of  the  electron  V (r)  = V (\f  x1  + y2  + z 2) 
is  spherically  symmetric23. 

The  wave  functions  of  the  Schrodinger  equation  with  a Hamilto- 
nian of  the  type  (8.1)  are  of  the  form  (e.g.,  see  [2.4,  § 34]) 

tynlm  (r,  0,  (p)  = Rnl  (r)  Y lm  (d,  <p).  (8.2) 

Here  r,  d,  <p  are  polar  coordinates  of  the  electron;  n,  l,  m are  the 
principal,  orbital  and  magnetic  quantum  numbers,  respectively; 
Rni  (r)  is  the  radial  part  of  the  wave  function  that  depends  on  the 
specific  form  of  the  potential  V ( r );  and 

Y lm  (d,  <p)  = Pirn  (cos  d)  eimcp  (8.3) 

is  a spherical  harmonic,  where  P im  (cos  d)  is  a polynomial  of  degree  l 
in  cos  d expressed  explicitly  in  terms  of  the  Legendre  polynomial 
/';  (cos  d).  The  energy  eigenvalues  %ni  are  (21  + l)-fold  degenerate 
with  respect  to  the  magnetic  quantum  number  m (m  = — l,  — l — 

! 1,  • . 1,  . . 1). 

To  determine  the  irreducible  representation  corresponding  to  the 
I'otation  about  any  axis  through  the  angle  a,  choose  the  axis  z as 
I he  rotation  axis  to  obtain,  in  accordance  with  (7.15), 

= ^nlm  («_1x)  = Rnl  (>*)  Plm  (COS  d)  eim«P-a) 
l l 

= 2 Rl  (^)m,m^f vim'  ” 2 Dl  ( &)m'mRnl  (^)  P lm ' 
m'=—l.  m'=—l 

X (cos  d)  eim'<P,  (8.4) 

where  D t (a)  denotes  the  matrix  of  rank  (21  + 1)  of  the  irreducible 
representation  corresponding  to  the  rotation  through  the  angle  a 
(VVigner’s  notation  derived  from  the  German  word  Darstellung  for 


23  We  consider  the  general  case,  in  which  V (r)  is  not  just  the  Coulomb  energy. 
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representation).  Comparing  the  third  equation  in  the  chain  (8.4) 
with  the  last,  we  easily  see  that 

Di(a)m-m  = (8.5) 

where  8m-m  is  the  Kronecker  delta. 

We  see  that  irreducible  representations  of  the  rotation  group  are 
characterized  by  the  number  Z (the  dimension  of  the  representation  is 
21  +■  1)-  Hence,  the  s-state  (Z  = 0),  the  p-state  (Z  = 1),  the  cZ-state 
(Z  2),  etc.  are  irreducible  representations  of  the  electron  in  a spher- 
ically symmetric  field.  We  see  that  both  the  number  of  irreducible 
representations  and  the  number  of  elements  in  the  group  are  infi- 
nite. 

The  character  of  the  irreducible  representation  D t (a)  is 

i i 

Xi( «)=  S A(a)mm=  S e-ima 

m=-l  m=-l 

==eita_pei«-i)a_j_  . , . 4-  1_|_  . . . _|_e-i(J-l)a_j_g-iia. 

We  have  a geometric  progression  of  2Z  + 1 terms  with  the  first 
term  eu“  and  the  ratio  e~ia,  its  sum  being 

. , [(«-ia)2/+ l_l]  e-i(/  + l)a  — gila 

.-cl,  • 

Multiplying  the  numerator  and  the  denominator  by  eia we  ob- 
tain for  the  character  of  the  irreducible  representation  D t (a) 

sin  (21+1) -f- 

%i  (a)  = — . (8.6) 


2.8.2  If  a foreign  atom  (an  impurity  atom)  is  placed  in  a lattice 
site,  then  the  spherical  symmetry  of  the  field  acting  on  the  electron 
in  a free  atom  is  reduced  to  the  symmetry  determined  by  that  of  the 
crystal.  Such  a reduction  of  the  symmetry  of  the  field  should,  gener- 
ally, cause  a splitting  of  degenerate  electron  energy  levels  to  occur 
{see  Section  2.7.2). 

If  the  spherically  symmetric  field  is  replaced  by  a field  of  lower  sym- 
metry, for  instance,  of  cubic  symmetry  O,  the  basis  functions  Y im  (ft, 
<p)  (8.3)  will  still  represent  group  0(i.e.,  the  matrices  D L (R), 
{8.4),  where  R is  an  element  of  group  O,  will  represent  group  O 
of  dimension  (21  +- 1).  However,  in  general,  this  representation  will 
be  a reducible  one;  this  follows  at  least  from  the  fact  that  the  maxi- 
mum dimension  of  the  irreducible  representations  of  group  O is 
three,  therefore  for  (21  +-  1)  > 3 the  representation  D t (R)  must 
be  reducible.  Since  we  assume  that  different  energy  levels  of  the  elec- 
tron correspond  to  irreducible  representations,  we  determine  the 
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nature  of  splitting  energy  levels  with  different  l' s in  a field 
of  cubic  symmetry  by  decomposing  the  reducible  representation 
Dt  ( R ) into  irreducible  representations  of  group  O. 

Making  use  of  expression  (8.6),  let  us  determine  the  characters  of 
the  classes  of  group  O for  different  l's.  For  instance,  at  l — 1 
(p-state)  we  have: 

, , sin  (3a/2) 

Xl  ~ sin  (a/2)  » 

*.(£)=x.(0)=[Sw].-.=3- 


Xi  (C,)  = Xi(120°)  = 


sin  180° 
sin  60° 


0, 


Xi  (C2)  = X,(180°) 


sin  270° 
sin  90° 


Xi(Q  = Xi(90°)=  1^  = 1. 

In  the  same  way  we  can  find  the  characters  Xi  for  other  values  of  l. 
The  result  will  be  Table  2.9  for  reducible  representations  D t corre- 


Table  2.9 


o 

E 

<o 

OO 

3C| 

6C2 

6C4 

Do 

1 

1 

1 

1 

1 

£>i 

3 

0 

—1 

—1 

1 

d2 

5 

-l 

1 

—1 

D 

l 

—1 

—1 

—1 

Do 

9 

0 

1 

1 

1 

spending  to  the  classes  of  group  O.  Making  use  of  Table  2.7  and  equa- 
tion (6.34)  we  can  find  what  irreducible  representations  of  cubic 
group  O are  contained  in  representations  D x. 

D(i  = /l !,  i.e.,  the  nondegenerate  level  of  the  s-state,  of 

course,  cannot  split  and  becomes  the  unit  re- 
presentation of  group  O. 

iq  = Fu  i.e.,  the  three-fold  degenerate  level  of  the  d-state 

does  not  split  in  a field  of  cubic  symmetry. 
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D 2 — E + F2, 


D3  = A2+F1  + 

+ F 2> 

■D4  = A t + E + 
+ Fi  + F2, 


the  five-fold  degenerate  d-state  must  split,  be- 
cause the  maximum  dimension  of  the  irreducible- 
representations  of  group  O is  three;  the  d-level 
splits  into  two  levels;  into  a two-fold  degen- 
erate and  a three-fold  degenerate. 

the  seven-fold  degenerate  /-state  splits  into  one 
nondegenerate  and  two  three-fold  degenerate. 

the  nine-fold  degenerate  g-state  splits  into  one 
nondegenerate,  one  two-fold  degenerate  and 
two  three-fold  degenerate  states.  (8.7) 


Consider  now  splitting  the  terms  of  an  atom  in  a crystal  field 
of  cubic  symmetry  with  an  inversion  centre  J,  the  point  group 
for  which  is  Oh  = O X Cu  where  the  second  order  group  Ct  = 
— { E , /}.  In  this  case  the  effect  of  the  inversion  operator  J on  the- 
wave  function  of  the  system  is  either  to  leave  it  unchanged  or  to 
change  its  sign  [2.6,  § 30]: 

/1]}  (x)  = oj;  ( — x)  = ±tj>  (x). 


This  follows  immediately  from  the  fact  that  /2  = E [see  (7.14)]  and 
that,  accordingly, 

X (J)  = ±1,  (8-8> 


in  compliance  with  Table  2.2. 

Hence,  the  character  of  inversion  for  even  states  of  the  system  is 
equal  to  +1  and  that  for  odd  states  —1.  The  term  for  the  wave  func- 
tion (and  the  corresponding  state)  is  even  in  the  first  case  and  odd 
in  the  second.  Since  for  the  systems  being  considered  the  operator  J 
commutes  with  the  Hamiltonian  Si,  the  fact  that  the  wave  function 
is  either  even  or  odd,  is  retained  in  time;  this  rule  became  known  as 
the  parity  conservation  law.  It  can  be  demonstrated  that  the  parity 
of  the  wave  function  of  a many-electron  atom  in  the  single-particle 
approximation  is  []  (— l)Ife,  where  lk  is  the  orbital  quantum  number 

h 

of  the  &-th  electron. 

Imagine  now  the  characters  D t (a)  to  be  determined  not  only  for 
proper  rotations  a but  for  improper  rotations  Ja  as  well.  In  this  case 
five  classes  should  be  added  to  Table  2.7:  JE  = /,  8 JC3,  3 JC\,  etc. 
The  characters  of  the  representations  of  these  additional  classes  either 
coincide  with  the  characters  in  Table  2.7  (for  even  states)  or  are  of 
opposite  signs  (for  odd  states). 

Since  the  representation  Tx  in  Table  2.3  corresponds  to  even  states 
and  F2  to  odd  states,  the  table  of  characters  of  irreducible  represen- 
tations of  the  group  (which  includes  inversion  /)  is  of  the  form  shown 
in  Table  2.6,  where  % coincides  with  that  in  Table  2.7. 

Consider  now  the  contributions  of  the  individual  quadrants  of 
Table  2.6  to  the  sum,  when  the  coefficients  aj  are  calculated  with  the 
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aid  of  equation  (6.34).  Quadrants  3 and  4 cancel  each  other  in 
the  sum;  the  contributions  of  quadrants  1 and  2 are  equal  and  have 
l,o  be  divided  by  2 h.  The  resulting  value  of  is  the  same  as  for  the 
single  quadrant  J,  i.e.,  as  for  group  O. 

2.8.3  Demonstrate  now  how  group  theory  should  be  applied 
to  the  classification  of  normal  vibrations  of  polyatomic  molecules. 
We  shall  consider  the  problem  of  small  vibrations  of  the  atomic 
nuclei  of  the  molecule  only  within  the  limits  of  classical  mechanics. 

It  has  been  established  in  classical  mechanics  that  a system  of  N 
particles  possessing  3 N degrees  of  freedom  and  performing  small  oscil- 
lations  about  the  equilibrium  positions  of  the  particles  r;  (i  = l,  2,  . . . 

. . . , N)  has  the  energy 

^ = + T 2 k/b,  „uto«w.  (8.9) 

i,  a 3 

Here  uia  (i  = 1,  2,  . . .,  N;  a.  = x,  y,  z)  is  the  a-th  orthogonal 
(Cartesian)  coordinate  of  the  displacement  of  the  i-th  atomic  nu- 
cleus in  the  molecule  from  its  equilibrium  position  r;  and  ytia  is 
I lie  quasi-elastic  force  constant  for  displacements  uia  and 
I'i'om  the  total  of  3 N degrees  of  freedom  of  the  molecule  three  corre- 
spond to  its  linear  motion  as  a whole  and  three  to  its  rotational  motion 
as  a whole.  Hence,  the  number  of  vibrational  degrees  of  freedom  in 
l lie  molecule  is  3 N — 6.  By  means  of  an  appropriate  linear  transfor- 
mation it  is  possible  to  eliminate  from  (8.9)  those  six  degrees  of  free- 
dom. Next,  by  means  of  an  appropriate  linear  transformation  we  can 
introduce  normal  coordinates  Qia  ( i , a = 1,  2,  3,  . . .,  (3 N — 6); 
«*.g. , see  [2.14,  § 23].  Then  the  energy  % will  assume  the  form 

h 

t = T 2 Qt«- + T 2 2 <??«,  (8.10) 

i,  a i a— 1 

where  co;  is  the  frequency  of  normal  vibrations.  We  have  introduced 
a double  label  ia.  for  the  normal  coordinates  Qia,  with  i assuming 
values  corresponding  to  different  frequencies  oi;  and  a assuming  /; 
values  corresponding  to  ft  linearly  independent  normal  coordinates 
vibrating  with  the  specified  frequency  <0^  ft  is  called  the  degree  of 
degeneracy  of  frequency  (obviously,  V/;  = 3 N — 6). 

i 

Usually  the  structure  of  a molecule  corresponds  to  some  point 
symmetry  group.  For  example,  the  ammonia  molecule  NH3  has  the 
shape  of  a regular  triangular  pyramid  whose  one  vertex  is  occupied 
by  the  nitrogen  atom  N,  with  the  three  hydrogen  atoms  H occupying 
ihe  vertices  of  the  equilateral  base  triangle.  The  NH3  molecule  has 
a vertical  axis  of  symmetry  C3,  which  passes  through  the  N atom, 
and  three  planes  of  symmetry  <rv,  each  of  which  passes  through  C3 
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and  one  H atom.  The  symmetry  group  of  the  ammonia  molecule  C3V 
consists  of  six  elements:  E,  2 C3,  3 av.  Transformations  of  the  sym- 
metry group  of  the  molecule  leave  its  dynamical  coefficients, 
and  m;,  invariant;  because  of  that  the  normal  vibration  frequencies  o)f 
remain  unchanged. 

Apply  operator  PR  (6.1),  where  R is  a symmetry  element  of  the- 
molecule,  to  the  potential  energy  in  (8.10): 

h h 

Mt  2 ^ 2 <?*«}= 4 2 2 

i a—i  i cc=l 

h 

= T 2 “f  2 (P*Qia)  ( PnQia )•  (8.H) 

i a=l 

We  see  that  for  the  new]  normal  coordinates  PRQia  to  retain  the 
meaning  of  normal  coordinates  at  the  original  frequencies  to*, 

P R.Q ia  ~ S r (f?)pa<?fi->(i):p,  (8.11a) 

3 

where  /f"1  (i)  = k is  the  position  of  an  identical  atomic  nucleus  of 
the  molecule,  and  F (i?)pa  is  the  matrix  of  a linear  orthogonal  trans- 
formation. Exactly  in  the  same  way  as  it  was  done  in  Section  2.6, 
we  can  demonstrate  that  the  matrices  F (/?)(,)  constitute  a repre- 
sentation of  the  molecule’s  symmetry  group  with  the  basis  Qia  (a  = 
= 1,  2,  . . .,  /;).  In  the  absence  of  accidental  degeneracy  of  the 
frequencies  a)f,  this  representation  will  be  irreducible.  The  dimen- 
sion of  this  irreducible  representation  is  equal  to  the  degree  of  de- 
generacy of  the  vibration  ft. 

The  transformation  (8.11a)  is  similar  to  the  transformation  (7.15) 
in  quantum  mechanics.  The  frequency  of  normal  vibrations  coj 
plays  the  part  of  the  degenerate  energy  level  S,  the  part  of  the  wave 
functions  i|)£  (x)  (i  = 1,  2,  . . .,  1)  being  played  by  the  normal 
vibrations  of  (a  = 1,  2,  . . .,  /;). 

Determining  the  natural  frequencies  and  the  normal  coordinates 
of  a polyatomic  molecule  is  a complicated  dynamical  problem. 
Group  theory  enables  us  to  find  the  number  of  natural  frequencies  co;, 
the  degree  of  their  degeneracy  and  even  the  pattern  of  correspond- 
ing vibrations  without  solving  this  problem. 

To  carry  out  this  program,  we  shall  determine  the  common  redu- 
cible representation  realized  by  all  the  vibrational  coordinates  at 
a time,  and  then  decompose  it  into  irreducible  representations  of 
the  molecule’s  symmetry  group.  To  find  the  full  representation  we 
make  use  of  the  fact  that  the  characters  of  representations  are  in- 
variant under  a similarity  transformation.  Therefore,  for  computing 
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l.hem  we  need  not  use  normal  coordinates,  but  can  use  displace- 
ments of  the  nuclei  in  orthogonal  coordinates  uia. 

Determine  the  effect  of  the  operator  PR  on  the  field  of  displace- 
ments uia,  when  R is  an  element  of  the  molecule’s  point  symmetry 
group  that  displaces  a nucleus  i into  the  site  of  an  identical  nucleus 
k =R-1  ( i ). 

Figure  2.17  depicts  a flat  molecule  consisting  of  four  identical 
atoms  1,  2,  3,  4 located  at  the  ends  of  an  equilateral  cross.  Let  R 
be  the  clockwise  rotation  of  the  molecule  about  its  centre  0 through 
the  angle  it/2.  In  the  course  of  it  atom  1 takes  the  place  of  atom  2, 


I ig.  2.17 

alom  2 the  place  of  atom  3,  etc.  If  we  were  to  permute  atoms  1, 
etc.  together  with  their  displacements,  we  would  gain  no  new  infor- 
mation, because  this  is  equivalent  to  the  rotation  of  the  molecule 
as  a whole  in  space.  We  can  extract  some  information  if  we  attribute 
the  displacement  ux  to  atom  2\  the  displacement  u2  to  atom  3,  etc. 
Such  a transformation  of  the  displacement  field  u,  will,  in  view  of 
Hie  identity  of  the  atoms,  correspond  to  the  same  frequencies  co f 
nf  molecular  vibrations. 

What  transformations  do  the  displacements  ulx  and  uly  undergo 
in  the  course  of  rotation  CJ  It  may  be  seen  from  Fig.  2.17  that 

■PC.  Uijj  = U2y  = UlX,  PC^Uly  = UJX  = Uly.  (8.12) 

If  7f_1  is  the  rotation  through  the  angle  jx,  such  that  atom  1 moves 
In  the  site  of  atom  3,  then 

PC  2 UlX  = U3X  = WljC,  PC  2 Uly  = Ugy  = Uly. 


(8. 12a) 
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Generalizing  (8.12)  and  (8.12a)  to  include  the  case  of  the  more  com- 
plex molecular  structure,  we  express  P Ruia  in  the  form  of  a linear 
combination  of  the  quantities  uhfi,  i.e. , 

1,  SN 

P Ruia  = S -®U(-^W,  iaUkp—  2 (R)pa^k,  uh^y  (8.13) 

ftp  ftp 

where  R~l  ( i ) = k,  i.e.,  the  nucleus  i by  the  transformation  i?-1 
is  transformed  into  an  identical  nucleus  k.  The  matrix  Du  of  rank  3 N 
yields  the  reducible  representation  realized  by  all  the  vibrations  of 
the  molecule.  Since  the  operations  i?-1  of  the  displacement  uia 
are  transformed  in  the  same  way  as  the  components  of  a polar  vector 
(8.12),  it  follows  that  Du  (R)h&,ia  =A  {R)  pa6ft  R-i(i),  where  A {R) 

is  an  orthogonal  matrix  of  rank  three. 

We  are  interested  in  the  character  (the  trace)  of  the  matrix  Du  (R); 
therefore,  if  k i,  i.e.,  if  the  transformation  moves  the  nucleus  i 
to  the  site  of  another  identical  nucleus  k,  it  means  that  the  corres- 
ponding element  of  the  matrix  Du  (R)  does  not  lie  on  the  principal 
diagonal  and  does  not  contribute  to  the  character.  Therefore  we  are 
interested  only  in  such  nuclei  that  remain  in  their  places  after  trans- 
formation i?-1;  but  for  them  the  matrix  Du  (R)  assumes  a quasi- 
diagonal form  with  all  its  blocks  being  equal  to  A (R)  (the  number 
of  blocks  is  equal  to  the  number  of  atoms  remaining  in  their  places 
after  transformation  R -1). 

If  R'1  is  a rotation  of  the  displacement  u (we  omit  the  label  i) 
through  an  angle  cp  about  the  z axis, 

ux  cos  tp  + uy  sin  (p , 
ux  sin  cp  + uv  cos  <p,  (8.14) 

uz. 

The  trace  of  the  matrix  A ( C ) is  equal  to  1 + 2 cos  <p.  If  there 
are  Nc  nuclei  on  the  rotation  axis,  then  the  trace  of  Du  in  (8.13)  is 

N c (1+2  cos  cp).  (8.15) 

However,  this  trace  is  connected  with  all  the  3N  degrees  of  freedom 
of  the  molecule,  including  the  rectilinear  and  rotational  displace- 
ments of  the  molecule  as  a whole.  The  rectilinear  displacement  of 
the  molecule  is  determined  by  the  polar  displacement  vector  of  its 
centre  of  gravity  U,  for  which  the  character  (the  trace)  of  the  trans- 
formation is  equal  to  (1+2  cos  cp),  the  same  as  for  the  vibrations  u. 
The  rotation  of  the  molecule  as  a whole  through  a small  angle  6Q 
is  characterized  by  the  axial  vector  6Q  directed  along  the  rotation 
axis  (in  accordance  with  the  right-hand  screw  rule).  In  the  course  of 
proper  rotations  of  the  coordinate  frame  the  axial  vector  6Q  behaves 


Pc{<p)U( x—  S ■4  (C)paUp — i 
P=i 
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as  a polar  vector  with  a corresponding  trace  also  equal  to  (1  + 
+ 2 cos  cp).  Therefore,  in  order  to  determine  the  character  of  the  full 
representation  corresponding  to  the  vibrational  degrees  of  freedom, 
we  have  to  subtract  2 (1  + 2 cos  <p)  from  the  trace  (8.15),  so  that 

t (C)  = (N0  - 2)  (1  + 2 cos  «p).  (8.16) 

The  character  of  the  unit  element  (N  c = IV,  <p  = 0)  is  equal  to 
%“  ( E ) = (TV  — 2)  X 3 = 3 N — 6.  The  character  of  the  full  vibra- 
tional representation  for  the  rotary-reflection  transformation  S (cp), 
i.e.,  for  the  rotation  through  the  angle  <p  about  the  z axis  and  re- 
flection in  the  xy  plane,  is  computed  in  the  same  way.  If  this  trans- 
formation does  not  displace  the  atomic  nucleus,  then  the  displace- 
ment is  transformed,  by  analogy  with  (8.14),  in  accordance  with  the 
equations 

3 f uxcos  qj  + My  sin  cp, 

— u,sinq)  + »wcosq>,  (8.17) 

P_1  l — «z, 

Ihe  corresponding  trace  being  equal  to  ( — 1 + 2 cos  <p).  The  charac- 
ter of  the  representation  realized  by  all  the  3N  degrees  of  freedom 
is  equal  to 

Ns  (—1  + 2 cos  q)),  (8.18) 

where  Ns  is  the  number  of  nuclei  remaining  stationary  in  the  course 
of  the  transformation  S (cp).  The  trace  corresponding  to  the  vector 
of  displacement  of  the  centre  of  gravity,  U,  in  the  transformation 
S (q>)  is  ( — 1 + 2 cos  q>),  and  that  corresponding  to  the  axial  vector 
M2  in  the  same  transformation  is  (1  — 2 cos  <p);  the  latter  follows 
from  the  fact  that  a reflection  in  the  xy  plane  transforms  a right 
coordinate  frame  into  a left  one  with  the  axial  vector  612  reversing 
its  direction,  i.e.,  in  the  right-hand  side  of  (8.17)  — ua  should  be 
substituted  for  ua.  We  see  that  the  total  trace  of  U and  612  under 
the  transformation  S (q>)  is  —1  + 2 cos  q)  + 1 — 2 cos  q)  = 0,  and 
therefore  (8.18)  is  the  character  of  the  full  representation  of  all  the 
vibrational  degrees  of  freedom  under  the  transformation  S (q>): 

t ( S ) = Ns  (-1  + 2 cos  9).  (8.19) 

If  S (q>)  consists  only  of  reflection,  i.e.,  if  S = o (q>  = 0),  then 
X'1  (or)  = Ns.  ' 

To  be  able  to  classify  normal  vibrations  of  a molecule,  it  suffices 
now  to  decompose  the  full  representation  (8.16),  (8.19)  into  the  irre- 
ducible representations  of  the  point  group  of  the  molecule’s  sym- 
metry. 

Consider  now  the  NH3  molecule  mentioned  above.  As  has  already 
I mentioned,  the  point  group  of  its  symmetry,  Cav,  con- 
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sists  of  six  elements  distributed  over  three  classes:  E,  2 Ca,  3ov  (see 
Sec.  2.3,  Group  IV  Cnv). 

Using  equations  (8.16)  and  (8.19),  we  can  determine  the  characters 
of  the  full  representation  Du  for  the  NH3  molecule: 

Xtt  (E)  = (N  - 2)  (1+2  cos  0°)  = 

= (N  - 2)  X 3 = (4  — 2)  X 3 = 6, 

Xu  (C3)  = (Nc  - 2)  (1+2  cos  120°)  = 

= — (1  + 2 cos  120°)  = 0, 

Xu  (a)  = N6  = 2.  (8.20) 

We  can  easily  show,  making  use  of  equations  (6.34),  (8.20)  and  Ta- 
ble 2.3  for  the  characters  of  group  D3  isomorphic  to  group  C3V, 
that  the  reducible  representation  Du  splits  into  the  following  irre- 
ducible representations  of  group  Czy\ 

Du  = 2l\  + 2FS  = 2AX  + 2 E,  (8.21) 

where  we,  in  accordance  with  the  convention  existing  in  molecular 
physics,  denoted  the  unit  representation  Tx  by  At  and  the  double 
degenerate  representation  T3  by  E.  Hence,  the  NH3  molecule, 
which  possesses  six  vibrational  degrees  of  freedom,  has  two 
nondegenerate  normal  vibrations  of  the  Ax-type  and  two  double 
degenerate  vibrations  of  the  2?-type.  The  full  symmetry  of  the  mole- 
cule (a  regular  triangular  pyramid)  is  retained  in  the  vibrations 
of  the  Ax-type  corresponding  to  the  unit  representation.  We  shall 
not  dwell  on  the  nature  of  atomic  displacements  in  the  vibrations 
of  the  E'-type. 


2.9  Application  of  Group  Theory  to  Translational  Symmetry  of 
Crystals 

2.9.1  The  most  important  kind  of  symmetry  of  a solid  is  its 
translational  symmetry,  thanks  to  which  the  crystal  lattice  coin- 
cides with  itself  when  the  crystal  as  a whole  is  displaced  by  a lat- 
tice vector 

an  = «xax  + n2  a2  + w3a3,  (9.1) 

where  ax,  a2,  a3  are  the  basis  vectors  and  nt  are  integers  (see  Sec- 
tion 1.3.1).  The  elements  of  the  crystal’s  translation  group  S' , an 
invariant  subgroup  of  the  crystal’s  space  group,  can  be  written  in 
the  form  (5.4): 

*n  = {E  | a„}  = {E  | nxax  + n2 a2  + n3a3} 

— {E  | nxax}  {E  | n2a2)  { E \ w3a3)  tnitn2tn3i  (9.2) 

where  R = E is  the  unit  element  of  the  crystal’s  point  group. 
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it  may  be  seen  from  (9.2)  that  the  group  .T  can  be  represented  in 
the  form  of  a direct  product  of  three  one-dimensional  translation 
groups  with  the  elements 

tn.  = {E  | nt aj  (i  = 1,  2,  3).j 

The  translation  group  is  Abelian  (and  cyclic);  therefore  each  of 
its  elements  is  a class,  and  the  dimension  of  its  irreducible  represen- 
tations is  unity,  i.e.,  they  are  numbers  (in  general,  complex).  In- 
deed, for  Abelian  groups  the  number  of  classes  s,  equal  to  the  number 
of  irreducible  representations,  is  equal  to  the  group’s  order  h.  It 
then  follows  from  (6.22)  that  the  dimension  of  all  irreducible  repre- 
sentations 1 1 = 1. 

To  avoid  difficulties  which,  in  case  of  a finite  crystal,  are  con- 
nected with  the  fixing  of  boundary  conditions,  we  divide  the  crystal 
into  identical  parallelepipeds  with  edges  Gau  Ga2,  Gaa,  where  G is 
a large  integer  (for  convenience,  G is  assumed  to  be  an  odd  number). 
We  shall  substitute  the  Born-von  Karm&n  cyclic  conditions  for  the 
boundary  conditions.  These  new  conditions  specify  that  all  physical 
properties  and  functions  (the  wave  function,  quasi-elastic  force  con- 
stants, etc.)  attain  the  same  values  at  point  r and  r + Gat  (i  = 1, 
2,  3),  i.e.,  are  periodically  repeated  in  all  the  parallelepipeds  into 
which  we  have  divided  the  infinite  crystal. 

Thus,  using  cyclic  conditions  enables  us  to  consider  all  the 
phenomena  and  all  the  properties  of  the  crystal  within  a single 
parallelepiped  isolated  in  it  (the  principal  region ),  of  the  volume 
I = G3Q0l  where  Q0  = ar(a2  X a3)  is  the  volume  of  the  crystal’s 
unit  cell. 

In  the  case  of  a three-dimensional  crystal  it  is  impossible  to  attri- 
bute to  the  Born-von  Karman  cyclic  conditions  such  graphic  mean- 
ing as  in  the  case  of  a one-dimensional  chain  of  equally  spaced 
alums  (see  Section  3.2.3).  However,  it  can  be  demonstrated  that  in 
I he  mathematical  sense  the  cyclic  conditions  for  a three-dimensional 
crystal  are  equivalent  to  any  boundary  conditions  on  the  surface 
of  the  principal  region  that  do  not  affect  the  volume  properties  of 
Ihe  crystal  [2.15,  p.  391]. 

The  cyclic  conditions  reduce  the  cyclic  translation  group  to  a 
finite  group,  since  the  element  corresponding  to  the  displacement 
Mi;  is  the  unit  displacement  element  {E  | GaJ  = {E  | 0};  hence  the 
order  of  the  translation  group  in  S'  is  G3. 

Consider  the  irreducible  representations  of  the  translation  group  S'. 
Determine  first  the  irreducible  representations  of  the  group  of  one- 
dimensional translations  along  the  vector  ax  made  up  of  the  elements 
- {E  | ^aj. 

Let  the  irreducible  representation  (a  number)  corresponding  to 
I he  element  {E  | ax}  be  s: 

{E  | aj}  -+s. 
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which  yields 

{E  | 2aj}  = {E  | aj}  {E  | ax}  -v  s X s = s2, 

{E  | «xax}  = {E  | aj}  . . . {E  [ aj  -vs  X s X ...  X s = sn‘, 

{E  | Gax}  = {E  | 0}  -+S0  = 1.  (9.3) 

The  latter  equality  follows  from  the  fact  that  the  irreducible  repre- 
sentation (a  number)  corresponding  to  the  unit  translation  element 
{E  | 0}  is  unity.  Hence  [2.16,  p.  480]. 

S^^l  = exp(^-g1)  , (9.4) 

where 

gi  = 0,  1,  2,  . . .,  G — 1. 

It  follows  from  (9.3)  and  (9.4)  that  there  are  G irreducible  repre- 
sentations to  correspond  to  the  element  tnt  = {E  | 

I’g,  (*»,)  = = exp  , £j  — 0,  1,  2,  1.  (9.5) 

Thus,  in  agreement  with  the  general  theory,  the  number  of  irre- 

ducible representations  is  equal  to  the  number  of  classes  (elements) 
[see  (6.30)].  The  irreducible  elements  for  the  other  two  groups  of  one- 
dimensional translations  with  the  elements  i„2  = \E  | n2 a2}  and 
tn3  = {E  | n3 a3}  are,  by  analogy,  equal  to 

r*2(*na)  = exp  (-^-g2w2).  £2  = 0,  1.  2,  . . G — 1, 

r*.{*»s)=exP  (-TT^s) , g3  = 0,  1,  2,  . ..,  G — 1.  (9.6) 

It  was  demonstrated  in  Section  2.6.5  that  the  irreducible  repre- 
sentation of  a direct  product  of  groups  is  equal  to  the  direct  product 
of  their  irreducible  representations.  As  has  already  been  noted  above, 
the  three-dimensional  group  of  translations  £T  is  equal  to  the  direct 
product  of  three  one-dimensional  translation  groups  with  the  ele- 
ments tn„  tn2,  tn,;  therefore,  the  irreducible  representation  of  the 
group  ST  is 

r?t<?2gs  (tn)  = rgl  (in,)  1 g,  (tn,)  1 g,  (tn,) 

= exp_^iL  (£ini  + £2«2  + £3«3)»  (9.7) 

in  accordance  with  (9.5)  and  (9.6). 

We  introduce  the  wave  vector 

k = ^jr  b,  + -|r-  b2  + -|r  b3, 


(9.8) 
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where  bx,  b2  and  b3  are  the  basis  vectors  of  the  reciprocal  lattice 
(1.3.8).  The  dimension  of  k is  obviously  that  of  b*,  i.e.,  inverse 
length  (cm-1).  Three  numbers  glt  g2,  g3  determine  the  vector  k. 
It  follows  from  (1.3.9)  that  the  exponent  in  (9.7)  can  be  represented 
in  the  form  ik-a„;  hence  (9.7)  can  be  written  in  the  form 

rk  (*n)  = exp  (ik-a„),  (9.9) 

where  the  wave  vector  k numbers  the  irreducible  representation. 
If  the  vector  k'  = k + bm,  where  bm  = + rn2b 2 + m3 b3  is 

an  arbitrary  vector  of  the  reciprocal  lattice,  is  substituted  for  k, 
then 

exp  (ik'-an)  = exp  (ik-an)  exp  (tbm-an) 

= exp  (ik-an)  exp  (2ni  X integer)  = exp  (ik-a„), 

where  we  made  use  of  equation  (1.3.9). 

Hence,  k and  k'  correspond  to  the  same  irreducible  representa- 
tion, i.e.,  they  are  equivalent.  For  this  reason  only  the  values  of  k 
for  which  the  k-a2  (i  = 1,  2,  3)  lie  inside  the  2jt  interval  need  be 
considered  (because  if  k-a£  lies  outside  this  interval,  it  can  be  re- 
duced to  it  by  excluding  from  k the  appropriate  vector  of  the 
reciprocal  lattice),  we  may,  for  instance,  put 

— it  < k-a*  < « (i  = 1,  2,  3).  (9.10) 

Substituting  the  value  of  k from  (9.8),  we  obtain 

—672  < gt  < GI2,  (9.10a) 

i.e.  we  arrive  at  the  same  conditions  (9.5)  and  (9.6),  which  specify 
that  gi  assumes  G values  [(9.10a)  makes  it  clear  why  it  is  convenient 
to  choose  an  odd  number  for  G]. 

We  can  choose  the  unit  cell  of  the  reciprocal  lattice  with  the  “vol- 
ume” (2ji)3/Q0  as  the  region  of  nonequivalent  values  of  the  vector 
(9.10).  Such  a choice  of  the  region  (9.10)  is  not  always  convenient 
since  the  parallelepiped  built  on  the  vectors  bx,  b2,  b3,  in  general, 
does  not  possess  the  symmetry  of  the  lattice  itself  (of  the  direct  or 
I ho  reciprocal  lattice).  In  the  same  way  as  we  have  built  the  Wigner- 
Seilz  symmetrical  cell  (see  Section  1.1.4),  in  the  case  of  the  re- 
ciprocal lattice  we  can  also  always  isolate  a region  (9.10)  possessing  the 
full  symmetry  of  the  reciprocal  (and  the  direct)  lattice.  To  this  end 
draw  the  vectors  bg  from  some  site  O of  the  reciprocal  lattice  to  all 
its  other  sites.  Draw  planes  perpendicular  to  the  vectors  bg  through 
I heir  midpoints.  The  equations  for  these  planes  are  of  the  form 

b|/2  - (bg.k)  = 0,  (9.11) 

whore  k is  a position  vector  drawn  from  the  origin  O to  some  point 
of  the  plane.  Note  that  (9.11)  coincides  with  the  conditions  of  X-ray 
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diffraction  in  the  crystal  (1.4.5)  [the  difference  in  signs  of  the  scalar 
products  in  (1.4.5)  and  (9.11)  is  because  k in  (1.4.5)  points  from  the 
plane  to  the  origin  0;  see  Fig.  1.16].  Those  intersecting  planes  de- 
fine certain  polyhedrons  with  a common  centre  at  point  O.  The  smal- 
lest polyhedron  with  its  centre  at  point  O is  termed  first,  or  reduced, 
Brillouin  zone  (sometimes  simply  Brillouin  zone );  its  volume  is  also 
equal  to  (2n)3/Q0  (see  below).  The  “volume”  contained  between  the 
surface  of  the  first  Brillouin  zone  and  the  surface  of  the  next 
polyhedron  is  termed  second  Brillouin  zone.  And  so  on.  It  can  be 
demonstrated  that  the  volumes  of  all  the  Brillouin  zones  are  equal  to 
(2jx)3/Q0. 

As  has  already  been  mentioned  in  Section  1.3,  the  reciprocal  lattice 
of  a simple  cubic  lattice  is  also  a simple  cubic  lattice;  hence  it  follows 
immediately  that  in  this  case  the  first  Brillouin  zone  has  the  shape 
of  a cube  with  an  edge  2n/a  (a  is  the  edge  of  the  cube  of  the  direct 
lattice);  the  “volume”  of  the  Brillouin  zone  is  (2 nla)3  = (2jt)3/u3  = 
= (2it)3/Q0. 

It  follows  from  the  method  of  construction  of  the  first 
Brillouin  zone  that  the  difference  between  the  wave  vectors  k whose 
ends  lie  inside  it  is  less  than  the  vector  of  the  reciprocal  lattice.  If, 
on  the  other  hand,  the  end  of  the  vector  k lies  on  the  boundary  of 
the  Brillouin  zone,  there  is  always  at  least  one  vector  k'  = k ± b; 
equivalent  to  it  whose  end  also  lies  on  the  boundary. 

The  first  Brillouin  zone  may  also  be  defined  as  a set  of  points;  the 
distance  from  this  set  of  points  to  a specified  site  of  the  re- 
ciprocal lattice  is  less  than  the  distance  to  all  other  sites  (only  the 
points  lying  on  the  boundary  are  equidistant  from  two  sites  of  the 
reciprocal  lattice).  Thus,  all  the  space  of  the  reciprocal  lattice  can 
be  subdivided  into  reduced  Brillouin  zones  built  around  each  site. 

Consider  the  reciprocal  lattice  that  corresponds  to  the  principal 
region  of  a crystal  containing  G3  unit  cells.  The  total  volume  of 
such  a reciprocal  lattice  is  equal  to  the  volume  of  the  reciprocal  lat- 
tice unit  cell,  (2n)3/Q0,  multiplied  by  G3.  On  the  other  hand,  it  is 
equal  to  the  volume  of  the  Brillouin  zone  multiplied  by  G3;  hence 
it  follows  that  the  volume  of  the  Brillouin  zone  is  equal  to  that  of 
the  unit  cell  of  the  reciprocal  lattice,  i.e.,  to  (2n)3/Q0,  as  stated 
above. 

A more  thorough  investigation  of  the  Brillouin  zones  will  be  under- 
taken in  Chapter  4 in  conjunction  with  the  study  of  the  motion  of 
the  electron  in  an  ideal  crystal. 

We  have  introduced  the  wave  vector  k only  from  translational 
symmetry  considerations.  And  although  in  the  following  chapter, 
for  instance,  the  wave  vector  will  make  its  appearance  in  the  solu- 
tion of  the  mechanical  problem  of  vibrations  of  atoms  in  a crystal, 
we  must  be  aware  that  the  more  fundamental  cause  for  its  appearance 
is  the  crystal’s  translational  symmetry. 
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2.9.2  Consider  the  effect  of  the  operator  PR  (6.1),  where  R is 
a translation  by  the  vector  — a„,  on  the  wave  function  i))k  (r)  of  an 
electron  moving  in  the  periodic  field  of  a crystal24.  The  label  k of 
the  wave  function  means  that  we  are  considering  a basis  function 
of  the  k-th  irreducible  representation. 

Since  the  dimension  of  the  irreducible  representations  of  the 
translation  group  is  unity  and  since  these  representations  are  equal 
to  (9.9),  it  follows  from  (6.1)  that 

Pr$*.  (r)  = ^k  (•ft-1r)  = (r  + a„) 

= r^n  (r)  = eik,£Sj}k  (r), 

i.e., 

(r  + a„)  = e,k  a"ij’k  (r).  (9.12) 

It  may  easily  be  shown  that  for  the  electron  wave  function  tj>k  (r) 
to  satisfy  (9.12),  it  is  necessary  that 

i|)k  (r)  = «k  (r)  eik,r,  (9.13) 

where  the  function  (r)  has  the  periodicity  of  the  lattice,  i.e., 

uk  (r  + an)  = uk  (r).  (9.13a) 

Indeed,  in  this  case  it  follows  from  (9.13)  that 

*J  k (r  + an)  = uk  ( r + an)  elk' (r+l>n) 

= uk  (r)  eik're’k  a"  ==  <?ik'a,’tJ>k  (r), 
in  agreement  with  (9.12). 

The  term  for  the  electron  wave  function  in  a crystal,  (9.13),  is 
Bloch's  wave  function  (F.  Bloch,  1928);  its  form  is  entirely  due  to  the 
crystal’s  translational  symmetry.  The  specific  form  of  the  function 
uk  (r)  depends  on  the  form  of  the  periodic  potential  acting  on  the 
electron. 

2.9.3  The  stationary  states  of  the  electron  in  the  crystal’s  peri- 
odic field  are  described  with  the  aid  of  the  Schrodinger  equation 

&(  (r)  Ipnkj  (r)  = [ — V2  + V (r)J  ’J’nkj  (r)  = %n  (k)  tynkj  (r)  (9.14) 

where  the  Hamiltonian  $E  (r)  is  invariant  under  all  symmetry  trans- 
formations of  the  crystal. 

Bloch’s  wave  function  of  the  electron,  (9.13), 

tynkj  (r)  = “nkj  (r)  eik,r  (9.15) 

24  Of  course,  we  could  have  defined  the  operation  R as  a translation  ,by  the 
vector  -f-an,  but  this  would  have  resulted  in  less  customary  relations. 


94  2.  ELEMENTS  OP  GROUP  THEORY  AND  CRYSTAL  SYMMETRY 


depends  not  only  on  the  wave  vector  k,  but  also  on  the  number  of  the 
energy  band,  n\  in  the  general  case,  it  can  also  depend  on  the  addi- 
tional quantum  numbers  j characterizing  different  degenerate  states 
of  the  electron  for  specified  n and  k.  The  %n  (k)  in  (9.14)  are  eigen- 
values of  the  electron’s  energy.  Let  the  space  group  with  the  ele- 
ments (Sec.  2.5.3) 

g = {R  ( a (R)  + an  } (9.16) 

and  with  the  reciprocal  elements  (see  Section  2.5.3) 

g’1  = {i?-1  I — R-1  a (R)  - R~'an  } (9.17) 

be  the  crystal’s  symmetry  group. 

Operate  with  the  operator  Pg  (6.1)  on  both  sides  of  (9.14);  since 
the  crystal’s  periodic  field  V (r)  and  the  kinetic  energy  operator 
( — h2/2m)  V2  remain  unchanged  under  all  transformations  of  the 
space  group  (9.16),  it  follows  that 

<#  W (r)  = %n  (k)  Pg^nk}  (r),  (9.18) 

i.e.,  the  function  P g'pnkj  (r)j  must  also  be  Bloch’s  function  corre- 
sponding to  the  same  energy  %n  (k). 

It  follows  from  (6.1),  (9.17),  and  (9.15)  that 

Pgtyvki  (r)  = Pg  [unkf  (r)  eik,r]  = unk;-  (g~<r)  e<k-g"r 
= u7ikj  (R~l r — R~la  (R)  — R'1  a„) 

X exp  [ — jk-(/f_1oc4-  /?_1an)]  eik  R~'T.  (9.19) 

Vector  i?-1an  is  equal  to  the  lattice  vector  (this  also  holds  for  sym- 
morphic  groups,  when  R~l  can  be  other  than  a symmetry  element 
of  a complex  lattice).  If  we  also  take  into  account  that  the 
scalar  product  of  two  vectors  does  not  change  when  the  transforma- 
tion R is  applied  to  each  of  them,  i.e.,  when 

k-fi^r  = Rk-RR-'t  = 7?k.£r  = i?k-r,  (9.20) 

then  (9.19)  can  be  written  in  the  form 

(r)  = wnRkj(r)eiBk-r,  (9.21) 

where 

UnRkj  (r)  = Un kJ  (R-1  r — R~la  (if))  X 

X exp  [ — iRk-  (a  (R)  + an)]  (9.21a) 

is  a periodic  function  with  the  periods  equal  to  that  of  the  lattice 
(this  follows  from  the  fact  that  R -1  am  is  equal  to  the  lattice  peri- 
od). Bloch’s  function  (9.21)  with  the  wave  vectors  i?k  satisfies  the 
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same  Schrodinger  equation  (9.14)  with  energy  eigenvalues  (k);  in 
other  words, 

%n  (k)  = tn  (m-  (9.22) 

Hence,  the  energy  surfaces  %n  (k)  = const,  in  a Brillouin  zone  for 
all  energy  bands  have  the  symmetry  of  the  crystal’s  point  group. 

The  set  of  the  vectors  R k,  where  R is  an  element  of  the  crystal’s 
point  group  cF,  is  termed  wave  vector  star. 

Demonstrate  that  the  invariance  of  the  Schrodinger  equation  with 
respect  to  the  reversal  of  time  ( t — £)  in  some  cases  leads  to  ad- 

ditional symmetry  of  the  energy  %n  (k). 

Consider  the  time-dependent  Schrodinger  equation 

o|>  (9.23) 

and  take  the  equation  that  is  complex  conjugate  to  it: 

= (9-24) 

(we  assume  the  Hamiltonian  M to  be  real).  We  see  that  the  evolution 
of  the  state  i|)*  in  the  direction  of  — t is  the  same  as  that  of  the  state 
i|>  in  the  direction  of  t.  Since  the  probability  density  is  proportional 
to  | i|>  | 2,  it  is  not  affected  by  time  reversal.  At  the  same  time  the 
velocities  proportional  to  (Hi)  V\p  change  their  direction. 

For  a stationary  state 

= sni |>„,  (9.24) 

whence 

« = (9.24a) 

and  because  of  that  i|)n  and  \j;*  correspond  to  the  same  energy  gn. 
If  and  i}:*  are  linearly  independent,  this  results  in  additional 
degeneracy.  It  follows  from  (9.23)  and  (9.24)  that  this  additional 
degeneracy  is  connected  with  the  symmetry  with  respect  to  time  re- 
versal. 

The  wave  function  for  the  electron  in  a periodic  field  is  of  the  form 
(9.15),  therefore, 

*lnkj  (r)  = (r)  e-ik,r,  (9.25) 

the  differences,  as  compared  to  (9.15),  being  the  substitution  of 
-kfor  k.  Since  both  (9.15)  and  (9.25)  satisfy  the  same  equation 
(9.14),  it  follows  that 


%n  (_k)  = %n  (k). 


(9.26) 
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Hence,  the  constant-energy  surfaces  %n  (k)  = const,  have  a centre  of 
symmetry,  irrespective  of  whether  the  direct  (reciprocal)  lattice  has 
such  a centre. 

If  k is  located  inside  the  Brillouin  zone  and  is  directed  along  one 
of  its  axes  or  planes  of  symmetry,  then  there  will  be  among  the  ele- 
ments of  the  group  .°F  such  that 

f?k  = k.  (9.27) 

If,  on  the  other  hand,  the  end  of  the  vector  k lies  on  the  Brillouin 
zone  boundary,  then  the  symmetry  transformation  may  transform 
k into  an  equivalent  vector,  i.e., 

Rk  = k ± bj,  (9.27a) 

where  b,  is  a basis  vector  of  the  reciprocal  lattice. 

The  elements  of  the  crystal’s  space  group  (9.16)  whose  point  trans- 
formations R satisfy  relations  (9.27)  or  (9.27a)  constitute  its  subgroup 
and  are  termed  wave  vector  group  Gk.  The  group  Gk  determines  the 
degeneracy  and  the  symmetry  of  Bloch’s  functions  at  point  k of 
the  Brillouin  zone  in  all  the  bands  of  the  energy,  n.  This  means  that 
every  element  of  the  group  Gk  transforms  Bloch’s  function  with  a 
wave  vector  k and  energy  %n  (k)  into  other  Bloch’s  functions  with 
the  same  (or  equivalent)  wave  vector  and  with  the  same  energy. 
In  order  to  apply  group  theory  to  the  determination  of  the  de- 
generacy and  the  symmetry  of  Bloch’s  functions  at  specified  points  of 
the  k-space,  we  must  know  the  irreducible  representations  of  the 
group  Gk  at  those  points,  or  at  least  their  characters. 

It  is  easy  to  determine  directly  the  characters  of  a point  group 
. Fk  whose  elements  R leave  the  vector  k unchanged  or  transform  it 
into  an  equivalent  one.  Below  we  shall  establish  the  relation  be- 
tween the  irreducible  representations  T (g)  of  the  wave  vector  group 
Gk  and  the  irreducible  representations  T (R)  of  the  point  group  ,frk. 
As  we  shall  see  later,  those  representations  coincide  for  symmorphic 
groups. 

For  the  purpose  of  illustration,  let  us  consider  the  group  3^k  for 
a planar  square  lattice  for  different  positions  of  the  wave  vector  k. 
If  the  side  of  the  square  for  the  direct  lattice  is  a,  the  Brillouin  zone 
will  also  be  in  the  shape  of  a square  with  the  side  2nla  (Fig.  2.18). 
In  this  case  the  crystal’s  point  group  is  C4v  with  eight  elements: 
E,  2 C4,  C2,  2av,  2crd  (crv  are  reflection  planes  parallel  to  the  sides  of 
the  square,  and  art  are  reflection  planes  passing  through  its  diago- 
nals). 

In  the  most  general  case  (Fig.  2.18a)  the  wave  vector  star  consists 
of  eight  different  vectors  k obtained  as  the  result  of  the  application 
of  all  eight  elements  of  C4V;  the  group  consists  in  this  case  of 
one  element  E.  In  the  case  ( b ) the  vector  lies  in  the  plane  ov  (AH') , 
and  the  wave  vector  star  consists  of  four  vectors;  in  this  case  the 
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K roup  :Fk  consists  of  two  elements:  E,  ov.  In  case  (c)  the  wave 
vector  star  consists  also  of  four  vectors;  the  group  ,Fk  for  one  of  them 
consists  of  the  elements  E and  od.  In  cases  ( b ),  ( e ) and  (/)  the  ends 
of  the  vectors  k in  the  star  are  located  on  the  Brillouin  zone  boundary. 
Since  the  vectors  k and  k'  = k + 2n/a  are  equivalent,  in  case 
( d ) the  k-star  consists  of  four  vectors,  and  the  group  <Fk  consists  of 
two  elements:  E and  orv-  In  case  (e)  the  wave  vector  star  consists 
of  two  vectors,  and  the  group  ,Fk  of  four  elements  E,  C2,  2crv.  Final- 


l’ig.  2.18 

ly,  in  case  (/)  all  four  vectors  illustrated  are  equivalent,  and  the 
group  .F  coincides  with  the  crystal’s  point  group  C4V. 

2.9.4  Demonstrate  that  if  T (R)  is  an  irreducible  representation 
of  the  point  group  then  the  irreducible  representation  of  the  wave 
vector  group  Gk  is  equal  to  (limitations  are  discussed  below) 

T (g)  = T ({R  | a (R)  + a})  - T (R)  exp  i [k-  (a  + a)].  (9.28) 

Here  g = {R  | a (R)  + a}  is  an  element  of  the  group  Gk,  a = an 
is  a lattice  vector  and  a (R)  sk  is  an  improper  translation  cor- 
responding to  the  element  R. 

Since  I’  (R)  is  an  irreducible  representation  of  the  group  ,Fkj  it 
follows  that 


r (R^R,)  = r (Rt)  r (rj. 


(9.29) 
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It  follows  from  (9.28)  that 

r (£2)  r tei)  = r (#2)  r (Ri)  exp  i [k • (a2  + a2)  + k-  (ax  4-  aj)]. 

(9.30) 

Here  ax  and  ax  = a (i?x)  are  a lattice  vector  and  the  improper 
translation  corresponding-  tOj  the  element  Rx  for  the  element 
gi  6 Gk;  the  meaning  of  a2  and  a2  is  similar. 

From  (9.28)  for  the  element  g2gx  of  the  group  Gk  it  follows  that 

r (gzgi)  = r ({R2  I «2  + a2  } { R i | + aj}) 

= r ({R2Rx  I i?2«x  + -^2al  4-  «2  4"  a2}) 

= r (R2RX)  exp  i [k  • (i?2 ax  + R^x  + et2  + a2)],  (9.31) 

where  we  made  use  of  expression  (5.8)  for  the  product  g2gi-  Sub- 
stituting the  product  T (i?2)  Y (f?x)  for  T (R2Rj)  in  accordance  with 
(9.29)  and  expressing  each  of  the  multiplicands  with  the  aid  of 
(9.28),  we  obtain 

T terfi)  = r tea)  r tei)  exp  i [k-  (R2ax  + R2ax)  — k-  (ax  + a^]. 

Using  the  transformation  (9.20)  for  the  first  two  addends  in  the  ex- 
ponent, we  obtain 

r (grfi)  = r (g«)  r (&)  exp  [i  (R;1  k — k)-  {at  + ax)].  (9.32). 

If  the  wave  vector  lies  inside  a Brillouin  zone,  then 
R?  k = k.  (9.33) 

The  exponent  in  (9.32)  is  then  equal  to  unity  and  therefore 

r terfi)  = r (g.)  r tei),  (»-34> 

i.e.,  T (g)  as  determined  by  equality  (9.28)  is  an  irreducible  repre- 
sentation of  the  wave  vector  group  Gu- 
lf the  vector  k terminates  at  some  point  of  a Brillouin’s  zone  sur- 
face, then  for  some  R~x  the  wave  vector  equivalent  to  it  is 

Z?-ik  = k + b,  (9.35) 

where  b is  a vector  of  the  reciprocal  lattice.  For  a symmorphic  space 
group  ax  = a (Rj)  = 0,  and  the  exponent  in  (9.32)  is  also  equal 
to  unity;  indeed, 

gi(R51k-k)-a1  _ gib-a,  _ g2nix«ntege»  = (9.36) 

Hence,  in  this  case,  too  T (g)  of  (9.29)  is  an  irreducible  representation 
of  the  wave  vector  group  Gk-  We  encounter  a more  complicated  case 
when  the  end  of  the  vector  k is  located  on  a Brillouin  zone  boundary 
but  the  space  group  is  not  symmorphic.  We  shall  not  consider  this 
case  here  (see  Section  4.9). 
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2.10  Selection  Rules 

2.10.1  The  transition  probability  of  a system  acted  upon  by  a 
perturbation  Q from  a state  with  the  wave  function  i])ia  (a-th  wave 
(basis)  function  of  the  i-th  energy  level  of  the  irreducible  represen- 
tation Tj)  to  a state'  with  the  wave  function  is  proportional  to 
(lie  square  of  the  modulus  of  the  matrix  element 

M = j dt,  (10.1) 

where  dx  is  the  product  of  the  differentials  of  the  coordinates  of  the 
system’s  configurational  space. 

In  numerous  cases  we  are  ignorant  of  the  system’s  wave  functions, 
and  because  of  this  we  are  unable  to  calculate  the  matrix  element 
(10.1).  However,  often  it  is  enough  to  know  whether  the  matrix  ele- 
ment is  zero  or  not.  We  shall  now  demonstrate  how  group  theory 
provides  an  answer  to  this  question,  i.e.,  enables  a selection  rule  to 
lie  formulated. 

For  the  simple  case  of  an  optical  electron  in  a free  atom,  when  the 
electric  field  of  a light  wave  acts  as  the  perturbation,  such  rules  are 
known  from  quantum  mechanics.  For  dipole  transitions  the  varia- 
tion of  the  orbital  quantum  number  should  be  equal  to  ± 1 (i.e., 
\l  = ± 1)  and  that  of  the  magnetic  quantum  number  to  ± 1 or 

0 (i.e.,  Am  = ± 1 or  A m = 0)  [2.4,  § 95].  Before  considering  a more 
ironeral  case  we  shall  prove  that 

\ fia  dT#0  (10.2) 

if  the  irreducible  representation  r*  is  not  a unit  one  (an  identity). 

Subjecting  the  function  under  the  integral  sign  in  (10.2)  to  an 
orthogonal  symmetry  transformation  P R,  where  R is  an  element  of 

1 he  Schrodinger  group,  we  obtain 

\ ^iadr=  [ PRtyiadx  = j 2 ri(ft)ua^rpdT.  (10.3) 

P 

1 1 ere  the  first  equality  is  based  on  the  fact  that  the  J acobian  of  an 
orthogonal  transformation  x'  = Rx  is  equal  to  unity,  and  the  second 
equality  is  based  on  (7.15). 

Performing  the  summation  on  both  sides  of  (10.3)  over  all  the  ele- 
ments of  the  group,  we  obtain 

h ( i|3ia  dx  = 2 j 2 ri(%-  (10-4) 

P J R 


where  h is  the  group’s  order. 
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If  r 4 is  not  a unit  representation,  then 

Sr,(%  = o. 

R 

This  follows  from  (6.19)  if  it  is  assumed  that  the  representation  j 
is  a unit  representation  and  i is  not.  Hence,  the  right-hand  side  of 
(10.4)  is  zero,  and  thereby  (10.2)  has  been  proved. 

Let  individual  multiplicands  (functions)  in  the  integrand  of  the 
matrix  element  (10.1)  be  transformed  with  the  aid  of  irreducible 
representations  Fft,  T^,  and  F*  of  the  Hamiltonian  group.  In  that 
case  the  product  of  these  multiplicands  is  a basis  function  of  a re- 
ducible, in  general,  representation  of  the  direct  product  T,,  X Fy  x 
X r;  (see  Section  2.7.3).  If  this  direct  product  does  not  include  a 
unit  representation,  there  will  be  no  basis  function  of  the  unit  re- 
presentation among  its  basis  functions;  in  that  case,  in  compliance 
with  (10.2),  the  matrix  element  (10.1)  will  vanish. 

Thus,  to  determine  the  selection  rules  it  suffices  to  see  whether  an 
identity  is  contained  in  the  direct  product  X rQ  X r i,  the  num- 
ber of  unit  representations  contained  in  the  product  determining 
the  number  of  linearly  independent  matrix  elements.  This  procedure 
can  be  simplified  with  the  aid  of  the  following  theorem. 

The  direct  product  of  two  different  irreducible  representations, 
F,  x rm,  does  not  contain  a unit  representation  and  the  direct 
product  of  two  identical  irreducible  representations  T;  X F(  con- 
tains only  one  unit  representation.  Here  is  the  proof  of  the  theorem. 

To  determine  the  number  of  unit  representations  contained  in  a 
reducible  representations  we  make  use  of  (6.34).  Substituting  as  = 
= and  ( R )*  = 1 (the  characters  of  a unit  representation  for 

all  R's  are  equal  to  unity),  we  obtain 

«i=X  2 X(«)- 

R 

For  the  direct  product  Tj  X rm  the  character  is,  according  to  (7.18), 

X (R)  = x;  (R)  Xm  (R), 

whence 

( R ) Xm(fl)* 

R 

Flence,  applying  the  theorem  about  the  orthogonality  of  characters 
(6.26),  we  obtain 

aj  = 0 if  l =f=  m, 

ax  = 1 if  l = m. 


2.10  SELECTION  RULES  101 


Thus,  if  the  expansions  of  T^  and  Tq  X T ; in  irreducible  represen- 
tations contain  common  irreducible  representations,  the  matrix 
element  M (10.1)  will  be  nonzero;  otherwise  it  will  be  zero. 

2.10.2  Consider,  by  way  of  an  example,  the  selection  rules  for 
dipole  transitions  (in  this  case  Q = position  vector  = r ---  { x,  y, 
z })  in  a field  of  cubic  symmetry  O. 

As  will  be  demonstrated  in  Section  4.8,  the  position  vector  r, 
i.e.,  the  coordinates  x,  y,  z,  are  transformed  with  the  aid  of  the 
irreducible  representation  T15  or  F±  of  the  O group. 


Table  2.10 


FiXTt 

E 

8 (C3-Cl) 

3 C\ 

<>c2 

6 Ct 

Fi  X Ai 

3 

0 

-1 

—1 

1 

F i X A 2 

3 

0 

-1 

1 

—1 

F\XE 

6 

0 

-2 

O 

0 

FiXFi 

9 

0 

1 

l 

1 

F\  X F 2 

9 

0 

1 

-l 

—1 

Making  use  of  equation  (7.18),  compile  the  table  of  characters 
(Table  2.10)  of  the  direct  product  Fx  X T*,  where  T*  is  one  of  the 
irreducible  representations  of  the  O group  corresponding  to  the  basis 
functions  i|)ia. 

Decompose  the  direct  products  Fi  x (Alt  A2,  E , Ft,  F2}  in  the  ir- 
reducible representations  of  the  O group;  making  use  of  equation 
(0.34),  we  obtain 

Ft  X Aj,  = Fu  Fi  X A2  = F2,  Fi  X E = F^ f F2, 

I' i X Fi  = Ai  + E -j-Fi  + F2,  Ft  X F2  — 

— A 2 + E + Ex  F2.  (10.5) 


I’rom  the  theorems  proved  above  we  learn  that  the  nonzero  matrix 
Moments  M correspond  to  allowed  dipole  transitions  between  states 
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corresponding  to  the  second  representation  in  the  direct  product  on 
the  left-hand  side  of  the  equality  and  states  corresponding  to  the  ir- 
reducible representations  on  the  right-hand  side.  This  means  that 
the  allowed  transitions  are 

E,  Flt  F 2;  F2  A2,  E,  Fu  F2. 

This  follows  explicitly  from  the  last  two  equalities  in  (10.5)  (the 
first  three  equalities  convey  nothing  new).  At  the  same  time  the 
transitions  Ft  A2,  F2  ++  Au  A2  and  F -=►  A2  are  forbidden. 


3.  Vibrations  of  Atoms  in 
Crystal  Lattices 


3.1  The  Interaction  of  Atoms  in  Crystals 

3.1.1  The  fact  that  under  certain  conditions  atoms  can  form  stable 
molecules  and  crystals  proves  that  forces  of  attraction  can  act  be- 
tween them,  being  compensated  at  distances  of  the  order  of  10~8  cm 
by  forces  of  repulsion.  Almost  in  every  case  it  appears  more  convenient 
to  operate  not  with  forces  but  with  the  potential  energy  of  interatom- 
ic interaction  "?/.  ( R ),  which  we  assume  to  be  dependent  only  on 
the  distance  R between  the  atoms. 

The  curves  1 and  2 in  Fig.  3.1  H 
depict  possible  cases  of  interaction 
between  two  atoms,  one  of  which 
is  placed  in  the  origin  O,  and  the 
other,  A,  can  move  along  the  R 
axis.  Since  the  potential  energy  is 
determined  to  within  a constant 
term,  we  can  always  put  °ll  — 0 O 
for  R ->oo.  The  force  acting  on 
alom  A is  F — grad  °ll  (R)  — 

- (dU/dR)/R/R,  where  R = OA 
is  the  position  vector  drawn  from  Fig.  3.1 
(>  to  A.  Hence,  the  forces  of  at- 
traction act  at  those  points  where  ddlldR  > 0 (F  is  antiparallel  to  R), 
and  the  forces  of  repulsion  where  dWdR  < 0 (F  is  parallel  to  R). 
It  may  be  seen  from  Fig.  3.1  that  curve  1 corresponds  to  the  case 
where  the  atoms  repulse  each  other  at  all  distances  R.  Curve  2 
corresponds  to  a more  complex  case  where  the  atoms  attract  each 
other  at  R > R0,  and  repulse  each  other  at  R < R0.  The  derivative 
(dU/dR)Ro  = 0 at  R = R o,  i.e.,  F = — (d°U/dR)Ro  R /R  = 0,  and 
the  system  of  two  atoms  is  in  a state  of  stable  equilibrium.  In 
this  case,  as  we  immediately  infer  from  the  shape  of  curve  2, 
((Pll/dR2)Ro  = p > 0.  For  small  deflections  of  atom  A from  the 
equilibrium  position, 

V m-n  m + ( -§  )*.  <*  - *.) + T ( -SI ) <s  - «•)“ 

+H5I)b.  <*-•».>*+•••  (ci) 


h— 01137 
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to  within  terms  of  the  third  order  of  smallness.  If,  as  is  actually  the 
case,  the  forces  of  repulsion  close  to  the  point  R = R0  grow  more 
rapidly  with  a decrease  in  R than  the  forces  of  attraction  fall,  then 
(d3alUdR3) j}0  = — 2y  <C  0.  Denoting  °U.  ( R0 ) by  — °U0  and  the  de- 
flection of  atom  A from  its  equilibrium  position  R — R0  by  x, 
we  obtain 

°U  (^)  + ^o  = -g“P;r2  — jY^3-  (1-2) 

The  force  acting  on  atom  A as  it  moves  near  its  equilibrium 
position  along  the  R axis  is 

F=— Sr=-P*+^2-  (i-3) 

Note  that  the  term  for  the  force  in  the  approximation  F = — 
is  quasi-elastic.  It  may  be  reasoned  that  the  order  of  magnitude  of 
P is  yR0. 

3.1.2  A consistent  theory  of  atomic  (ionic)  interaction  should  be 
based  on  a quantum  mechanical  treatment  of  the  motion  of  their 
electrons.  The  atomic  nuclei  can  be  presumed  to  remain  at  rest  be- 
cause of  their  great  mass  (the  adiabatic  approximation).  In  this 
case  the  total  energy  of  the  electrons  depends  on  the  position  of  the 
nuclei  as  on  parameters.  When  the  distance  between  the  atoms  is 
varied,  the  total  energy  of  the  electrons,  together  with  the  Coulomb 
repulsion  of  the  nuclei,  plays  the  part  of  the  potential  energy  of 
interatomic  interaction.  In  some  cases  it  is  possible  to  get  a rough 
idea  about  the  atomic  interaction  from  more  elementary  considera- 
tions based  on  a statistical  analysis  of  the  behaviour  of  the  atomic 
electrons. 

Consider  from  this  point  of  view  the  nature  of  the  repulsion  forces 
acting  between  the  atoms  (ions).  Except  in  the  trivial  case  of  the 
Coulomb  interaction  between  ions  of  like  charge,  which  makes  it- 
self felt  at  great  distances  between  them,  the  repulsion  between 
atoms  (ions)  at  short  distances  is  the  result  of  mutual  penetration  of 
their  electron  shells.  This  repulsion  is  due  mainly  to  the  rise  in  the 
kinetic  energy  of  the  atomic  electrons  on  account  of  Pauli’s  principle. 

To  establish  the  nature  of  those  forces  we  shall  consider  the  elec- 
trons of  the  atoms  (ions)  as  a degenerate  Fermi  gas  at  the  absolute 
zero  temperature.  A simple  calculation  shows  (Appendix  4)  that  the 
density  of  the  kinetic  energy  of  the  electrons  (kinetic  energy  per 
cubic  centimetre)  is  % h = (35/3n*'3HVi0m)  n5/s,  where  n is  the 
electron  concentration  (at  a specified  point),  2nh  Planck’s  constant, 
and  m the  electron  mass.  As  a zero  approximation,  we  shall  presume 
that  the  densities  of  electrons  na  and  nb  in  free  atoms  (ions)  a and 
b (Fig.  3.2)  do  not  change  as.  the  result  of  mutual  penetration  of  their 
electron  shells.  This  assumption  corresponds  to  the  use  in  quantum 
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mechanical  calculations  of  unperturbed  wave  functions.  In  this  case 
the  variation  of  the  kinetic  energy  density  in  the  region  of  overlap- 
ping electron  shells  (shaded  area  in  Fig.  3.2)  is 

AW  35/,3Jl4^3^2  r/  . ,5/3  5/3  5/3,  n ,, 

iOm  Mb  ]•  (1*4) 

It  may  easily  be  seen  that  the  effect  of  the  overlapping  of  electron 
shells  of  atoms  a and  b is  to  increase  the  kinetic  energy  of  the  elec- 
trons in  the  system,  i.e.,  to  establish  repulsive  forces  (the  greater 
the  smaller  the  distance  between  a and  b).  We  should  add  to  them  the 
repulsive  forces  of  a purely  Coulomb  origin  between  the  atomic  nu- 
clei a and  b,  which  appear  when 
the  nucleus  of  one  atom  pene- 
trates the  atomic  shell  of  the  other. 

A more  detailed  study  shows  that 
the  inclusion  of  exchange  effects 
into  the  statistical  theory  results  in 
the  appearance,  as  the  result  of 
mutual  penetration,  of  certain  at- 
tractive forces  which,  however,  are 
unable  to  change  the  qualitative 
picture  described  above. 

The  quantum  mechanical  theory  of  interatomic  repulsive  forces 
yields  for  the  potential  energy  an  expression  of  the  form 
A exp  (—  R/a),  where  A and  a are  positive  constants. 

3.1.3  For  the  formation  of  stable  crystals  there  should  be,  in  ad- 
dition to  the  forces  of  repulsion  between  the  atoms  (ions),  also  forces 
of  attraction  acting  between  them.  Usually  four  principal  types  of 
bonds  in  crystals  are  considered:  (a)  ionic  or  heteropolar,  (b)  cova- 
lent, (c)  van  der  Waals  or  dispersion,  and  (d)  metallic.  It  should  be 
noted  that  in  the  majority  of  cases  the  bonds  in  crystals  are  of  mixed 
character,  therefore  one  often  hears  statements  that  a bond  is  cova- 
lent so  many  percent  and  ionic  so  many  percent.  When  we  speak  of 
one  type  of  bond,  we  mean  that  this  type  is  prevalent. 

The  ionic  bond  in  its  purest  form  is  realized  in  ionic  crystals,  for 
example,  in  alkali-halide  compounds  NaCl,  KC1,  CsCl.  The  inter- 
action between  the  ions,  in  the  first  approximation,  is  considered  as 
I he  interaction  between  point  charges  located  at  lattice  sites.  Since 
the  ions  of  the  first  coordination  group  are  always  charged  oppositely 
to  the  central  ion,  the  Coulomb  interaction  of  all  the  lattice  ions 
results  in  some  attraction,  which  provides  for  the  stability  of  the 
lattice. 

In  a quantitative  theory,  because  of  the  slow  decrease  of  Coulomb 
forces  with  distance,  we  should  take  into  account  the  interaction  of 
the  central  ion  with  more  distant  ions  of  both  signs.  The  next  ap- 
proximation takes  into  account  the  mutual  polarization  of  the  ions. 

H * 


Fig.  3.2 
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In  Section  1.2.4  we  considered  the  lattices  of  some  ionic  crystals. 
In  them  the  number  of  positive  ions  is  equal  to  that  of  negative, 
and  because  of  that  both  the  crystal  as  a whole  and  its  unit  cell  are 
neutral.  When  mechanical  stress  is  applied  to  ionic  crystals,  they 
behave  in  different  ways. 

In  some  crystals,  termed  piezoelectric , the  electric  polarization 
Pi  (i  = x,  y , z)  linearly  depends  on  the  components  of  the  stress 
tensor  ohl  [3.1,  § 2] 

Pi  = S (1.5) 

h,  l 

Here  yiki  is  the  piezoelectric  tensor  of  rank  3 (see  Appendix  2)  or  the 
piezoelectric  modulus. 

As  will  be  shown  below,  in  crystals  with  an  inversion  centre  (for 
example,  NaCl,  CsBr)  yikt  = 0;  therefore,  in  such  crystals  the  pi- 
ezoelectric effect  is  nonexistent.  If  an  electric  field  Et  is  applied  to  a 
piezoelectric  crystal,  a strain  appears  in  it  proportional  to  the  first 
power  of  the  electric  field,  i.e.,  the  components  of  the  strain  tensor 
are  [3.1,  § 1] 

Uk^HVihiEi.  (1.5a) 

i 

With  the  aid  of  thermodynamics  one  can  demonstrate  that  the 
tensors  yikl  in  (1.5)  and  (1.5a)  coincide  [3.2,  Chap.  X],  The  strain  of 
crystals  in  an  electric  field  (1.5a)  became  known  as  the  converse 
piezoelectric  effect.  Because  of  the  symmetry  of  the  strain  ten- 
sor uki,  the  piezoelectric  tensor  yihl  is  symmetrical  in  k and  l,  i.e., 
yihl  = yilh.  The  latter  condition  brings  the  maximum  number  of 
independent  components  of  the  tensor  yihl  down  to  3s  32=  27  — 
- 9 = 18. 

Let  us  demonstrate  that  for  a crystal  with  an  inversion  centre  all 
the  components  of  the  yiki  tensor  are  zeros,  i.e.,  that  such  a crystal 
is  not  piezoelectric. 

The  components  of  the  yikt  tensor  are  transformed  in  the  same  way 
as  a product  of  orthogonal  coordinates,  x^xp  New,  primed  coordi- 
nates resulting  from  an  inversion  transformation  are 

x[  = — xx,  x\  = — x2,  x3  = — x3,  (1.6) 

i.e.,  the  cosines  of  the  angles  between  the  axes,  aih,  are  equal  to 
— 8ife,  where  &ih  is  the  Kronecker  delta.  Hence,  an  inversion  trans- 
formation yields 

Yiki—  ®im<Zkn(Xlpymnp = S $im$hn$lpymnp  = yihl-  (1.6a) 

mnp  mnp 

But  an  inversion  transformation  is  a symmetry  transformation  of  the 
crystal  and  therefore  the  material  tensor  yiht  cannot  change  in  the 
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process,  i.e. , ylu  = accordingly,  it  follows  from  (1.6a)  that 
Y iki  = 0. 

Consider  now  the  piezoelectric  properties  of  the  zinc  blende  crystal 
ZnS,  which  crystallizes  in  a lattice  resembling  that  of  germanium 
(Fig.  1.13)  devoid  of  an  inversion  centre.  The  point  symmetry  group 
of  the  ZnS  crystal  is  the  tetrahedral  group  7V  Making  use  of  Ta- 
ble 4.2,  which  shows  how  the  elements  of  the  Td  group  transform  the 
coordinates  x = xly  y = x2,  z = x3,  we  apply  the  transformation1 
R 2 (xi,  x2,  x3)  to  the  component  y112,  which  transforms  as  x\  x2. 
We  have  y'12  = — y112  and  y'12  = y112,  whence  y112  = 0.  By  perform- 
ing the  same  transformation  i?2  (xly  x2,  x3)  we  can  show  that 

Y 211  = Yll3  = Y311  = Y222  = Y333  = Of 

too.  Using  the  transformation  R3  (xly  x2,  x3 ),  we  can  demonstrate 
that 

Y122  = Y212  — Y223  — Y322  = Yin  = 
a similar  result  is 

Yl33  = Y331  = Y233  = Y323  = 0) 

which  is  obtained  by  applying  Rk{xx,  x3,  x3).  Hence,  out  of  eighteen 
independent  components  of  the  tensor  yih[  only  three  are  nonzero: 
Y1231  Y2131  and  Y312*  Making  use  of  the  transformations  R3  ( x3 , x2) 

and  R15  (x3,  x2,  xx),  we  can  show  that 

Yl23  = Y213  = Y312  = Yo*  (1-7) 

Hence,  all  the  nonzero  components  of  the  tensor  yihi  are  equal. 
We  see  that  the  piezoelectric  properties  of  the  ZnS  crystal  are  char- 
acterized by  one  material  constant  y0. 

3.1.4  The  covalent  bond  occurs  between  closely  spaced  (~  10-8  cm) 
neutral  atoms  if  certain  conditions  are  fulfilled.  In  its  simplest  form, 
the  covalent  bond  is  realized  between  two  hydrogen  atoms  in  a hy- 
drogen molecule  H2  (W.  Heitler  and  F.  London,  1927).  The  covalent 
bond  cannot  be  interpreted  in  termsof  classical  physics.  Special 
quantum  mechanical  features  in  the  behaviour  of  a system  of  iden- 
tical particles  (electrons)  are  essential  for  the  explanation  of  the 
covalent  bond  [3.3.  § 131].  Classical  physics  was  quite  powerless  to 
explain  the  properties  of  the  saturated  covalent  [bond,  for  exam- 
ple, the  inability  of  a hydrogen  atom  to  become  attached  to  more 
than  one  other  hydrogen  atom.  This  property  is  characterized  in 
chemistry  by  the  concept  of  valency,  it  stems  from  the  pairing  of  the 
electrons  belonging  to  both  atoms  and  the  formation  of  a singlet 
state  in  which  the  electron  spins  are  antiparallel  (the  curve  of  atomic 

1 The  meaning  of  the  symbols  Ri  (...)  is  made  clear  in  Section  4.8.2. 
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interaction  for  the  triplet  state  in  which  the  electron  spins  are  paral- 
lel is  of  the  form  1 in  Fig.  3.1,  i.e.,  the  atoms  repulse  each  other  at 
all  distances). 

The  covalent  bond  may  occur  not  only  between  two  hydrogen 
atoms  but  between  other  atoms  possessing  electrons  capable  of  form- 
ing pairs  with  opposite  spins.  For  instance,  the  nitrogen  atom  N 
has  two  electrons  in  the  Is-,  two  electrons  in  the  2s-  and  three  elec- 
trons in  the  2p-states,  i.e.,  it  has  an  electron  structure  denoted  by 
(Is)2  (2s)2  (2j o)3.  Spectroscopic  data  show  that  the  spins  of  three  elec- 
trons in  the  2p-state  are  all  parallel,  i.e.,  there  is  no  spin  satura- 
tion, and,  consequently,  they  are  able  to  form  three  covalent  bonds; 
hence,  nitrogen  is  trivalent. 

This  is  confirmed  by  experiment.  Thus,  for  example,  when  nitro- 
gen reacts  with  hydrogen,  NH3  is  produced.  The  diatomic 
nitrogen  molecule  N2  in  which  the  atoms  are  bonded  by  three  pairs 
of  electrons  with  antiparallel  spins  is  formed  in  the  same  way.  The 
magnetic  quantum  numbers  of  the  three  2 p electrons  in  the  nitro- 
gen atom  are  in  = + 1,  — 1,0,  and  the  corresponding  wave  func- 
tions are  of  the  form  ij)+1  = xf  ( r ),  t|)_x  = yf  (r)  and  i|}0  = zf  ( r ), 
i.e.,  the  electron  clouds  of  the  three  valence  electrons  are  elongated 
in  three  mutually  orthogonal  directions  x,  y and  z [3.4,  p.  32]. 
The  gain  in  energy  accompanying  the  formation  of  a covalent  bond 
depends  to  a great  degree  on  the  overlapping  of  the  wave  functions 
of  the  electrons  forming  the  appropriate  pair  with  antiparallel  spins. 
Thus,  it  may  be  reasoned  that  the  hydrogen  atoms  in  an  NH3 
molecule  will  be  arranged  in  three  mutually  perpendicular  di- 
rections with  respect  to  the  nitrogen  atom  {directed  valencies).  Ex- 
periment confirms  that  the  NH3  molecule,  indeed,  is  of  the  shape  of 

a pyramid  with  the  HNH  angle  close  to  90°  (109°,  to  be  precise). 
A somewhat  greater  angle  between  the  directed  valencies  in  the  NH3 
molecule  can  be  explained  by  the  mutual  repulsion  of  the  hydrogen 
atoms. 

The  electron  structure  of  the  carbon  atom  G is  (Is)2  (2s)2  (2 p)2. 
Since  the  spins  in  thes-states  are  saturated  (antiparallel),  the  carbon 
atom  should  be  bivalent.  However,  this  conclusion  is  in  contradic- 
tion with  the  data  obtained  in  organic  chemistry,  according  to  which 
the  valency  of  carbon  is  four.  A more  scrupulous  theoretical  and  ex- 
perimental investigation  of  the  problem  shows  that  the  carbon  atom 
takes  part  in  the  reactions  not  in  its  ground  state  but  in  an  excited 
state:  (Is)2  (2s)1  (2 p)3.  In  this  case  the  spins  of  all  four  electrons  are 
not  saturated  (the  2s  electron  has  no  partner,  and  the  spins  of  the 
2 p electrons  are  parallel)  and  can  participate  in  the  formation  of  a 
covalent  bond.  More  precisely,  the  carbon  atom  forms  covalent  bonds 
in  the  electron  state,  which  is  a superposition  of  one  2s-  and  three 
2p-states.  The  coefficients  (the  weights)  of  each  of  those  states  in  the 


3.1  INTERACTION  OF  ATOMS  IN  CRYSTALS  109 


linear  combination  and  the  directions  of  the  four  valence  bonds  are 
determined  by  the  condition  that  the  free  energy  of  the  molecule  be 
minimal.  Mathematical  analysis,  which  we  are  not  in  a position  to 
carry  out  here,  shows  the  directions  of  the  valence  bonds  to  coincide 
with  the  01,  02,  03,  and  04  directions  in  a tetrahedron  (Fig.  1.11), 
and  we  know  those  directions  to  be  109,5°.  Experiment  shows  that 
the  methane  molecule  CH4  does,  indeed,  have  such  a tetrahedral 
structure.  The  directed  four  valency  of  carbon  atoms  manifests  it- 
self in  the  formation  of  the  diamond  crystal,  in  which  every  carbon 
atom  is  located  in  the  centre  of  a tetrahedron  formed  by  four  other 
carbon  atoms  (Fig.  1.13).  The  silicon  (Si)  atom  has  four  electrons  in 
its  M-shell  in  the  (3s)2  (3p)2-states,  and,  because  the  spins  in  its 
K-  and  L-shells  are  saturated,  is  expected  to  behave  in  a similar  way 
to  the  carbon  atom.  The  properties  of  the  germanium  (Ge)  atom  with 
four  electrons  in  its  ./V-shell  in  the  (4s)2  (4p)2-states,  of  the  tin  (Sn) 
atom  with  four  electrons  in  its  0-shell  in  the  (5s)2  (5p)2-states  and 
of  the  lead  (Pb)  atom  with  four  electrons  in  its  P-shell  in  the 
(6s)2(6p)2-states  are  similar.  Actually,  silicon,  germanium  and  grey 
tin  all  crystallize  in  the  diamond-type  lattice  and  belong  to  typical 
covalent  crystals.  As  for  normal  (white)  tin  and  lead,  the  covalent 
nature  of  atomic  bonding  in  them  does  not  make  itself  felt,  because 
it  is  suppressed  by  the  metallic  properties  of  the  material  (see  below). 

Experimental  studies  in  recent  years  have  proved  the  chemical 
compounds  of  the  AraBv  type,  i.e.,  of  the  elements  of  groups  III 
and  V of  the  Periodic  Table,  to  possess  numerous  properties  (crystal 
lattice,  electron  band  structure)  typical  for  the  elements  of  Group 
IV,  germanium  and  silicon.  InSb  and  GaAs  belong  to  compounds  of 
this  type.  Indium  has  three  electrons  in  its  0-shell  in  the  (5s)2  (5 p)1- 
states,  and  antimony  five  electrons  in  the  (5s)2  (5p)3-states.  Hence, 
just  as  is  the  case  with  Ge  or  Si,  there  are  four  electrons  in  the  s-state 
and  four  in  the  p-state.  If  one  of  the  p electrons  of  Sb  partly  goes  over 
to  In,  a covalent  bond  can  be  formed  similar  to  that  formed  in  Si 
and  Ge  crystals.  The  same  is  true  of  the  GaAs  compound.  Of  course, 
the  bond  InSb  and  GaAs  is  not  purely  covalent,  being  partly  ionic. 

3.1.5  The  covalent  bond  occurs  only  if  certain  conditions  are 
fulfilled.  First,  the  atoms  should  have  electrons  capable  of  form- 
ing pairs  with  opposite  spins  (singlet  state).  Second,  the  spac- 
ing between  the  atoms  should  be  small  enough  for  the  quantum 
mechanical  properties  based  on  the  indistinguishability  of  identical 
particles  constituting  the  system  to  make  themselves  manifest. 
Calculation  shows  the  covalent  forces  to  decrease  rapidly  (exponen- 
tially) with  the  distance.  At  larger  distances  all  atomic  systems  be- 
gin to  display  certain  universal  attraction  forces.  Those  forces  are 
termed  van  der  Waals,  or  dispersion , forces  because,  on  the  one  hand, 
they  are  the  cause  of  the  divergence  in  behaviour  of  real  gases  from 
the  ideal  and,  on  the  other,  their  parameters  determine  the  disper- 
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sion  of  light  by  atoms.  The  van  der  Waals  interaction  provides  bond- 
ing between  particles  in  solids  (argon,  crypton,  xenon  and  molecular 
crystals)  in  such  cases  where  for  some  reason  (closed  electron  shells, 
saturated  valence  bonds  in  the  interacting  molecules,  etc.)  there  are 
no  covalent,  ionic,  or  metallic  bonds  (see  below). 

If  the  distance  between  the  atomic  systems  R^$>  a (a  is  the  atomic 
system’s  dimension),  the  van  der  Waals  (dispersion)  forces  can  be 
calculated  in  the  second  approximation  of  the  quantum  mechanical 
perturbation  theory.  It  can  be  demonstrated  [3.5,  § 89]  that  the  van 
der  Waals  interaction  energy  of  two  atomic  systems  is 


U (R)  = -W0/R6. 


Here  R is  the  distance  between  the  systems,  and 


(1.8) 

(1.9) 


where  Ja,  Jb  are  ionization  potentials  and  aa,  ab  the  polarizations 
of  the  atoms  (molecules)  a and  b,  respectively. 

The  van  der  Waals  forces,  like  the  ionic  forces,  do  not  exhibit 
saturation  effects  characteristic  for  the  covalent  bond. 

In  addition  to  the  ionic,  covalent,  and  van  der  Waals  forces  discus- 
sed above,  there  are  also  dipole  and  induced  forces  generated  by  the 
permanent  electric  dipole  moment  of  some  molecules.  They  may  be  of 
importance  in  the  case  of  complex  molecular  lattices  and  shall  not 
be  considered  here. 

The  condition  R 3>  a is  not  fulfilled  in  crystals  in  which  the  atoms 
or  molecules  are  bonded  by  van  der  Waals  forces  (noble  gases  at  low 
temperatures,  molecular  crystals)  and  for  this  reason  equation  (1.6) 
can  serve  at  best  for  qualitative  estimates. 

3.1.6  Typical  metals  such  as,  for  example,  Li,  Na,  K,  Cu,  Ag, 
Fe,  Ni,  have  some  characteristic  electrical,  optical  and  mechanical 
properties.  They  all  feature  a relatively  high  electrical  conductivity 
and  light  absorption  coefficient  and  high  plasticity  and  malleability. 
These  properties  unambiguously  point  to  the  fact  that  the  metals 
contain  a large  number  (of  the  order  of  the  number  of  atoms)  of  free 
electrons,  i.e. , electrons  that  can  travel  over  macroscopic  distances 
in  the  crystal  already  in  weak  external  electric  fields.  The  simplest 
model  of  a metal,  proposed  by  Paul  Drude,  is  made  up  of  positively 
charged  ions  located  at  the  sites  of  a crystal  lattice  and  of  an  ideal 
gas  of  “free  electrons”  moving  between  the  ions.  Despite  all  the  changes 
and  complexities  introduced  into  the  modern  electron  theory  of 
metals  (which  we  shall  in  part  touch  on  below),  such  a straightforward 
model  has  not  lost  its  importance;  we  need  only  take  into  account 
that  the  ideal  gas  of  free  electrons  is  strongly  degenerate  at  all 
practically  attainable  temperatures  of  a metal. 
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As  was  first  demonstrated  by  Ya.  I.  Frenkel  (we  do  not  consider 
subsequent  perfections  of  his  idea  to  be  essential),  the  forces  of  cohe- 
sion in  a metal  crystal  can  be  explained  on  the  basis  of  the  original 
simple  free  electron  model  [3.6.  Chap.  2],  Frenkel  considers  the  to- 
tal bonding  energy  in  a metal  as  consisting  of  two  parts:  the  nega- 
tive energy  of  Coulomb  interaction  between  the  free  electrons  and  the 
positively  charged  ions  (it  is  proportional  to  1/a,  where  a is  the  lattice 
parameter)  and  the  positive  kinetic  energy  of  the  degenerate  gas  of 
“free”  electrons  (it  is  proportional  to  rc2/3~  1/a2 *,  where  n is  the  free 
electron  concentration;  see  Appendix  4). 

The  total  bonding  energy  will  obviously  have  a minimum  value 
for  some  value  of  a shown  by  simple  calculation  to  be  of  the  order  of 
10-8  cm. 


3.2  Vibrations  and  Waves  in  Simple  One- Dimensional 
(Linear)  Lattices 

3.2.1  The  atoms  of  a crystal  are  at  rest  in  the  lattice  sites  only  at 
the  temperature  of  absolute  zero2.  As  the  temperature  rises,  the 
atoms  begin  to  vibrate  about  their  stable  equilibrium  positions; 
therefore,  we  must  consider  the  dynamics  of  atomic  motion  in  a crys- 
tal. 

We  shall  start  our  investigation  of  the  problem  with  the  simplest 
case  of  identical  atoms  vibrating  in  a one-dimensional  (linear)  lat- 
tice in  compliance  with  the  laws  of  classical  mechanics.  As  we  shall 
subsequently  learn,  all  the  regularities  obtained  for  this  artificial 
one-dimensional  model  prove  to  be  true  for  three-dimensional  lat- 
tices as  well.  It  will  furthermore  turn  out  that  at  sufficiently  elevat- 
od  temperatures  the  atomic  motion  in  crystals  does  in  fact  conform 
to  the  laws  of  classical  mechanics. 

Figure  3.3  depicts  a linear  chain  of  identical  atoms  of  mass  m 
deflected  from  their  equilibrium  sites  ( n — 1),  n,  (n+1)  by  the  amounts 

It— 1 n 

— x — • x m- 

un- 1 un 


n+l  (+) 

-0 X *■ 


<1  + 1 


I'lg.  3.3 

an_1>0,  un  > 0,  un+1<0.  In  the  one-dimensional  case  we  shall 
take  into  account  only  the  interaction  between  the  nearest  neigh- 
bours, an  assumption  that  little  affects  the  final  results.  The  deflec- 


2 We  ignore  here  the  existence  of  quantum  effects,  which  are  actually  quite- 

oNsontial  at  low  temperatures. 
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tions  un  and  the  forces  acting  on  the  atoms  are  assumed  to  be  posi- 
tive if  they  coincide  in  direction  with  the  direction  of  the  positive 
axis  and  negative  in  the  opposite  case. 

As  was  demonstrated  in  Section  3.1.1,  for  small  deflections  of  the 
atoms  from  their  equilibrium  positions  (|un|<Ca,  here  the  dis- 
tance between  the  sites)  the  interaction  forces  may  be  considered 
quasi-elastic,  i.e.,  proportional  to  the  variation  of  the  interionic 
distance.  Hence,  the  forces  with  which  the  ( n — l)-st  and  ( n + l)-st 
atoms  act  on  the  re-th  atom  are  equal  to  /„,  n_i  = — p ( un  — un-i) 
and  /n,n+x  = — P (nn  — un+1),  respectively,  where  p > 0 is  the 
quasi-elastic  force  constant.  The  resultant  force  acting  on  the  re-th 
atom  is  fn  = + /n,n+1  = — P (2 un  — — un+1).  The 

equation  of  motion  (mass  X acceleration  = force)  for  the  ra-th 
atom  is  of  the  form 


miin  + p (2u„  — un_!  — un+1)  = 0,  (2.1) 

where 


The  expression  for  the  force  fn  can  be  obtained  otherwise.  The  po- 
tential energy  of  the  lattice,  <D,  is  a function  of  atomic  displacements 
un.  Expanding  <D  in  a power-series  in  the  small  displacements  un, 
we  obtain 


O 


=f(»)+2(-|2r)0»«+|2 


(2.2) 


where  the  subscript  0 shows  that  all  the  u’ns  are  assumed  to  vanish. 
Without  loss  of  generality  we  can  assume  the  potential  energy  of  the 
ground  state  to  vanish:  <D  (0)  = 0.  Since  un  = 0 corresponds  to  the 
•equilibrium  of  the  system,  it  follows  that  (d<t>/dun)0=  0.  For  an 
infinite  atomic  chain  the  coefficients  (52<D /dun  dun’)0  = A (|  n — n |), 
i.e.,  depend  only  on  the  spacing  between  the  n-th  and  n'-th  sites. 

By  definition, 


/»=  — ^-=-24-S-4(lra-«'l)Wn'.  (2.3) 

n' 

If  all  the  un • = const.  = u0,  the  force  fn  = 0 = — u0  (|re  — n'  |), 

n' 

where  n'  runs  through  all  the  values.  If  only  the  nearest  neighbours 
•of  the  re-th  atom  are  taken  into  account,  then  n'  = n,  n + 1,  n — 1, 
and  we  obtain  A (0)  + A (1)  + A ( — 1)  = 0.  It  may  easily  be 
seen  that  (2.3)  yields  the  same  expression  for  the  force  fn  as  (2.1)  if 

we  make  A (1)  = — (0)  = p. 
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3.2.2  At  first  glance  the  solution  to  an  infinite  system  of  coupled 
equations  (2.1),  in  which  there  are  the  unknown  functions  ( t ) and 

iin+i  (0  presents  considerable  difficulties.  Therefore,  it  is  surprising 
what  an  elementary  trick  can  be  used  to  solve  the  system  (2.1).  An  in- 
finite atomic  chain  of  atoms  interacting  with  a quasi-elastic  force  re- 
sembles a tensioned  string.  It  is  well-known  that  for  an  endless  string 
there  is  a simple  type  of  motion  in  the  form  of  a traveling  monochro- 
matic wave  for  which  the  deflection  u of  the  string  from  its  equilib- 
rium position  at  points  x at  the  moment  t is  u(x,  t)  = A sin2nx 
X (xlX — v£),  where  A is  the  amplitude,  X the  wave  length,  and 
v the  frequency.  Introducing  the  cyclic  frequency  to  = 2jtv  and  the 
wave  number  q = 2n/X,  we  obtain  u ( x , t)  = A sin  ( qx  — coi). 
If  we  agree  to  consider  not  only  the  positive  but  also  the  negative 
values  of  q,  we  obtain  in  addition  to  the  wave  propagating  in  the 
positive  direction  of  the  x axis  ( q > 0)  also  waves  traveling  in  the 
opposite  direction  (q  < 0).  Finally,  if  we  take  into  account  that  the 
equation  of  string  vibrations  is  linear3,  so  that  the  sum  of  the  solutions 
is  also  a solution  of  the  equation,  we  shall  in  many  cases  find  it  more 
convenient  from  the  point  of  view  of  mathematics  to  use  the  complex 
form  of  the  solution: 


u (x,  t)  = A [cos  (qx  — coi)  + i sin  (qx  — w£)]  = 


where  the  amplitude  A may  be  a complex  number. 

As  we  shall  learn  below,  a traveling  wave  in  a continuous  string 
has  two  peculiar  features  that  distinguish  it  from  waves  propagating 
in  discrete  atomic  chains.  First,  the  absolute  value  of  the  wave 
number  q can  assume  any  values  from  0 to  oo  with  a definite  shape  of 
wave  corresponding  to  each  value  of  q.  Second,  the  frequency 
<o  = v0  | q | can  also  change  from  0 to  oo. 

Try  to  solve  the  system  (2.1)  by  substitution 

un  = AeitoV-r.®*),  (2.4) 

where  instead  of  the  continuous  coordinate  x there  is  a discrete  quan- 
tity an  (a  is  the  spacing  between  the  sites).  The  amplitude  A is 
independent  of  the  site  number  n.  Substituting  (2.4)  into  (2.1), 
we  ^obtain  after  canceling  out  Ael  : 

— 77U02  - — P (2  — e~iia  — g-i9“). 


3 The  equation  for  natural  vibration  of  a string  is  of  the  form  d2uldt 2 = 
= i>jj  (d2uldx2),  where  v0  = (T0/p)  1/2,  T0  is  the  tension,  and  p is  the  linear  den- 
sity of  the  string;  see  [3.7,  pp.  417-9], 
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Using  the  identity  cos  a = y ( e~ia  + eia),  we  obtain 

to2  = 2 — ( 1 — cos  qa)  = 4 — sin2  ~- 
or 


Q>  — Wmax  | 

where 

0>max  = 2 )/  p/m. 


qa 

qt  n 

Jia 

— n - 

Sln  2 

— wmax  aAli  ^ 

(2.5) 


(2.5a) 


We  see  that  the  solutions  (2.4)  of  the  traveling-wave  type  satisfy 
(2.1)  for  any  n if  a dispersion  relation  (2.5)  is  established  between  the 
frequency  id  and  the  wave  number  q (or  the  wave  length  X).  Hence,  a 
discrete  atomic  chain  exhibits  dispersion,  i.e.,  the  frequency  co 
is  not  proportional  to  the  wave  number  q,  as  was  the  case  for  a con- 
tinuous string. 

We  substitute  in  (2.4)  q — q + 2ji g/a,  where  g is  a positive  or  a 
negative  integer,  for  q.  The  new  wave  will  be 


u'n  = Aei^'an~(i>t'i  = Aei^an~(i>t'>ei2nen  = un, 


since  exp  (i2ngn)  — exp  (i2n  X integer)  = 1.  Hence,  the  wave 
is  an  identical  (at  all  the  points  and  at  all  moments  of  time)  copy 
of  the  wave  un.  This  means  that  q and  q'  are  physically  indistingui- 
shable. In  other  words,  only  the  variations  of  q inside  a 2 nla  in- 
terval need  be  considered.  All  the  physical  properties  of  our  one- 
dimensional crystal  that  depend  on  the  wave  number  must  be  perio- 
dic with  the  period  2it la.  We  shall  choose  as  the  basic  interval  of 
variation  of  q the  region 

— it  /a  ^ q ^ n la.  (2.6) 

Figure  3.4  depicts  the  dependence  of  co  on  q,  which  in  accordance 
with  the  aforesaid  is  periodic  with  a period  2n/a.  In  most  cases  only 
the  positive  values  of  q from  0 to  gmax  = nla  need  be  considered, 
since  the  curve  for  q < 0 is  symmetrical.  A minimum  wave  length 
% corresponds  to  the  maximum  q.  It  follows  from  the  condition 
<7max  = 2n  IXjain  = it  la  that  Xmln  = 2a.  It  is  quite  easy  to  see  why 
there  can  be  no  waves  with  %/2  shorter  than  a in  a discrete  atomic 
chain.  There  is  a maximum  frequency  a>max  (2.5a)  to  correspond  to 
the  wave  with  the  shortest  wave  length  % = A,mln  = 2a.  The  exis- 
tence of  a maximum  frequency  is  also  a characteristic  feature  of 
vibrations  of  discrete  atomic  structures. 

3.2.3  Macroscopic  crystal  specimens  consist  of  a very  large,  but 
finite,  number  of  atoms.  If  the  number  of  atoms  G in  an  atomic  chain 


3.2  VIBRATIONS  AND  WAVES  IN  SIMPLE  LATTICES  H5 


is  very  great  4 and  if  the  forces  of  atomic  interaction  are  effective  at 
distances  up  to  one  or  several  lattice  parameters,  the  condition  of  the 
boundary  atoms  on  the  “surface”  does  not  affect  the  motion  of  other 
atoms  inside  the  chain.  Specifically,  if  we  were  to  arrange  the  G atoms 
along  a circumference  of  a very  great  radius,  so  that  the  C?-th  and  the 


Fig.  3.4 


first  atoms  would  be  in  equilibrium  at  a distance  a , we  could  substi- 
tute the  Born-von  Karman  cyclic  conditions 

Un±G  = Un  (2.7) 


for  the  boundary  conditions,  since  in  this  case  the  ( n ± G)-th  atom 
would  coincide  with  the  «-th  atom. 

It  follows  from  the  cyclic  conditions  (2.7)  and  expression  (2.4) 
that  exp  (±  iqaG)  = 1,  i.e.,  qaG  = 2ng,  where  g is  an  integer. 
Hence  and  from  (2.6)  it  follows  that 


2n 

~a~  G * 


(2.8) 


where 

- G/2  < g < + G/2.  (2.8a) 

Thus,  for  a finite  atomic  chain  with  G degrees  of  freedom,  the 
wave  number  q varying  inside  the  interval  from  — n/a  to  +Jt la 
assumes  G discrete  values  determined  by  (2.8a).  Of  course,  we 
always  can  (and  must)  choose  G so  large  that  the  variation  of  q 
in  (2.8)  could  be  considered  quasi-continuous.  Such  a method  of 
counting  q appears  quite  convenient  for  solving  problems  in  statistics 
and  kinetics.  The  final  equations  to  be  compared  with  the  experiment 
should  not  contain  the  arbitrary  number  G of  the  atoms  in  the  principal 
region. 


4 As  we  shall  see  below,  G is  conveniently  assumed  to  be  a large  odd  number 
(which,  of  course,  makes  no  difference). 


116  3.  VIBRATIONS  OF  ATOMS  IN  CRYSTAL  LATTICES 


Since,  according  to  (2.5),  © is  a function  of  q,  and  since  q varies 
discretely,  a question  may  be  asked  about  the  number  of  vibrations 
(with  distinct  q's)  in  the  frequency  interval  co,  oi  + da. 

It  follows  from  equations  (2.5)  and  (2.8)  that 


da  = a 


cos 


qa 

~1T 


dq  and  dq 


2n 

aG 


dg , 


whence 


d^  = ^V~r  cosJr 


qa 


The  number  of  vibrations  dz  per  frequency  interval  da  in  both 
branches  of  © (<?)  from  — nla  to  +n!a  is 


dz 


da 


P cos  \aq/2\ 

It  follows  from  (2.5)  that 


(2.9) 


cos 


4 P/m  , ' 


Hence  and  from  (2.9)  we  obtain  for  the  density  of  vibrations  per 

unit  frequency  interval 


dz 


2 G 


da 


n * 


(2.10) 


Figure  3.5  depicts  the  depen- 
dence (2.10).  As  we  shall  see  below, 
for  a three-dimensional  crystal  in 
the  continuous  medium  approxi- 
mation. 


dz 

da 


oc  ©2. 


Fig.  3.5 


3.2.4  We  know  (e.g.,  see  [3.8, 
Sec.  20-2])  that  the  propagation  ve- 
locity of  sound  in  a rigid  bar  is 
v0  = ]/  El p,  where  E is  Young’s 
modulus,  and  p is  the  density.  In  the  case  of  a linear  atomic  chain 
p = mla, 

force  I in.  n-i I 


^ relative  eloDgation 
whence 

v0  = Y E/ p = a V P/m. 


\un—un-i\la 


= Pa, 


(2.11) 
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For  long  waves  and  small  q's  from  (2.5)  it  follows  that 

co  = 2 y/r±J!f  = v0q.  (2.12) 

In  general  in  the  presence  of  dispersion,  i.e.,  when  (o  depends  on 
the  wave  number  q,  we  should  distinguish  between  the  phase  veloc- 
ity, uPh  (the  propagation  velocity  of  the  phase  of  a monochromatic 


Fig.  3.6 


wave),  and  the  group  velocity,  vgr  (the  velocity  of  a wave  packet  and 
therefore  of  the  wave  energy). 

In  was  established  that  [3.9.  pp.  537-8] 

”ph  = ©/  | q I,  (2.13) 

vgT  = I d(o!dq\.  (2.14) 


It  follows  from  expression  (2.12)  that  for  long  waves 
yph  = vgT  = v0  = sound  velocity. 


In  the  general  case  not  limited  to  small 
2.5), 


yph  — v0 


sin  (aq! 2) 


aq/2 

vbt  = v0  | cos  (aq/2)\. 


q's  we  have,  according  to 

(2.15) 

(2.16) 


Figure  3.6  depicts  the  dependence  of  uph  and  of  vgT  on  the  wave 
number  q.  It  should  be  noted  that  the  group  velocity  with  which 
the  vibration  energy  is  transported  drops  to  zero  for  the  shortest 
waves. 


3.3  Vibrations  and  Waves  in  Complex  One- Dimensional 
(Linear)  Lattices 

3.3.1  In  the  preceding  section  we  discussed  the  motion  of 
atoms  in  a one-dimensional  model  of  a simple  lattice  for  which  the 
unit  cell  could  be  chosen  so  that  it  would  contain  one  atom.  Three- 
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dimensional  analogues  of  such  lattices  are,  for  instance,  the  body- 
centred  and  face-centred  cubic  lattices  into  which  most  metals 
crystallize.  Consider  now  vibrations  in  a one-dimensional  model  of 
a complex  lattice  whose  unit  cell  contains  two  atoms.  The  ionic  crys- 
tals NaCl,  CsCl  and  the  atomic  crystals  Si  and  Ge  are  examples  of 
lattices  whose  unit  cells  contain  two  atoms  each. 

3.3.2  Figure  3.7  depicts  the  sites  of  a complex  linear  lattice.  The 
sites  re'  are  occupied  by  atoms  of  mass  m'  and  the  sites  re"  by  atoms  of 
mass  m".  For  the  sake  of  generality  we  shall  assume  the  constant 

n'-l  n'-l  n*  n"  n'+ 1 n"+  1 


Fig.  3.7 

of  the  quasi-elastic  force  acting  between  the  atoms  re'  and  re"  to  be 
and  between  atoms  re'  and  re"  — 1 to  be  p2.  The  latter  can  occur 
oven  if  the  lattice  is  made  up  of  atoms  of  one  type  (in  this  case  m’  = 
= /re").  The  length  of  the  lattice  scale  vector  a is  equal  to  the  spacing 
between  re' — 1,  re' , re' + 1 or  between  re" — 1,  re",  re"-f-l.  That  is 
why  the  unit  cell  of  “volume”  fi0  = a contains  two  atoms.  Deno- 
ting the  displacements  of  the  re'-th  and  the  re"-th  atoms  by  un  and 
u'n , respectively,  we  obtain  in  the  approximation  of  the  interaction 
only  between  nearest  neighbours  and  of  the  quasi-elastic  force  (see 
Section  3.2.1): 

HI  tin  = Pi  fan  Hn)  P2  fan 

HI  tin  = Pi  fan  un)  P2  fan  (3.1) 

We  try  to  satisfy  this  system  of  equations  by  putting 

U'n=  A'  ei(3<™-C0t),  Un  = A"ei^an- CO/),  (3_2) 

where  q and  co  are  the  wave  number  and  the  frequency  identical  in 
both  expressions,  and  A ' ^ A"  are  amplitudes. 

Substituting  (3.2)  into  equations  (3.1),  we  obtain  after  some  sim- 
ple transformations  and  after  factoring  out  e*  (gan-®*) 

(oja-  Pl  + Pa  ) A’  + (^+^ fia9  ) A"  = 0,  (3.3) 

( Pl+y  ) A'+  (co2-  ) A"  = 0.  (3.3a) 

We  have  thus  obtained  a system  of  homogeneous  linear  equations 
for  the  unknown  and,  in  general,  complex  amplitudes  A'  and  A". 
It  is  obvious  that  the  solution  of  such  a system  can  yield  only  the  ra- 
tio A1 /A",  since  cA’  and  cA"  ( c = const.)  also  satisfy  (3.3)  and 
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(3.3a).  For  simultaneous  solution  of  (3.3)  and  (3.3a),  the  ratio  A' I A* 
obtained  from  each  equation  should  be  the  same: 

■d'  Pi  -fi  P2 e~ial  (Pi  4-  P;)  — w”g>2 

d"  (P1  + P2 )— m'co2  Pi  + P2eia?  * 

which  leads  to  a quadratic  equation  with  respect  to  w2.  The  roots  of 
this  equation  are5 

©?  = -y  ©*  [1  — Vi  — Y2  sin2  («g/2)] , 

co22  = i-  co^l  + ]/ 1 - Y2  sin2  {aql2)\ , (3.5) 


where  ©2  = 


(P1  + P2)  (m'  + m") 

m'm" 


y2  = 16 


P1P2  ram," 
(P1  + P2)2  (m'  + m'r 


The 


quantity  y2  attains  its  maximum  value  equal  to  unity  at  p,  = p2 
and  m'  — m".  Hence,  it  follows  that  y2  sin2  (aq/2)^.  1,  which 
guarantees  that  ©,  and  ©2  are  real. 

We  see  that,  as  in  the  case  of  the  simple  linear  lattice  (Section 
3.2),  the  solution  (3.2)  satisfies  the  equations  of  motion  (3.1)  if  © 
and  q are  related  by  the  dispersion  law  (3.5).  However,  there  is  an 
important  difference  here.  The  expressions  (3.5)  define  two  disper- 
sion branches,  one  of  which  ©x  = ©ac,  for  reasons  to  be  specified 
below,  shall  be  termed  acoustic  and  the  other  ©2  = ©op  optical. 

Using  the  same  reasoning  as  in  Section  3.2.2,  we  can  demonstrate 
that  the  nature  of  (3.2)  makes  it  possible  in  the  analysis  of  the  varia- 
tions of  q to  limit  ourselves  to  the  interval  (0,  it  la).  It  follows  from 
(3.5)  that,  for  q = 0,  n/a, 


“ac  (0)  = 0,  o)ac  (n/a)  = -j^=-  y 1 — ]/'  1 — Y2* 

“op  (0)  = ©0,  “op (n/a)  — Vi+  V 1 — y2.  (3.6) 

Hence, 


“op  (0)  = ©0  > ©op  (n/a)  > ©ao  (n/a)  > ©ac  (0)  = 0.  (3.6a) 


For  long  waves,  1 > a or  aj  < 1,  it  follows  from  (3.5)  that  in 
the  approximation  sin  (aq/2)  « aq/2,  if  the  roots  are  expanded  into 
a power  series, 

©ac^-^GJoY  aq,  ©OP«“o(l — (3-7) 


5 In  algebraic  transformations  \ye  made  use  of  the  relations  eiai  + e~iai  = 
= 2 cos  aq  and  1 — cos  aq  = 2 sin2  (aq/2). 


0-01137 
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Taking  the  derivative  of  coXi2  with  respect  to  q [see  (3.5)],  we  can 
easily  show  that 


if  y2  1.  Making  use  of  this  fact  and  of  (3.6)  and  (3.7),  we  obtain 
a uniqueness  of  the  dispersion  branches  depicted  in  Fig.  3.8a.  Such 


Fig.  3.8 


a picture  is  true  when  y2  < 1,  the  adequate  conditions  for  this  being 
m'  m"  or  |52.  We  would  once  again  like  to  stress  the  essential 
properties  of  the  acoustic  and  the  optical  branches:  for  % oo  the 
frequency  coac  -*-0  and  coop  co0  =/=  0. 

Consider  the  “degenerate”  case  (Fig.  3.86),  when  m'  = m"  = m and 
Pi  = P2  = P>  i-e.»  Y2  = !•  It  follows  from  expressions  (3.5)  that 


coac  — 2 


to, 


op 


= 2]/ 

► m 


COS 


aq 


(3.8) 


In  this  case  all  the  atoms  are  identical,  as  are  the  bonds,  and  be- 
cause of  this  all  interatomic  distances  must  be  equal.  Therefore  the 
lattice  parameter  in  our  notation  should  be  a/2,  i.e.,  one-half  that 
of  the  previous  value.  We  should  now  consider  the  variation  of  the 

wave  number  q in  the  interval  It  may  easily  be  seen  that 

co  (<7)  in  (2.5)  for  the  interval  ^0,  corresponds  to  ooae  in  (3.8), 

and  the  same  co  (q)  in  (2.5)  for  the  interval  corresponds 

to  co0p  in  (3.8).  In  the  latter  case  the  equivalent  value  of  q is  q'  = 
= 2 n/a  — q;  indeed, 


aq’  I it 

COS  — = COS  I 


aq_\ 
4 ) 


= sin 


aq 

"4“- 
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3.3.3  Let  us  consider  the  nature  of  atomic  vibrations  in  the  acous- 
tic and  the  optical  branches.  It  follows  from  relations  (3.2)  and 
(3.4)  that 

un  A'  P1+P2 e~iqa  ,0  m 

u"n  ~ A"  ~ (Pi  + PJ-m'w*  ' ^ ^ 

Note  that  for  q = 0 and  q = n/a  the  factor  e~iqa  = 1 and  e~iqa  = 
= — 1,  respectively.  In  both  cases,  as  may  be  seen  from  (3.9),  the 
amplitudes  A'  and  A"  and  the  displacements  u'n  and  u'n  can  be 
assumed  to  be  real. 

Consider  first  the  important  case  of  long  (to  be  exact,  infinitely 
long)  waves: 

L=oo,  q = = 0. 


In  this  case  e iqa  = e°  = 1.  Making  use  of  (3.6),  i.e. , of  the  ex- 
treme values  of  co  for  q = 0,  we  obtain  from  (3.9) 


(3.10) 


Hence,  in  an  infinitely  long  wave  in  the  acoustic  branch  of  vibra- 
tions, different  atoms  move  in  step,  their  deflections  being  the  same 
at  any  moment  of  time  ( u'n  — u'n).  In  the  optical  branch  different 
atoms  of  a cell  in  an  infinitely  long  wave  move  in  opposite  phases, 
so  that  their  centre  of  gravity  remains  at  rest  ( m'u'n  + m"un  = 0). 
Atomic  motion  in  the  first  case  corresponds  to  the  mechanism  of  pro- 
pagation of  acoustic  waves,  and  this  explains  the  term  for  the  cor- 
responding branch  of  vibrations.  If  the  cell  of  a complex  crystal  con- 
sists of  oppositely  charged  ions,  then  the  vibrations  of  the  second 
type  involve  the  vibrations  of  the  electric  dipole  moment  of  the  cell, 
and  they  frequently  turn  out  to  be  optically  active,  i.e.,  result  in 
absorption  or  emission  of  infrared  radiation.  This  explains  the  term 
optical  for  the  second  branch. 

Consider  now  the  case  of  short  waves: 

% = 2a,  q = 2n/A,  = n/a. 


In  this  case  e iaq  = e~m  = — 1.  Making  use  of  the  expressions  for 
w (n/a)  [see  (3.6))  we  obtain  from  equality  (3.9) 


Pi  — $2 

Pi  + P2 

n m'  + ro"  [~  ,/■  lfiPtPa  m' m"  ] 

2m"  L ^ (Pi  + P2)2  (m'  + m*)*  J 


(3.11} 


where  the  upper  sign  in  front  of  the  radical  corresponds  to  the  acoustic 
branch  and  the  lower  to  the  optical  branch  of  vibrations.  It  appears 
expedient  at  this  place  to  consider  several  specific  cases. 


122  3.  VIBRATIONS  OF  ATOMS  IN  CRYSTAL  LATTICES 


If  = p2,  the  numerator  in  (3.11)  vanishes,  the  denominator 
being  nonzero  and  equal  to  ( m " — m')/m"  for  the  acoustic  branch 
Iwhen  m < m",  since  the  root  in  (3.11)  is  always  meant  to  be  posi- 
tive], the  same  being  the  case  for  the  optical  branch  if  m'  > m". 
Hence  we  conclude  that 

u'n  = 0,  u'n  0 for  the  acoustic  branch  if  m ' < m", 

u'n  = 0,  u"n  =^=  0 for  the  optical  branch  if  m > m" . (3.12) 

For  the  shortest  waves  X = 2a  in  the  acoustic  branch  the  lighter 
atoms  m remain  at  rest  and  the  heavier  m"  vibrate.  In  the  optical 
branch  the  situation  is  reversed. 

We  have  discussed  the  case  m < m"  for  the  acoustic  branch  and 
the  case  m > m."  for  the  optical.  We  have  done  so  only  for  the  sake 
of  convenience.  Had  we  presumed  that  in  the  acoustic  branch  [the 
top  sign  before  the  radical  in  (3.11)]  m the  denominator  would 

have  vanished  and  ( u'Ju"n ) = 0/0.  Evaluating  the  indeterminate 
form,  we  find  that  ( ujun ) = oo,  i.e.,  un=f=  0 and  u"n  = 0. 
But  this  would  lead  us  to  the  conclusion  arrived  at  previously  that 
in  the  acoustic  branch  the  atoms  remaining  at  rest  are  the  lighter 
ones  m",  and  the  vibrating  atoms  are  the  heavier  ones  m . 

Consider  now  the  second  particular  case:  m = m"  and  px  > (12. 
The  denominator  in  (3.11)  is  equal  to 

1 - 1 ± /(Pi  - P2)2/(Pi  + P2)  = ± /(Pi  - P2)2/(Pi  + P2), 

i.e.,  to  (px  — p2)/(Pi  +P2)  for  the  acoustic  branch  and  to  — (px  — 
— P2)/(Pi  + P2)  f°r  the  optical  branch.  Hence 


and 


(3.13) 


i.e.,  in  this  case,  the  atoms  in  the  shortest  acoustic  wave  vibrate  in 
phase  and  in  the  shortest  optical  wave  in  opposite  phases.  The  case 
Pi  •<  p2  can  be  considered  in  the  same  way,  with  the  result  that  the 
right-hand  sides  in  (3.13)  change  places. 

3.3.4  In  the  same  way  as  it  was  done  in  Section  3.2.3,  we  can  in- 
troduce the  Born-von  Karman  cycle  conditions  (2.7)  for  a complex 
lattice,  in  which  case  G will  be  equal  to  the  number  of  cells  in  the 
principal  region.  The  density  of  vibrations,  dz/d(a,  for  both  the  acous- 
tic and  the  optical  branches  can  be  computed  in  the  same  way,  as 
it  was  done  in  (2.10). 


3.4  Normal  Coordinates  for  Simple  One- Dimensional  Lattices 

In  Section  3.2  we  considered  vibrations  and  waves  in  a linear 
chain  made  up  of  identical  atoms  and  demonstrated  that  expression 
(2.4)  satisfies  the  equations  of  motion  (2.1),  provided  that  the  dis- 
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persion  relations  (2.5)  are  fulfilled.  The  harmonic  waves  (2.4), 
obviously,  do  not  describe  the  more  general  case  of  atomic  motion  in 
a chain.  An  arbitrary  motion  of  the  atoms  can  be  represented  by 
means  of  a linear  superposition  (sum)  of  miscellaneous  waves  of  the 
type  (2.4).  The  individual  waves  will  have  different  wave  numbers 
q,  frequencies  w (q)  = co(/  corresponding  to  it  and  an  amplitude 
A 3,  usually  different  for  different  waves.  Make  the  actual  real  dis- 
placements of  the  atoms  of  the  chain  equal  to 

un  = Aqel  ('qun~aqt)  + A^e~l<'qan~<s>(it)  — 2 \ Aq  | cos  (qan  — to qt  -f  ag), 
where  Aq  = \ Aq  \ e'a<i. 

Hence,  in  the  most  general  case  of  atomic  motion 


it„=  V [Aqei^"n~ait'>  + = 


9 


1 

Yg 


2 {aqeiq“n  + a*qe~iqnn}, 


(4.1) 


where  aq  = ]/  G Aqe~m,]t . Here  we  presume  the  cyclic  boundary 
conditions  to  be  enforced  for  the  lattice,  so  that  the  summation  in 

(4.1)  is  performed  over  G discrete  values  of  q = (2n/aG)  g [see  2.8)]. 

As  we  shall  see  below,  the  quantities  aq  or,  to  be  more  precise, 
certain  simple  combinations  of  them  are  normal  coordinates  and 
generalized  momenta  of  our  linear  atomic  chain  (Appendix  5).  Hence, 

(4.1)  can  be  considered  to  be  the  transformation  of  the  coordinates 
un  to  normal  coordinates  and  momenta  aq  (the  quantites  aq  are  com- 
plex-valued and  therefore  there  are  2 G real  quantities  corresponding 
to  them). 

This  transformation  is  of  a somewhat  more  general  character  than  the 
one  considered  in  Appendix  5,  since  in  (4.1)  the  original  coordinates 
un  are  expressed  simultaneously  in  terms  of  new  coordinates  and  mo- 
menta corresponding  to  them  (contact  transformation  [3.10,  Chap. 
7]).  The  kinetic  energy  jT  and  the  potential  energy  for  an  atomic 
chain  are  equal  to 


G 


71  = 1 


(4.2) 

(4.3) 


respectively.  Indeed,  it  follows  from  (4.3)  that  the  force  acting  on 
(he  n-th  particle, 

/ n = ’ Qun  = P ^n-1  ^n  + l)  i 

coincides  with  (2.1). 
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Making  use  of  (4.1)  and  taking  into  account  that  aq  = — 


U£>aa, 


quq 


and  a*  = iaqaq,  we  see  that 

G G 

& = IT  2 “ nUn=~  2-^-2  {aqe^n  + a*e~^} 

1 


71  = 1 


n=  1 


x w = -■£  2 s cogco?-  {agas»eh9+9')«n 

9'  qq’  n=l 

— aqape^-^an  _ a*a9,e-i(?-9')an  J_  aja*  e-i(9+9')<»n}.  (4.4) 

It  may  easily  be  shown  (see  Appendix  6)  that 

G i 22. gn  f 0 at  </^=0  (or  ^#0), 


2 ei9an=  2 e 


71=1 


77  = 1 


G at  q = 0 ^ or  x integer  j . (4.5) 


Hence,  the  summation  with  respect  to  n in  the  first  addend  in  the 
braces  in  (4.4)  yields 


G 

V ei{q+q')an 
n = i 


0 for  q-\-  q'  0, 

G for  q-\-q'  = 0 (or  q'  = — q). 


(4.6) 


The  summation  with  respect  to  n in  the  second,  third  and  fourth  ad- 
dends in  the  braces  in  (4.4)  is  quite  similar.  Taking  into  account 
that  according  to  (2.5)  co_g  = co9,  we  obtain 


S =-y-  2 to\{Zaqaq  — aqa_q  — a*a*q). 

Q 

Let  us  now  express  the  potential  energy  (4.3)  in  terms  of  the  quanti- 
ties aq  and  a*.  Substituting  un  and  un_x  from  (4.1)  into  (4.3),  we 
obtain 


g a 

<!>  = -§-  2K-“n-i)(“n-u~-i)=4-2  2laqeiqan  + aZe~l*an 

71=1  qq ' n=l 

— aqe-iqaeiqan  — a%eiqae-iqan]  x [aq>eiq'an  + a*,e~iq'an  — aq-e-^a-W1 

— a*>eii'ae-iq'an] . 

Multiplying  the  brackets  and  collecting  like  addends,  we  obtain 

G 

2 WV  [l  + e-i(«+«"°  — e~iqa  — e~iq’a]  ei(-9+q'^n 

n=  1 

+ Clqa*.  [1  -feK9'-9)a_gi9'<i  _*>-*««]  ei(9-9')<m 

+ a%aq’  [l  + ei('2-«')°  — e~iq'a  — eiqtt]  ei(g'-9)«n 
-f  a*a*~  1 1 + e'(9+9')a  _ eiqa  — eiq'a]  e-K9+9')<»n}. 
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Taking  into  account  the  conditions  (4.6),  we  see  that  summation 
over  n yields  a nonzero  result  equal  to  G only  when  q'  = — q or 
q ' = +g.  Then  all  the  brackets  become  equal  to 

2 _ e-^a  — e^a  = 2(1  — cos  qa)  = 4 sin2  , 

as  stipulated  in  (2.5).  Hence 

® = - J-  2 (2a< Ia*  + aqa-q  4-  a%atq).  (4.8) 

9 

The  total  energy  is 

% = + <£>  = 2m'2ti>*aqa*q.  (4.9) 

Define  the  quantities  xq  and  pq  with  the  aid  of  equalities 
xq  = aq  + aq  = 2Re  {a5}, 

TTiOHn  Til  (Sin 

Pq  = — p-(a9  — flj)  = — p-2Im{a,}.  (4.10) 

Hence 

ai=- 2"  (*9  + *-^). 

(4-10a) 

Substituting  these  values  into  expression  (4.9)  we  obtain 

£=2  Pl  + \m<4xt^  = 3£  {xq,  pq).  (4.11) 

9 

We  see  that  the  quantities  xq  and  pq  = mxq  play  the  part  of  normal 
coordinates  and  momenta  conjugate  to  them.  Expression  (4.11) 
is  the  Hamiltonian  function  expressed  in  those  coordinates.  Hence, 
the  total  energy  % of  the  most  general  motion  of  atoms  in  a one-di- 
mensional crystal  can  be  represented  as  a sum  of  the  normal  vibra- 
tion energies,  which  behave  like  linear  harmonic  oscillators  with 
frequencies  cog. 

3.5  Atomic  Vibrations  in  Complex 
Three-Dimensional  Lattices 

3.5.1  In  this  section  we  intend  to  demonstrate  that  many  proper- 
ties of  vibrations  in  a one-dimensional  (linear)  atomic  chain  also 
■apply  to  three-dimensional  crystal  lattices. 

Consider  a complex  crystal  with  s (in  general)  different  atoms  in  a 
unit  cell,  each  having  a mass  m {k=  1,2,  . . .,  s).  In  the  future  we 
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shall  consider  the  principal  region  of  the  crystal  with  a volume  V and 
in  the  shape  of  a parallelepiped  built  on  the  vectors  Gat  (i  = 1,  2,  3), 
where  a*  are  the  basis  vectors  of  the  direct  lattice,  and  G is  a large 
odd  number.  Obviously,  V = G3 a1-(a2  X a3)  = G3Q0  = M2„,  where 
£20  is  the  volume  of  a unit  cell,  and  N = G3.  The  position  of  the 
atom  of  the  /c-th  type  in  the  rc-th  unit  cell  is  determined  by  its  posi- 
tion vector 


rn  = a„  + r* , 


(5.1) 


where  an  = + n2a2  + n3a3  is  a vector  of  the  direct  lattice, 

and  rh  is  the  position  vector  that  determines  the  position  of  the 

Zc-th  atom  inside  the  crystal  lattice. 

Denote  the  displacement  of  the  &-th  atom  in  the  n-th  cell  from  its 
equilibrium  position  by  u„,  and  denote  the  orthogonal  projections  of 
this  displacement  by  u«  (a  = x,  y,  z). 

The  potential  energy  <1>  of  the  principal  region  of  the  crystal  is  a 
function  of  3 sN  displacement  u„a  and,  evidently,  has  a minimum 
at  Una  = 0,  so  that  (dO/dUna)o  = 0.  Expand  O into  a power 

series  in  the  projections  of  displacements  Una: 

®=T  2 

nn'AVap 

+ | 2 Cn'n")  (5.2) 

nn'n*ftfc'A"apY 


We  have  put  the  minimum  potential  energy  equal  to  zero  and  intro- 
duced the  following  notation: 


d 2d> 

na  9“n;p 


00 


d3<t> 


duncc  3“n'P  du 


h" 

n''v 


(5.2a) 


It  can  be  demonstrated  that  the  coefficients  of  the  expansion  (5.2a) 
satisfy  the  relations 


(5.3b) 
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The  equalities  (5.3)  reflect  the  fact  that  the  coefficients  determining 
the  atomic  interaction  depend  only  on  the  type  of  atoms,  (k,  k ') 
and  on  the  spacing  between  the  appropriate  cells  (n-n\  n-n").  Equal- 
ity (5.3a)  is  a direct  consequence  of  the  definition  (5.2a).  To  prove 
(5.3b)  we  expand  the  function  (dOlduna)  into  a power  series  in 
atomic  displacements: 


du* 


( dtp  \ , y / d2(P  \ 

^ duL  l duknadu loo 


n'ft'p 


h * 

'ft 


+ J_  y ( d3(J>  ) t 

2 n^B  dunadun-Vdun"y  '000 


if'  ff" 

Un'pWn"Y* 


(5.4). 


n't'B 

n"A"v 


Let  all  the  atoms  experience  an  equal  displacement  equal  to  w°, 
in  this  case  the  crystal  will  move  in  space  as  a whole,  and  the 
variation  of  all  the  functions  that  depend  only  on  the  mutual  arrange- 
ment of  the  atoms  should  be  zero,  i.  e.,  <9Ct>/diifia  = 0 [from  the 
conditions  of  equilibrium  (dO/du?ia)0  = 0].  Hence,  it  follows  from 
(5.4)  that 


P n'V  PY  n'n'k’k" 


Since  the  projections  u$  and  are  independent  of  one  another,  this 
leads  to  (5.3b).  The  kinetic  energy  of  atomic  motion  is 

P = Y 2 («")2  = (5-5) 

nA  nka 


3.5.2  The  classical  equations  of  motion  of  atoms  in  the  harmonic 
approximation  are  of  the  form 


mhuna~  — °ap(nn') 


k' 

Mn'P 


n'A'p 


(5.6) 


(n  = 1,  2,  3,  . . .,  N,  k = 1,  2,  3,. . .,  s,  a — x,  y,  z ),  i.e. , of  the  form 
of  a system  of  3 sN  differential  equations  for  3 sN  unkown  functions 

Una  (£)• 

The  solution  of  the  system  (5.6)  will  be  sought,  as  in  the  case  of.’ 
a complex  linear  lattice  [see  (3.2)],  in  the  form  of  traveling  waves: 

^«  = -4=^(?)ei(,'"n_"°,  (5.7) 

V ™h 


where  (mft)_1/2  Aa  (a  = x,  y,  z)  is  the  projection  of  the  complex- 
amplitude  (mk)~1/2  Ah  different  for  different  types  of  atoms  k (k  = 

= 1,  2,  3,  . . .,  s),  q = — v is  the  wave  vector  (v  is  a unit  vector  nor- 
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mal  to  a plane  wave  of  wavelength  X),  and  © = oi  (q)  = ©g  is  the 
cyclic  frequency.  The  quantities  nfia  are  complex,  so  that  actual 
•displacements  are  uf‘,a  = Re  (i4a).  We  can  look  for  the  solution 
■of  equations  (5.6)  in  complex  form  (5.7),  in  which  case  it,  because 
•of  the  linearity  of  (5.6),  consists  of  a sum  of  cosines  and  sines.  As  in 
the  one-dimensional  case,  the  wave  vector  q possesses  properties 
stemming  from  the  fact  that  the  plane  wave  (5.7)  propagates  in  a 
•discrete  system  (in  a lattice).  Substitute  for  q in  (5.7)  q'  = q + 
+ bg,  where  bg  = gjbj  + ^2^2  + g3b3  is  a vector  of  the  reciprocal 
lattice;  then  ° q'an  = qa„  + 2n  (n1gl  + n2g2  + n3g3)  = qa„  + 
-4-  2 nk  ( k is  an  integer).  Hence,  it  follows  from  (5.7)  that 


(wna)  : 


Y”‘h 


Aaei(q'an~<i“)  -- 


V ™k 


-mt) 


ei2nh  — u 


k 

na? 


(5.8) 


since  ei2nb  = 1.  It  will  be  seen  from  (5.8)  that  the  wave  with  q' 
■coincides  with  that  withq.  But  this  means  that  q'  is  physically  equi- 
valent to  q.  This  makes  it  possible  to  consider  the  variations  of 
the  wave  vector  q in  a limited  region,  just  as  in  the  one-dimensional 
•case.  Making  an  = a;  and  btf  = b,-,  we  obtain  q'-a;  = (q  + bj)-a;  = 
= q-a,  + 2n.  Hence,  it  is  always  possible  to  choose  the  quantity 
•q-a,-  inside  the  interval  2ji.  Make6. 

— it^q  aj^  +n  (i  = 1,  2,  3).  (5-9) 

For  a cubic  crystal  whose  edges  are  directed  along  the  axes  of  an 
■orthogonal  system  of  coordinates, 

— + (a  = x,  y,  z).  (5.9a) 


For  an  arbitrary  lattice  the  region  of  variation  of  q-a;  equal  to 
2n  can  be  chosen  in  the  form  of  a unit  cell  of  the  reciprocal  lattice, 
i.e.,  in  the  form  of  a parallelepiped  with  the  edges  bx,  b2,  b3,  or  in 
a symmetrical  form  of  the  first  Brillouin  zone  (Section  2.9.1).  Sub- 
stituting (5.7)  into  the  system  (5.6)  and  dividing  both  sides  of  the 
• equation  by  e!(q  an~M(>  ( we  obtain 

= (5-10) 

A'P 


•where  the  elements  of  the  dynamical  matrix  of  the  crystal  are 


q)  = S 

n' 


1 

}/  mkmh, 


etq(a^-an) 


(5.10a) 


0 We  remind  the  reader  that  the  more  fundamental  cause  of  the  appearance 
-of  the  wave  vector  q and  of  its  properties  is  the  crystal’s  translational  symmetry 
•fsee  Section  2.9). 
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In  this  matrix  of  rank  3s  the  double  index  («)  numbers  the  rows  and 
the  double  index  (p  ) numbers  the  columns.  We  have  obtained  a ho- 
mogeneous linear  system  of  3s  equations  [instead  of  3sAr  equations 
(5.6)]  for  3s  unknown  complex  quantities  Aa  (k—  1,  2,  . . .,  s;  a = 
= x,  y,  z).  The  system  (5.10)  can  be  rewritten  in  a more  compact 
form: 

J:  {£op  — = o (*  = 1,  2,  . . . , s;  a = x,  y,  z), 

A'P 

(5.10b) 

where  the  symbols  6hh>  and  6ap  that  are  nonzero  and  equal  to  unity 
only  if  k = k'  and  a = p automatically  provide  for  the  coincidence 
of  the  system  (5.10b)  with  (5.10). 

It  is  an  established  fact  [3.7,  p.  258,  Theorem  3]  that  the  system 
(5.10b)  has  solutions  other  than  the  zero  (trivial)  solutions  only  if 
the  system  determinant  is  zero: 

det[D^p'-co26/!,-6ap]  = 0.  (5.11) 

This  characteristic  (or  secular)  equation  of  the  3s-st  degree  for  the 
frequency  o>2  can  be  written  out  in  more  detail: 


Du 

xz 

D12  .. 

^XX 

■■  Dll 

D 11 

yx 

<-“2 

Dxi 

yz 

P12 

D!/x  * ' 

■■  DU 

= 0. 

(5.11a) 

Dsl 

IX 

Dsl 

zy 

Ds2  . . 

zx 

..  DH-<o*  , 

It  follows  from  (5.10a)  and  (5.3a)  that 

D%  = D$r,  (5.11b) 

where  the  * denotes  a complex  conjugate  quantity.  A matrix  Da p-  with 
the  property  (5.11b)  is  termed  hermitian\  the  eigenvalues  of  an  her- 
mitian  matrix,  co2,  obtained  from  (5.11a)  are  real  (see  Appendix  3, 
Sec.  5).  It  is  clear  from  physical  considerations  that  they  should 
be  positive.  Indeed,  in  the  case  of  negative  eigenvalues  co2  = — y2<0 
there  appears  in  the  expression  for  the  wave  (5.7)  a factor  exp  (±  yt), 
which  assumes  in  the  past  or  in  the  future  an  infinite  value,  i.e., 
causes  the  destruction  of  the  lattice.  The  positive  nature  of  the 
values  of  co2  can  also  be  demonstrated  mathematically  from  the  con- 

ditions  imposed  on  the  force  constants  <J>ap  ( , 1 which,  in  their 

turn,  originate  from  the  requirement  of  the  minimum  lattice  poten- 
tial energy  in  the  equilibrium  position. 

Hence,  in  general,  the  characteristic  equation  (5.11a)  of  the  3s-st 
degree  for  co2  yields  3s  different  real  roots  co;  (q)  (/  -- 1,  2,  3,  . . .,  3s), 
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which  determine  3s  different  vibration  branches.  The  symmetry  of 
the  crystal  cell  sometimes  results  in  the  coincidence  of  some  of  the 
(ojs,  so  that  the  number  of  different  vibration  branches  may  turn 
out  to  be  less  than  3s.  Substituting  3s  roots  o )j  (q)  into  the  system  of 
homogenous  equations  (5.10b),  we  obtain  (to  within  a constant 
factor)  3s  different  solutions  for  the  complex  amplitudes  A fa. 

3.5.3  Consider  an  important  question:  In  what  circumstances  are 
the  amplitudes  A fa  real?  The  amplitudes  Afa  will  obviously  be  real 
(to  within  an  inessential  common  factor  that  may  be  complex)  if 
the  coefficients  Z>*p  of  the  homogeneous  system  (5.10b)  are  real. 
For  q = 0 and  for  qa;  = ± jt,  the  factor  exp  [iq-a,,-  — a„| 
is  equal  to  ± 1;  but  then  it  follows  from  (5.10a)  that  are  real. 

Hence,  for  the  infinitely  long  and  shortest  waves  the  amplitudes 
Afa  in  (5.7)  may  be  assumed  to  be  real. 

It  can  easily  be  demonstrated  that  the  amplitudes  Afa  may  be 
assumed  to  be  real  for  a simple  lattice.  In  this  case  the  lattice  is  made 
up  of  identical  atoms  located  in  sites  a„,  and  there  always  is  an 
identical  atom  in  the  site  — a„  to  match  one  in  a„.  The  summation 
in  (5.10a)  can  be  performed  over  atomic  pairs  in  a,',  and  —a,',.  As- 
suming that  an  = 0 and  taking  into  account  that  <f>„p  (n)  = 
— d?aP  (— n),  we  obtain  from  (5.10a) 

(q>42  <«')  <Tiq  a"  + ( - n')  ciqa" 

n' 

= 2 TT(I)a3(n')e~iq'an  + eiq'an=  2 (n')cos(q  a„).  (5.11c) 

n'  n' 

Hence,  the  elements  of  the  rank  3s  matrix  Da p (q)  are  real,  and  con- 
sequently real  amplitudes  Afa  can  be  chosen. 

It  follows  from  the  definition  (5.10a)  that 

Dh*k;  (-q)  =Z)fp  (q)*.  (5.12) 

Hence,  and  from  the  fact  that  the  matrix  (5.11b)  is  hermitian,  it  fol- 
lows that  the  characteristic  equation  (5.11a)  does  not  change  when 
— q is  substituted  for  q: 

(— q)  = (q)-  (5-13) 

But  then  it  follows  from  the  system  (5.10b)  that 

Afa  <-q)  = Afa  (q)*.  (5.14) 

Relation  (5.13)  is  a more  profound  consequence  of  the  invariance  of 
the  equations  of  mechanics  with  respect  to  time  reversal  (t  — > 1). 

3.5.4  Since  to ^ is  a function  of  q,  we  can  construct  in  a Brillouin  zone 
a family  of  surfaces  o> j (q)  = const,  for  each  vibration  branch  j. 
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The  structure  of  those  constant  frequency  or  constant  energy 
(hu)j  (q)  — % j (q))  surfaces  depends  substantially  on  the  symmetry 
of  the  direct  crystal  lattice.  Specifically,  the  symmetry  determines  to 
a great  extent  (although  not  entirely)  the  values  of  q at  which  con- 
tacts and  intersections  of  constant-energy  surfaces  (of  different 
vibration  branches)  take  place. 

It  follows  from  the  equivalence  of  wave  vectors  that  differ  by 
bg  that  the  physical  quantities  dependent  on  q should  be  three-di- 
mensional periodic  functions  in  the  q-space  with  the  periods  equal 
to  b;,  where  the  b;  are  the  basis  vectors  of  the  reciprocal  lattice. 
Specifically, 

©;  (q  + bg)  = Mj  (q).  (5.15) 


Hence,  the  pattern  of  constant  energy  surfaces  co;-  (q)  = const, 
will  be  periodically  repeated  in  the  unit  cells  of  the  reciprocal  lat- 
tice and  in  the  Brillouin  zones. 

Condition  (5.13)  shows  that  the  constant  energy  surfaces  co j (q)  = 
const,  have  an  inversion,  or  symmetry,  centre  in  the  q-space.  Of  course, 
(5.13)  does  not  necessarily  mean 
that  in  general  CO;  ( qx ) = a>j  ( — qx). 

For  this  to  be  true  the  reciprocal 
lattice  must  have  a symmetry  (a 
reflection)  plane  qx  = 0,  and  this 
is  the  case  only  if  the  direct  lat- 
tice has  an  appropriate  symmetry 
plane  x = 0.  It  can  be  demonstrat- 
ed that  the  reciprocal  lattice  has 
all  the  symmetry  elements  of  the 
direct  lattice. 

Choose  such  a direction  s in  the 
q-space  (this  direction  may  in  a 
particular  case  coincide  with  that  of 
the  vector  q itself)  so  that  co  j ( qs ) = 


CO; 


(- 


Figure  3.9  depicts  five  vibration  branches  to  j ( qs ) for 
variations  of  qs  corresponding  to  the  limits  of  inequality  (5.9). 
We  see  that  the  points  0,  A , C and  C'  are  points  of  degeneracy,  i.e., 
of  coincidence  (intersection)  of  several  vibration  branches.  But  how 
can  we  determine  a specified  vibration  branch  in  the  entire  range  of 
variation  of  <?s?  Indeed,  we  can  define  the  specified  branch  of  vibra- 
tions co,-,  for  instance,  alternatively  as  DMAC'F' , DMAC'E' , or 
DMAM'D' . Let  us  adopt  the  following  procedure:  number  the 
vibration  branches  for  a specified  qs  = q°s,  e.g., 

©i  (<fi)  < ©2  (?«)  < ©3  (?J)  < ©4  (?J)  < ©5  (?S) 


(see  Fig.  3.9).  Now  let  the  following  inequality  hold  for  all  the  qs: 
©i  (<ls)  < ©2  (is)  ^ (qs)  ^ (0^  (qs)  ^ 0)5  (5.16) 
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this  inequality  determines  the  numeration  of  the  branch  in  the  en- 
tire range  of  variation  of  qs.  It  is  easily  seen  that  the  curve  corres- 
ponding to  the  branch  j = 1 in  this  case  is  GOG',  to  j = 3 it  is 
DMAM'D' , and  to  j = 4 it  is  ECAC’E’ . Only  such  a choice  of  the- 

branches  satisfies  the  condition 
co;  ( q ) = to;  (— q).  However,  the- 

tangent  (dd>j/dqs%s=q  for  a specified 
branch  generally  experiences  a jump 
(see  the  branches  GOG’  or  DAD'). 
For  example,  for  the  acoustic 
branch  we  had  in  the  one-dimen- 
sional case  the  relation  (2.5): 


co 


2 ®max  sin2 


Fig.  3.10 


qa 

~2~ 


or 


co  = dr  (On 


sm 


qa 

~ 


i.e.,  the  point  q = 0 is  a branch  point  (Fig.  3.10).  Rejecting  the  parts 
of  the  branches  corresponding  to  the  negative  frequencies  co,  we 
define  the  acoustic  branch  with  the  aid  of  the  equality 


co  = comax  sin  2 


which  corresponds  to  the  curve  GOG’  in  Figs.  3.9  and  3.10. 

The  numeration  of  the  branches  at  point  C (Fig.  3.9)  is,  of  course* 
arbitrary,  but  we  shall  make  it  comply  with  the  general  rule. 

If  ci);  (q)  can  be  expanded  in  a power  series  in  qa  ( x , y , z ) for  q = 
= 0 (this  is  possible  in  the  absence  of  degeneracy  at  this  point)* 
then 


co;  (q)  = co;  (0)  + 2 raqa  + 2 ftatfaVp, 

a a|5 


where 


ra 


d2Uj  \ 
dqa  / oo  ’ 


(5.17) 


Substituting  — q for  q and  making  use  of  (5.13),  we  obtain  2 raQa  = 

a 

= 0.  Since  qa  is  arbitrary,  this  yields 


Reducing  the  tensor  7?aP  to  the  principal  axes,  we  obtain 

co;(q)  = coJ+2-ffa9l> 


(5.18) 
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i.e.,  in  the  absence  of  degeneracy  at  point  <7  = 0 the  expansion  of 
a )j  — (o?  starts  with  quadratic  terms.  This  case  is  depicted  in 
Fig.  3.9  by  point  B. 

For  a cubic  crystal  the  components  of  the  tensor  Ra  reduce  to  a 
scalar  R,  so  that 

(q)  = + Rq2,  (5.18a) 

i.e.,  the  constant  energy  surfaces  turn  into  spheres. 

At  point  A the  expansion  of  co;-  in  a power  series  is  impossible  (the 
derivative  of  oij  is  not  unique);  because  of  this  at  this  point  for 
every  branch  we  have,  in  general, 


Finally,  note  that  generally  the  extrema  of  (Oj  ( qs ) can  exist 
both  in  the  centre  and  on  the  boundaries  of  a Brillouin  zone  and  at 
some  points  inside  it  (for  instance,  M and  M'  in  Fig.  3.9). 

3.5.5  Consider  the  nature  of  the  solutions  of  equations  (5.10)" 
in  the  limiting  case  of  ultralong  waves  (q  -*■  0),  when,  as  we  pointed 
out  above,  the  amplitudes  A £ (0)  are  real  and,  consequently,  repre- 
sent actual  displacements  u^a  of  atoms  from  their  equilibrium, 
positions. 

It  follows  from  (5.10)  and  (5.10a)  that,  for  q = 0, 

Co2(0)Afta(0)=  V „ — <Mnn-)<(°)-  <5-19> 

h-tn’  Vm*nk’  V ' 

For  the  /-th  branch  of  the  vibration  amplitude  [see  (5.7)]  we  put 
A#  (0 )lV  mk ' = const. (v),  (5.20) 

i.e.,  is  independent  of  the  atom’s  number  k' . In  this  case  the  right- 
hand  side  of  (5.19)  due  to  (5.3b)  is 


But  then  it  follows  from  (5.10)  that 
co j (0)  = 0 (5.21) 

(since  we  are  not  interested  in  the  case  Aja  (0)  = 0 for  all  three 
values  of  a = x,  y,  z).  On  the  other  hand,  for  (5.21)  to  be  valid  it  is 
sufficient  that  Afa  (0)  0 for  one  a;  therefore,  it  is  natural  to  as- 

sume the  existence  of  three  vibration  branches  (;  = 1,  2,  3)  for  which 
co;-  (0)  = 0,  i.e.,  for  which  the  frequency  tends  to  zero  when  q ->-0. 
Those  three  vibration  branches  for  which  the  pattern  of  atomic  mo- 
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tion  is  described  by  (5.20)  are  termed  acoustic.  They  are  similar  to  the 
acoustic  branch  considered  in  the  one-dimensional  case  (Section 
3.3). 

Consider  now  the  case  when  q = 0 but  (5.20)  and  the  condition 
(5.21)  which  follows  from  it  do  not  hold.  We  rewrite  (5.19)  in  the  form 


co2  (0)  mk 


4(0) 

Ymk 


and  perform  summation  in  both  sides  over  k: 


co2(0)  2 


k 


mh 


4 (Q) 
Y ™h 


The  last  sum  in  the  right-hand  side,  according  to  (5.3b),  is  zero,  and 
since  we  have  assumed  that  ca2  (0)  0,  it  follows  that  the  sum  over 

k in  the  left-hand  side  vanishes. 
But  then,  making  use  of  (5.7),  we 
obtain 

2 »**«£«  (0)  = 0,  (5.22) 

h 

i.e. , the  atomic  motion  leaves 
the  centre  of  gravity  of  the  cell 
in  place.  Such  vibration  branches 
became  known  as  optical.  Their 
one-dimensional  analogue  was  dis- 
cussed in  Section  3.3. 

We  see  that  in  addition  to  the 
three  acoustic  branches  there  should 
be  3s-3  optical  branches  for  which 
<M0)#0  (/'  = 4,  5,  ...,  3s). 

Just  as  in  the  one-dimensional  case,  we  can  demonstrate  that  for 
q-a;  < 1 the  frequencies  of  the  acoustic  branches  coj  = v0jq  (j  = 
= 1,  2,  3),  where  the  wave  propagation  velocity  voj  depends  not 
only  on  the  branch  / but  also  on  the  direction  of  q.  For  optical  branches 
the  coj  versus  q dependence  in  the  vicinity  of  zero  in  the  absence 
of  degeneracy  is  given  by  expression  (5.18),  i.e.,  it  displays  an 
extremum  (usually  a maximum).  At  the  boundaries  a Brillouin  zone 
and  in  the  absence  of  degeneracy  of  the  vibration  branches,  the 
frequencies  cd7-  (q)  also  attain  extremal  values.  Figure  3.11  is  a 
schematic  diagram  of  the  acoustic  and  optical  branches  (in  the  absence 
of  degeneracy)  for  some  direction  of  a crystal  with  two  atoms  per 
unit  cell. 

To  obtain  a complete  picture  of  atomic  vibrations  in  a crystal, 
we  should  solve  (5.11)  for  all  values  of  q inside  the  interval  — 

^ q-a£^  + it  or  for  all  the  points  of  a Brillouin  zone.  Even  if  the 
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force  constants  ®a(3  (nn,j  are  known,  this  necessarily  involves  nu- 
merical calculations.  Such  calculations  show  that  in  a three-dimen- 
sional crystal  the  acoustic  and  optical  branches  are  approximately  of 
the  form  shown  in  Fig.  3.11. 

3.5.6  In  exactly  the  same  way  as  it  was  done  in  the  one-dimension- 
al case  (Section  3.2.3),  substitute  the  Born-von  Karman  cyclic 
conditions  for  the  boundary  conditions  on  the  surface  of  the  crys- 
tal’s principal  region.  In  the  case  of  a three-dimensional  crystal 
their  meaning  is  not  so  clear  as  in  the  one-dimensional  case,  when  we 
could  arrange  the  whole  atomic  chain  in  a circle  joining  the  first  and 
the  G-th  atoms.  However,  it  can  be  demonstrated  [3.11,  p.  391] 
that  in  a three-dimensional  crystal  the  cyclic  conditions  are  equiva- 
lent to  the  boundary  conditions  on  the  free-surface  of  the  crystal’s 
principal  region  in  determining  its  volume  properties. 

The  Born-von  Karman  cyclic  conditions  in  a three-dimensional 
crystal  are  tantamount  to  the  requirement  that  the  wave  field 
Una  proportional  to  eiq'a"  should  remain  invariant  as  the  result  of  a 
displacement  by  any  one  of  the  vectors  Ga;  (i  = 1,  2,  3).  The  neces- 
sary condition  for  this  is  eiqGa'  = 1,  i.e.,  Gq-ai  = 2ngi,  where  gt  is 
an  integer.  Hence, 

T,  = fl-3,  = gi,  (i  = 1,2,3).  (5.23) 

Comparing  this  relation  with  (1.3.7),  we  see  that  (5.23)  holds  if 

= -q  (^1b1  + ^2  + £3^3)1  (5-24) 

where  bf  are  the  basis  vectors  of  the  reciprocal  lattice.  This  repre- 
sentation of  the  vector  q similar  to  (2.8)  is  quite  formal,  because  G 
is  an  arbitrary  large  number  (for  convenience,  assumed  to  be  odd) 
which  should  not  affect  the  physically  observable  quantities. 

Making  use  of  the  inequality  (5.9),  we  obtain  in  the  same  way  as 
(2.8a) 

—GI2  < gt  < G! 2.  (5.25) 

We  see  that  the  projection  of  q on  each  of  the  vectors  a,  can  assume 
G quasi-discrete  values;  therefore,  there  are  altogether  G3  = N 
distinct  values  of  q.  How  many  distinct  vibrations  (possible  values 
of  q)  are  there  for  a single  branch  in  volume  <2rq  = dqxdqydqz  of 
the  wave  vector  space?  This  number  is  obviously 

(G  \ 3 

— j dqq  dq>2  d(f3,  (5.26) 

where 

*Pt  = Qxaix  + gyO-iv  + q2aii. 


10-01137 
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Change  over  from  the  variables  <pf  to  the  variables  qx,  qy,  qz. 
To  this  end  we  calculate  the  Jacobian  of  the  transformation  [3.12, 
Sec.  4.5-6]: 


d<fi 

0<p2 

d(f  3 

dqx 

dqx 

dqx 

9<pi 

a<p2 

d<ts 

dqy 

dqy 

dqy 

a<pi 

dq>2 

dq>3 

dqz 

dqz 

dqz 

&3X 

0-\y  &2y  &3y 

z 2 z 


®1  ‘ (®2  X 83)  


Hence, 

(^1  v j / Q \ 3 ^ 

— J d(p1dq)2dq)j=(-^r)  Q0  dqx  dqv  dqz  = -^ydr,.  (5.27) 


The  total  number  of  vibrations  for  one  branch  is 


V (2n)3  y 
(2nl3  Q0 


For  all  vibration  branches  of  a complex  crystal  this  number  is 
always  3 sN,  i.e.,  is  equal  to  the  number  of  degrees  of  freedom  of  the 
atoms  in  the  principal  region. 

In  many  cases,  for  instance,  in  the  study  of  statistics,  it  is  desir- 
able to  know  the  number  of  vibrations  of  the  ;-th  branch  inside  the 
[ co , co  + dco]  interval.  Consider  the  surfaces  c oj  (q)  = const,  in  the 
q-space  and  make 

dx q = da  dq±  , (5.28} 

where  da  is  an  element  of  this  surface,  and  dq±  is  an  infinitesimal 
increment  along  a normal  to  da.  Obviously, 

dco  = | VqWj  | dqx,  (5.29) 

where  Vq  is  a gradient  in  the  q-space.  Substituting  (5.28)  and  (5.29) 
into  (5.27)  and  integrating  over  the  constant  frequency  surface,  we 
obtain  an  expression  for  the  number  of  vibrations  in  the  ;-th  branch 
inside  [co,  co  + dco]: 

^ = wiT$]Tdl0  = ^(w)(iw’  (5,30) 

where 

gi('U>')="l2nW  j | Vqco/|  (5-31) 

is  the  frequency  or  the  normal  vibration , distribution  function  for  the 
f-th  branch.  We  see  that  to  determine  it  we  must  know  the  depen- 
dence <Oj  = (£>)  (q),  i.e.,  the  dispersion  law 
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If  we  are  interested  in  the  total  number  of  .vibrations  in  all 
dispersion  branches,  we  must  use  the  full  frequency  distribution 
function 

*<»>=!  ^-wSS-i^Sjr  <5J32> 

1 j=l  q 

A simple  example  of  a frequency  distribution  function  was  cited 
in  (2.10)  for  a one-dimensional  lattice. 

In  some  cases  it  is  more  convenient  to  use  another  frequency  dis- 
tribution function,  g (to4);  g (©2)  dco2  is  the  number  of  vibrations 
in  the  [®2,  to2  -f-  cho2]  interval.  It  is  obvious  that 

g (©)  = 2cog  (©2),  (5.33) 

since  g (co2)  du>2  = g (co2)2co  dco. 


3.6  Normal  Coordinates  of  Crystal  Lattice  Vibrations 

3.6.1  In  Section  3.4  we  considered  the  normal  coordinates  for  a 
simple  one-dimensional  lattice. 

We  started  by  introducing  complex  normal  coordinates  aq  and 
then  transformed  them  into  real  normal  coordinates  xq  and  genera- 
lized momenta  pq. 

The  normal  coordinates  are  distinguished  by  the  property  that 
each  depends  harmonically  on  time,  i.e. , is  proportional  to 
exp  (iaqt).  This  is  tantamount  to  the  assertion  that  the  Hamiltonian 
is  a sum  of  squares  (with  appropriate  coefficients)  of  coordinates  and 
momenta  and  is  of  the  form  (4.11). 

The  atomic  motion  in  a complex  three-dimensional  crystal  lattice 
in  the  most  general  form  consists,  obviously,  of  a sum  of  expres- 
sions (5.7)  with  different  wave  vectors  q and  frequencies  coq.  In- 
deed, such  a sum  will  also  satisfy  the  equations  of  motion  (5.6) 
in  view  of  their  linearity. 

To  introduce  normal  coordinates  for  a three-dimensional  lattice, 
we  define  eigenvectors  eJft  (q)  (in  general,  complex)  of  the  dynamical 
matrix  Z>£|j  , (q)  [see  (5.10a)]  in  the  following  way  (see  Appendix  3, 
Sec.  5):  ■, 

2 D%  (q)  (q)  = ©*  (q»jta  (q).  (6.1) 

where  ejha  (a  = x,  y,  z ) are  the  components  of  an  eigenvector,  and 
co|  (q)  is  the  /- th  eigenvalue  of  the  dynamical  matrix.  Since  the 
dynamical  matrix  is  hermitian:,  its  eigenvectors  are  orthogonal 
(see  Appendix  3,  Sec.  5),  and  since  they  are  determined  from  a ho- 


10* 
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mogenous  system  (6.1)  to  within  an  arbitrary  factor,  they  can  be 
normalized  to  unity.  Hence, 


2 ejhaeJ'ha  — Sjj'i 

(6.2) 

ah 

find 

e jha.e jh’$  = ap. 

‘ 3 

(6.2a) 

’The  only  difference  between  the  eigenvectors  ejha  (q)  and  the  com- 
plex amplitudes  A^a  (q)  satisfying  (5.10)  is  in  the  normalizing  con- 
ditions. 

We  see  that  (5.14)  follows  from  (5.12): 

ejha  (q)  = elha  (— q),  (6.3) 

since  substitution  of  — q for  q changes  all  the  coefficients  of  equations 
(6.1)  to  complex  conjugate. 

3.6.2  Introduce  complex  normal  coordinates  aj  (q,  t)  with  the 
aid  of  the  relation 


U"na  = VWm~  ^ (9)  ai  (q , t)  etq ' a“ , (6.4) 

V mh  qj. 

where  u„a  is  the  a-th  component  of  the  displacement  of  the  (n, 
&)-th  atom  from  its  equilibrium  position,  N is  the  number  of  unit 
cells  in  the  crystal’s  principal  region,  and  mh  is  the  mass  of  the  atom 
of  type  k. 

It  may  easily  be  demonstrated  that 

o-j  (q)  = af  (— q)-  (6-5) 


Indeed,  only  in  this  case  are  the  displacements  u„a  real;  actually, 
it  follows  from  (6.4),  (6.3)  and  (6.5)  that 


(Una)* 


1 

V Nmh 


2 e%a  (q)  a*  (q)  e iq'8n 

qi 

--  2 eJha(  — q)  Oj(  — q)e_,q  an  = Un 


since  summation  over  — q is  equivalent  to  summation  over  q.  Tak- 
ing into  account  that  q runs  through  N quasi-discrete  values  and 
j through  3s  values,  we  conclude  that  there  are  altogether  3 sN  com- 
plex values  dj  (q).  Because  of  (6.5),  this  is  equivalent  to 
specifying  3 sN  real  coordinates  (3 sN  is  the  number  of  degrees  of 
freedom  of  the  system). 

Expression  (6.4)  for  atomic  displacements  can  be  written  in  a 
somewhat  different  form  which  is  more  convenient  for  certain  appli- 
cations. 
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Draw  a plane  through  the  origin  in  the  q-space;  the  vectors  q 
and  — q will  be  separated  by  this  plane.  Write  expression  (6.4)  in 
terms  of  sums  of  q’s  taken  on  each  side  of  the  plane: 


^na 


1 

V Nmh 


{ 2 ejka  (?)  aJ  (Q) 
q>0.  j 


t)  eiq‘Bn 


+ 2 eMa(<i)flj(q.  0«t,'an}. 

q<0,  i 


Substituting  in  the  second  sum  — q for  q and  making  use  of  (6.3) 
and  (6.5),  we  obtain 


“*b=  ^1— ~2  fak«(q)Mq.  t)eiq'&n 


+ e*jha(q)  a*  (q,  t)  e tqBn}, 


(6.4a) 


where  the  prime  at  the  sum  means  that  the  summation  over  q is  per- 
formed in  one-half  of  a Brillouin  zone. 

In  order  to  express  the  complex  coordinates  aj  (q,  £)  in  terms  of 
real  displacements  u„a,  we  multiply  both  sides  of  equality  (6.4) 
by  V~mhe\  ka  (q')  X exp  (— iq'-an)  and  sum  them  over  n,  k , and 
a.  The  summation  of  the  multiplicand  exp  [i  (q  — q')-an]  over  n 
in  the  right-hand  side  yields,  according  to  (A.  6.4),  the  quantity 
A6qq',  and  the  summation  of  the  multiplicand  ejha  (q)  e^ha  over 
k and  a yields,  according  to  (6.2),  the  quantity  hjy.  Finally,  we 
obtain,  after  summation  over  q and  j,  for  the  right-hand  side 
[/  Nay  (q').  Changing  the  notation  of  j’  and  q'  to  j and  q,  we  obtain 


ai  (q)  = — 7Y  2 V mh  Uhnae jna.  (q)  « tq'8n-  (6-6) 

' nfta 

To  ensure  that  a}  (q)  are  normal  coordinates  of  the  system,  we  ex- 
press in  terms  of  them  the  kinetic  and  potential  energies  of  the 
crystal. 

The  kinetic  energy  of  the  atoms  in  the  crystal’s  principal  region 
is 

= t 2 mh  (uU2 = 2 [ 2 (q)  aJ  (q.  *)  eiq‘a"]2 . (6-7) 

nha  n ha  qj 

where  we  made  use  of  relation  (6.4). 
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Since  the  expression  in  the  square  bracket  on  the  right-hand  side 
is  real,  its  square  can  be  formally  represented  as  the  product  of  the 
expression  in  the  brackets  times  the  complex  conjugate  of  it.  Hence, 


S = -4fr  2 2 (<I)  ai  (q.  f)  eiq'*ne?’ha  (q')  af>  (q',  t)  e“,q',a»]. 


2 N 

nha  qjq'j' 

It  follows  from  (A. 6. 4)  that 


(6.8) 


2 ei(q-q'),an  = 7V8( 


W» 


therefore,  in  the  course  of  summation  over  q'  we  may  make  q'  = q 
in  all  the  multiplicands,  after  which  the  summation  over  k,  a of  the 
products  e}haepha  yields  bjr  [see  (6.2)J.  Lastly,  summing  over  j\ 
we  obtain  from  (6.8) 

s =42  IMi.  f)l2-  M 

q i 


The  potential  energy  of  the  crystal’s  principal  region  in  the  quadratic 
approximation  with  respect  to  atomic  displacements  is,  according  to 
(5.2),  equal  to 


®=i  2 


nn'AaA'P 


'P 


2 N 2 ^ (nn')  i 2 (?)  aj  (q)  e “n 

nn'AaA'P  ' R q,  j 


x- 


V 


= 2 ey»’ p (q')  ay  (q')  * 


iq  aii 


(6.10) 


ft' 


q'i' 


where  we  expressed  the  atomic  displacements  using  (6.4)  and  for 
convenience  wrote  the  real  quantity  u„a  in  the  form  (una)*. 
Transforming  the  sum  over  n and  n',  we  get 


l(q'an-q  an) 


= 2 ei(q  _q)*an  2 y-2-;  0)gp  ) eiq'  (a"-a")  = A6qq^'(q'), 


where  we  made  use  of  (A.6.4)  and  of  (5.10a).7  Substituting  this  ex- 


7 It  should  be  taken  into  account  that  the  sum  over  n'  is  independent  of  n, 
since  the  expressions  under  the  summation  sign  depend  only  on  the  differ- 
ence ' — n. 
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pression  into  (6.10),  summing  over  q'  and  making  -use  of  (6.1), 
we  obtain 

® \ 2 fa')  fa)  a1  fa)  (q')  ay  (q') 

jAaj'A'Pqq' 

= 4~  2 (q)  ei’ha  (q)  e*jha  (q)  ay  (q)  af  (q). 

kajj’q 

Summing  over  k,  a,  making  use  of  (6.2),  and  summing  over 
we  finally  obtain 

<D  = i-2<^(q)Mq)l2.  (6.H) 

qi 

Hence,  we  obtain  for  the  total  energy  of  the  crystal’s  principal  re- 
gion 

g=.r+<&  =-j  2 [ 1 (q) | 2 + e»5 (q) | ay (q)  1 a] . (6.12) 

qi 

It  is  evident  from  the  structure  of  this  expression  that  the  vibration 
energy  of  the  crystal’s  atoms  is  equal  to  the  sum  of  vibration  ener- 
gies of  individual  independent  “oscillators”  with  a “kinetic  energy” 

of  1 a}  (q)  | 2/2  and  a potential  energy  of  co2  (q)  | a}  (q)  | 2/2  each; 
for  this  reason  it  is  proper  to  term  the  quantities  as  (q)  complex 
normal  coordinates. 

3.6.3  Since  the  laws  of  mechanics  have  been  formulated  for  real 
coordinates  and  velocities,  it  is  desirable  to  transform  expression 
(6.12)  to  real  normal  coordinates.  The  most  immediate  way  to  intro- 
duce them  is  by  making 

at  (q)  = -yY I&j fa)  + 'Qv fa-13) 

where  Q1}  (q)  and  Q2j  (q)  are  real.  At  first  it  appears  that  their 
number  is  twice  the  number  of  the  degrees  of  freedom;  however, 
from  (6.5)  it  follows  that 

Qn  (q)  = Qu  (— q).  Qn  (q)=  — Qzj  (— ?)•  (6.14) 

Because  of  this  the  number  of  independent  real  normal  coordinates 
is  equal  to  3s7V,  i.e.,  the  number  of  the  degrees  of  freedom  [as  was 
already  stated  in  conjunction  with  (6.5)]. 

In  order  to  express  the  energy  % (6.12)  in  terms  of  the  indepen- 
dent coordinates  Q ly-  and  Q2j,  we  shall  draw  a plane  through  the 
origin  in  the  q-space  and,  after  substituting  (6.13)  into  (6.12),  sum 
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only  over  the  q’s  that  lie  to  one  side  of  the  plane,  i.e.,  in  one-half 
of  a Brillouin  zone.  Then 

^ = [<?ij  (q)  + co,?  (q)  Q\j  (q)]  + [Qh  (q)  + co?  (q)  Qlj  (q)]}. 

q i 

(6.15) 

It  can  be  demonstrated  that  there  are  standing  waves  in  a crystal 
shifted  by  one-fourth  of  a wavelength  with  respect  to  each  other  to 
correspond  to  the  real  normal  coordinates  (6.13)  [3.11,  Sec.  28]. 
Traveling  waves  are  more  useful  for  applications.  Real  normal 
coordinates  and  velocities  (momenta)  were  first  introduced  by  R.  Pei- 
erls  with  the  aid  of  the  canonical  transformation  [3.10,  § 45] 

ai  (q)  = (q)  + af  (—  q).  (6.16) 

Here 

« t (i) = 4 [Qj  (q) + Qt  (q)  ] . (6- 16a) 

where  0 (q)  are  real  normal  coordinates. 

It  is  obvious  that  condition  (6.5)  is  fulfilled  automatically. 
It  will  be  demonstrated  below  that  Qj  (±q)  are  in  fact  normal 
coordinates,  and  therefore, 

Qt  (±q)  = — (q)  Qj  (±q)*  (6-17) 

where  we  have  taken  into  account  that  co j (— q)  = co j (q)  [see 
(5.13)]. 

From  (6.16)  and  (6.17)  we  obtain 

aj  (q)  = -y  [Qt  (q) — iwt  (q)  Qj  (q)i 

+ Y [Qj  ( — q ) + i<x)j  (q)  Qj  ( — q)]  • (6.18) 

Substituting  (6.16)  and  (6.18)  into  (6.12),  we  obtain 

l=|y{[0(q)  + 01?  (q)  0 (q)J  + [0  ( - q)  + ©J  (q)  0 ( - q)]} 
qj 

= y S [<?3(q)  + “J(q)«(q)i.  (6-i9) 

qj 

since  the  summation  over  — q is  equivalent  to  that  over  q and  since, 
according  to  (5.13),  co  j (— q)  = <£>j  (q).  It  follows  from  (6.19)  that 
Qj  (q)  are  indeed  normal  coordinates;  this  justifies  expression  (6.17) 
ai.o  ccnfiims  that  (6.16)  is  a canonical  transformation. 
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Introducing  real  generalized  momenta 

^f(q)  =^~  = Qj  (q),  (6-20> 

dQj 

conjugate  to  the  coordinates  Qj  (q),  we  can  write  (6.19)  in  the  form 

* = S [t  (q)  + Y ©1  (q)  Q)  (q)]  = <&  «?,  P),  (6.2i> 

qj 

where  Si  ( Q , P)  is  the  system’s  Hamiltonian. 

Substituting  (6.16)  into  (6.4),  we  obtain  for  the  atomic  displace- 
ments 

Wn a = -y=~2  etfta(q)  [«i(q)  + a?(  — q)]e,q'a“-  (6.22), 

If  the  summation  in  the  second  addend  that  contains  the  multi- 
plicand a*  ( — q)  is  performed  over — q instead  of  q (this  is  obviously 
equivalent)  and  if  use  is  made  of  (6.16),  (6.20)  and  (6.3),  we  obtain 

“s-=-7 hr  S Re  [>  <") + vtw  (i)]  e,,"n}  <«-23>- 

r q i 

(Re  {.  . .}  is  the  real  part  of  the  expression  in  the  braces). 

Let  us  show  that  a traveling  wave  with  a wave  vector  q and 
frequency  Wj  (q)  corresponds  to  the  excitation  of  one  normal  coor- 
dinate Qj  (q). 

If  only  one  normal  coordinate  Qj  (q)  is  nonzero,  then  the  sum. 
in  (6.22)  reduces  to  one  term 

“:“=TsrRe{ew‘(q) <6.24> 

Since  Q}  (q)  is  a normal  coordinate,  Qj  (q)  and  ( i/a>j  (q))  Ps  (q) 
feature  a harmonic  time  dependence,  i.e.,  they  are  proportional  to- 
exp  [ — iWj  (q)  <].  Denoting  the  complex  amplitude  in  the  braces  by 
Ca  (q)  ei(e  [the  factor  in  front  of  Re  {.  . .}  has  been  included  in. 
Ca  (q)],  we  obtain 

uL  = Re  {Ca  (q)  e*lq -n-“/q»I+q»jt  (6.25). 

whence  it  follows  that 

wftna  = Ca  (q)  cos  [q  • a„  — ©,-  (q)  t + <p],  (6.26) 

where  Ca  (q)  is  the  amplitude  of  the  plane  wave  propagating  in  the 
direction  of  the  wave  vector  q with  a frequency  o>,-  (q),  and  <p  is  the 
phase  of  this  wave.  We  see  that  traveling  waves  (6.26)  correspond 
to  the  normal  coordinates  Qj  (q)  introduced  with  the  aid  of  the  ca- 
nonical transformation. 
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3.6.4  It  has  been  demonstrated  in  the  preceding  section  that  for 
a simple  lattice  (a  Bravais  lattice)  the  amplitudes  Aja  are  real. 
-Obviously,  the  same  is  true  for  the  eigenvectors  eja .8 
It  follows  from  (6.4a)  that  for  a simple  lattice 

Wna  = l f/a  fa’  *)eiq‘Bn  + a*  (q.  f)e_tqan}.  (6.27) 

' qi 

Here  M is  the  atomic  mass,  and  the  prime  at  the  summation  sign 
means  that  summation  is  performed  over  one  half  of  a Brillouin 
zone. 

Finally,  from  (6.23)  it  follows  that  for  a simple  lattice 

Una  = ~rr=  2 ei*  fa)  [ Ql  fa)  C0S  fa  • a»)  T-  M • (q)  Sin  fa  ' a“) ] • 

' qi 

(6.28) 


3.7  Vibrations  in  Simple  Cubic  Lattice 

3.7.1  Consider  a simple  cubic  lattice  with  an  atom  of  mass  m 
,in  every  site. 

Figure  3.12  depicts  a simple  cubic  lattice  and  an  orthogonal  eoor- 
u!  i n a te  frame  x,  y,  z with  its  origin  at  the  atom  0.  The  six  nearest  •- 


Fig.  3.12 

atoms  are  located  at  a distance  a from  the  central  O-atom  (the  first 
coordination  group).  The  next  12  atoms  nearest-  to  0 (the  second 

8 When'performing  the  summation  in  (6.12)  inside  one  hall  of  a Brillouin 
zone,  the  factor  1/2  should  be  dropped. 
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coordination  group)  are  located  at  a distance  a Y 2 from  O.  Out  of 
these,  atoms  1,  2,  3,  4 lie  in  the  plane  xy,  atoms  5,  6,  7,  8 in 
the  plane  yz,  and  atoms  9,  10,  11,  12  in  the  plane  xz .9 

To  simplify  notation,  we  denote  the  vector  of  the  direct  lattice  by 

;an  = n^  4-  «2a2  + «3as  = n (a1  = a2  = a3  = a).  (7.1) 

It  follows  from  (5.2)  that  the  force  acting  on  the  (n,  A:)-th  atom 
in  the  direction  a,  when  the  (n',  fc')-th  atom  is  displaced  in  the 
direction  p by  the  amount  u„'p,  in  the  linear  approximation  is  equal 
to 


d® 

<a 


— ®afi 


(7.2) 


In  the  case  of  a simple  lattice  the  indices  k and  k'  are  absent,  and 
the  force  acting  on  the  atom  at  the  origin  (n  = 0)  in  the  direction 
of  the  a axis,  when  the  atom  n'  (=  n)  is  displaced  in  the  direction 
P by  an  amount  unp,  is  equal  to 


d d> 

duoa, 


Oafjun(j. 


(7.3) 


The  force  (7.3)  can  be  expressed  in  terms  of  the  quasi-elastic  bonding 
constant  a„ , which  generally  depends  on  the  interatomic  spacing 
n = | n |.  We  have 


— = anKnp  , 


(7.4) 


where  na  and  n$  are  projections  of  the  spacing  n on  the  a and  p 
axes.  Hence, 


^=-cc7 


(7.5) 


When  calculating  Z>aP  (q)  via  (5.10a),  we  must  perform  summation 
over  all  the  n',  including  n'  = 0,  at  the  same  time  (7.4)  and  (7.5) 
are  applicable  only  if  n 4 0 (we  have  substituted  n for  n'). 

To  find  we  make  use  of  (5.3b),  whence 

(7.6) 

(n^=0) 

It  follows  from  (5.10a),  (7.5)  and  (7.6)  that  for  the  dynamical  matrix 
D<x&  (q)  = 2 CCn^(l-^“),  (7.7) 

(n^tO) 

where  m is  the  mass  of  an  atom. 


9 The  interaction  with  the  second  coordination  group  is  vital  for  the  stability 
of  the  lattice. 
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Let  us  calculate  Dxx  (q).  It  may  easily  be  seen  that  the  product 
nxnx  = nx  is  nonzero  only  for  two  *-atoms  lying  on  the  x axis 
(Fig.  3.12);  therefore,  for  the  first  coordination  group 

0&(q)  = -^-  S <*1-^(1-^-") 

(n=jtO) 

= [1  — eiqxa  +1  — e~19x<1]  = (1  — cos  qxa) 

= i^Lsin2-if2-.  (7.8) 

m 2 

The  four  atoms  of  the  second  coordination  group  (5,  6,  7,  8;  Fig.  3.12) 
contribute  nothing  to  Dxx , since  for  them  nx  — 0.  Taking  into 
account  the  contribution  of  the  atoms  belonging  to  the  second  coor- 
dination group,  we  obtain 

0&(q ) = ir  2 «2-§-(i-^n) 

(n^O) 

=_S"  ("Tf)2'8- 2cos 

— 2 cos  ( qxa  — qya)  — 2 cos  (qxa  + qza)  — 2 cos  ( qxa  — qza)\ 

2a 

= [2  — cos  ( qxa ) cos  ( qya ) — cos  ( qxa ) cos  ( qza)\ . (7.9)- 

Calculating  this  sum,  we  obtain,  for  example,  for  atoms  1 and  3' 
(Fig.  3.12), 

(1  _ ^<9*0+ v>)  + (1  - ha))  = 2 - 2 cos  (qxa  + qya). 

Similar  results  are  obtained  for  other  atomic  pairs. 

It  follows  from  (7.8)  and  (7.9)  that 

Dxx  (q)  = Dxx  (q)  + D£x  (q) 

= sin2^£|£_  _|_  [2  — cos  ( qxa ) (cos  qya-\-  cos  qza)\.  (7.10) 

The  other  diagonal  members  of  the  dynamical  matrix  Dyy  (q)  and 
Dzz  (q)  are  obtained  from  (7.10)  with  the  aid  of  a cyclic  permutation 
of  the  labels  x,  y,  z. 

The  nondiagonal  members  are,  for  instance, 

Dxy(q ) = ±-  2 an^(l-^  ").  (7.11> 

(n=/0) 
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The  atoms  of  the  first  coordination  group  do  not  contribute  to  Dxy  (q), 
because  for  them  either  nx  or  ny  vanish.  From  the  second  coordina- 
tion group  only  four  atoms  lying  in  the  xy  plane  contribute: 

^(q)=-5-(-j7=-)2[(1-«i(v+,»a)) 

_ (1  _ ei<V-9*°>)  _|_  (1  _ e-«  «*»+«»“>)  - (1  - )] 

= [2  cos  (qya  — qxa)  — 2 cos  (qxa  + q yd)] 

= -^2-  sin  (qxa)  sin  (qya),  (7.12) 

Dxy  (q)  = sin  (qxa)  sin  (qya).  (7.13) 

The  other  nondiagonal  members,  Dxz,  Dyz,  etc.  can  be  obtained  via 
a cyclic  permutation. 

We  see  from  (7.10)  and  (7.13)  that  the  elements  of  the  dynamical 
matrix  are  real  and  symmetric,  i.e.,  Dap  = D Pa,  as  it  should  be 


Fig.  3.13 

for  a simple  lattice  [see  (5.11c)].  The  characteristic  equation  (5.11) 
lias  the  form 

det  [DaP  (q)  — ©26af5]  = 0,  (7.14) 

where  Da p (q)  are  given  by  (7.10)  and  (7.13). 

The  equation  (7.14)  is  a degree  three  equation  in  to2,  and  for  this 
reason  its  solution  is,  in  general,  rather  difficult.  We  shall  solve  it 
for  selected  symmetrical  points  (lines)  of  a Brillouin  zone. 

For  a simple  cubic  lattice  a Brillouin  zone  is  in  the  shape  of  a 
cube,  as  depicted  in  Fig.  3.13. 
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Let  us  determine  the  form  of  the  spectrum  (dispersion)  and  the 
direction  of  polarization  vectors  e}  (j  = 1,  2,  3)  for  points  A,  i.e.r 
for  the  axis  of  symmetry  [100].  In  this  case  qx  = q,  qy  = qz  = 0r 
and  from  (7.10)  and  (7.13)  it  follows  that 


O, 


4(al  + 2a2) 


sin-" 


qa_ 

2 


Dyy  = Dzz  = 


sin2_y"  • (7.15> 


All  nondiagonal  members  Dxy,  Dxz,  etc.  vanish;  for  this  reason  the 
characteristic  equation  is  of  the  form 


(Dxx  - co2)  (Dyy  - co2)2  = 0, 
whence  we  obtain  the  three  (j  = 1,  2,  3)  roots: 
co * = Drx  = 4<ai  + 2g»>  sin 


2qa_ 
2 


®2=®3: 


4as 


sin 


2_qa_ 
2 


(7.16) 

(7.17) 


The  equations  for  the  polarization  vectors  are  of  the  form 

DxxeiX  — 1 

Dyyeiy  — ^xelyi  > (7.18) 

Dzzelz  = u\eiz.  J 

Dxxe2x  = u>te2xi  1 

Dyye2y  = r (7-19) 

Dzze2z  = a\eZz.  J 

The  equations  for  the  vector  e3  coincide  with  (7.19).  The  solutions 

of  the  homogeneous  equations  (7.18)  and  (7.19),  which  include  the 
normalizing  conditions  for  ex,  e2,  an'd  e3  [see  (6.2)  and  (6.3)]  are 
e1  (1,  0,  0),  e2  (0,  1,  0),  and  e3  (0,  0,  1).  Because  of  frequency  degene- 
racy co2  = co3,  the  choice  of  the  components  of  e2  and  e3  is  not  unique; 
one  may,  for  instance,  put  e2  (0,  — l/j/2, 1/1^2)  and  e3  (0, 1/K2, 
1/|/  2),  which,  however,  does  not  lead  to  results  of  physical  interest. 

Thus,  the  wave  propagating  along  the  x axis  with  a wave  vector 
q = qx  is  characterized  by  a longitudinal  polarization  vector 
ex,(l,  0,  0)  and  by  transverse  polarization  vectors  ex’ (0,  1,  0)  and 

er  (0,  0,  1). 

The  secular  equation  (7.14)  can  be  easily  solved  for  other  sym- 
metrical points  (lines)  A,  2 and  Z (Fig.  3.13)  as  well.  If  we  find 
the  corresponding  values  of  cof  for  those  points,  we  can  find  the 
polarization  vectors  from  equations  (6.1).  Since  this  procedure 
is  similar  to  the  one  we  performed  for  the  point  A,  we  do  not  give 
the  calculations  for  other  points;  instead,  we  confine  ourselves  to 
the  presentation  of  results  in  Table  3.1. 

Looking  at  Table  3.1,  we  see  that  the  polarization  vectors  are 
normalized  to  unity  in  cases  (a)  and  (d).  In  the  two  other  cases  we 
deemed  it  more  instructive  to  make  all  the  nonzero  components  of 
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Table  3.1 
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e7- equal  to±l.  In  case  (b)  the  vectors  e^1’  and  e?1  are  not  mutual- 
ly orthogonal  (they  make  an  angle  of  80°,  a fact  that  the  reader  can 
■establish  by  computing  their  scalar  product).  This  does  not  contra- 
dict the  general  theorem  proved  in  Appendix  3,  Sec.  5,  because  the 
eigenvectors  e t*  and  e?  ’ belong  to  the  same  eigenvalue  to  * = oi,. 
■Of  course,  in  this  case,  too,  with  the  aid  of  a linear  transformation, 
mutually  orthogonal  vectors  can  be  introduced.  In  case  ( d ) the 
vibration  branches  are  not  separated  into  the  transverse  and  the 
longitudinal  (there  is  only  e2  (0,  1,  0),  a transverse  vibration). 


Figure  3.14  is  a schematic  representation  of  the  dependence  of 
the  frequencies  ©/  on  q for  cases  (a)-(d).  In  cases  (a),  (6),  (c) 
the  symmetry  lines  originate  from  point  T,  the  centre  of  a Bril- 
louin  zone  for  which  q = 0;  because  of  that  the  acoustic  branches,  as 
it  should  be,  start  from  (Oj  = 0.  As  can  be  seen  from  Table  3.1, 
in  those  cases,  for  small  values  of  q,  oi  = v0q,  where  v0  is  the  sound 
velocity  (the  propagation  velocity  of  long  waves:  qa  = 2na/A,<C  1, 
i.e.,  the  wave  length  a = lattice  const.). 

The  velocities  of  the  longitudinal  and  transverse  sound  waves  for 
all  three  cases  (a,  b,  c)  can  be  easily  determined  from  Table  3.1. 
For  example,  in  case  (u) 


V<)L 


-f-  2o^2 


v0t  — a 


/■ 


«2 

m 


whence  it  follows  that  uoL  > uoT;  this  is  true  for'  all  three  cases 
(in  cases  ( b ) and  (c)  we  should  make  q = <jr/i/3  and  q = g/l/2]. 

The  symmetry  line  Z does  not  pass  through  the  centre  of  the  Bril- 
louin  zone  (Fig.  3.13);  therefore,  the  dispersion  curves  o )7-  = co,-  (q) 
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do  not  start  from  zero.  Note  that  the  same  point  X inside  the  Bril- 
louin  zone  corresponds  to  qx  = q — n/a  in  case  (a)  and  to  qz  = 
= q = 0 in  case  (d);  therefore  the  extreme  values  of  the  fre- 
quencies in  both  cases  coincide. 

3.8  Application  of  Group  Theory  to  Normal 
Vibrations  in  Crystal  Lattices 

3.8.1  In  Section  2.7  we  studied  the  general  aspects  of  the 
application  of  group  theory  to  a quantum-mechanical  system 
whose  Hamiltonian  displays  certain  symmetry.  We  shall  now  deal 
with  a similar  problem  as  applied  to  the  normal  vibrations  of  a crys- 
tal lattice.  Then  the  results  obtained  will  be  applied  to  the  simple 
cubic  lattice  studied  in  the  preceding  section. 

We  shall  base  our  discussion  on  the  concept  of  the  wave  vector 
group  Gq  introduced  in  Section  2.8.3.  The  wave  vector  group  Gq 
is  a subgroup  of  the  crystal’s  space  group  G with  the  elements  g = 
= {R  \ a (R)  +an}  such  that  i?q  = q or  i?q  = q + b;,  where  b;  is  a 
vector  of  the  reciprocal  lattice. 

Operate  with  the  operator  Pg  (2.6.1),  where  g £ Gq,  on  both  sides 
of  (6.1).  The  operation  with  Pg  on  the  dynamical  matrix  Z)£p  (q) 
(3. 10a)  leaves  it  invariant.  Indeed,  since  the  elements  g are  the 
crystal’s  symmetry  elements  (g  £ Gq  £ G)  and  the  force  constants 
(I)ap  (nM  are  those  for  equilibrium  positions  of  the  atoms  in  the 
lattice,  Pg  can  at  most  change  the  numeration  of  the  lattice  sites 
n.  n'  over  which  the  summation  to  determine  Z)£p  (q)  is  performed 
(n  can  always  be  equated  to  zero).  As  to  the  wave  vector  q,  it  expe- 
riences no  change  in  compliance  with  the  definition  of  the  vector 
group  Gq.  We  obtain  accordingly  from  (6.1) 

S (q)  ^ViA'p(q)  = fflj(q)  Pgejha  (q)-  (8-1) 

*'P 

This  equation  is,  in  a sense,  similar  to  the  Schrodinger  equation 
(2.7.13).  The  part  of  the  Hamiltonian  $£  (x)  is  played  by  the  dy- 
namical matrix  Hap  , the  part  of  the  eigenfunctions  i|)  (x)  by  the 
eigenvectors  ejha  (q),  and  the  part  of  the  energy  eigenvalues  by  the 
normal  frequencies  (oj  (q). 

We  see  that  the  eigenvectors  eJka  (q)  play  the  part  of  the  basis 
functions  of  an  irreducible  representation  of  Gq.  If  the  eigenvalue 
(q)  of  (6.1)  is  degenerate,  i.e.,  if  there  are  several  linearly  inde- 
pendent eigenvectors  e7ft„(q)  corresponding  to  the  same  natural 
frequency  co;-  (q),  then  the  eigenvector  P gejka  (q)  can  be  represented 
ns  a linear  combination  of  tbe  eigenvectors  corresponding  to  the 
frequency  c oj  (q).  The  matrices  of  this  linear  representation,  by  anal- 

11-01137 
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ogy  with  (2.7.15),  realize  an  irreducible  representation  of  the  wave 
vector  group  Gq.  The  dimension  of  the  irreducible  representation  is 
equal  to  the  degree  of  degeneracy  of  the  frequency  oiy-  (q). 

To  apply  group  theory  to  the  classification  of  the  vibrations  of 
a crystal  at  different  points  of  a Brillouin  zone,  we  must  find  the 
full  (reducible)  representation  corresponding  to  the  vibrational 
degrees  of  freedom  for  a definite  q,  just  as  it  was  done  for  molecules 
(Section  3.8.3).  For  a complex  crystal  the  total  number  of  vibra- 
tional degrees  of  freedom  u„a  is  equal  to  3 Ns  — 6 « 3 Ns  (N  is 
the  number  of  crystal  cells  in  the  principal  region,  and  s is  the  num- 
ber of  atoms  in  a cell),  i.e.,  it  is  very  great.  We  are,  however,  inter- 
ested in  the  classification  of  vibrations  at  a specified  point  of  a 
Brillouin  zone,  i.e.,  for  a definite  value  of  the  wave  vector  q,  which 
(for  a vibration  branch)  itself  assumes  N quasi-discrete  values  (5.24). 
Therefore  the  number  of  vibrational  degrees  of  freedom  for  a def- 
inite q is  3s,  i.e.,  is  equal  to  the  number  of  degrees  of  freedom  of 
the  atoms  in  the  unit  cell. 

We  must  effect  the  transition  from  3siV  atomic  displacements 
Wna  to  their  Fourier  transforms  u„a  (q)  (as  it  is  done  below)  and 
find  what  representations  of  the  wave  vector  space  group  Gq  trans- 
form them. 

We  shall  start  with  expression  (6.4),  which  we  write  in  the  form 

4a=S^a(q)eiq*a",  (8.2) 

q 

where 

Wfta  (q)=  2 ei *«  (q)  « j (q.  <)•  (8.2a) 

Here  are  polarization  vectors  and  a j are  complex  normal  coordi- 
nates. 

Multiplying  both  sides  of  (8.2)  by  exp  ( — iq'-an),  summing  over 
n,  and  making  use  of  (A. 6.4),  we  obtain 

^a(q)=^2e"iq'anWna  (8.3) 

n 

(in  the  last  expression’ we  denoted  q'  by  q). 

Operate  with  the  operator  Pg- 1 (2.6.1)  on  3s  quantities  uha  (q) 
(for  a specified  value  of  q),  where 

g = {i?|am  + a}  (8.4) 

is  an  element  of  the  wave  vector  group  Gq  ( g ~l  is  obviously  also  an 
element  of  the  wave  vector  group  Gq).  It  follows  from  (8.3)  that 

Pg-^k«  (q)  = ^ 2 e-iq-*°Pg-iukna.  (8.5) 
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The  operator  P g- 1 on  the  right-hand  side  of  (8.3)  affects  only  the 
displacements  «Sa,  since  the  factors  exp  ( — iq-an)  are  the  expansion 
coefficients  of  the  quantity  uka  (q)  in  the  displacements  u*a  (the  same 
as  P R in  Section  2.8.3  transforms  the  displacements  uia  of  the  atoms 
in  a molecule,  not  affecting  their  numeration). 

Since  u„a  is  a component  of  the  displacement  vector,  by  analogy 
with  (2.8.13)  we  have 

Pg-rU  hn*=  51  Du  (g~l)n'k'a' , nftotun'a'-  (8.6) 

n'k'a' 

The  matrix  Du  of  dimension  3 sN  represents  the  displacements  of  all 
the  crystal’s  atoms.  From  (2.8.13)  it  follows  that 

D nha  — A (g  l)a'a  &n',  g(n)6ft',  g(A).  (8.7) 

Here  A ( g -1)  is  the  transformation  matrix  of  the  polar  vector  u„a 
which  operates  in  the  g~l  transformation  of  the  coordinate  frame; 
the  Kronecker  deltas  fin-,  g (n)  and  6h.  g (k)  account  for  the  fact  that, 
as  a result  of  the  operation  g,  the  atom  (n,  k)  occupies  the  position 
of  the  atom  (n',  k')  of  the  same  type. 

Substituting  (8.7)  and  (8.6)  into  (8.5)  and  performing  an  identi- 
cal transformation  of  the  exponential,  we  obtain 

Pg-'uka  (q)  = 2 e Q nun'a’A(g  l)a’a 

n,  n',  h' , a' 

XeiQ-(a;-a  n>6n,ig(n)V>g(A).  (8.8) 

Since  the  operation  g transforms  a„  into  a„,  it  follows  that 
iq-(a;  — a„)  = iq-(gan  — a„)  = iq-(Ran  + am  + a — a„) 

= i [(7?-1q  — q)  a„  + q-(a„,  + a)].  (8.9) 

If  g_1  is  an  element  of  the  wave  vector  group  Gq,  then 
i?-1q  = q or  i?_1q  q + b;  (8.10) 

(b;  is  a vector  of  the  reciprocal  lattice).  In  both  cases  exp  [i  (/?-1q  — 
— q)-an]  = 1;  therefore 

Pg-Mha(q)  = ^T  2 e-iqanu*'-a'A(g-%.a 
n,  n',  h\  a ' 

xei«l(»m+«)6n.jg(n)6A<jg(ft).  (8-11) 

If  we  add  up  the  terms  on  the  right-hand  side  over  n'  and  make  use 
of  (8.3),  we  obtain 

Pg-Mha  (q)  = 2 A (g~%;a  eiq  ^+a\,,gih)uh,a.  (q)  (8.12) 

h'OL* 

1 1* 
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(the  summation  over  n is  performed  automatically,  thanks  to  the 
presence  of  6n-,  g (n)). 

Let  us  demonstrate  that  for  symmorphic  groups  of  the  wave  vector 
Gq,  as  well  as  for  internal  points  of  a Brillouin  zone  of  any  group 
G q,  the  matrices  A (g'1)  exp  [iq-  (a  -f-  am)J  &k\g(k)  serve  as  3s- 
dimensional  representations  of  the  wave  vector  groups  Gq  of  the 
basis  functions  uha  (q).  Indeed,  since  these  matrices  include  the 
factor  exp  [iq  (a  + am)],  the  product  of  the  matrices  g1  = 
= (i?i  | ai  + ax}  and  g2  = {B2  | a2  + a2}  for  the  elements  of  the 
group  Gq  will  include  the  factor  exp  [iq-(a1  + a1-f-a2  + a2)[. 

In  Section  2.9.4  we  demonstrated  that  the  irreducible  repre- 
sentation T (g2£i)  in  such  cases  contains  exp  [iq  - (i?2a1  + i?2ai  + 
+ a2  + a2)[  (2.9.31);  both  exponentials  coincide  if  exp  [iq-(aj  + 
*4- ax)[  = exp  [iq-(/f2ct1  + i?^)],  i.e.,  if  exp  [i  (/?_1  q — q)-(aj  + 
aj)]  = 1.  Because  of  (8.10)  this  condition  is  fulfilled  either  for 
symmorphic  groups  (ax  = 0)  or  for  internal  points  of  a Brillouin 
zone  ( 1 q = q). 

Decomposing  this  representation  of  dimension  3s  in  irreducible 
representations  of  the  Gq  group,  we  are  able  to  classify  the  crystal’s 
vibrations  at  point  q of  its  Brillouin  zone.  Note  the  close  analogy 
between  (8.12)  and  (2.8.13)  obtained  in  the  course  of  the  analysis 
of  vibrations  of  polyatomic  molecules. 

Since  only  characters  of  an  irreducible  representation  need  be 
known  to  perform  the  decomposition  of  the  representation  (8.7) 
in  the  representations  of  the  wave  vector  group  Gq,  we  find  the 
characters  of  (8.7).  Making  use  of  (2.8.15),  we  see  that  the  character 
of  the  representation  Du  of  (8.7)  for  a proper  rotation  through  the 
angle  <p  is 

XU(C  (<P)  I a)  = (1  + 2„  cos  <p)  exp  (iq-a)  nc,  (8.13) 

where  nc  = 2 c(h ) is  the  number  of  atoms  in  the  cell  remaining 

k 

in  their  places  in  the  course  of  the  transformation  C (q>)  s C. 

In  the  same  way  we  obtain  for  a rotary-reflection  transformation 
S(q>)s=S  (2.8.18): 

%u  ( S (<p)  | a)  = (—1  + 2 cos  cp)  exp  (iq-a)  ns,  (8.14) 

where  ns  is  the  number  of  atoms  in  a cell  unaffected  by  the  trans- 
formation S (9). 

3.8.2  Apply  now  the  results  obtained  to  the  study  of  vibrations 
in  a simple  cubic  crystal  discussed  in  the  preceding  section. 

Determine  the  irreducible  representations  of  the  wave  vector  group 
Gq  in  the  centre  of  a Brillouin  zone  (q  = 0),  i.e.,  at  point  T 
(Fig.  3.13).  The  point  T has  the  symmetry  of  a cube  O ^ = O X L; 
here  O is  the  symmetry  group  of  the  cube’s  axes,  and  G,  = 
where  J is  inversion  (Section  2.3).  Table  3.2  of  the  characters  of  the 
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Oh  group  can  be  obtained  in  accordance  with  the  procedure  in  Table 
2.6  with  reference  to  Table  2. 7. 10 

To  find  the  characters  of  the  representation  D r (8.7)  at  point 
T we  make  use  of  (8.13)  in  which  we  put  a = 0 and  nc  = 1.  In 
addition,  we  must  bear  in  mind  that  for  the  elements  containing 
inversion  J, 

%u  [JC  (cp)  | a]  = — (1+2  cos  cp)  exp  (iq-a)  nCJ.  (8.15) 

This  follows  from  the  preceding  result  and  from  (2.8.14)  if  all  the 
— ua's  are  substituted  for  ua. 

We  finally  obtain 


xu  (E)  = 3, 

lu  (C3) 

= 0, 

x“(Q  =-1. 

xu  (Cs)  = 

- - 1, 

luCk)  =1, 

XU(J) 

= — 3, 

7“  (JC 3)  = 0, 

xu  (JC\) 

= 1, 

7“  {JC,) 

= 1, 

(JC,)  = -1. 

(8.16 

We  see  that  the  characters  of  the  representation  Dp  coincide  with 
the  characters  of  the  irreducible  representation  T15  (Table  3.2), 
but  in  this  case 


D$  = rls,  (8.17) 

i.e.,  the  representation  corresponding  to  the  wave  vector  group 
in  the  centre  of  a Brillouin  zone  is  the  three-fold  degenerate  irre- 
ducible representation  T16. 

To  determine  the  wave  vector  group  at  point  A (see  Fig.  3.13) 
consider  the  elements  of  the  group  that  leave  the  vector  qA  inva- 
riant. It  may  easily  be  seen  that  such  elements  are  the  elements  of 
the  group  C, v:  E,  C\  (the  <7*  axis),  2 C,  (qx),  2 JC\  (the  qy  and  qz  axes), 
and  2JC2.  Note  that  JC\  and  JC2  are  reflections  in  planes  passing 
through  the  axis  qx  and  perpendicular  to  the  axes  C4  and  C2.  The 
point  T of  a Brillouin  zone  satisfies  the  same  point  symmetry  group 
C4v  (note  that  there  are  four  equivalent  points  T on  the  four  vertical 
edges  of  the  cube).  Now  employ  the  general  procedure  to  build  a 
table  of  characters  of  groups  GqA  and  Gqr  (see  Table  3.3).  The  tables 
of  characters  of  groups  of  the  wave  vectors  pointing  in  the  direc- 
tions of  points  A and  2 (the  symmetry  of  point  S is  the  same  as 
that  of  point  2)  can  be  built  in  a similar  way  (Table  3.4). 

The  irreducible  representations  of  the  wave  vector  qA  group  can  be 
found  with  the  aid  of  two  methods.  First,  we  can  find  the  charac- 
ters of  the  representation  D\  (8.7)  for  the  C4v  group: 

Xu  (E)  = 3,  xu  (C4)  = — 15  %u  (C4)  =r  li 
%u  (JCl)  = 1,  lu  ( JC2 ) = 1.  (8.18) 

10  The  notations  for  irreducible  representations  in  Table  3.2  are  tnjse  used  in 
the  paper  by  L.  Bouckaert,  R.  Smoluchowski  and  E.  Wigner  [3.13],  In  Jones’ 
opinion,  such  notation  is  justified  “because  it  has  established  itself  in  literature 
so  that1  its  use  appears  inevitable”  [3 
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Table  3.2 
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8 C3 

6C4 

B 

6/C4 

IT 
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1 
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1 
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1 

1 

1 

1 
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—1 

i 

1 

1 
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—1 
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—1 
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B 

0 

ri5 

3 
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B 

B 
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B 

^25 

3 

0 

—i 
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B 
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1 
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i 

B 

B 

B 

—i 

IT 

1 

1 

i 

-i 

—i 

—i 

—i 

-i 

i 

B 

ri2 

2 

—1 

2 

0 

0 

—2 

i 

—2 

0 

0 

r15 

3 

0 

B 

—3 

0 

1 

1 

—1 

^25 

3 

0 

B 

—1 

—3 

0 

1 

—1 

1 

These  characters  are  written  out  in  the  last  row  of  Table  3.3.  Decom- 
posing the  representation  D'i  with  the  characters  (8.18)  in  irreducible 
representations  of  the  6'4v  group,  we  obtain 

Dl  = A,  + A5.  (8.19) 

The  same  result  can  be  obtained  if  we  hear  in  mind  that  the  transi- 
tion from  the  centre  of  a Brillouin  zone  T to  the  line  A involves  a 
reduction  in  symmetry  from  Oh  to  C4v.  Such  a reduction  in  symmet- 
ry, as  was  established  in  Section  2.7.2,  causes  the  splitting  of  the 
level  ri5.  Writing  out  the  characters  of  T15  corresponding  to  the 
classes  of  the  group  <74T,  we  find  them  to  coincide  with  the  characters 
%u  (8.18).  Therefore,  proceeding  in  compliance  with  the  general  rule, 
we  obtain 


^15  — Ax  + A5, 


(8.19a) 


i.e.,  the  state  r15,  three-fold  degenerate  in  the  centre,  splits  along 
the  line  A into  a nondegenerate  state  Ax  and  a two-fold  degenerate 
state  As-11 

However,  the  advantage  of  the  first  method  employing  (8.18) 
is  that  it  is  applicable  to  the  point  T (see  Fig.  3.13),  which  is  not 
in  contact  with  the  centre  T,  but  has  the  same  symmetry  Ck T as 
point  A. 


11  This  is  the  reason  for  attributing  the  index  “15”  for  the  irreducible  repre- 
sentation r15. 
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Comparing  (8.19a)  with  the  analytical  solution  of  mechanical 
equations  of  the  preceding  section  (Table  3.1  and  Fig.  3.14a),  we 
see  that  group  theory  solely  on  the  basis  of  considerations  involv- 
ing the  symmetry  of  the  cubic  lattice  predicts  the  existence  of  two 
vibration  branches  along  the  A-line  of  a Brillouin  zone:  of  a 
nondegenerate  longitudinal  branch  (Ax)  and  of  a two-fold  degenerate 
transverse  branch  (A5).  By  analogy,  we  obtain  from  Table  3.4  for 
the  A-line 

F15  = A,  + A3,  (8.20) 

i.e.,  the  three-fold  degenerate  state  T15  splits  along  the  line  A (see 
Fig.  3.13)  into  a unit  representation  Ax  and  a two-fold  degenerate 
representation  A3. 

We  have  already  noted  that  the  symmetry  of  point  R coincides 
with  that  of  point  T,  and  for  this  reason  it  is  obvious  that  at  point 
R the  states  A1  and  A3  merge  into  a three-fold  degenerate  state. 
This  is  a qualitative  description  of  the  dispersion  pattern  shown 
in  Fig.  3.146.  Finally,  from  Table  3.4  we  obtain  on  the  line  2 

r15  = 2,  + 23  + 2*.  (8.21) 

Hence,  along  the  2-line  a complete  splitting  of  the  state  T15 
into  three  nondegenerate  states  takes  place,  in  agreement  with  the 
analytical  solution  (Table  3.1c  and  Fig.  3.14c). 

We  see  that  the  state  T15  in  the  centre  of  a Brillouin  zone,  when 
displaced  along  the  lines  A,  A,  and  2 is  uniquely  decomposed  in 
states  (8.19a),  (8.20)  and  (8.21).  In  general,  if  the  symmetry  elements 
are  in  contact,  the  irreducible  representations  of  a group  of  higher 
symmetry  can  be  uniquely  decomposed  in  irreducible  representations 
of  groups  of  lower  symmetry.  These  conditions  are  known  as  compati- 
bility relations.  Table  3.5  presents  the  compatibility  relations  be- 


Table  3.5 
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a2 
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A2A5 
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S223S4 
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A2A5 

A2 

Ai 

A3 

AjA3 

A2A3 

^3 

2223 

2i2324 

SjS224 
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tween  the  irreducible  representations  at  point  T and  at  points  A,  A, 
and  2. 

To  complete  the  group  analysis  of  the  vibration  branches  of  a 
simple  cubic  crystal,  we  still  have  to  compile  a table  of  characters  of 
wave  vector  groups  for  points  X and  M (with  the  same  symmetry  as 
point  2f),  and  for  Z. 

When  determining  the  wave  vector  group  for  point  X (and  M), 
we  must  bear  in  mind  that  the  point  X gains  additional  symmetry 
elements  connected  with  the  inversion  J of  point  X,  as  compared 
with  point  A;  this  gives  us  an  equivalent  vector  q differing  from  the 
original  one  by  the  reciprocal  lattice  vector  2 n/a.  Hence,  the  wave- 
vector  group  Gqv  = GqA  X C ,,  and  its  characters  may  be- 
obtained  from  Table  3.3  in  compliance  with  the  plan  set  out  in 
Table  2.6.  If  we  subsequently  build  the  tables  of  compatibility 
relations  for  M and  2,  Z,  T and  for  X and  A,  Z,  S,  we  shall  be  able 
to  predict  the  nature  of  the  merging  of  branches  at  point  M in 
case  (c)  and  the  nature  of  the  splitting  branches  in  case  ( d ). 

Finally,  let  us  consider  the  irreducible  representations  of  the- 
group  of  the  wave  vector  directed  toward  point  Z (see  Fig.  3.13). 
Since  the  line  Z does  not  originate  from  the  centre  T,  we  cannot 
make  use  of  the  compatibility  relations  but  must  start  from  the 
representation  Dz  (8.7).  The  following  operations  leave  the  wave 
vector  directed  toward  point  Z invariant  (or  transform  it  into  an 
equivalent  one):  E,  Cl  ( qz ),  JC\  ( qx ),  JC\  (qy)  (the  corresponding 
C 4 axes  are  shown  in  parentheses).  The  table  of  characters  of  this 
fourth  order  group  concides  with  the  table  of  characters  of  the- 
group  for  points  2 and  S (see  Table  3. 4). 12  It  can  easily  be  demon- 
strated that  the  characters  of  the  representation  Dz  coincide  with 
the  values  in  the  last  row  of  r15.  Accordingly,  the  decomposition 
of  Dz  in  Zl7  Z2,  ...  is  of  a form  similar  to  (8.21): 

Duz  = Zj  + Z3  + Z4.  (8.22) 

We  see  that  there  are  three  nondegenerate  vibration  branches  along 
the  Z-line,  as  was  previously  demonstrated  analytically  (see  Table 
3.1  and  Fig.  3.14d). 

Because  of  the  relative  simplicity  of  the  solution  for  a simple 
cubic  lattice  obtained  in  the  preceding  section,  the  reader  may  doubt 
I lie  effectiveness  of  the  application  of  group  theory  to  the  normal 
crystal  vibrations.  In  this  connection  the  following  remarks  are 
appropriate:  first,  the  solution  in  the  preceding  section  was  obtained 
for  a model  of  a cubic  crystal,  which  takes  into  account  only  the  inter- 
action of  every  atom  with  the  atoms  of  the  first  and  second  coordi- 
nation groups,  while  the  results  of  group  theory  analysis  are 


12  We  should  just  substitute  the  irreducible  representations  Z2,  Z3,  Z4  for 
Ihe  first  column  and  E,  C\  (gz),  J C\  (qx),  JC%  ( qy ) for  the  first  row. 
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generally  valid  for  a cubic  crystal.  Moreover,  group  theory  can 
be  applied  in  the  analysis  of  normal  vibrations  also  in  the  case  of 
complex  lattices,  when  it  is  impossible  to  obtain  an  analytical  solu- 
tion in  a closed  form.  Group  theory  makes  it  possible  to  reject 
everything  that  contradicts  the  system’s  symmetry,  and  thus  to 
essentially  reduce  the  number  of  alternative  solutions  that  have  to 
be  analyzed  by  computation  methods. 


3.9  Vibrations  and  Waves  in  Crystals  in  the 

Approximation  of  an  Isotropic  Continuous  Medium 

Consider  harmonic  waves  in  a crystal  lattice  in  the  approximation 
of  a continuous  medium  (P.  Debye,  1912).  This  approximation  is, 
obviously,  good  when  the  wavelength  is  much  longer  than  the  lat- 
tice constant,  since  in  this  case  the  discrete  (atomic)  structure  of 
the  crystal  should  not  make  itself  felt.  As  we  shall  see,  the  approxi- 
mation of  a continuous  medium  assumes  quite  different  forms  for  long 
acoustic  waves  and  for  long  optical  waves  in  an  ionic  (heteropolar) 
crystal. 

3.9.1  In  the  case  of  long  acoustic  waves  the  continuous  approxi- 
mation is  equivalent  to  the  application  of  the  theory  of  elasticity. 
The  equations  of  motion  of  a homogeneous  isotropic  continuous 
medium  in  the  absence  of  forces  acting  in  the  volume  are  of  the 
form  [3.1,  § 22] 

p -^-  = (M  + A)|grad  divu  + MV2u.  (9.1) 

Here  u (r,  t)  is  the  displacement  vector  of  the  medium  at  point 
r at  the  moment  t\  M and  A are  the  Lame  coefficients;  and  p is  the 
constant  density  of  the  homogeneous  continuous  medium. 

The  theory  of  elasticity  shows  [3.1,  § 22]  that  -9=  div  u is  the 
relative  variation  of  volume  AVIV  at  point  r,  and  that  <j>  = (1/2)  x 
X curl  u is  the  angle  of  rotation  of  the  volume  element  (as  a whole) 
at  point  r.  Taking  the  divergence  of  both  sides  of  (9.1),  we  obtain 
the  wave  equation  for  compression  H 

|^  = ^V20,  (9.2) 

where  vx  = ]/  (2 M + A)/p  is  the  velocity  of  propagation  of  the 
compression  waves.  In  obtaining  (9.2)  we  made  use  of  relations 

div  4^-=-^r(divu),  divgrad  = V2,  div  V2u  = V2  div  u. 
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Similarly,  taking  the  curl  of  both  sides  of  (9.1),  we  obtain  the 
wave  equation  for  the  torsional  angle  <p: 

^ = *hV2<p,  (9.3) 

where  vt  = Y M/p  is  the  velocity  of  propagation  of  the  torsional 
waves  (use  was  made  of  the  equality  curl  grad  = 0).  It  may  easily 
be  seen  that  vt  > vt,  the  explanation  being  that  elastic  resistance 
to  compression  exceeds  that  to  twisting. 

Let  us  demonstrate  that  compression  waves  are  longitudinal 
and  torsional  waves  are  transverse.  Consider  a plane  wave  propagat- 
ing in  the  direction  of  the  x axis  (this,  obviously,  does  not  restrict 
generality): 

u = A sin  2jt  — ^-)  > (9.4) 

where  A is  a constant  amplitude,  v is  the  frequency,  and  X is  the 
wavelength.  Hence  it  follows  that 

*=divu=T+^+^=-M-^)cos2jt 

(9.5) 

and 

q>  = -|  curl  u = — Ayj0  cos  2n  (vt  — 

+ A2k0  (-|-)cos2ji(v*  — -|-j,  (9.6) 

where  j0  and  k„  are  unit  vectors  directed  along  the  y and  z axes,  re- 
spectively. 

It  follows  directly  from  (9.5)  and  (9.6)  that  the  compression 
waves  d are  longitudinal  (Ay  = Az  = 0)  and  the  torsional  waves  <p 
transverse  {Ax  = 0). 

The  longitudinal  compression  waves  d (9.5)  and  the  transverse 
torsional  waves  <py  and  <pz  (9.6)  are  continuous  medium  analogues 
of  the  three  acoustic  branches  of  atomic  vibrations  in  complex 
crystals  (Section  3.5.5);  and  vt  may  be  said  to  be  the  longitudinal 
and  the  transverse  sound  velocities.  For  the  case  being  considered 
we  shall  find  the  frequency  distribution  function  g (©)  (5.33),  which 
specifies  the  number  of  vibrations  per  unit  interval  of  the  frequency  co. 

The  wave  equation  for  the  scalar  d (9.2)  is  similar  to  the  wave 
equation  (9.3)  for  every  component  of  the  torsional  vector  <p;  there- 
fore, it  suffices  to  consider  equation  (9.2).  Consider  the  waves  d in 
a cube  with  an  edge  L.  Direct  the  orthogonal  coordinates  x,  y,  z 
along  the  cube’s  edges.  Choose  as  the  boundary  conditions  d = 0 
on  all  the  faces  of  the  cube  x = y = z = 0 and  x = y = z = L. 
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The  choice  of  the  boundary  conditions  cannot  be  of  much  importance 
if  the  wavelength  is  small  as  compared  with  L.  Specifically,  nothing 
changes  if  we  require  that  elastic  stresses  vanish  on  the  cube’s  faces 
instead  of  the  compression  # (free  surfaces). 

We  shall  look  for  the  solution  of  (9.2)  in  the  form 

O'  = A sin  cot  sin  ax  sin  by  sin  cz,  (9.7) 

where  A is  the  amplitude,  to  is  the  cyclic  frequency,  and  a , b,  c are 
constants.  Substituting  (9.7)  into  (9.2),  we  obtain  after  canceling 
out  0 on  both  sides: 

a)  = vi  Y a1  -T  b2  + c2.  (9.8) 

Hence,  (9.7)  satisfies  equation  (9.2)  if  the  frequency  is  related  to 
a,  6,  c via  (9.8).  To  satisfy  the  boundary  conditions  we  must  make 

aL  = n1  ji,  bL  — n2n,  cL  — n3Jt,  (9.9) 

where  nl,  n2,  n3  are  positive  integers  or  zero  (negative  numbers 
yield  the  same  vibration  but  with  a phase  shift  of  it). 
Substituting  (9.9)  into  (9.8),  we  obtain 

co  = ^V  K + nl  + nl.  (9.10) 

There  is  a distinct  normal  vibration  with  a definite  frequency  (9.10) 
to  correspond  to  each  set  of  three  numbers  If  nx,  n2l  n3  are  large, 
i.e. , if  the  wavelength  is  much  shorter  than  L,  then  the  ca’s  depen- 
dence on  the  numbers  nt  is  quasi-continuous.  In  this  case  we  can 
speak  about  the  number  of  vibrations  in  a frequency  interval  [w, 
co  + cho]. 

We  introduce  the  quantity 

if2  = n\  + n\  + n\.  (9.11) 

Then  the  frequency  will  be 

<e=  ~ R.  (9.12) 

Figure  3.15  depicts  a Cartesian  coordinate  frame  with  positive 
integers  nx,  n2,  n3  marked  on  the  axes;  there  are  integral  coordinates 
«!,  n2,  n3  and  a definite  position  vector  R (9.11)  to  correspond  to 
each  site  of  the  cubic  lattice  depicted  in  Fig.  3. 15. 13  On  the  other 
hand,  there  is  a distinct  normal  vibration  (9.7)  with  a frequency 
(9.10)  to  correspond  to  each  site. 


13  To  avoid  complicating  the  figure,  only  the  lattice  sites  in  the  n2n3  plane 
are  shown. 
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Find  the  number  of  vibrations  per  frequency  interval  [co,  © + 
-f-  d©]  for  large  nt.  It  follows  from  (9.12)  and  (9.11)  that  this  num- 
ber is  equal  to  the  number  of  lattice  sites  inside  a spherical  layer 
[/?,  R + dR]  in  a coordinate  frame 
octant.  Since  the  volume  of  a 
cubic  cell  is  unity,  this  number  is 
simply  equal  to  the  volume  of  the 
corresponding  spherical  layer. 

Hence,  the  number  of  longi- 
tudinal vibrations  per  frequency 
interval  [co,  © + <f©]  is 


gi  (©)  d©  = 
V 


4nR2  dR 


8 


©2  d(o, 


(9.13) 


in  accordance  with  (9.12);  here 
V = Ls  is  the  body’s  volume.  Simi- 
lar considerations  hold  for  each  of 
the  two  components  of  the  vector 

(p  which  satisfy  equation  (9.3);  therefore  the  number  of  transverse 
vibrations  in  the  interval  [©,  © + cf©]  is 


it  (®)  d(i>=2 0)2  dc0’ 


(9.14) 


where  two  in  the  numerator  reflects  the  existence  of  two  components 
in  a transverse  wave  (9.6). 

The  full  frequency  distribution  function  (5.32)  is 


S(to)  =gi(©) + £<(«) 


3V 


or 


(9.15) 


where  the  velocity  v0  is  determined  by 


(9.16) 


v\  may  be  said  to  represent  the  average  of  inverse  cubic  longitudinal 
and  inverse  cubic  transverse  sound  velocities. 

Note  that  in  the  continuous  (Debye)  approximation  the  frequency 
distribution  function  for  acoustic  vibrations  g (©)  (5.32)  is  propor- 
tional to  ©2. 

3.9.2  In  the  preceding  section  we  saw  how  long  acoustic  waves 
are  described  in  the  approximation  of  a continuoqs  medium. 

Now  we  turn  to  the  study  of  the  continuous  approximation  for  long 
optical  waves  in  a cubic  ionic  crystal  (K.  Huang,  1950).  Consider  an 
ionic  crystal  whose  every  cell  consists  of  two  oppositely  charged 
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ions  with  the  effective  charges  ±e*  and  masses  m+  and  m_.  In  the 
process  of  long-wave  optical  vibrations  the  ions  in  all  the  cells  vi- 
brate in  step  (Section  3.5.5);  therefore,  only  the  ionic  motion  in  one 
cell  need  be  considered.  If  u+  and  u_  are  the  displacements  of  the 
positive  and  negative  ions  from  their  equilibrium  positions,  the 
equations  of  motion  are 

-^-=  — >«  (u+  — u-)  + e*Eeff,  (9.17) 

— *(u_  — u+)  — e*Eeff.  (9.17a) 

Here  Eeff  is  the  effective  electric  field  with  which  the  external 
field  and  other  ions  in  the  crystal  act  on  the  ion,  and  x is  the  constant 
quasi-elastic  force  acting  on  the  ion  as  it  is  displaced  relative  to 
another  ion.  Dividing  (9.17)  by  m+,  (9.17a)  by  m_,  and  subtracting 
term  by  term,  we  obtain 

mr  -^§-  = — xs  + e*Eeff , (9.18) 

where  mr  is  the  reduced  mass  (mjl  = m;1  + ml1),  s = u+  — u_ 
is  the  displacement  of  the  positive  ion  relative  to  the  negative  ion. 

The  effective  field  in  a cubic  crystal  is  [3.15,  Sec.  2.9,  equation 
(2.60)] 

Ee„*=E  + i2-P,  (9.19) 

where  E is  the  average  field  in  the  dielectric,  and  the  polarization 
vector  is  equal  to 

P = A’0[e*(u+  — u_)  + a+Eeff a_EefI]  = yV0  (e*s  + aEeff).  (9.20) 


Here  N0  is  the  number  of  cells  per  unit  volume  of  the  crystal,  a+ 
and  a_  are  electronic  polarizabilities  of  the  positive  and  negative 
ions,  and  a = a+  + a_.  This  is  a continuous-medium  approach, 
partly  because  it  makes  use  of  the  macroscopic  concept  of  the 
polarization  vector  P. 

Excluding  the  effective  field  Eefi  from  (9.19)  and  (9.20),  we 
obtain 


P = W0 


e*s  + aE 


4nlVo 


■ a 


(9.21) 


We  shall  exclude  from  the  equations  the  polarizability  a,  which 
is  not  measured  directly  in  experiments,  and  turn  to  the  expression 
for  the  induction  vector  [3.13,  Sec.  2.3] 


D = E + 4jtP  = eE, 


(9.22) 
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with  e the  dielectric  constant14;  hence 

P=^-E.  (9.23) 


In  a high-frequency  (o)  -*■  oo)  electric  field  the  ions  are  unable  to 
follow  the  field  and  therefore  s ->0.  By  making  s = 0 in  (9.21) 
and  e = Boo  in  (9.23),  we  exclude  P from  (9.21).  Then  the 
polarizability  will  be 


a 


8oo  1 


4jtJV0 


(fioo  -f-  2) 


(9.24) 


Substituting  this  value  of  a into  (9.21),  we  obtain 

T>  M e*(e°°  + 2)„  , Eoo — 1 
r-iVo  - 4n  n. 


(9.25) 


Substituting  into  (9.19)  this  value  of  P and  then  excluding  Ee(f 
from  (9.18),  we  obtain 


mT 


d2  s 
dt 2 


= —mr  co„s- 


€ (8oo  -f-  2) 


E, 


where 


co: 


y.  4niV0e*2(eoo-l-2) 


mr 


9 mr 


We  introduce  the  “normalized”  displacement 
w = Y N0mT  s 

and  substitute  it  into  (9.26)  and  (9.25).  Then 


d2  w 


dt2 


and 

p _ -y/~  -^o  e*  e°°  + 2 

V mT  3 


w+  8”~1  E. 
1 in 


(9.26) 
(9.26a) 

(9.27) 

(9.28) 

(9.29) 


If  we  were  to  introduce  the  static  value  of  the  dielectric  constant  e0 
(for  a constant  electric  field  to  -»-0),  we  would  obtain  from  (9.23) 
and  (9.29) 


6q  — 6 co 


N o e*2  4n  (eoo-t-2)2 
mv  9co§ 


(9.30) 


14  Here  we  make  use  of  the  customary  notation  for  the  dielectric  constant 
without  fear  that  it  might  be  mistaken  for  energy. 
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From  this  we  find  the  quantity  ( N0/mr)e *2  and  substitute  it  into 


{9.28)  and  (9.29)  to  obtain 

^r=  ®ow  + ®o  V E (9.31) 

and 

P = o)o'/’£^^w  + ^lE.  (9.32) 

To  determine  the  type  of  motion  of  the  ions  we  make 

w = w(  + w i,  (9.33) 

where 

div  w(  = 0,  curl  wj  = 0.  (9.34) 


It  is  an  established  fact  that  such  a representation  of  an  arbitrary 
vector  (w)  in  the  form  of  a sum  of  a solenoidal  (w()  and  an  irrotation- 
al  (w;)  vector  is  always  possible  and  unique  [3.16], 

In  the  absence  of  free  charges 

div  D = div  E + 4it  div  P = 0.  (9.35) 

If  we  substitute  P from  (9.32)  and  make  use  of  (9.33)  and  (9.34), 
we  obtain 

div  E + ]A 4a  (e0  — 6oo)divw;  = 0,  (9.36) 

8oo 

whence 

E=  — (e0  — 8oo)  wj.  (9.37) 

£<x> 

Substituting  (9.33)  and  (9.37)  into  (9.31),  we  obtain 

(w«  + w»)  = — co2w<  — co2  -g-  w,.  (9.38) 


Separating  in  this  equation  the  solenoidal  part  from  the  irrotational, 
we  obtain 


d2wf 
dt 2 


©2W  t. 


(9.39) 


d2W; 

~dt^~ 


(9.40) 


If  we  represent  w*  and  w;  in  the  form  of  a plane  wave 
_A  exp  [i  (q-r — oof)],  we  obtain  from  (9.39)  and  (9.40)  for  correspond- 
ng  frequencies  wt  = ©„  and  a>i  = ( e0/ea,)1',2(o0 . ■’ 
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On  the  other  hand,  substituting  into  (9.34)  the  expressions  for 
a plane  wave,  we  obtain 

div  w(  = div  {At  exp  [i  (q-r  — cott)}  oc  At-q  = 0, 

(9.41) 

curl  wj  = curl  {Az  exp  [i  (q-r  — ©jf)]}  « A[  X q = 0, 

whence  it  follows  that  A(_L  q and  Aj  ||  q,  i.e.,  the  solenoidal  wave 
wt  is  transverse  and  the  irrotational  wave  wf  is  longitudinal. 

The  expressions  obtained  above  lead  to  the  Lyddane-Sachs-Teller 
relation 

(0[/co4  = V 80/e<».  (9.42) 

Since  e0  > sx  [see  (9.30)],  it  follows  that  the  frequency  of  the 
longitudinal  waves  © ( is  higher  than  the  frequency  of  the  transverse 
waves  coj,  which  is  an  analogue  of  the  relation  vx  >vt  for  the  acous- 
tic waves  (see^the  preceding  section).  Since  it  is  easier  to  measure 
©t  in  experiments  than  ©j,  equation  (9.42)  can  serve  to  determine 

(dj. 
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3.10.1  The  quantum  mechanical  Hamiltonian  in  the  Q represen- 
tation corresponding  to  the  Hamiltonian  for  normal  lattice  vibrat- 
ions (6.21)  is  obtained  from  the  latter  by  substituting  the  opera- 
tors for  the  momenta  Pj  (q): 


Qj  (9)  = Pj  (q) 


h d 
i dQj(  q)» 


(10.1) 


where  h is  the  Planck  constant  divided  by  2it,  and  i = Y — 1- 
The  Hamiltonian  obtained  from  (6.21)  is  of  the  form 


<#((?,  P)=2  {-f  js^+iBjWWW),  (10.2) 


i.e.,  it  splits  up  into  a sum  whose  each  addend  is  in  the  form  of  a 
Hamiltonian  of  a linear  harmonic  oscillator  with  the  coordinate 
Qi  (q),  the  frequency  ©7-  (q),  and  a unit  mass.  It  has  been  established 
in  quantum  mechanics  that  the  wave  function  of  a system  with  a 
Hamiltonian  in  the  form  of  a sum  whose  every  addend  depends  only 
on  one  coordinate  and  one  momentum  conjugate  to  it  is  equal  to 
the  product  of  the  wave  functions  corresponding  to  each  addend,  the 
energy  being  equal  to  the  sum  of  the  corresponding  energies. 

Consider  an  individual  addend  of  the  Hamiltonian  (10.2)  omitting, 
to  simplify  the  notation,  the  symbols  / and  q accompanying  the 
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coordinate  Qj  (q).  The  Schrodinger  equation  for  such  a linear  oscil- 
lator assumes  in  this  case  the  form 


h2  d2if> 
2 dQ2 


Y wzQ2 1|)  = eijj. 


(10.3) 


It  has  also  been  established  in  quantum  mechanics  [3.5,  § 23]  that 
the  eigenvalues  and  the  normalized  eigenfunctions  of  this  equation 
are  of  the  form 


e = en  = ha  (N  + 1/2),  (10.4a) 

* - m = ( ■ ^ <■*»  H„[  (•£ ) ' 1,2  Q ] . (10.4b) 


Here  N is  the  oscillator’s  quantum  number,  H N [|]  is  a Hermite 
polynomial  of  the  dimensionless  coordinate  1 = (to /h)1/2Q. 

As  we  shall  see  below,  the  matrix  elements  of  the  coordinate  Q 
and  of  the  momentum  P (10.1)  on  the  wave  functions  (10.4b)  are 
of  major  importance  for  the  study  of  the  interaction  of  conduction 
electrons  with  the  lattice  vibrations.  It  can  be  demonstrated  that 
they  are  equal  to  [3.5,  § 23] 

oo 

(N'IQIN)=  j ^n’Q^n  dQ 

— oo 

f VN  if  N'  = N — 1, 

= -|/A-|_x<  YW+i  if  N'  = N + i.  (!0-5) 

l 0 in  all  other  cases; 

{N1 1 P |A>  = j $%.-*&LdQ 

— oo 

__  ( —V"N  if  = N — 

= i (/ j VNTi  if  N’=N  + l,  (10.6) 
l 0 in  all  other  cases. 

3.10.2  Introduce  new  complex  normal  coordinates  dj(q)  in- 
stead of  a,j  (q),  making 

oj  (q )=\/r  2 <p*(q)  t a*  ( - q) + a)  (q)  i . (10-7> 

Mq)  = 'V  ^[«1(-q)-«i(q)]- 


(10.8) 
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The  quantities  a,  (q)  defined  in  this  way  automatically  satisfy  the 
condition  (6.5).  Solving  the  system  (10.7)  and  (10.8)  to  find  a;-  (q), 
and  a}  ( — q),  we  obtain 

“AD-/  + <m-9) 

Expressing  aj  (q)  and  (q)with  the  aid  of  (6.16)  in  terms  of  Qj  (q) 
and  Qj  (q)  = Pj  (q),  we  obtain 

“AD  = /SS/AD  + i /n4(rpAD.  (W.lO) 


3.10.3  Introduce  the  operators  corresponding  to  the  quantities 
a j (q)  and  af  (q).  Omitting  the  label  / and  the  argument  q to 
simplify  the  notation,  we  obtain  from  (10.10)  and  (10.1) 


a == 
a+  = 


(//?+(///.  (10.11) 

dz/M/rz  do-12) 


[a+  is  the  operator  of  a*  (q)]. 

It  can  easily  be  shown  that  those  are  not  hermitian  operators. 
Operating  with  them  on  the  wave  function  (10.4b),  we  obtain 

= V (10.13) 

a+$N  = V N + 1 tyw+i-  (10.14) 

Indeed,  calculating 

^\W'nv+(^Y,2w]x 

CO  exp  (—  a>Q2/2h)  Hn  j / <?J 

X (n S)1/4  (2 nN'.)1/2 


we  obtain  (10.13).  Here  the  product  of  the  first  addend  in  the  square 
bracket  times  the  wave  function  N and  the  derivative  dldQ  of  the 
('xponential  factor  in  ojijv  cancel  out.  In  addition,  we  should  make 
use  of  the  relation  [3.7,  p.  145,  Problem  19] 


H’n  (I)  = 2N H (1); 


(10.15) 


(10.14)  is  obtained  in  a similar  way. 

As  we  shall  see  below,  the  normal  lattice  vibrations  in  interactions 
with  the  conduction  electrons  and  with  other  normal  lattice  vibra- 
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tions  behave  like  particles  with  an  energy  h&j  (q)  and  a quasi-mo- 
mentum15  fiq.  Such  quasi-particles  are  known  as  phonons. 

The  state  of  a crystal  with  the  Hamiltonian  (10.2)  is  specified 
in  the  Q representation  with  the  aid  of  a symmetrical  product  of 
oscillator  functions  (10.4b)  [3.5,  §61],  each  of  which  is  characterized 
by  a quantum  number  N = N jq.  Because  of  the  quantum  indistin- 
guishability  of  phonons  of  one  type,  the  crystal’s  state  is  fully  de- 
scribed by  the  numbers  of  phonons  N jq.  Such  a method  of  describing 
systems  of  particles  identical  in  the  quantum  mechanical  sense 
is  known  as  the  method  of  second  quantization.  The  operators  a 
and  a+  introduced  above  are  operators  in  the  second  quantization 
representation,  since  they  act  directly  on  the  occupation  numbers 
N.  Indeed,  the  operator  a,  as  can  be  seen  from  (10.13),  decreases 
the  number  of  phonons  N by  one  (for  this  reason  it  is  termed  anni- 
hilation operator ),  and  the  operator  a+,  as  can  be  seen  from  (10.14), 
increases  the  number  of  phonons  by  one  (for  this  reason  it  is  termed 
creation\operator). 

Consider  certain  properties  of  the  operators  a and  a+.  From  quan- 
tum mechanics  it  is  known  that  for  a conjugate  pair  of  coordinate 
Q = Qj  (q)  and  momentum  P = P}  (q)  there  is  the  commutation 
relations  [3.5,  § 61] 

QP  — PQ  = [<?,  P]  = ih.  (10.16) 

Substituting  herein  the  expressions  for  Q and  P = Q in  terms  of 
a and  a+  [see  (10.11)  and  (10.12)],  we  obtain 

aa+  — a*a  — [a,  a+]  — 1.  (10.17) 

Since  the  operators  Qj  (q)  and  P y (q')  for  / =^=  /'  or  q =^=  q'  commute 
with  one  another,  (10.17)  can  be  rewritten  in  the  form 

[<H  (q)»  aP  (q')l  = 6^8 qq'-  (10.18) 

Quasi-particles  (particles)  whose  creation  and  annihilation 
operators  satisfy  the  commutation  rule  (10.18)  are  termed  bosons. 
In  the  state  of  thermal  equilibrium  they  are  described  by  the  Bose - 
Einstein  statistics  [3.17]. 

We  express  the  Hamiltonian  (10.2)  in  terms  of  the  operators  a 
and  a+.  Making  use  of  (10.11)  and  (10.12),  we  obtain 

Sf  (a)  = y,  [oa+  + n+«].  (10.19) 

J,  q 


15  We  use  the  term  quasi-momentum  for  the  quantity  /iq  instead  of  momen- 
tum because  it  displays  certain  properties  not  peculiar  to  the  momentum  of 
a free  particle;  for  instance,  in  collisions  the  sum  of  quasi-momenta  is  conserved 
to  within  an  arbitrary  vector  of  the  reciprocal  lattice. 
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This,  with  reference  to  (10.18),  may  be  rewritten  as 

Si  (a)=  ^ too,  [a+a+l/2].  (10.20) 

Tq 

Operating  with  a+a  on  the  wave  function  (10.4b),  w«  obtain,  with 
the  help  of  (10.13)  and  (10.14), 

a+aipN  = a+ l/iVilijy.!  = Ahp^.  (10.21) 


We  see  that  the  eigenvalues  of  the  operator  a+a  are  equal  to  the 
number  of  particles  (phonons)  N jq  in  the  state  (/,  q). 

Operating  with  the  Hamiltonian  (10.20)  on  the  eigenfunction 
T jy , we  obtain,  making  use  of  (10.21),  for  the  energy  eigenvalues 

g = V^>.(q)  (7V.q  f 1/2),  (10-22) 

i,  <i 


which  agrees  with  (10.4a). 

Making  use  of  (10.13),  we  obtain  for  the  matrix  elements  of  the 
annihilation  and  creation  operators 


(Nl  | a f N)  = { 
(N'  | a+  | N)  = { 


VN  if  A"  — N — 1 , 

0 in  all  other  cases; 
|/JV>T  if  N'  = N + 1, 

0 in  all  other  cases. 


(10.23) 

(10.24) 


The  matrix  elements  of  the  operators  corresponding  to  the  quan- 
tities cij  (q),  according  to  (10.7),  are 


(N'qj  I ai  (q)  I ^Vqj.) 

(N'qj  | a*  (q)  | N qj) 


VhN^^jiq)  if  Nqj  — Nqj  1,  (10.25) 

0 in  all  other  cases; 

V h (Nqj  + l)/2o>j  (q)  if  Nqj  = Nq } + 1 . 

0 in  all  other  cases. 


(10.20) 

Here  we  take  into  account  that  the  matrix  elements  of  the  operators 
n*  ( — q)  for  Wq;-  = Nqj  + 1 are  zero’s;  indeed,  in  the  Q repre- 
sentation (10.10)  these  operators  depend  on  Qj  ( — q),  whereas  the 
wave  functions  depend  on  Qj  (q). 

The  method  of  second  quantization  is  especially  expedient  for  the 
quantum  mechanical  treatment  of  systems  with  a very  large  (even 
varying)  number  of  identical  particles  (phonons,  photons,  conduction 
electrons  and  holes  in  crystals,  electrons  and  positrons). 


3.11  Specific  Heat  of  Crystal  Lattices 

The  theory  of  specific  heat  of  crystal  lattices  is  one  of  the  important 
applications  of  the  theory  of  crystal  lattice  vibrations. 

3.11.1  A very  simple  theory  is  the  theory  of  specific  heat  of  crystals 
in  the  classical  region,  where  the  motion  of  the  lattice  atoms  obeys 
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the  laws  of  classical  mechanics.  As  was  demonstrated  by  L.  Boltz- 
mann, the  average  kinetic  energy  per  degree  of  freedom  for  systems 
in  the  state  of  statistical  equilibrium  is 

"®kin  = Y T = T k<>T > (11.D 

where  R = 1.987  cal/K-mol  is  the  universal  gas  constant,  N0  = 
= 6.023  X 1023  is  the  Avogadro  number  (the  number  of  particles  per 
mole  of  substance),  k0  = R/N0  = 1.38  X 10~16  erg/K  is  the  Boltz- 
mann constant,  and  T is  the  absolute  temperature  [3.17,  Chap. 
V,  § 3]. 

It  can  easily  be  demonstrated  that  for  a linear  harmonic  oscillator 
the  average  potential  energy  epot  is  equal  to  the  average  kinetic 
energy  ekln;  therefore,  the  average  total  energy  is 

s = ekin  -f-  Epot  = 2ekjn.  (11.2) 

For  a mole  of  crystal  of  an  element  the  internal  energy  in  the  state 
of  statistical  equilibrium  is  equal  to  the  energy  of  3 N0  normal  vibra- 
tions: 

g = 3AV  = 3iV02ekjn  = 3 N0±  T = 3RT.  (11.3) 

The  (molar)  heat  of  such  a crystal  at  constant  volume  is  equal  to 

Cy  = d$/dT  = 3R  = 5.96  cal/K-mol,  (11.4) 

i.e.,  is  independent  of  temperature  and  is  equal  to  approximately 
6 cal/K-mol  (Dulong- Petit's  law). 

The  great  simplicity  of  the  classical  theory  is  due  to  two  factors: 
the  possibility  of  representing  the  atomic  motion  in  the  crystal 
(in  the  harmonic  approximation)  in  the  form  of  normal  vibrations 
and  to  the  universal  character  of  the  law  of  equidistribution  of  ener- 
gy over  the  degrees  of  freedom  (11.1).  Relation  (11.4)  is  in  good  agree- 
ment with  experiment  (metals  are  no  exception  although  the  first 
impression  would  be  that  this  should  not  be  the  case).  Indeed,  the 
number  of  free  electrons  in  metals  is  of  the  order  of  that  of  atoms. 
Every  electron  from  the  classical  point  of  view  has  an  average  ki- 
netic energy  (3/2)  k0T,  the  corresponding  additional  contribution  to 

the  specific  heat  (11.4)  is^^N 

in  cv  being  1.5.  This  is  one  of  the  major  inconsistencies  of  the 
classical  electron  theory  of  metals,  and  it  will  be  discussed  in  Sec- 
tion 6.3. 

3.11.2  Studies  of  the  specific  heats  of  solids  in  the  low  temperature 
range  indicate  that  Dulong  and  Petit’s  law  (11.4)  is  an  asymptotical 
law  valid  only  in  the  high  temperature  range.  As  the  temperature 
is  decreased,  the  specific  heat,  starting  from  a definite  characteristic 


0 — k0TSj=Y  R’  i-  e.,  the  increase 
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temperature  TD  (the  so-called  Debye  temperature ),  begins  to  decrease 
rapidly  and  tends  to  zero  as  T ->-0.  The  Debye  temperature  varies 
lor  different  substances,  but  for  most  solids  it  is  of  the  order  of 
100-400  K.  The  explanation  for  the  failure  of  Dulong  and  Petit’s 
law  for  solids  at  low  temperatures  is  that  a reduction  in  temperature 
brings  about  a decrease  in  the  average  velocities  of  the  crystal’s 
atoms  and  consequently  an  increase  in  the  corresponding  de  Broglie 
wavelength.  It  is  shown  in  quantum  mechanics  that  when  the  de 
Broglie  wavelength  becomes  comparable  to  or  exceeds  the  linear 
dimensions  of  the  effective  region  of  motion  the  motion  no  longer 
obeys  the  laws  of  classical  mechanics.  Therefore,  when  we  consider 
the  normal  crystal  vibrations  from  the  quantum  mechanics  point 
of  view,  we  must  attribute  to  them,  in  compliance  with  (10.4),  the 
energy 

e*  = ftco  (N  + 1/2),  (11.5) 


where  we  omitted  the  labels  q and  which  describe  the  particular 
oscillator. 

The  probability  of  an  oscillator  in  the  state  of  statistical  equi- 
librium to  be  in  the  iV-th  quantum  state  with  the  energy  eN  is, 
according  to  Boltzmann,  equal  to  wN  = ce~eN/hoT.  The  constant  c 
is  determined  from  the  normalization  condition 2 wn  = c'£  e~eN,h°T— 

N N 

1,  where  c = (2  e_8^/AoT)_1.  The  average  energy  of  an  oscillator 

iV 

is  equal  to  the  sum  of  the  energies  multiplied  by  the  corresponding 
probabilities  wN: 


S—  CiyVftoT 
&Ne 

7=  2 = e 2 eNe~^T  =*£- 

S=  0 N=0 


N3  ~Eiv/ft»r 

/ • c 

A7— 0 


(11.6) 


To  calculate  (11.6),  we  introduce  the  so-called  partition  function 
Z=  2 e~e"/k‘T.  (11.7) 

N=0 

Then 


S —eN/htT 
eNe 

~ _ A'=0 

y e~£i v/k°T 

JV=0 

which  is  possible  to  verify  directly  by  finding  the  derivative  ot 
(11.7). 


(w) 


In  Z, 


(11.8) 
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On  the  other  hand,  making  use  of  (11.5),  we  obtain 

cx>  oo 

Z—  yj  g-e-v/fcoL  _ e-ha/2k„T  V e-Nhb>/k0T 
N= 0 .V==0 

— e-ha/2h0T  |q  _j_  e-hn>JhaT  _t_  g-2ha/h0T  _|_  _ _] 

e-ha/2hcT 

1 g-hu/koT  ’ 


(11.9) 


in  accordance  with  the  equation  for  an  infinite  decreasing  geometri- 
cal progression.  Substituting  the  result  of  (11.9)  into  expression 
(11.8)  and  differentiating  with  respect  to  the  argument  (koT)-1, 
we  obtain 


^CO  , h<S> 

eha/h0T_i  > 


(11.10) 


where  the  term  (1/2)  h co  independent  of  temperature  is  termed 
oscillator's  zero-point  energy.  Expression  (11.10)  (to  be  precise,  the 
second  addend  on  the  right-hand  side  of  that  expression)  can  be 
obtained,  if  the  normal  lattice  vibrations  are  treated  like  quasi- 
particles, phonons. 

Since  the  phonon  creation  and  annihilation  operators  satisfy  the 
commutation  rules  (10.18),  the  phonons  are  bosons,  i.e.,  are  de- 
scribed by  the  Bose-Einstein  statistics. 

In  some  respects  the  phonons  behave  differently  from  a gas  of 
normal  particles,  and  this  is  why  they  are  termed  quasi-particles. 
First,  in  interactions  with  electrons  or  other  phonons  the  phonons 
are  created  or  annihilated.  Second,  the  average  number  of  pho- 
nons in  a definite  volume  (their  concentration)  depends  on  tempera- 
ture. For  a gas  of  normal  particles  (atoms,  electrons)  the  variables 
V,  T,  and  N (the  number  of  particles)  are  independent.  In  the  case 
of  phonons  their  number  for  specified  V and  T is  determined  from 
the  conditions  of  equilibrium,  i.e.,  from  the  conditions  that  the  free 
energy  .F  ( T , V,  N)  be  minimal. 

Hence 


where  £ by  definition  is  the  chemical  potential. 

The  equilibrium  number  of  phonons  N per  quantum  state,  i.e., 
in  a cell  of  the  phase  space  of  volume  1 cm3  X 1 h3,  with  the  energy 
he o and  the  chemical  potential  £ = 0 is  [3.17,  Chap.  IX,  equa- 
tion (2.9)] 


gfi(0/A0T | • 


(11.10a) 
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Their  average  energy  is  obviously  e = ha  X N,  which  coincides 
with  the  second  addend  on  the  right-hand  side  of  (11.10). 

Hence  it  follows  that  the  phonons  are  elementary  excitations  of 

a crystal  above  its  zero  energy  level  g0  =2  ~§ ^ • 

i,q 

Only  such  excitations  interact  with  the  conduction  electrons, 
i.e.,  the  zero-point  vibrations  set  up  a sort  of  permanent  background 
(vacuum)  in  the  crystal. 

However,  if  the  amplitude  of  the  zero-point  vibrations  becomes- 
comparable  to  the  lattice  constant,  then  such  quantum  crystals 
begin  to  exhibit  some  interesting  properties;  under  certain  condi- 
tions, these  properties  are  exhibited  by  solid  helium  crystals. 

Making  use  of  expression  (11.10),  we  obtain  for  the  total  internal 
energy  of  a crystal  lattice  in  the  state  of  thermodynamical  equili- 
brium the  following  relationship: 


h to, 


<v 


i=  1 q 


h<»qj/hoT ^ 


3s 

-22 

i=4  q 


Jt  Cl), 


qj 


eha<\j/koT  _ ^ 


(11.11) 


where  ^o=2— 2^  is  ^ie  temperature  independent  zero-point 

qJ  3 

energy,  and  the  sum  2 over  the  three  acoustic  branches  has  been 
j=i 

written  as  a separate  term. 

3.11.3  We  shall  assume  (as  a rough  approximation)  that  the- 
frequencies  of  the  optical  branches  are  independent  of  q and  equal 
to  their  extreme  values  (of  = 016.  In  this  case  summation  over  q 
for  every  optical  branch  is  equivalent  to  multiplication  by  N.  The- 
onergy  of  acoustic  vibrations  (the  second  addend  in  (11.11)  will 
be  calculated  in  the  approximation  of  a continuous  medium  (Sec- 
tion 3.9);  this  approximation  is  the  better  the  longer  the  wavelength, 
as  compared  with  the  lattice  constant. 

Making  use  of  the  frequency  distribution  function  g (co)  (9.15),. 
we  represent  the  energy  of  the  acoustic  vibrations  in  the  form 


(f  ac  — 


k(i> 

eha>/haT j 


g(oa)dco  = 


ZVh 
2 JbTg 


“max 

l 


0 


(O3  did 

eha/k0T_l  ’ 


(11.12) 


where  v30  is  the  average  of  the  inverse  cubic  longitudinal  and  inverse; 
cubic  transverse  velocities  of  acoustic  waves  (9.16). 


16  For  instance,  making  use  of  (3.6)  we  can  demonstrate  that  the  width  of 
the  optical  branch,  i.e.,  g>op(0)  — <dop  (jt/a),  is  small  when  the  mass  of  one 
;i  I ran  greatly  exceeds  the  mass  of  another  atom. 
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The  maximum  frequency  a>max  is  determined  from  the  condition 
that  the  total  number  of  vibrations  is  equal  to  the  total  number 
(3 N)  of  normal  vibrations  in  all  three  acoustic  branches.  Hence 


max  max  y 


whence 


(11.13) 


Here  Q0  = VI N is  the  volume  of  a unit  cell,  and  <?max  is  the  maxi- 
mum value  of  the  wave  vector.  Define  the  “lattice  constant”  with 
the  aid  of  the  equality  Q0  = a3.  The  order  of  magnitude  of  tomax 
is  v0/a;  consequently,  the  maximum  value  of  the  wave  vector  and 
the  minimum  value  of  the  wave  length  are  qmax  = o)max/i;0  1/a 
and  Xmin  = 2n ;/?max  ~ a.  A Brillouin  zone  of  a cubic  crystal  has 
the  shape  of  a cube  with  the  edge  equal  to  2jt/a,  so  that  the  maxi- 
mum values  of  the  orthogonal  components  of  q are  equal  to  nla 
(5.9a). 

In  the  approximation  of  a continuous  medium  employed  in  De- 
bye’s theory,  the  region  of  possible  values  of  q is  enclosed  inside  a 
sphere  of  radius  <7max  (11.13). 

Define  the  characteristic  temperature  of  a solid  (the  Debye  temper- 
ature) as 

rD_*^=(®£),'»£I,0.  (11.14) 


Since  o)raax  ~ v0/a  ~ 105  cm/sec/10-8  cm  ~ 1013  Hz  and  k0 
10-16  erg/K,  Td  ~ 100  K.  We  can  introduce  Debye  temperatures 
corresponding  to  the  extreme  frequencies  of  the  optical  branches  as 

TDj  = «©$/&„,  (11.14a) 

their  orders  of  magnitude  being  10M03  K,  although  in  general 
Tt> j > ^D- 

Introducing  into  (11.12)  the  integration  variable  x = ha>lk0T 
and  making  use  of  the  definitions  of  characteristic  temperatures 
<(11.14)  and  (11.14a),  we  obtain 


6S 

«_«„  + m,r{30(^)  + 3 } 

3= 4 e 1 


(11.15) 


where  the  Debye  function 


(11. 15a) 
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Consider  first  the  case  of  high  temperatures,  where  T 3>  TD}  and 
the  more  so  T TD,  since  TD  < Then  the  argument  of 

the  Debye  function  t = TT)IT  <C  1.  Substituting  ex  w 1 + x in 
the  integrand  of  (11.15a),  we  may  easily  see  that  D (<)  « 1.  Expand- 
ing the  exponential  in  terms  corresponding  to  optical  branches,  we 
obtain 


3s 

2 

j=4 


TpjlT 

eT^/T-i 


3 8 

2 1 — 3s  — 3. 

1 = 4 


Hence,  % = g0  -f-  3sNk0T,  and  the  specific  heat  cv  = d%ldT  = 
— 3 sNk0,  in  accordance  with  Dulong  and  Petit’s  law  (11.4). 

Consider  now  the  low-temperature  case,  where  T -C  TD  and  the 
more  so  TDj.  Neglecting  the  quantities  of  the  order  of  e~T*>,T 
in  comparison  with  unity,  we  drop  in  (11.15)  the  terms  correspond- 
ing to  the  optical  branches  and  substitute  oo  for  the  upper  limit  in 
l he  integral  of  the  function  D (2).  Since  [3.18,  § 66] 

oo 

1*  xs  dx  it4 

J ex  — 1 T5"  ’ 
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it  follows  that 
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(11.16) 


i.e. , is  the  temperature-dependent  part  of  the  energy  is  proportional 
to  T4.  The  specific  heat 


d%  12nH-0  l T \ 3 
°v  ~ dT  ~ 5 \ Td  ) ’ 


(11.17) 


i.e. , proportional  to  Ts.  The  Ts-law  is  in  good  agreement  with  the  expe- 
riment in  the  temperature  range  of  20-50  K.  Debye’s  theory  of  specific 
heat  based  On  expressions  for  g (co)  (9.15)  and  for  the  extreme  fre- 
quency (11.13)  should  be  true  for  low  temperatures,  when  only  the 
long  waves  are  excited,  and,  consequently,  the  approximation  of  a 
continuous  medium  is  valid.  On  the  other  hand,  in  the  high-temper- 
ature range,  when  the  heat  capacity  is  determined  solely  by  the  num- 
ber of  degrees  of  freedom  of  the  lattice,  Debye’s  theory  produces  a 
correct  result,  Dulong  and  Petit’s  law.  In  the  intermediate-tempera- 
l are  range  the  expression  for  the  specific  heat  cv  following  from  De- 
bye’s theory  can  be  regarded  only  as  a more  or  less  successful  inter- 
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polation. 

obtain 


Differentiating  expression  (11.15)  with  respect  to  T,  we 


cv  — 


dT 


= 3 Nk, 
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+ iVA:0  y 


3s  7’  /T1 
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jr4  (^/T- 
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(11.18) 


The  temperature  dependence  of  the  heat  of  acoustic  branches  is 
characterized  by  the  quantity 
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cv 
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(11.18a) 


where  the  right-hand  side  can  be  obtained  by  integration  by  pails 
of  the  integral  determining  the  function  D ( T0/T ).  Figure  3.16 

depicts  the  graph  of  the  quantity 
(11.18a)  as  a function  of  TIT n- 
In  the  low-temperature  range  it 
is  proportional  to  (71/7’D)3,  in  the 
high-temperature  range  it  tends 
to  unity.  The  difference  between 
the  value  of  expression  (11.18a) 
and  unity  is  the  measure  of  the 
deviation  of  the  specific  heat  of 
acoustic  branches  from  the  classical 
value  3Nk0.  The  curve  shows  that 
the  characteristic  temperature 
that  separates  the  classical  region 
from  the  quantum  one  is  not 
Tq  hut  rather  JD/ 3.  The  temperature  range  T ^ rD  is  the  range  of 
validity  of  classical  expressions  for  specific  heat,  and  the  range 
T < rD/10  is  the  range  for  quantum  mechanics  laws. 

The  specific  heats  corresponding  to  the  optical  branches  are  fre- 
quently termed  Einstein's  terms.11  As  f ^-0  their  decrease  does  not 
obey  the  TMaw,  but  proceeds  more  rapidly,  as  T“2e“TDj/T.  In  cases 
where  Tj^j^  TD  (molecular  lattices)  the  situation  might  arise  when 
T Td  and  T <C  TBj,  so  that  the  acoustic  branches  are  all  excited 
(the  heat  of  the  optical  branches  being  negligible).  In  this  case  the 


T/Tq 


Fig.  3.16 


17  A.  Einstein  was  the  first  to  consider  from  quantumj  mechanics  view- 
point the  specific  heat  of  a monatomic  solid  in  the  simplifying  assumption  that 
all  atoms  vibrate  with  a single  definite  frequency.  This  led  him  to  the  expres- 
sion for  specific  heat  which  coincides  with  that  for  specific  heat  of  a sin- 
gle optical  branch  in  (11.18)  (multiplied  by  3). 
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lattice  behaves  as  a classical  nonatomic  one  with  “atomic”  masses 

M = y.  mk. 

ft=l 

3.11.4  A more  profound  experimental  and  theoretical  investiga- 
tion of  the  specific  heat  of  solids  in  the  low-temperature  range  dem- 
onstrated that  the  true  region  of  the  TMaw  extends  only'  up  to 
several  degrees  above  absolute  zero.  The  impression  that  the  TMaw 
holds  in  the  range  20-50  K is  created  by  other  factors  discussed  be- 
low. It  was  demonstrated  by  calculations  that  even  in  the  low-tem- 
perature range  ( T < TD/10)  the  specific  heat  remains  sensitive  to 
the  discrete  nature  of  the  lattice  structure. 

Imagine  that  we  succeeded  experimentally  or  theoretically  in 
determining  the  precise  temperature  dependence  of  cv.  Making  use 
of  Debye’s  theory  of  specific  heat  based  on  the  concept  of  a con- 
tinuous medium,  we  assume  that 

cv  (T)  = (To/T),  y (11.19) 

where  cVD)  is  the  Debye  specific  heat  (11.18a),  which  depends  on 
the  temperature  and  on  a single  parameter  T D.18  The  difference 
between  cv  (T)  and  the  expression  for  it  given  in  Debye’s  theory  of 
specific  heat  can  be  formally  described  by  a characteristic  tempera- 
ture assumed  to  be  dependent  on  the  temperature  T. 

For  example,  E.  W.  Kellermann  ([3.19]  and  [3.20])  discussed  in 
detail  the  vibrations  of  NaCl.  He  calculated  the  coefficients 
(q)  with  the  aid  of  (5.10a)  and  solved  the  characteristic  equa- 
tion (5.11)  for  the  frequency  co2.  In  determining  the  Coulomb 
interaction  forces,  he  treated  the  ions  as  point  charges.  The  forces  of 
interionic  repulsion  were  determined  from  data  on  compressibility. 

In  general  the  number  of  vibrations  in  all  3s  branches  in  a 
small  frequency  interval  Aw  is  equal  to19 

3 s 

fi  («)  Aco  = 2 j J \ d1x  dqv  dqz.  (11.20) 

3=1  qt/,  9ZX< 0 + A<o 

To  determine  thejvibration  frequency  distribution  function  g(co),  we 
should  know  the  function  to j ( qx , qy,  qz),  which  necessarily  requires 
numerical  calculations.  The  expression  (11.20)  may  be  used  to 
determine  the  crystal’s  internal  energy  (11.12)  instead  of  the  approx- 
imate expression  (9.15). 


18  We  consider  here  only  the  acoustic  branches  and  presume  that  the  optical 
branches  not  to  be  excited  are  in  the  temperature  range  of  interest  to  us. 

19  Here  we  must  bear  in  mind  that  not  all  vibration  branches  in  the 
specified  interval  [to,  to  + Aco]  necessarily  contribute. 
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Figures  3.17  and  3.18  (after  Kellermann)  depict  the  vibration 
frequency  distribution  function  g (w)  for  the  acoustic  branches  and 
the  temperature  dependence  of  rD,  which  follows  from  it  in  accor- 
dance with  Debye’s  theory.20  We  see  that  g (oi)  differs  very  appre- 


g(<o)xl0'12 


Fig.  3.17 


ciably  from  the  parabolic  law  (9.15)  depicted  in  Fig.  3.17  by  a 
dashed  curve.  It  follows  from  Debye’s  equation  (11.17)  that  the  Ts- 
law  is  realized  only  when  attains  in  the  low-temperature  range 
a constant  value,  i.e.,  as  can  be  seen  from  Fig.  3.18,  below  5-7  K. 


Fig.  3.19 

On  the  other  hand,  a sloping  minimum  of  rD  is  observed  in  the  range 
20-50  K close  to  which  TG  may  be  regarded  as  constant,  and  there- 
fore the  r3-law  may  be  expected  to  be  valid. 


20  The  circles  in  Fig.  3.18  are  experimental  data. 
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In  his  calculations  of  the  heat  of  NaCl  crystals,  Kellermann  em- 
ployed empirical  data  on  the  compressibility  of  NaCl  crystals.  A 
more  straightforward  approach  is  the  direct  use  of  the  frequency 
distribution  function  g (io)  obtained  from  experiments  on  neutron 
scattering  in  solids. 

F.  A.  Johnson  and  W.  Cochran  [3.21]  determined  the  function 
g (co)  for  Ge  from  dispersion  curves  co7  = co7  (q)  obtained  from  neu- 
tron scattering  experiments.  The  temperature  dependence  of  the 
Debye  temperature  Tu  calculated  by  them  (dashed  curve  in 
Fig.  3.19)  can  be  compared  with  the  same  dependence  obtained 
from  the  specific  heat  (solid  curve).  The  coincidence,  as  we  see,  is 
not  perfect,  but  still  quite  satisfactory.  We  can  attribute  the  dis- 
crepancy to  the  inaccuracy  in  determining  the  frequency  distribu- 
tion function  g (co). 

3.12  Equation  of  State  for  a Solid 

3.12.1  Let  us  deduce  the  equation  of  state,  i.e. , find  the  relation 
between  the  pressure  P,  the  volume  V,  and  the  temperature  T of  a 
solid.  For  the  sake  of  simplicity,  we  shall  consider  a monatomic 
body  in  Debye’s  approximation. 

The  most  direct  method  of  obtaining  the  equation  of  state  is  to 
calculate  the  free  energy  of  the  system  [3.17,  pp.  53,  111] 


Jp  — —k0 T In  Z, 


where  the  partition  function 
Z = 2 e-*n/k°TQ  (e„). 

n 


(12.1> 


(12.1a). 


Here  Q (en)  is  the  statistical  weight  or  the  number  of  different  states 
of  the  system  with  the  same  energy  en;  in  other  words,  Q (en)  is 
the  degree  of  degeneracy  of  the  energy  level  e„.  For  a linear  harmo- 
nic oscillator  Q (en)  = 1,  and  Z is  given  by  (11.9).  In  the  case  of  a 
continuous  variation  of  energy  e,  the  partition  function  is  replaced 
by  the  configurational  integral. 

It  is  known  from  thermodynamics  [3.17]  that 


(12.2) 


where  the  derivative  with  respect  to  V is  at  constant  T. 
The  free  energy  of  the  oscillator  at  the  frequency  co  is 

•^osc  =■ + k0T  In  (1  - e-M'T)' 

as  stipulated  by  (12.1)  and  (11.9). 


(12.3) 
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The  free  energy  of  a solid  described  by  3 Gs  = 3N  independent 
normal  vibrations  (oscillators)  is  equal  to  the  sum  of  the  free  ener- 
gies of  the  oscillators: 

* = 2 ^oSc  = 2 + k0T  2 In  (12.4) 

<['  qi 

In  Debye’s  approximation  for  a continuous  medium, 

“max 

+ ( In  (1  — e~bu>/k°T)  o)2  dco 

0 o 

TD/r 

^$0  + 9Nk0T  (^-)3  J ln(l  -e~x)x*dx  (12.4a) 

o 

If  use  is  made  of  (9.15)  and  (11.14). 

When  calculating  pressure  with  the  aid  of  equation  (12.2),  we 
should  differentiate  (12.4a)  with  respect  to  the  volume  V at  constant 
temperature  T.  It  can  be  demonstrated  that  the  characteristic  tem- 
perature rD,  or  the  maximum  frequency  comax  proportional  to  it, 
depends  in  the  anharmonic  approximation  on  the  volume  V.  To 
illustrate  this  point,  we  take  the  example  of  a simple  one-dimensional 
lattice  whose  maximum  vibration  frequency,  according  to  (2.5a), 
is  comax  = (4/m)  p,  where  p is  the  quasi-elastic  force  constant. 

According  to  (1.3),  the  force  of  atomic  interaction  in  the  anhar- 
monic approximation  is 

F = — pa;  -f  yx2. 

Here  x = R — R0  ( R0  is  the  equilibrium  interatomic  spacing), 
■p  = V"  ( R0 ) >0  and  y = -(1/2)  W ( R0 ) > 0;  <?/  {R)  is  the 
potential  energy  of  atomic  interaction. 

Uniform  extension  or  compression  of  an  atomic  chain  results  in  an 
^additional  uniform  field  A = const,  acting  on  every  atom,  so  that 
the  atom’s  energy  in  it  is  AR.  Since  the  force  in  the  new  equilibrium 
position  R 0 + Ai?0  is  zero,  it  follows  that  ?//  (Rc  + Af?0)  + A = 
= 0.  Expanding  °U'  (R0  + A R0)  in  a series  in  powers  of 
AR o and  taking  account  of  the  fact  that  W (Z?0)  = 0,  we  obtain 
V"  (R 0)  Af?0  + A = 0,  or  A = — PAf?0.  On  the  other  hand,  the 
anodified  maximum  frequency  (i>max  + Acomax  satisfies  the  relation 

/“max  + AcOmax)2  = — ( R0  + A R0) 
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(the  second  derivative  of  R with  respect  to  the  energy  AR  is  zero). 
Expanding  the  right-hand  side  in  powers  of  A R0,  neglecting  (Awmax)2 
on  the  left-hand  side,  and  making  use  of  the  value  of  we  obtain 


AtOmas VA/?q 

®mai  P * 

We  see  that  the  maximum  frequency,  and  therefore  T p,  vary  with 
the  variation  of  the  “volume”  A R0  only  in  the  anharmonic  approxi- 
mation (y  =t^=  0).  Since  both  |3  and  y are  positive,  an  increase  in 
the  “volume”  A R0  results  in  a decrease  in  the  maximum  frequency 
(A©max  < 0),  and  vice  versa. 

Hence,  the  pressure  is 


p — ( \ — o a rjc  Tp  ( T d \ 1 

\ av  )T~  av  Tn 


dV 


(12.5) 


if  we  transform  the  integral  in  (12.4a)  by  parts  and  make  use  of  the 
designation  (11.15a). 

Introduce  the  Griineisen  constant 


ya=— 


V 


dTi ) 
dV 


dVIV 


d In  <amax  n 
d In  F '>U» 


(12.6) 


which  is  independent  of  temperature.  It  follows  from  the  definition 
(12.6)  that  it  is  directly  connected  with  the  anharmonism  of  atomic 
interaction.  In  the  simple  one-dimensional  case. 


AtOfnax/^max  Y^o 

ABq/Rq  p * 


(12.6a) 


In  the  harmonic  approximation  (y  = 0)  the  Griineisen  constant 
yG  = 0.  Denoting  the  temperature-dependent  part  of  the  internal 
energy  by  §r  = 3Nk0TD  ( TB/T ),  we  obtain  the  equation  of  state 
for  a solid 


d%a  | Y(J®t 
V » 


(12.7) 


where  the  first  term  is  independent  of  T. 

3.12.2  Deduce  the  so-called  Griineisen  relation  from  the  equation 
of  state.  Differentiating  expression  (12.7)  with  respect  to  T and 
taking  into^account  that  {d%T!dT)v  = cv,  we  obtain 


( dP  \ _ 7 gey 
\ dT  )v  V *< 

We  make  use  of  the  thermodynamic  identity  [3.17,  p.  117] 


tdV\ 

( dT  \ 

\ dT  h 

>\  dP  )v 

(12.8) 

(12.9) 


and  write  it  in  the  form 


13-01137 


(12.9a) 
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which  is  possible  because  ( dPldV)T  = 1 -f-  (dV/dP)T,  etc. 

Introducing  the  coefficient  of  linear  expansion  at  constant  pres- 
sure 


(12.10) 


and  isothermic  compressibility 


(12.11) 


we  obtain  from  (12.9a),  (12.10),  (12.11),  and  (12.8)  the  Gruneisen 
relation 

3Va  = yakcv-  (12.12) 

Experiment  proves  that,  indeed,  the  temperature  dependence  of 
the  right-hand  and  the  left-hand  sides  of  this  equality  is  similar  if 
yG  is  assumed  to  be  independent  of  temperature.  With  the  aid  of 
experimental  studies  of  the  variations  of  the  compressibility  k at 
high  pressures  P,  the  Gruneisen  constant  yg  can  be  determined 
independently,  the  result  being  in  good  agreement  with  Yg  calculated 
via  (12.12). 

3.12.3  Consider  a gas  of  equilibrium  phonons  in  the  approximation 
of  a continuous  medium  (Debye).  The  number  (of  phonons  per 
frequency  interval  [co,  co  + do]  is 

iN,  = Ng  (e)  dm—  ^ ^ . (12.13) 


Here  N is  the  average  number  of  phonons  per  unit  cell  of  the 
phase  space  (11.10a),  and  g (co)  is  the  frequency  distribution  function 
in  the  approximation  of  a continuous  medium  (9.15).  The  energy 
of  these  phonons 


= dNa 


3 Vh  <o3  da> 

2n2yg  eh<o/h0T_i  ■ 


(12.14) 


If  we  substitute  in  this  expression  the  factors  2 and  3,  to  account  for 
the  fact  that  only  two  polarizations  (transverse)  are  possible  for  a 
photon,  and  the  velocity  of  light  c for  the  sound  velocity  v0,  we  ob- 
tain the  well-known  Planck  equation  for  the  energy  distribution  in 
the  radiation  spectrum  of  blackbody.  The  total  number  of  phonons 
in  a volume  V is 


td/t 
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where  TD  is  the  Debye  temperature. 


(12.15) 


3.12  EQUATION  OF  STATE  FOR  A SOLID  185 


From  (12.15)  it  follows  that  for  T < TB,  when  oo  can,  with  an 
accuracy  up  to  the  order  of  e T^T , be  substituted  for  the  integral  s 
upper  limit,  the  number  of  phonons  N oc  VTS.  For  high  tempera- 
tures, when  r»rD  ex  — 1 « x,  the  number  of  phonons  N oc  VT. 
Figure  3.20  depicts  the  dependence  of  phonon  concentration  N/V 
on  T. 

The  total  energy  of  the  phonons  in  a volume  V is 


%=  j d%a 


“max 

3Vk  C <o3  d(i> 
0 


(12.16) 


which  coincides  with  the  energy  of  normal  vibrations  (11.12).  Hence, 
the  energy  of  normal  lattice  vibrations  coincides  with  the  energy 
of  phonons  distributed  in  accor- 
dance with  the  Bose-Einstein  law. 

In  thermodynamics  it  is  shown 
that 

(12.17) 

where  % (T)  is  the  system’s  inter- 
nal energy  [3.17,  p.  110].  The  use 
of  an  indefinite  integral  in  (12.17) 
is  due  to  the  presence  of  an  inde- 
finite additive  constant  in  the  ex- 
pression for  the  free  energy.  If  we 
substitute  % ( T ) from  (12.16)  into  (12.17)  and  perform  integration 
with  respect  to  T,  we  obtain  free  energy  coinciding  with  JF  — 
— % o = -Ft  in  (12.4a).  We  can  regard  JFT  in  (12.4a)  as  the  free 
energy  of  a phonon  gas,  and  equations  (12.5)  and  (12.7)  without 
the  term  d%0ldV  as  the  equations  of  state  of  a phonon  gas.  As  we 
have  indicated  above,  in  the  harmonic  approximation  the  Grii- 
neisen  constant  yG  = 0;  therefore,  in  this  approximation  the 
pressure  of  the  phonon  gas  is  zero. 

In  the  anharmonic  approximation  the  pressure  of  a phonon  gas, 
according  to  expression  (12.7),  is 

Pphon  = yo^.  (12.18) 


Analysis  of  the  problem  demonstrates  that  the  momentum  flux 
connected  with  a plane  harmonic  traveling  wave  with  a definite 
quasi-momentum  Hq  is  zero,  i.e.,  a phonon  has  no  momentum.  This 
is  the  essential  diSerence  between  the  phonon  and  the  photon  which 
lias  a momentum  hk  (k  is  the  photon’s  wave  vector). 
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3.13  Thermal  Expansion  and  Heat  Conductivity  of  Solids 

We  have  united  in  one  section  the  phenomena  of  thermal  expansion 
and  heat  conductivity  of  solids  because  both  are  determined  by  the 
anharmonic  part  of  the  forces  of  atomic  interaction.  Both  the  ther- 
mal expansion  and  thermal  resistance21  (equal  to  1/x,  where  x is 
the  heat  conductivity)  vanish  if  the  coefficient  of  anharmonicity  is 
made  equal  to  zero:  y = 0. 

• We  shall  consider  thermal  expansion  for  a simple  model  of  two 
interacting  atoms.  This  model  not  only  enables  the  main  points  of 
the  phenomenon  to  be  clarified,  but  it  also  yields  a correct  order  of 
magnitude  for  the  expansion  coefficient. 

In  the  problem  of  heat  conduction  we  shall  limit  ourselves  to  some 
general  ideas  and  determine  the  heat  conductivity  in  the  high-tem- 
perature range  on  dimensional  grounds. 

3.13.1  Consider  two  atoms  that  for  small  displacements  from  the 
equilibrium  position,  x — R — R0,  interact  according  to  the  law 
(1.3),  i.e.,  with  a force 

F=-^=-fix  + yxz  (13.1) 


and  with  a potential  energy 
U = \-$xz-\yx*. 


(13.1a) 


The  probability  that  an  atom  will  be  displaced  from  its  equilibrium 
position  by  the  distance  x is,  according  to  Boltzmann,  equal  to 

(13.2) 


f(x)  = AexV(-~)^Ae-WW(l  + -^), 


where  the  exponential  corresponding  to  the  anharmonic  term  has 
been  expanded  in  a series: 


exp(i2r)~1  + 


yx* 
3k  qT 


The  constant  A in  (13.2)  is  determined  from  the  normalization  con- 
dition 

4-00 

j f(x)dx  = A J <HteV2*„r 


The  integral  of  the  second  addend,  which  is  proportional  to  y , is 
zero,  because  the  integrand  is  an  odd  function;  therefore  (Appendix  7) 


21  Determined  by  phonon-phonon  interaction. 
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The  average  displacement  of  an  atom  from  its  equilibrium  position 
is 

+ oo 

x = ^ xf  (x)  dx 

— co 


+ oo 


— oo 


e-$x*/2  k0T 


ykj 

P2  > 


(13.3) 


where  the  integral  of  the  first  addend  term,  which  contains  the  multi- 
plicand x,  is  again  zero  because  the  integrand  is  an  odd  function. 
The  integral  of  the  second  addend  is  easily  calculated  (Appendix  7). 

By  definition,  the  coefficient  of  linear  expansion  is  the  extension 
per  unit  length  per  kelvin;  hence, 


yfeo 

«p2  » 


(13.4) 


where  a = R0  is  the  lattice  constant.  We  see  that  the  expansion 
coefficient  is  proportional  to  the  coefficient  of  anharmonicity  and 
vanishes  for  y = 0. 

By  way  of  an  example,  consider  a monovalent  ionic  crystal.  Here 

f=~w+4 o <i3-5> 


where  — e2/i?2  is  the  Coulomb  attraction  between  neighboring  oppo- 
sitely charged  undeformable  ions,  and  B/R10  is  the  repulsive  force 
between  those  ions.  This  force  increases  rapidly  as  the  distance 
between  the  ions  R is  reduced,  the  proportionality  of  it  to  i?-10 
being  a good  approximation  of  the  exponential  dependence  obtained 
in  quantum  mechanics  calculations.  In  equilibrium,  F = 0 = 
= — e2/a2  + B/a10,  where  a = R0  is  the  equilibrium  spacing  between 
the  nearest  ions.  Hence,  B = e2a8. 

Since  R = a + x,  for  small  x 


j-t  e2  . e2as  8e2  52e2  „ 

F = — , , ,,  + . . ,10  » 3-  x -1 T-  X2. 

( a-\-x )2  (a-(-i)10  a3  a4 

It  follows  from  comparison  with  (13.1)  that 

j}  = 8 e2la3,  y = 52e2/ai. 

Substituting  the  result  (13.6a)  into  (13.4),  we  obtain 
a = 52a£0/64e2. 


(13.6) 

(13.6a) 

(13.6b) 


For  a = 3 X 10-8  cm,  k0  = 1.38  x|10“16  erg/K,  and  e = 4.8  X 
X 10“10  esu,  we  obtain  a = 1.5  X 10-s  K-1,  which  has  a correct 
order  of  magnitude. 
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3. 13.2  Debye  was  the  first  to  demonstrate  (in  1914)  that  thermal  resi- 
stance in  a solid  is  due  to  the  anharmonicity  of  atomic  vibrations, 
and  that  if  the  vibrations  are  treated  only  in  the  harmonic  appro- 
ximation the  thermal  resistance  will  be  zero.  This  statement  appears 
obvious:  for  harmonic  waves  the  principle  of  linear  superposi- 
tion is  valid  (according  to  this  principle  the  waves  propagate  inde- 
pendently in  the  crystal  without  scattering  on  each  other).  In  such 
a model  the  thermal  resistance  is  zero  because  the  heat  flux  propa- 
gates with  the  velocity  of  sound.  Since  there  is  a phonon  with  a 
quasi-momentum  kq  and  an  energy  h coq  to  correspond  to  a plane 
wave  with  a definite  wave  vector  q,  we  may  say  that  in  the  harmonic 
approximation  the  phonons  do  not  interact,  i.e.,  they  do  not  col- 
lide with  one  another.  In  general,  the  anharmonicity  in  a crystal  lat- 
tice is  described  by  terms  in  the  expansion  of  the  potential  energy 
<I>  (u)  [see  (5.2)]  containing  the  atomic  displacements  a in  the 
third  power. 

It  follows  from  the  theory  that  if  the  anharmonic  terms  in  the 
potential  energy  CD  ( u ) are  treated  as  a small  perturbation,  there  is 
a possibility  of  a simultaneous  “collision”  of  three  phonons,  the 
results  of  such  collision  processes  being  either  the  transformation  of 
two  phonons  into  one  or  the  decomposition  of  one  phonon  into  two. 
Hence,  in  the  process  of  collision  the  quasi-particles,  phonons,  are 
created  or  annihilated.  A consistent  theory  of  heat  conductivity  of 
crystals  based  on  the  kinetic  equation  for  phonons  was  developed 
by  R.  Peierls  (1929). 

In  this  section  we  shall  limit  ourselves  to  the  determination  of 
the  heat  conductivity  x in  the  high-temperature  range  T TD 
based  on  considerations  of  dimensionality.  Debye’s  theory  together 
with  other  more  consistent  theories  lead  to  the  conclusion  that  at 
high  temperatures  (T  TD)  the  heat  conductivity  x is  inversely 
proportional  to  the  absolute  temperature  T.  On  the  other  hand,  the 
heat  conductivity  is  proportional  to  the  phonon’s  mean  free  path 
l,  the  latter  being  inversely  proportional  to  the  phonon  scattering 
probability  which,  in  its  turn,  is  proportional  to  the  square  of  the 
matrix  element  of  the  perturbation  energy.  Since  the  energy  of  an 
anharmonic  perturbation  is  proportional  to  y and,  accordingly,  the 
square  of  the  matrix  element  is  proportional  to  y2,  it  follows  that 
x is  inversely  proportional  to  y2.  Hence 

(13.7) 

At  high  temperatures,  when  the  quantum  effects  are  unessential, 
the  heat  conductivity  x may,  according  to  Debye,  depend,  in  addi- 
tion, on  the  following  quantities:  the  Boltzmann  constant  k0,  the 
lattice  constant  a,  the  crystal’s  atomic  mass  M,  and  sound  velocity 
v0. 
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Since  u0  = const.  X a]/  p/M,  where  p is  the  quasi-elastic  force 
constant,  p cannot  simultaneously  play  the  part  of  an  independent 
parameter. 

Hence,  the  problem  is  reduced  to  the  determination  of  powers  in 
the  dimensionality  equation 


y.  = const,  x 


kl0amMnvp0 
y 2T 


(13.8) 


where  the  constant  is  dimensionless. 

Applying  Bridgeman’s  IT-theorem  [3.22]  (or  simply  matching), 
we  can  demonstrate  that  for  the  dimensionalities  on  the  right-hand 
and  left-hand  sides  of  (13.8)  to  be  the  same,  we^must  make  sure  that 

1 = 0,  m = — 8,  n = +3,  p = +7.  (13.8a) 


Hence 

x = const,  x -pf-.  (13.9) 

Making  use  of  (13.4)  and  of  the  relations  between  the  quantities  p 
and  v0,  and  a and  M,  we  can  exclude  from  equation  (13.9)  the  un- 
known coefficient  y2: 

x = const.  Xa27/;oK,r,  (13.9a; 

where  the  dimensionless  constant  is  not  the  same  as  in  (13.9). 

Equation  (13.9a)  can  be  compared  with  experiment  after  the  con- 
stant has  been  determined  for  some  substance.  The  Debye  tempera- 
ture Td  can  be  introduced  into  (13.9)  and  (13.9a)  with  the  aid  of 
(11.4)  instead  of  the  sound  velocity  v0. 

It  should  be  kept  in  mind  that  the  expressions  (13.9)  and  (13.9a) 
are  approximate,  because  the  potential  energy  in  this  case  is  deter- 
mined only  by  two  force  constants  p and  y (or  v0  and  y).  However, 
within  the  scope  of  this  model,  equations  (13.9)  and  (13.9a)  are  pre- 
cise, and  it  would  be  useless  to  try  to  obtain  a more  precise  expres- 
sion for  the  heat  conductivity  with  the  same  set  of  parameters  de- 
termining the  properties  of  a crystal. 


4 Electrons  in  an  Ideal  Crystal 


4.1  General  Formulation  of  the  Problem. 

The  Adiabatic  Approximation 

4.1.1  Any  solid  of  macroscopic  dimensions  is  a collection  of  an 
enormous  number  of  atomic  nuclei  and  electrons.  Normally  the 
atomic  nuclei  of  an  element  are  a natural  mixture  of  its  isotopes, 
however  this  fact  is  of  little  importance  for  most  of  the  solid’s  pro- 
perties. An  important  peculiarity  of  solids  established  empirically 
is  the  fact  that  its  atomic  nuclei  occupy  more  or  less  fixed  positions 
in  space.  In  an  ideal  crystal  these  positions  form  a three-dimensional 
periodic  lattice.  In  a neutral  solid  the  total  positive  charge  of  the 
nuclei  is  equal  to  the  magnitude  of  the  combined  charge  of  all  its 
electrons. 

In  some  cases,  especially  when  crystal  boundaries  (surfaces), 
where  the  value  of  the  potential  energy  of  conduction  electrons  is  not 
the  same  as  in  the  body,  are  being  studied,  the  need  arises  for  the 
consideration  of  charged  regions  of  a body,  in  which  the  space  charge 
and  the  electric  potential  are  self-consistent  with  each  other. 

If  we  ignore  such  processes  in  a solid  that  involve  nuclear  trans- 
mutations and  in  which  relativistic  elects  and  electron  and  nuclear 
spins  become  important1,  then  the  stationary  states  of  a system  are 
described  by  the  Schrodinger  equation* 

MW  = WW  (1.1) 

with  the  Hamiltonian 

«=~S-2  2.— rSlf7V»,  + V(r.  B),!  (1.1a) 

i J 


where  the  Coulomb  energy  of  interaction  of  the  electrons  and  the 
nuclei  is 
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(1.1b) 


1 It  is  an  established  fact  that  some  phenomena  in  crystals'  (spin-orbital 
splitting  of  the  electron  spectrum,  paramagnetic  and  nuclear  resonance,  etc.) 
essentially  depend  on  the  electron  and  nuclear  spins. 
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Here  m is  the  electron  mass,  Mj  is  the  mass  of  the  /-th  nucleus,, 
r*  and  Rj  are  position  vectors  of  the  i-th  electron  and  the  /-th  nuc- 
leus, Rjk,  rih  and  rtJ  are  the  spacings  between  the  corresponding 
nuclei  and  electrons,  Zj  is  the  atomic  number  of  the  /-th  nucleus. 

The  eigenvalues  spectrum  of  Si  is  generally  of  a complex  type. 
Since  the  behaviour  of  a physical  system  is  completely  determined 
by  its  wave  function,  the  solution  of  equation  (1.1)  would  in  principle- 
answer  to  all  questions  pertaining  to  the  solid’s  properties, 
specifically,  to  the  questions:  why  does  the  collection  of  particular 
atoms  and  electrons  constitute  a crystal  lattice  of  some  sort  or 
another,  what  are  the  thermal,  the  electric,  the  magnetic  and  the 
optical  properties  of  the  particular  solid,  etc. 

Since  a macroscopic  specimen  of  a solid  contains  about  1023  parti- 
cles, and  for  this  reason  the  wave  function  of  equation  (1.1)  depends 
on  an  equal  number  of  variables,  it  is,  of  course,  practically  impos- 
sible to  obtain  (or  even  to  write  down)  the  solution  of  equation  (1.1). 
Moreover,  even  if  we  were  to  find  a method  for  writing  down  (speci- 
fying) a wave  function  of  such  a*  number  of  variables,  it  would 
be  of  no  avail,  since  its  application  for  the  calculation  of  quanti- 
ties observed  in  experiment  would  have  met  with  difficulties  that 
would  have  to  be  acknowledged  as  principal. 

The  task  of  a physical  theory  lies  specifically  in  the  establishment 
of  reasonable  approximations  that  would  enable  the  quantities- 
observed  in  the  experiment  to  be  interpreted  and  calculated. 

4.1.2  Let  us  try  to  simplify  equation  (1.1)  making  use  of  the  fact 
that  the  electron  mass  m is  much  less  than  the  nuclear  masses  Mj 
(adiabatic  approximation).  In  considering  the  motion  of  the  elect- 
rons we  shall  at  first  assume  the  heavy  nuclei  to  be  static,  and  this 
will  enable  us  to  neglect  in  the  Hamiltonian  (1.1)  the  addend 

( — -y  J 2 Vrj  related  to  the  kinetic  energy  of  the  nuclei.  The; 

j J 

wave  function  of  the  electrons  <p  moving  in  the  field  of  static  nuclei 
satisfies  the  equation 

{-|r2  V?,.  + F(r,  R)}  cp  = g<p.  (1.2) 


Now  Rj  are  no  longer  variables  of  a differential  equation,  but  para- 
meters of  the  potential  field  of  the  nuclei.  The  eigenfunction  and 
the  eigenvalues  of  equation  (1.2)  will  obviously  depend  on  th& 
R/  as  on  parameters:  <p  (r,  Rj)  and  % (i?j).2 


* From  the  appearance  of  V (r,  R)  it  will  be  clear  that  % ( R ) also  includes; 
the  Coulomb  energy  of  nuclear  interaction. 
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Try  to  represent  the  full  wave  function  of  the  system  of  electrons 
and  nuclei  in  the  form 

¥ (r,  R)  = Q (R)  <p  (r,  R).  (1.3) 

As  we  shall  learn  below,  such  a representation  of  the  wave  func- 
tion ¥ is  an  approximation,  since,  strictly  speaking,  the  ratio 

/r 

jfj  to  some  extent  depends  on  r;.  The  function  O (R)  will 

turn  out  to  be  a wave  function  that  describes  the  motion  of  the 
nuclei  in  an  average  field  set  up  by  the  electrons.  Substituting  ex- 
pression (1.3)  into  equation  (1.1)  we  obtain,  taking  into  account  (1.2), 

2~  2 ~mJ  [TVrjO-T  2 (VrjTVr^CD)  + CDVr^T] 

j 

+ %(R)<p<D  = Wfp<D.  (1.4) 

Indeed,  CD  is  independent  of  the  r,-  and  therefore,  when  the  elect- 
ron kinetic  energy  operator  plus  V acts  on  (Dcp,  this  immediately 
yields  the  term  Jjcp<D  in  accordance  with  (1.2). 

On  the  other  hand,  when  the  operator  Vrj  acts  on  the  product 
<Dcp  in  which  every  multiplicand  depends  on  R/,  this  immediately 
yields 


Sr  (<D,  <P) 


where  X is  an  orthogonal  coordinate  of  R/. 

For  all  three  projections  of  Rj  we  obtain  the  expression  in  the 
square  brackets  of  equation  (1.4). 

Without  loss  of  generality  the  electron  wave  functionfcp  may  be 
assumed  to  be  real  (we  exclude  the  presence  of  macroscopic  currents 
in  the  crystal);  in  that  case  the  normalizing  condition  takes  the 
orm 

j (p2  dx  = 1 , (1.5) 

where  the  integration  is  performed  with  respect  to  all  electron 
-coordinates  over  the  entire  volume  of  the  crystal. 

It  follows  from  condition  (1.5)  that 

Vrj  j <p2  dx  = 2 j tVrjT  dx  = 0.  (1.5a) 

Multiply  equation  (1.4)  by  (p  and  integrate  with  respect  to  t. 
Making  use  of  (1.5)  and  (1.5a),  we  obtain 

~ r 2 + [*  - T-  S V7  f *vi,<p  dr  j ® _ w ®. 

J J 


(1.6) 
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A more  accurate  analysis  shows  that  5]  in  the  square  brackets  of 

j 

the  latter  expression  can  be  neglected.  The  reason  is  that  because  of 
the  small  values  of  the  ratios  mIMj,  the  wave  function  cp  (r,  R)  is  little 
dependent  on  the  R7,  so  that  the  terms  containing  Vrj  <p  can  be 
neglected.  It  can  be  demonstrated  that  the  inclusion  of  these  terms 
in  (1.6)  results  in  corrections  of  the  order  of  ( m/Mj )V4  to  the  values 
of  various  physical  quantities. 

Hence,  instead  of  (1.6),  we  obtain 

["x2T77vb  + *<fl)]<I’-W'®'  (1-7) 

J 

We  see  that  the  function  d),  determined  by  the  differential  equat- 
ion (1.7)  does,  indeed,  depend  on  the  variables  Rj.  It  follows  from 
(1.7)  that  0>  (R)  is  the  wave  function  of  the  nuclei  moving  in  a 
field  with  the  potential  energy  % ( R ) equal  to  the  energy  eigenvalue 
of  the  electron  system  for  a specific  configuration  of  the  nuclei  and 
for  a specific  /value  of  the  Coulomb  energy  of  the  nuclei  interaction. 

We  see  that  in  the  adiabatic  approximation  the  precise  quantum 
mechanics  problem  of  the  behaviour  of  a system  of  electrons  and 
nuclei  disintegrates  into  two  simpler  problems:  (1)  the  problem  of 
the  motion  of  the  electrons  in  the  field  of  static  nuclei  (1 .2)  and  (2) 
the  problem  of  the  motion  of  nuclei  in  an  averaged  field  % (R) 
set  up  by  the  electrons.3  It  should  be  kept  in  mind  that  in  some 
phenomena,  for  instance  in  multiphonon  electron  transitions  in 
impurity  centers,  the  second  addend  in  the  square  brackets  of  equa- 
tion (1.6),  the  so-called  nonadiabatic  term,  plays  a dominant  part, 
being  the  cause  of  such  transitions. 

4.2  The  Hartree-Fock  Method 

4.2.1  In  the  preceding  paragraph  we  saw,  how  the  general 
quantum  mechanics  problem  of  the  motion  of  electrons  and  nuclei 
in  a crystal  can  be  simplified  on  the  basis  of  the  so-called  adiabatic 
approximation.  The  adiabatic  approximation  based  on  the  smallness 
of  the  ratio  mIMj  makes  it  possible  to  reduce  the  problem  of  the 
behaviour  of  an  electron-nuclei  system  of  a solid  to  the  problem  of 
electron  motion  in  the  field  of  static  nuclei.  However,  in  this  case, 
too,  the  problem  of  the  motion  of  the  collection  of  all  electrons 
in  a crystal  remains  extremely  intricate  and  requires  for  its  solution 
some  or  other  approximate  methods.  One  of  such  extremely  effective 
methods  that  won  prominence  in  the  electron  theory  of  crystals 

3 As  was  pointed  out  above  % (R)  also  includes  the  Coulomb  energy  of 
interaction  of  the  nuclei. 
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is  the  Hartree-Fock  method  of  reducing  the  multielectron  problem 
to  that  for  a single  electron. 

Consider  a system  of  N interacting  electrons  in  the  field  of  static 
nuclei.  The  Schrodinger  equation  for  stationary  states  of  this  system 
is  of  the  form 

<#i|)  (rx,  r2,  . . rN)  = (rx,  r2,  . . rw)  (2.1> 

with  the  Hamiltonian 

(2- la} 


(2.1b> 

Q2  Q2  Q2 

Here  Vf  = + ~g^f  1 V (ri)  is  the  potential  energy  of  the 

i-th  electron  in  the  field  of  the  nuclei,  the  prime  after  the  sum- 
mation sign  in  expression  (2.1a)  indicating  that  the  terms  with 
i = j should  be  omitted  from  the  potential  energy  of  the  Coulomb 
interaction  of  the  electrons. 

The  Hartree-Fock  method  is  based  on  the  idea  of  the  substitution 
in  the  Hamiltonian  $£■  of  some  effective  external  field  aURtt  (r)  in 
which  every  electron  moves  independently  for  the  potential  energy. 
The  field  ^Jett  should  provide  the  best  description  of  the  averaged 
action  of  all  electrons  on  the  specified  electron.  The  Hamiltonian 
of  the  system  will  now  be  equal  to  a sum  of  Hamiltonians,  everyone 
of  which  depends  only  on  the  coordinates  of  a single  electron,  i.e.,. 

N 

(2.2> 

i—i 

where 

^=— Vi + V (!■«)  + ^elf(ri).  (2.2a> 

It  will  be  demonstrated  below,  how  the  field  should  best 
be  chosen.  It  may  easily  be  shown  that  the  solution  of  equation 
(2.1)  with  the  Hamiltonian  (2.2)  is 

(rj,  r2,  . . .,  tn)  = i)>ni  (rj)  iK,  (r2)  . . . i|>„w  (rw).  (2.3) 

The  index  nt  of  the  function  means  three  quantum  numbers 

characterizing  the  quantum  state  of  the  i-th  electron  as  determined 
by  the  equation 


1.  Ar  1,2V 

m=  y.  2 -7—, 

i i,  j 

where 

S£i=-^-V  f + F(r;). 


(**i) 


(2.3a) 
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’where  %Ul  is  the  corresponding  energy  eigenvalue.  The  total  energy 
of  the  system  in  the  approximation  (2.2)  is  equal  to 

8 = 2 S»r  (2.3b) 

i=i  * 

Indeed,  substitute  expression  (2.3)  into  equation  (2.1)  with  <M 
being  equal  to  the  sum  (2.2).  We  have 

2 (ri)  . . . (J)ni  (r;)  . . . \|3njv  (r^)]  = % [i|)ni  (r4)  . . . $nN  (rN)] 

or 

2 [^»1  (ri)  • • • (r<-i)  v(jni  + 1 (ri+1)  . . . ij)njv  (rjv)]  S'i^n.  (r,) 

i 

= 8 [tpnx  (rt)  . . . *|>njv  (r^)] , 

since  acts  only  on  the  coordinates  of  the  i-th  electron.  Making 
use  of  equation  (2.3a),  we  get 

2 I'K  Oh)  • • • (*w)]  %ni  = % [t|)ni  (rj)  ...  ^njv  (r^)]. 

i 

■Canceling  out  h|?„  (rx)  . . . if>njv.  (rff)l  in  both  sides  of  the  equality, 
we  obtain  expression  (2.3b). 

Since  | ij)ni  (r*)2  | is  the  probability  density  of  the  i-th  electron 
located  in  space  at  point  r;,  the  multiplicative  nature  of  the  solution 
(2.3)  from  the  point  of  view  of  the  probabilities  multiplication 
theorem  characterizes  the  independence  of  motion  of  noninteracting 
electrons  in  an  external  field  V + %eff- 

4.2.2  Now  let  us  set  ourselves  the  task  of  finding  the  best  method 
of  determining  cUett  (r)  in  the  approximate  Hamiltonian  (2.2a). 
As  we  shall  see,  this  can  be  done  on  the  basis  of  a certain  self-con- 
sistent procedure. 

To  make  the  following  calculations  less  voluminous  let  us  perform 
them  for  a system  of  N = 2 electrons,  subsequently  generalizing 
the  results  to  embrace  an  arbitrary  number  of  electrons  N. 

For  two  electrons  expression  (2.3)  is  of  the  form 

(rlf  r2)  = ajjni  (rx)  ij;n,  (rs). 

Now  we  must  take  into  account  that  the  state  of  the  electron  in 
addition  to  the  three  space  coordinates  x,  y,  z (=  r)  is  characterized 
by  the  value  of  the  projection  of  its  own  (internal)  momentum  (spin) 
Sz  on  a specified  direction  (e.g.,  the  z axis).  Theory  and  experiment 
prove  that  for  an  electron  S z assumes  only  two  values  +h/ 2 and  — h! 2, 


196  4.  ELECTRONS  IN  AN  IDEAL  CRYSTAL 


if  we  put  S z = sh,  the  spin  coordinate  will  be  either  s = +1/2  or 
s = — 1/2.  Accordingly,  we  shall  introduce  spin  functions  v;  ( s ) 
(i  — 1,  2),  where  the  index  i describes  the  spin  state:  i = 1 for 
Sz  = hi 2 and  i = 2 for  Sz  = —hi 2,  so  that 

v,  (1/2)  = 1,  vx  (-1/2)  = 0,  v2  (1/2)  = 0,  v2  (-1/2)  = 1.  (2.4> 

With  such  a definition  the  spin  functions  are  orthonormal,  i.e.r 
2 V*(s)  vfe  (S)  = bik.  (2.5) 

*=±  i/2 

If  the  interaction  of  the  electron  magnetic  moment  (connected  with 
the  spin)  with  the  magnetic  field  set  up  by  its  orbital  motion  is  igno- 
red, the  full  single-electron  wave  function  of  the  Z-th  electron  in 
the  (nh  k)  = /-th  quantum  state  is  equal  to 

(r i)  v*  (si)  = <p j ( l ).  (2.6) 

The  argument  l of  the  function  <p } denotes  a set  of  four  coordinates 
of  the  Z-th  electron,  three  space  coordinates  xh  yh  z;  and  the  spin 
coordinate  sh  Presuming  the  wave  functions  ij)n.  to  be  orthonormal 
we  obtain 

j <P*  (*)  <Pi ' (0  dxi  = j dr,  2 (Ti)  T+  (r i)  vj  (s)  v*<  (s) 

$ 

(2.7) 

Here  the  symbol  j dxt  denotes  integration  with  respect  to  the  space 

coordinates  xh  yh.  zh  and  summation  over  the  spin  coordinate  s. 

According  to  the  Pauli  principle , the  full  wave  function  for  an 
electron  system  should  always  be  antisymmetric , i.e.,  it  should  change 
sign  as  a result  of  two  electrons  changing  places  (of  transmutation 
of  their  four  coordinates).  For  two  electrons  ( N — 2)  such  a wave 
function  is  of  the  form 


(2.8) 

Indeed,  ® (2,  1)  = — ® (1,  2).  The  factor  l/]^2  was  introduced 
to  normalize  the  system’s  wave  function.  Making  use  of  relation 
(2.7),  we  can  easily  demonstrate  that 

^ ®*(1,  2)®(1,  2)dTjdT2=l. 


1 a tpj  (i;  tpj  (x 

®(1,  2)  = d)92  (2)  -9i  (2)  92(1)}  = -^-  ^ ^ 


(2.  8a) 
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The  antisymmetrical  form  of  expression  (2.8)  automatically  satis- 
fies the  Pauli  principle,  according  to  which  there  can  be  no  more 
than  one  electron  in  each  quantum  state.  Indeed,  if  (px  = <p2,  then 
<D  = 0. 

Generalizing  the  determinant  (2.8)  for  the  case  of  N electrons  we 
obtain  a correct  antisymmetric  wave  function  for  a system  of  N 
electrons: 


<Pt  (2)  •• 

• <Pi  (N) 

®(1,  2,  3,  .. 

vm 

«P*  C1) 

<Pz(2)  •• 

■ cp  2(N) 

, (2.8b) 

<Pjv(1) 

qjjv  (2)  . . 

. cp*  (N) 

which  satisfies  the  Pauli  principle. 

If  we  were  to  exchange  in  this  expression  the  coordinates  of  two 
electrons,  for  example  1 2,  it  would  be  equivalent  to  the  transposi- 

tion of  two  columns  of  the  determinant  resulting  in  its  changing 
sign,  i.e.,  <D  (1,  2,  3,  . . .,  N)  = — O (2,  1,3,..  N).  If  tw» 

quantum  states  coincide,  for  example  q>x  = cp2,  two  rows  of  the  deter- 
minant will  be  equal,  and  in  this  case  = 0.  The  factor  1 lY NY 
normalizes  the  function  C>  (1,  2,  . . .,  N),  if  condition  (2.7)  is  valid. 

Making  use  of  the  precise  Hamiltonian  of  the  system  (2.1a)  and 
wave  function  (2.8b)  calculate  the  total  energy  of  the  system  (Ap- 
pendix 8,  Section  1): 

g = j dxt  dx2  . . . dxN 

1,  n i,  N 

= 2 j (P*(l)c#itPi(l)^i  + 4-  2 j l(Pi(1)l2-£p  hi  (2)\zdxidxz 

i if  3 

1,  N 

— T .2  \t  ^ (1)  (*>  -£■  *P|  (2)  <P?  (2)  dx,  dxz.  (2.9) 

i,  3 

Note  that  the  primes  after  the  second  and  the  third  sums  may  be 
dropped,  since  the  terms  with  i — / cancel  out. 

Since  the  operator  and  e2/rlz  do  not  depend  on  the  spin  var- 
iable sl5  the  summation  over  it  can  be  performed  independently 
from  the  integration  with  respect  to  the  space  coordinates.  In  cases, 
when  summation  over  is  performed  for  a pair  of  functions  (p;  with 
equal  indices,  the  result,  according  to  condition  (2.5),  will  obviously 
be  unity.  For  the  integrals  in  the  last  sum  of  expression  (2.9)  the- 
result  is  unity,  only  if  summation  is  performed  over  electrons  with, 
parallel  spins,  otherwise  it  is  zero. 
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Hence,  expression  (2.9)  can  be  written  down  in  the  form 

1,  N 

•8=  s j (n)  drt 

X 

1,  N 

+ Y 2 j I^ni(ri)l2^-I^ni(r2)l2^r1dr2 
i,  d 

1,  N 

-y  2 j if*!  (ri)  %>,•  (h) ~ 4'nj  (r2)  ^ (r2)  dr4  dr2,  (2.9a) 

i,  i 

-where  in  the  last  sum  the  summation  is  performed  over  electron 
.states  with  parallel  spins. 

Since  the  electron  functions  are  not  eigenfunctions  of  the  Hamil- 
tonian 36-l,  the  first  sum  is  not  the  sum  of  energies  of  noninteracting 
electrons.  The  integrals  under  the  second  summation  sign  (with 
a plus)  are  termed  Coulomb  integrals — they  are  equal  to  the  potential 
energy  of  interaction  of  two  charges  distributed  with  the  densities: 
— e I Or)  | 2 and  — e \ ij^.  (r2)  |2.  The  integrals  under  the  last 

■summation  sign  are  termed  exchange  integrals — they  have  no  clas- 
sical electrostatic  counterpart,  the  corresponding  interaction  for 
them  being  a Coulomb  interaction  with  “complex  charge  densities”: 

i (*i)  tfc,,  (H)  and  —e^*}  (r2)  i|>n|  (r2). 

Both  electrons  with  parallel  spins  exist  partly  in  the  nrth  state, 
-and  partly  in  the  n7-th  state,  they  sort  of  “change  places”. 

One  question  remains  unanswered:  How  should  the  single-electron 
wave  functions  ij)n . be  chosen?  To  determine  the  best  single-electron 
wave  functions  t)5ni  (r),  the  system  energy  % must  be  minimum 
with  respect  to  small  variations  of  the  functions  — *-  iJ)nj  + Si|)nj. 

Since  the  functions  are  complex  (i.e.  equivalent  to  two  real 
functions  each),  and  i|jJ[  should  be  varied  independently.  How- 
ever, the  equations  obtained  as  a result  of  variation  ij?*  are  complex 
conjugate  to  those  obtained  as  a result  of  variation  of  therefore 
we  shall  limit  ourselves  to  the  variations  of  one  of  the  functions, 
i.e.  ^pni  ^ We  shall  require  the  orthonormality  condi- 

tions to  be  satisfied  for  the  varied  functions,  as  well: 

J (^  + Vnj  dT  = 6„inj.  (2.10) 

Taking  into  account  condition  (2.7),  we  obtain 
j mitynjdr  = 0 
for  all  i and  /. 


(2.10a) 
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Varying  the  functions  1)3*  on  the  right-hand  side  of  equation  (2.9a), 
calculate  the  corresponding  variation  of  the  system  energy  8%. 
Equating  8%  to  zero  with  the  additional  condition  (2.10a),  which 
is  accounted  for  by  the  method  of  indeterminate  Lagrange  multi- 
pliers, we  obtain  the  following  equation  for  the  determination  of 
the  function  i|)n.  (Appendix  8,  Sec.  2): 


1 V’n  # (ra) 1 5 


r12 


*2]  'fnj  (ri) 


2^ni(r2)  •»!>*  ,(r2) 


ri2 


d^ztynj  (rt)  — (rl)  = 0 (i  = l,  2,...). 

(2.11) 


Here  is  an  indeterminate  Lagrange  multiplier  that  plays 

the  part  of  an  energy  eigenvalue  of  a single-electron  state.  The  second 
sum  in  expression' (2.11)  can  be  formally  represented  in  the  form  of 
an  operator  operating  on  i|)nj,  and  equation  (2.11)  can  be  written 
as  follows 


L«*+S  J — t. — *• 

i J rr,  J f.,  ('!)-*..,♦»,  (ri). 


(2.11a) 


Comparing  this  expression  with  (2.3a)  we  see  that 


ai  / V XI ' r (ra)  1 2 , 

^eff(n)  = 2 J — dt2 

j 

XI ' Vnj&l)  (•  (r2)^(r2)  ^ 

_ 4‘  *»,<*)  3 ^ 2’ 


(2.11b) 


where  in  the  second  sum  the  summation  is  performed  over  the  elec- 
trons having  spins  parallel  to  that  of  the  electron  in  the  nt  state. 

The  term  for  equations  (2.11a)  is  Hartree-F ock  self-consistent  field 
equations.  Hartree  wrote  the  system’s  wave  function  in  the  form 
(2.3)  which  took  no  account  of  the  Pauli  principle;  he  formulated 
equation  (2.11a)  in  a form  in  which  the  second  sum  in  the  square 
brackets  was  absent,  thus  neglecting  the  energy  of  exchange  interac- 
tion. In  calculations  of  electron  cloud  densities  of  multielectron 
atoms  this  leads  to  errors  of  about  20%.  A rigorous  theory  of  self- 

U-01137 
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consistent  field  of  multielectron  systems  was  developed  by  Fock 
(1930). 

Since  ff  (rx)  itself  depends  on  unknown  functions  t|jn  , equa- 
tion (2.11a)  represents  a system  of  nonlinear  integro-differential 
equations  for  the  functions  We  can  imagine  the  following  pro- 
cedure leading  to  their  solution.  Specify  in  the  zero  approximation 
some  single-electron  wave  functions  i])n.  and  using  these  functions 
calculate  the  effective  field  (f.  If  will  then  be  possible  to  determine 
from  the  system  of  equations  (2.11a)  the  functions  aj>71.  in  the  next 
approximation.  Having  determined  with  the  aid  of  the  new 
the  field  9/  e(f  in  the  first  approximation,  we  can  solve  equa- 
tions (2.11a)  and  determine  i|)n  in  the  second  approximation,  etc. 
Should  the  functions  substituted  into  tflett  coincide  with  those  obtained 
from  solving  (2.11a),  the  task  of  finding  self-consistent  solutions 
of  the  Hartree-Fock  equations  could  be  regarded  as  completed. 
Of  course,  in  practice  such  an  operation  presents  considerable  difficul- 
ties. 


4.3  Electron  in  a Periodic  Field 

4.3.1  As  has  been  demonstrated  theoretically  and  experimentally, 
a multielectron  problem  for  a crystal  can  with  adequate  accuracy 
in  many  cases  be  considered  a single-electron  one.  In  other  words, 
the  electrons  in  a crystal  can  he  to  a good  approximation  described 
by  the  Hartree-Fock  equations.  How  should  the  effective  field 
^4if(r)  in  (2.2a)  be  chosen  in  this  case? 

The  crystal’s  symmetry  suggests  that  ^lett  (r)  should  have  the 
periodicity  of  the  crystal. 

In  Section  2.9.2  it  was  demonstrated  that  the  wave  function  of 
an  electron  in  a periodic  field  is  of  the  form  (2.9.13) 

ifk  (r)  = «.k(r)  eik"',  (3.1) 

where  k is  the  wave  vector  of  the  electron,  and  the  amplitude  function 

«k  (r  + a„)  = uk  (r),  (3.1a) 

i.e.,  displays  the  periodicity  of  the  crystal  lattice.  It  can  be  demon- 
strated (Appendix  9)  that  the  Bloch  wave  functions  (3.1)  substituted 
into  expression  (2.11b)  do,  indeed,  lead  to  an  effective  field  ?/eft  (r) 
having  the  periodicity  of  the  lattice,  i.e.  that  the  solution  (3.1) 
is  self-consistent. 

The  electron  wave  vector  can  be  represented  in  the  form  (2.9.8): 

k = -g-b)  + -§Lb2  + -|Lb3  (gi  = 0,  1,  2,  . . .,  G — 1),  (3.2) 
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where  G is  a large  (odd)  number,  and  b1;  b2  and  b3  are  the  basis 
vectors  of  the  reciprocal  lattice.  Hence,  k assumes  G3  quasi-discrete 
values. 

We  shall  arrive  at  the  same  expression  for  k if  we  separate  the 
principal  region  of  the  crystal  in  the  shape  of  a parallelepiped  with 
l he  edges  Gal5  Ga2,  Gas  and  the  volume  V = G3 Q0  (Q0  = 
— ] a1-(a2  X a3)  | is  the  volume  of  the  crystal’s  unit  cell)  and  de- 
mand that  the  wave  function  (3.1)  should  not  change  when  its  coor- 
dinate is  displaced  by  a vector  Ga;  (i  = 1,  2,  3)  (Born-K&rman 
cyclic  conditions',  see  Section  3.5.6). 

Physically  distinct  (nonequivalent)  values  of  k lie  inside  the 
interval  (2.9.10) 

— ji  < k-a*  < it  (i  = 1,2,  3).  (3.3) 

Substituting  herein  (3.2),  we  obtain  (2.9.10a) 

(3-3a) 

so  that  in  its  region  of  variation  the  vector  k (3.3)  assumes  G3  quasi- 
discrete  values. 

We  shall  choose  a Brillouin  zone,  as  defined  in  Section  2.9.1 
as  the  most  convenient  region  of  nonequivalent  (distinct)  values 
of  the  wave  vector  k. 

The  conditions  (3.2),  (3.3)  and  (3.3a)  coincide  with  the  condi- 
tions (3.5.9),  (3.5.24),  (3.5.25)  for  the  wave  vector  q,  which  is  quite 
natural,  since  the  very  existence  of  the  wave  vector  and  its  properties 
are  due  to  the  existence  of  the  translational  symmetry  of  crystal 
lattices. 

If  the  Bloch  wave  function  (3.1)  is  normalized  inside  the  crystal’s 
principal  region,  then 

Ij  (r)  ipk  (r)  d3r  = | |«k  (r)\2d3r  = 1.  (3.4) 

V G3Q0 

Since  | uk  (r)  |2  is  periodic  with  the  periods  of  the  basic  lattice 
vectors,  it  follows  from  (3.4)  that 

G3  j ] (r)  | 2 d3r  = 1 , (3.4a) 

Qo 

where  the  integration  is  performed  over  the  crystal’s  unit  cell. 
In  some  cases  it  appears  expedient  to  introduce  into  the  Bloch 
function  the  factor  G~3/2  in  an  explicit  form,  i.e.,  to  make 

Tk  (r)  = ~Q3/2 

1 


nk  (r)  eikT. 


(3.5) 
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Then  we  obtain  instead  of  (3.4a) 

f |iik  (r)\2  d3r  = 1,  (3.6) 

Bo 

and  in  this  case  the  average  value  is 

\uk\=\l]/Q0.  (3.6a) 

Substituting  the  Bloch  function  (3.1)  into  the  Schrodinger  equation 

— -^-V^k  + ^W  itk  = ekijik,  (3.7) 

where  V (r)  is  the  periodic  potential  acting  on  the  electron  in  the 
crystal,  we  obtain  after  canceling  out  the  multiplier  exp  (ik-r) 
the  following  equation  for  uk  (r)  (Appendix  10): 

- Sr v%k + v w “k  ■ — (k  • VUk)  = ( — "Sr ) Uk-  <3-8) 

Here  v^k  = grad  uk. 

For  k = 0 equation  (3.8)  reduces  to  the  equation 

fe2 

— ~2^  V2u0  + V (r)  u0  = e0u0,  (3.8a) 

coinciding  with  equation  (3.7)  for 

4.3.2  The  study  of  different  types  of  periodic  fields  (unidimensional 
models,  cases  of  weak  and  strong  bonds),  as  well  as  general  conside- 
rations, points  to  the  conclusion  that  not  all  values  of  the  electron 
energy  ek  in  (3.7)  are  allowed.  Generally,  the  energy  spectrum  of 
the  electron  in  a periodic  fields  splits  up  into  allowed  and  forbidden 
bands  (energy  bands ; another  term  for  the  forbidden  band  is  band  gap). 

In  other  words,  the  dependence  of  the  electron  energy  in  a periodic 
field  on  the  wave  vector  k (within  the  bounds  of  the  first  Brillouin 
zone)  is  not  a unique  function,  but  consists  of  a set  of  en  (k),  where 
n is  the  number  of  an  allowed  energy  band.  The  situation  is  similar 
to  that  which  led  to  the  formation  of  vibration  branches  co;-  (q) 
(j  — 1,  2,  . . .,  3s)  (see  Section  3.5.2),  the  only  difference  being 
that  the  number  of  allowed  energy  bands  e„  (k)  is  infinite. 

The  electron  wave  function  (3.1)  depends  not  only  on  the  wave 
vector  k,  but  on  the  band  number  n,  as  well,  i.e., 

•^nk  (r)  = n„k  (r)  exp  (ik-r). 

It  follows  from  the  physical  equivalence  of  the  wave  vectors 
k and  k'  = k -f-  bg  (bg  is  a vector  of  the  reciprocal  lattice)  that 
all  the  quantities  that  depend  on  k should  be  periodic  with  the 
periods  of  the  basis  vectors  of  the  reciprocal  lattice  bj  (i  =1,2,  3). 
Specifically,  for  the  energy  e„  (k)  we  have 

en  (k  + bg)  = en  (k), 


(3.9) 
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which  means  that  en  (k)  can  be  expanded  in  a three-dimensional 
Fourier  series  in  the  k-space: 

6n(k)=^/“',  (3-10) 

where  1 = {Zx,  l2,  l3}  are  integral  indices  of  a direct  lattice  vector 
(1.3.1);  indeed,  substituting  in  (3.10)  k + bg  for  k we  confirm 
(3.9)  (exp  (ibgai)  = exp  (2 jii  X integer)  = 1).  The  expansion  (3.10) 
is  similar  to  the  expansion  (1.3.6),  in  the  r-space. 

Calculate  the  result  of  the  operator  exp  (apv)  acting  on  the  Bloch 
wave  function  i^k  (r).  Expanding  the  exponent  into  a series,  we 
obtain 

ex p (ai  • V)  ifnk  (r)  = [1  + a!V  + 1 /2  (a!  • V)2  + . . . ] i|'rik  ( r) 

1,  2,  3 

= Il’nk  (r)  + ajV^nk  (r)  + -y  2 aiaaip-^--J-l^k(r)]+  . . . 

a.  3 P 

= rpnk(r  + a,),  (3.11) 

where  the  series  obtained  may  be  regarded  as  a Taylor  series  in 
the  powers  of  the  orthogonal  components  of  the  vector  ai. 

Substituting  into  (3.10)  — iy  for  k and  making  use  of  (3.11), 
we  obtain 

e n ( — i" V)  if’nk  (r)  = 2 W*1 ' V^nk  (r)  = 2 c^k  (r  + aj) 

i i 

= 2 °ielka'  = tfnk  (r)  = e„  ijbik(r)-  (3.12) 

i 

Relation  (3.12)  became  known  as  the  Wannier  theorem,  in  its  deduc- 
lion  the  energy  en(k)  was  presumed  to  be  nondegenerate  for  the 
given  k. 

Let  there  be,  in  addition  to  the  periodic  field  V (r),  a field  ?/  (r) 
acting  on  a conduction  electron  in  a crystal  (for  instance,  an  exter- 
nal electric  field  on  the  potential  of  an  impurity  ion).  In  that  case 
I lie  Schrodinger  equation  for  an  electron  assumes  the  form 

(r)  = [ — A-  v2  + T (r)  + U (r)  ] t|3  (r)  = eijj  (r).  (3.13) 

Kxpand  the  wave  function  ij?  (r)  in  a closed  system  of  the  Bloch 
functions  i])nk  (r)  satisfying  equation  (3.7): 

(r)  = S 2 Cnkil’nkW.  (3.14) 

n k 

Here  cnk  are  expansion  coefficients. 
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Substituting  (3.14)  into  (3.13)  and  taking  into  account  that  ij)nk  (r) 
is  an  eigenfunction  of  equation  (3.7),  we  obtain 

(r)  = 2 2 c„k[sn  (k)  + 7/  (r)]  »fnk  = ei|>  (r).  (3.15) 

n k 

Making  use  of  (3.12),  we  obtain 

(r)  = 2 [£n  (—  iv)  + '?/  (r)l  2 C„kij3„k  = (r).  (3.16) 

n k 

If  the  Bloch  functions  of  a single  band,  for  instance  of  the  ra-th, 
may  be  used  to  obtain  a fair  approximation,  then 

[e„  (—iV)  + ?/■  (r)]  xp  (r)  = eij)[(r).  (3.17) 


In  this  approximation  the  Schrodinger  equation  (3.13)  is  replaced 
by  the  equation  (3.17),  which  no  longer  contains  the  periodic  poten- 
tial V (r).  At  first  glance,  this  is  of  little  use,  since  in  equation 
(3.17)  we  should  know  e„  (k)  inside  the  entire  Brillouin  zone,  and 
to  this  end  we  must  find  the  energy  eigenvalues  for  equation  (3.13). 
However,  we  may  try  to  use  approximate  expressions  for  en  (k). 

4.3.3  If  there  is  a minimum  or  a maximum  of  the  energy  en  (k) 
at  point  k = k0,  it  can  be  expanded  in  a series  in  the  vicinity  of 
that  point: 

gn(k)  = en(k0)  + i-2  -ko(*a-feao)(^-/ceo),  (3.18) 

a,  |3 

where  ka  and  ftp  are  orthogonal  components  of  the  vector  k.  In  (3.18) 
we  have  cut  short  the  expansion  at  quadratic  terms  and  taken  into 
account  that  at  the  point  of  an  extremum  the  first  derivatives 
(dejdka) k=k0  = 0.  Since  the  energy  en  is  a scalar,  and  k is  a vector, 
the  quantities  (d2en/dkadk  p)ko  are  components  of  a rank  2 tensor 
(Appendix  11).  Beducing  this  tensor  to  the  principal  axes  and  placing 
the  origins  of  the  energy  and  of  the  wave  vector  at  the  point  of  extre- 
mum (en  (k0)  =0,  k0  = 0),  we  obtain 

a 


To  bring  the  description  of  the  electron  motion  in  a periodic  field 
as  much  as  possible  in  line  with  that  of  free  electron  motion,  we 
introduce  the  inverse  effective  mass  tensor 


1 


K 2 


daen  \ 

dka  dkfi  } 0 ’ 


(3.19) 


whose  principal  axes  components  are 


1 = 1 
ma  h2 


dHn 

dk% 


) 


0 ■ 


(3.19a) 
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Introduce  the  quasi-momentum 

p = ftk.  (3.20) 


I Is  only  difference  from  the  wave  vector  k is  the  presence  of  a con- 
slant  factor  h,  and  for  this  reason  it  has  the  properties  (3.2)-(3.3a). 

Note  that  the  dimensionality  of  the  inverse  effective  mass  tensor 
is  (mass)-1,  and  that  of  the  quasi-momentum  is  the  same  as  of  a mo- 
mentum. It  follows  from  expressions  (3.18a),  (3.19a)  and  (3.20)  that 


(k) 


sri  Pa 

2,771  & 2 TTId  ’ 

a a 


(3.21) 


i.e.,  the  expression  is  of  the  form  of  that  for  the  kinetic  energy  of 
an  electron  with  different  masses  along  the  x,  y,  and  z axes.  The 
quantities  ma  with  the  dimensionality  of  mass  are  not  components 
of  a tensor  (since  the  quantities  inverse  to  tensor  components  gener- 
ally do  not  constitute  a tensor);  however,  for  the  sake  of  brevity  they 
are  called  the  effective  mass  tensor.  It  should  be  kept  in  mind  that 
equation  (3.18)  holds  only  for  small  pa,  i.e.,  in  cases  when  pa  ■<  hla 
{a  is  the  lattice  parameter),  this  condition  being  usually  well  satis- 
fied in  semiconductors  because  of  the  low  concentrations  of  conduction 
electrons  in  them.  Close  to  the  points  k0,  where  e„  (k0)  attains  an 
extremum,  the  constant-energy  surfaces  en  (k)  = const,  have  the 
shape  of  ellipsoids. 

Finally,  in  the  case  when  all  tensor  components  1 /ma  are  equal, 
a scalar  effective  mass  m * can  be  introduced: 


The  electron  energy  is  in  this  case  equal  to 

e„  (k)  = h2k2/2m*  = p2!2m*,  (3.22a) 

i.e.,  is  equal  to  the  kinetic  energy  of  a free  electron  with  the  mass 
in*  and  the  momentum  p. 

Near  the  lower  band  edge,  where  e„  (k)  attains  its  minimum 
— = « — r)  > 0,  i.e.,  the  effective  mass  ma  is  positive.  On 

"‘a.  "V  dka  ' *o 

•lie  contrary,  near  the  maximum  of  en  (k)  the  second  derivatives 
(“?■)  < 0,  and  the  effective  masses  are  negative.  We  shall  see 

' dka  ' h» 

below  that  the  effective  masses,  just  like  the  normal  masses,  deter- 
mine the  force-to-acceleration  ratio.  For  ma  < 0 the  electron’s 
acceleration  is  opposite  in  direction  to  the  direction  of  the  force 
acting  on  it.  This  should  not  perplex  us,  since  the  effective  mass 
method  accounts  in  the  simplest  way  for  the  effect  of  the  periodic 
crystal  field  on  the  electron,  the  combined  action  of  the  periodic 
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field  and  an  external  force  on  the  electron,  which  possesses  wave 
properties,  being  able  to  cause  the  above  phenomenon. 

4.3.4  If  we  were  to  substitute  the  expression  for  the  energy  (3.21) 
into  (3.17),  we  would  obtain  the  equation 


d3 

dx3 


h3  d3 
2my  dy3 


+ U (r)]  ^(r)  = e^(r),  (3.23) 


which  describes  the  motion  of  an  electron  with  unequal  masses 
mx,  my,  mz  along  the  axes  in  the  field  'll  (r).4  Equation  (3.23)  assumes 
an  especially  simple  form,  when  the  tensor  m?  degenerates  into 
a scalar  mx  = my  = mz  = m*,  and  the  field  7/.  (r)  = 0.  Then 

= (3 *-23a> 

This  corresponds  to  a free  particle  with  a renormalized  mass  (m— m*). 

Such  a situation  can  come  about,  when  the  minimum  of  the  energy 
en  (k)  is  located  in  the  centre  of  a Brillouin  zone  of  a cubic  crystal. 

It  should,  however,  be  kept  in  mind  that  equation  (3.23)  was  ob- 
tained under  the  assumption  that  (3.21)  could  be  substituted  for 
en  (k)  inside  the  entire  Brillouin  zone  and  this  is  generally 
incorrect,  even  when  the  electrons  move  close  to  an  energy  extre- 
mum. 

A rigorous  theory  developed  by  Kohn  and  Luttinger  (1955)  gener- 
alized for  degenerate  bands  demonstrates  that  equation  (3.17)  de- 
scribes only  the  smoothly  varying  part  F ( r ) of  the  wave  function, 
the  full  electron  wave  function  being 

^ (r)  = F (r)  unko  (r)  eik»r,  (3.24) 


where  itnko  (r)  is  the  amplitude  multiplier  of  the  Bloch  function  (3.1) 
at  point  k = k0.  On  the  other  hand,  in  certain  cases  the  smoothly 
varying  part  of  the  wave  function  F (r)  can  be  sufficiently  used  as 
the  function  itself,  the  eigenvalues  of  the  electron  energy  being 
determined  from  equation  (3.23). 

4.3.5  It  was  demonstrated  in  Section  2.8.3  that  the  electron  energy 
surface  in  a crystal  field  en  (k)  = const,  has  the  symmetry  of 
the  lattice  point  group  .f7;  it  was  also  noted  that  in  all  cases  e„  ( — k)  = 
= en  (k),  i.e.,  that  the  surface  en  (k)  = const,  has  a centre  of  sym- 
metry- (no  matter  whether  the  crystal  lattice  has  such  a centre). 

Hence,  if,  for  example  in  the  cubic  lattice  some  arbitrary  point  k^ 
of  the  reciprocal  space  not  located  on  any  of  the  symmetry  elements 
there  is  an  extremum  en  (k0),  then  in  a Brillouin  zone  there  should 
be  48  additional  symmetrically  arranged  extrema.  If  k0  coincides 


4 It  should  be  remembered  that  the  axes  x,  y and  z coincide  with  the  princi- 

pal axes  of  the  tensor  m~ ^ i.e.,  are  oriented  in  a definite  way  with  respect  to 

the  crystal. 
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with  the  [100]  direction,  the  total  number  of  extrema  will  be  six, 
and  the  rotational  ellipsoids  (3.15)  with  axes  coinciding  with  the 
[100]  direction  will  serve  as  constant  energy  surfaces.  If  the  centres 
of  those  ellipsoids,  i.e.,  in  other 
words,  the  minima  of  the  energy  e„, 
lie  in  the  centres  of  a Brillouin 
zone  faces,  then  one-half  of  each 
ellipsoid  will  be  located  outside  the 
first  zone,  the  latter’s  share  being 
six  half-ellipsoids,  the  equivalent 
of  three  whole  ellipsoids. 

A similar  situation  for  a pla- 
nar square  lattice  is  depicted  in 
Fig.  4.1.  Figure  4.1a  and  b shows 
“constant  energy  ellipses”  in  the 
k-space  for  the  cases,  when  the 
energy  minima  are  located  at  four 
equivalent  (symmetric)  points  in- 
side a Brillouin  zone  and  on  its 
faces.  Figure  4.1c  depicts  the  pe- 
riodic repetition  of  the  structure 
shown  in  Fig.  4.1  b.  Similar  and 
still  more  intricate  energy  band  4,1 

structures  are  not  only  theoretically 

possible,  but  they  are  actually  realized  in  numerous  substances-, 
(silicon,  germanium,  etc.).  Below  we  shall  treat  this  subject  at  length. 

4.3.6  The  Born-Karman  cyclic  conditions  imposed  on  the  Bloch 
electron  wave  function  or  on  the  vibrations  of  lattice  atoms  cause- 
the  wave  vectors  k and  q to  assume  G3  quasi-discrete  values  (Sec- 
tion 2.9.1).  Hence,  we  can  speak  of  the  number  of  electron  states  in 
a volume  V in  a region  of  the  k-space  or  in  an  energy  interval 
(e,  e + de). 

Since  the  expression  for  q (3.5.24)  coincides  with  that  for  k (3.2),. 
the  number  of  electron  states  in  the  energy  interval  (e,  e + de) 
will,  with  reference  to  (3.5.27),  be  equal  to 

£(e)de  = -^r2  I .(  j dTk’  (3-25) 

n e^en(k)^e+de 

and  the  density  of  states,  by  analogy  with  (3.5.32),  will  he 
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(3.26)- 


where  Vk6n  = gradk  en  (k),  and  the  integration  is  performed  over 
I he  surface  en  (k)  = const.  Expressions  (3.25)  and  (3.26)  are- 
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■deduced  exactly  in  the  same  way  as  the  frequency  distribution  func- 
tion in  Section  3.5.6;  we  only  have  to  substitute  q — k and  (Oj-  -*■  en. 

Apply  this  equation  to  the  simple  case  of  one  band  when  the  energy 
is  determined  by  expression  (3.22a)  and  the  constant  energy  surfaces 
are  accordingly  spheres.  In  this  case 


gradk  e| 


ds  h2k 

dk  m* 


and  the  sphere’s  surface  is  o = 4j ik2. 

The  density  of  states  (per  1 cm3)  is  equal  to 


g (e) 


1 m* 
8ji3  h2k 


4ji  k2 


V2  m*3/2  yp  oc  gl/2 
2jt2  H3 


(3.27) 


where  we  have  again  resorted  to  expression  (3.22a)  to  go  over  from 
k to  e. 

The  same  result  can  be  obtained  directly  from  Appendix  4. 

Contemplating  the  equation  for  a variable  momentum  p (A.4.1) 
and  assuming  AN  = ns  to  be  the  number  of  quantum  states  for 
free  electrons  having  a momentum  less  than  p,  we  obtain  (AF  = 
= 1 cm3) 


dns 


1 p2  dp 

H3  h3"'  ■ 


Going  over  to  the  variable  e = p2/2 m*  we  obtain  for  the  density 
■of  states  = 2 g (e)  equation  (3.27). 

4.3.7  Calculate  the  quantum  mechanical  mean  velocity  (v>  = 
= (p>  of  the  electron  in  a state  with  the  wave  vector  k in  a peri- 

odic field.  As  we  shall  see  below,  in  general,  it  is  nonzero.  Hence,  the 
electron  can  freely  move  around  the  entire  crystal,  even  if  its  total 
energy  is  less  than  its  maximum  potential  energy  in  the  crystal. 
There  is  a mean  velocity  v (k)  and,  consequently,  a nonvanishing 
■current  j = ev,  where  e is  the  electron  charge,  to  correspond  to  an 
electron  in  the  k state.  The  finite  electrical  resistance  of  a crystal 
is  due  not  to  the  potential  barriers  of  the  periodic  field  that  the 
•electron  passes  by  “tunneling”  but  to  violations  of  the  strict  period- 
icity of  the  crystal  field  caused  by  thermal  vibrations  or  by  static 
lattice  defects. 

In  compliance  with  the  general  equation  for  mean  values  in  quan- 
tum mechanics  [4.1,  § 6] 

<v>  = ^r<p)  = ^4-  j 4‘kVTk  dr,  (3.28) 

T.' 


where  yV^ygrad  is  the  momentum  operator;  the  integration 
as  performed  over  the  crystal’s  principal  region. 
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For  a free  electron  the  wave  function  normalized  inside  the  prin- 
cipal region  is  equal  to 

(3.29) 

i.e.,  it  is  in  the  form  of  a plane  wave  with  a constant  amplitude. 
Here  the  wave  vector  k = p/h,  where  p is  the  electron’s  momentum 
(not  a quasi-momentum!).  Substituting  (3.29)  into  (3.28)  and  noting 
that  Veikr  = ikeikr  we  obtain  (omitting  the  brackets  around  <v)) 


v = 


ftk  p 

m m ’ 


(3.30) 


i.e.,  the  same  relation  as  in  classical  mechanics. 

If  the  mean  quantum  mechanical  electron  velocity  in  a crystal  v 
is  identified  with  the  group  velocity  of  a wave  packet  made  up  of 
Hloch  functions  vgr  (this  is  not  the  obvious  operation),  then  [4.1,  § 3] 


vgr  = gradkco 


da 

5k 


1 dha  1 dz 

h 9k  Ti  9k 


(3.31) 


and,  consequently, 
V = T 


In  the  case  of  a free  electron  the  energy  is 


e (k)  = 


2 m 


2m 


(3.32) 


(3.33) 


and  equation  (3.32)  yields  (3.30). 

At  the  points  of  energy  extrema  (de!dk)  = 0,  and  therefore, 
v = 0. 

A rigorous  deduction  of  equation  (3.32)  is  presented  in  Appendix  12. 

4.3.8  Consider  an  electron  in  a periodic  field  with  an  additional 
external  field  F acting  on  it.  If  the  force  F is  small  enough,  so  that 
F-a  < C %g,  where  a is  the  lattice  parameter,  and  %gis  the  width  of 
the  corresponding  forbidden  band  (band  gap),  the  force  F will  be 
unable  to  cause  electron  transitions  between  different  energy  bands 
and  will  only  change  the  electron’s  wave  vector  k.  Since  the  clas- 
sical equations  of  motion  remain  valid  for  the  mean  quantum  me- 
chanical values,  it  may  naturally  be  presumed  that  the  energy 
conservation  law  takes  the  form 

t-=\.f.J  <3-34> 

where  v is  the  velocity  as  determined  by  equality  (3.32),  and  e (k) 
is  the  electron  energy  in  the  band  in  which  it  moves.  Equality 


210  4-  ELECTRONS  IN  AN  IDEAL  CRYSTAL 


(3.34)  states  that  the  work  of  the  force  F applied  to  the  electron 
in  one  second  is  equal  to  the  rate  of  variation  of  its  energy  e (k). 
Since 


d&  (k) 
dt 


\tt  de  dka 
2j~dkl~dT 

a 


gradk  e 


dk 

dt 


we  obtain  from  equation  (3.32),  making  use  of  equation  (3.34) 


d dp  -p, 

dt  dt 


(3.35) 


Specifically,  it  follows  from  here  that  in  a periodic  field  the  elec- 
tron’s quasi-momentum  p = ^k,  plays  in  the  equation  of  motion 

(3.35)  the  part  of  the  momentum  of  a free  electron. 

The  electron’s  acceleration,  the  term  being  understood  as  meaning 
the  rate  of  variation  of  its  mean  quantum  mechanical  velocity  v, 
is  equal  to 

-IT  = IT  ( » grad*  6 <k>  ) = ¥ dF  (' ~HT ) • 


Since  depends  on  time  only  via  k,  it  follows  that 


dea 

1 d / de  \ 1 / d2t  \ 

I dkfi_ 

V — 

t \ dp„ 

dt 

h dt  \ dka  / h \ dka  dka  ) 

ft 

1 dt 

h 2 

A 

V dka  dkfi)  dt 

P P 


(3.36) 

We  shall  term  the  set  of  quantities 


h 2 


(3.37) 


generalized  inverse  effective  mass  tensor.  It  differs  from  the  tensor 
TOag  (3.19)  in  that  it  is  dependent  on  k.  If  the  electron  energy  is  equal 
to  (3.18),  i.e.  is  calculated  in  the  quadratic  approximation,  then 
wiap  = It  follows  from  equations  (3.35)  and  (3.36)  reduced 
to  principal  axes  of  the  tensor  that 


dVa  = m^F 
dt 


a* 


(3.38) 


In  the  case  of  = miff  = const,  it  is  equivalent  to  classical 
equations  of  motion  for  an  “anisotropic”  mass. 

Finally,  in  the  approximation  of  a scalar  effective  mass  (3.22) 
equation  (3.38)  assumes  the  form 

m*ijL=F,  (3.39) 

coinciding  with  the  usual  equation  of  classical  mechanics. 
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4.4  Concept  of  Positive  Holes  in  an  Almost 
Completely  Filled  Valence  Band 

4.4.1  By  analogy  with  the  classical  expression  for  the  current 
set  up  by  the  charge  — e,  let  us  write  down  the  quantum  mechanics 
expression  for  current  set  up  by  an  electron  in  the  k-state: 

jk  = — e\  (k)  = — ^ ^ '•I’kV^k  d%  = — ^-(('tkV^k  — ^kVilik)  dx.  (4.1) 

The  last  integral  may  be  obtained  on  the  grounds  that  formally 
jk  + jk  = 2jk  (jk  is  real).  We  see  that  the  right-hand  side  of  expres- 
sion (4.1),  is,  indeed,  the  usual  quantum  mechanics  expression  for 
the  current  density  averaged  over  the  crystal’s  principal  region 
[strictly  speaking,  for  the  purpose  of  averaging  the  integral  in  (4.1) 
should  have  been  divided  by  V\.  This  averaging  excludes  circular 
currents  inside  the  individual  crystal  cells.  Such  currents  are  due 
to  the  presence  of  a periodic  multiplicand  uk  (r)  in  the  Bloch  wave 
function  and  have  nothing  to  do  with  the  linear  motion  of  the  elec- 
tron [4.2,  p.  196]. 

We  know  that  in  a crystal  of  any  symmetry  (A.9.26) 

e (— k)  = e (k),  (4.2) 

and  that,  therefore, 

v (-k)  = -v  (k).  (4.3) 

The  latter  expression  follows  immediately  from  the  expression  for 
the  mean  velocity  (3.32). 

Making  use  of  equality  (4.3),  we  can  easily  demonstrate  that 
V v (k)  = 0,  (4.4) 

k 

where  the  summation  embraces  all  the  values  of  k inside  a Brillouin 
zone.  According  to  the  Paulijprinciple,  there  can  be  no  more  than  two 
electrons  with  opposite  spins  sz  in  every  k-state.  Hence,  the  current 
in  a completely  filled  valence  band  is 

j=Slk  = 2Sjk=-ex2Sv(k)  = 0.  (4.5) 

ks  k k 

Should  an  electric  field  E = — grad  <p,  where  cp  is  the  potential, 
be  applied  to  the  crystal,  the  current  in  its  completely  filled  band 
would  remain  zero.  Indeed,  if  the  field  is  not  too  high,  the  electrons 
will  not  be  thrown  over  to  the  conduction  band,  and  the  valence 
band  will  remain  filled  in  the  electric  field  as  well. 

If  the  band  is  not  completely  filled  with  electrons,  but  the  external 
electric  field  is  zero,  the  current  will  be 

j = H ik=o 

ks 


(4.6) 
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owing  to  the  symmetry  of  electron  distribution  in  the  k-space  (the 
prime  after  the  summation  sign  means  that  the  summation  is  per- 
formed not  in  the  entire  Brillouin  zone).  But  if  the  electrons  do  not 
fill  the  band  completely,  and  an  external  field  is  applied  to  the  crystal, 
the  current  (4.6)  will  not  be  zero,  because  there  will  be  an  increase 
in  the  number  of  ft-states  filled  by  electrons  moving  against  the  field. 

We  now  introduce  the  symbol  vn  (k,  s)  equal  to  unity,  if  the  state 
(k,  s)  is  occupied  by  an  electron,  and  zero  otherwise.  The  probability 
of  the  state  (k,  s)  being  unoccupied  by  an  electron  (or  a hole)  is  ob- 
viously equal  to  vp  (k,  s)  = 1 — vn  (k,  s).  Now  the  current  (4.6) 
can  be  written  as  follows 

j=  — e y v„  (k,  s)  V (k),  (4.6a) 

k s 

where  the  summation  is  performed  over  the  entire  band,  or 
] = — e y [1  — vp  (k,  s)]  V (k)  = — e yj  V (k)  + 5 vp  (k,  s)  v (k) 

ks  ks  ks 

= cIvj)(k,s)v(k).  (4.6b) 


We  see  that  the  electric  current  in  a band  incompletely  filled  with 
electrons  can  be  described  as  a current  of  positively  charged  +e 
quasi-particles,  or  holes,  corresponding  to  the  k,  s-states  unoccu- 
pied by  the  electrons  and  moving  at  speeds  v (k).  The  hole  concen- 
tration (their  number  per  1 cm3)  is  2 vp  (k,  s)  if  the  number  of 

ks 

quantum  states  is  calculated  per  1 cm3.  The  statement  that  the 
electric  field  brings  about  an  increase  in  the  number  of  k-states 
occupied  by  electrons  whose  velocity  v (k)  is  directed  against  the 
field  is  equivalent  to  the  statement  that  there  is  an  increase  in  the 
number  of  k-states  occupied  by  holes  whose  velocity  is  directed 
along  the  field.  Calculate  the  energy  flux  w transported  by  the 
electrons  of  the  partially  filled  band  if  there  is  a predominant 
direction  of  their  motion  (due  to  the  presence  of  a)  gradient  of 
temperature,  of  concentration,  or  of  potential  <p): 

W = 2 vn  (k,  s)  [e  (k)  — e<p]  v (k)  = 2 [1  — vp  (k,  s)]  [e  (k)  — ftp]  v (k) 

k*  ks 

= 2 [e  (k)  — ecp]  v(k)  + S vp(k,  s)  [ — e (k)  -f  e<p]  v (k) . (4.7) 

ks  ks 

The  first  sum,  in  accordance  with  relations  (4.2)  and  (4.3),  is  zero, 
the  second  sum  can  be  interpreted  as  the  energy  flux  transported 
by  holes  with  the  charge  +e  and  the  energy  — e (k).  If  the  band  is 
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almost  filled  so  that  the  hole  energy  for  k « k0  is  close  to  the  band’s 
upper  edge,  then  in  the  effective  mass  approximation  (3.21)  we  havo 

h2k2 

— e (k)  = — e (k0)  + 2 J2  ( — ma)  ’ 

a 

where  the  effective  mass  of  the  hole  — ma  is  positive,  because  the 
effective  mass  of  the  electron  ma  near  the  upper  band  edge  is  nega- 
tive; hence, 

m'r  = — Wan)  > 0.  (4.7b) 

In  the  presence  of  a magnetic  field  H the  electron  is  acted  upon 
by  the  Lorentz  force  — ( etc ) v X H which,  like  the  force  of  the  elec- 
tric field,  is  proportional  to  the  charge  — e;  therefore,  as  can  be  dem- 
onstrated, in  this  case,  too,  the  concept  of  a hole  remains  valid. 
It  will  be  demonstrated  below  that  the  statistical  behaviour  of  the 
electrons  of  an  almost  filled  band  is  equivalent  to  the  statistical 
behaviour  of  holes  whose  energy  levels  are  determined  by  expres- 
sion (4.7a).  Thus,  the  hole  concept  can  be  employed  both  in  the  op- 
tical phenomena  and  in  the  transport  phenomena  caused  by  electric 
or  magnetic  fields  or  by  temperature  or  concentration  gradients. 

4.4.2  In  general,  in  semiconductors  the  charge  carriers  are  both 
the  electrons  of  the  lower  part  of  the  conduction  band  and  the  elec- 
trons of  an  almost  completely  filled  valence  band  that  can  be  inter- 
preted as  quasi-particles  with  a charge  +e  and  with  a positive  mass 
(4.7b).  Inside  a definite  temperature  range  it  may  often  be  assumed 
that  the  transport  phenomena  are  the  work  either  of  the  conduction 
band  electrons  alone  (electron-  or  ra-type  semiconductor),  or  solely 
of  the  holes  of  the  valence  band  (hole-  or  p-type  semiconductor). 
Studies  of  the  semiconductor’s  electrical  conductivity  do  not  ob- 
viously enable  us  to  determine  whether  it  belongs  to  the  n-  or  to 
the  p-type.  As  we  shall  see  below,  this  can  be  established  in  the  course- 
of  studies  of  the  Hall  effect  and  of  the  other  galvano-  and  thermomag- 
netic  phenomena. 

It  should  be  pointed  out  that  the  concept  of  electrons  and  holes 
with  definite  effective  masses  can  be  substantiated  only  in  the  case  of 
an  external  electromagnetic  field  acting  on  the  conduction  electrons 
in  a crystal  [4.3].  If,  on  the  other  hand,  the  conduction  electrons  in 
a crystal  are  acted  upon  by  a gravitational  field  or  by  forces  of  iner- 
tia, the  concept  of  holes  and  electrons  with  effective  masses  is  no 
longer  applicable.  The  most  direct  method  used  to  discover  the  effect 
of  forces  of  inertia  acting  on  the  conduction  electrons  is  the  Stuart 
and  Talman  experiment  (1916).  The  idea  of  the  experiment  is  as 
follows:  a cylindrical  coil  with  a large  number  of  turns  is  made  to 
rotate  at  high  speed  about  its  axis.  When  the  coil  is  braked  suddenly* 
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the  electrons  continue  to  move  inertially,  and  a short  current  pulse 
•appears  in  the  coil. 

It  can  easily  be  demonstrated  [4.4,  p.  229]  that  the  total  charge 
q flowing  in  the  circuit  while  the  coil  is  being  slowed  down 
is  equal  to 


m Uni 


(4.8) 


where  v0  is  the  initial  linear  velocity  of  the  wire,  l is  its  length,  R 
is  the  circuit  resistance,  and  e and  m are  the  charge  and  the  mass  of 
the  particles  acted  upon  by  the  forces  of  inertia.  If  we  measure  the 
•charge  q with  the  aid  of  a ballistic  galvanometer,  we  can  easily 
find  the  ratio  of  elm  (for  specified  Z,  R and  v0). 

Experiment  proved  to  be  in  agreement  with  the  theory  that  the 
sign  and  the  magnitude  of  the  ratio  elm  always  coincide  with  that 
for  free  electrons.  For  this  reason  the  attempts  to  discover  in 
experiments  of  the  Stuart-Talman  type  the  motion  of  holes  with 
effective  masses  m*  were  doomed  to  failure  right  from  the  outset  [4.5]. 

4.4.3  The  above  discussion  may  create  a false  impression  that 
the  hole  concept  is  perfectly  equivalent  to  the  idea  of  a band  par- 
tially filled  with  electrons,  no  matter  to  what  extent.  It  should, 
however,  be  pointed  out  that  the  holes  appear  as  the  result  of  a for- 
mal substitution  of  the  symbol  vn  (k,  s)  for  1 — vp  (k,  s)  under 
the  summation  sign  2 , i.e.,  physically  as  the  result  of  the  replace- 

ks 

ment  of  a collection  of  electrons  partially  filling  the  band  by  a col- 
lection of  electrons  completely  filling  the  band  plus  holes. 

Both  these  collections  are,  indeed,  equivalent  from  the  point 
of  view  of  balance  of  transport  phenomena,  but  there  is  no  reason 
to  presume  their  equivalence  from  the  viewpoint  of  the  self-consistent 
periodic  potential  of  the  single-electron  problem. 

In  the  latter  case  the  equivalence  will  be  the  better,  the  less 
the  concentration  of  holes,  i.e.,  the  more  completely  is  the  valence 
hand  filled  with  electrons. 


4.5  The  Approximation  of  Almost  Free 
(Weakly  Bound)  Electrons 

Consider  the  motion  of  an  electron  in  a weak  periodic  field  V (r), 
i.e.,  presume  V (r)  to  be  a small  perturbation  of  the  free  electron 
motion  (R.  E.  Peierls).5 


5 In  other  words,  the  variations  of  the  electron’s  potential  energy  V (r)  are 
small  as  compared  with  its  kinetic  energy. 
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Expand  the  periodic  potential  in  a Fourier  series  (1 .3.6): j 
F (r)  = 2 Vgei(b£'r),  (5.1) 

g=jfcO 

where  bg  is  a reciprocal  lattice  vector.  Without  impairing  generality 
we  may  put  the  zeroth  term  in  the  expansion  (5.1),  i.e.,  the  average 
value  of  the  potential  F0  = 0.  For  the  right-hand  side  of  (5.1) 
to  be  real  it  should  be  F_g  = Fg.  Presume  the  amplitudes  Fg  to 
be  infinitesimals  of  the  first  order.  Expand  in  a Fourier  series  the 
periodic  multiplier  of  the  Bloch  wave  function: 

uk  (r)  = 2 Uhei(bh'r),  (5.2) 

h 

where  bn  is  a reciprocal  lattice  vector. 

Substitute  expressions  (5.1)  and  (5.2)  into  equation  (3.8)  for 
uk  (r)  and  obtain 

li  li 

+ 2 £ (b»  ■ k)  a,/**  ■’>  = 2 ( , sk  • - - gi ) «„««»»  ■ «.  (5.3) 

h h 


Heplace  the  summation  overh  and  g in  the  double  sum  by  summation 
over  h — g and  g.  In  this  case  the  vector  bh  in  the  exponent  should 
be  substituted  for  bg  -f-  bh,  so  that  the  double  sum  assumes  the  form 


I 2 Fgah_gei(1>1,'r). 


(5.3a) 


For  the  equality  (5.3)  to  become  an  identity  for  all  the  r the  sum 
of  coefficients  of  all  exp  i (bh-r)  should  be  zero. 

Taking  into  account  (5.3a)  and  performing  a simple  algebraic 
I ransformation,  we  obtain 

[£k  — £-(k  + bh)2Jah—  2 k7gah-g  = 0 

g^O 

(^i>  ^3  = ±1,  ±2,  ±3,  . . .).  (5-4) 


We  have  obtained  an  infinite  homogeneous  system  of  algebraic 
equations  for  the  unknown  coefficients  ah.  Dealing  with  the  system 
as  with  a finite  system  requires  its  infinite  determinant  to  turn  zero. 
In  this  way  we  shall  obtain  an  equation  from  which  we  can,  in 
principle,  determine  the  electron  energy  ek  eigenvalue  spectrum  and 
subsequently,  using  equations  (5.4),  determine  the  corresponding 
system  of  the  coefficients  ah,  i.e.,  the  electron  wave  function.  Of 
course,  even  with  the  known  coefficients  Fg,  i.e.,  with  a specified 
periodic  potential,  the  practical  solution  is  hopelessly  complicated. 

I:.  -0113  7 
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Consider  a free  electron,  in  which  all  Vg  = 0.  In  this  case  it. 
follows  from  equations  (5.4)  that  either 

fj  2 

£k  — 2iH  (k  + bh)2  = 0,  or  ah  = 0.  (5.5) 

Besides,  for  a free  electron 

Sk  = e0  (k)  = 7i2k2/2m.  (5.5a) 

It  follows  from  the  conditions  (5.5)  and  (5.5a)  that 
a0  # 0,  ah  = 0 (h  # 0).  (5.5b> 


Make  a0  = 1,  this  corresponding  to  the  free  electron  wave  function 
normalized  in  a unit  volume. 

Solve  now  the  system  (5.4)  for  the  case  of  a weak  periodic  field, 
in  which  all  coefficients  Vg  may  be  regarded  as  infinitesimals  of 
the  first  order.  It  would  be  natural  to  presume  (this  will  be  confirmed 
by  calculations)  that  in  this  case  the  ah^o  ¥=  0 and  will  also  be 
infinitesimals  of  the  first  order.  For  calculations  up  to  the  first  order, 
retain  on  the  left-hand  side  of  the  system  (5.4)  one  addend  with 
g = h (proportional  to  a0  = 1)  and  substitute  for  ek  its  value  (5.5a); 
then 


ah  = 


2 m 


h*  b^+2(bh-k) 


(MO). 


(5.6) 


The  set  of  coefficients  ab^0  (5.6)  determines  in  the  first  approxi- 
mation the  correction  to  the  electron  wave  function. 

To  find  the  perturbation  energy  make 

ek  = eo  + e'  =~2m  e' ‘ (5-7) 

Substituting  expressions  (5.7)  and  (5.6)  into  equation  (5.4)  we  obtain 
e'ati  — Fh  = 2 FgUh-g-  (5.8) 

fS^=0 


As  we  shall  see,  e'  is  an  infinitesimal  of  the  second  order;  for  this 
reason  the  equation  obtained  above  should  be  considered  only  for 
h = 0 (the  e'ah^o  are  infinitesimals  of  the  third  order).  In  this  case 

e'  = 2 Fga_g.  (5.9) 

g^o 


Taking  the  sum  over  — g instead  of  over  g,  substituting  ag  and 
noting  that  F_g  = Fg,  we  obtain 


2m  V IV2 

h2  Zl  b|+2(b  -k)’ 

g=£0  b 8 


(5.9a) 


We  see  that  the  correction  to  the  energy  e'  is  proportional  to  | Fg  |2, 
i.e. , is  an  infinitesimal  of  the  second  order,  as  was  stated  above. 


4.5  WEAKLY  BOUND  ELECTRONS  217 


Consider  an  important  case,  in  which  the  denominators  in  expres- 
sions (5.6)  and  (5.9a)  tend  to  zero,  i.e., 

1/2  b|  + (bg-k)  = bg.(bg/2  + k)  « 0.  (5.10) 

The  corresponding  coefficient,  ag,  and  the  correction  to  the  energy 
e',  will  no  longer  be  small,  and  consequently,  equations  (5.6) 
and  (5.9a)  will  themselves  be  inapplicable.  We  can  imagine  that, 
if  the  electron’s  wave  vector  k satisfies  the  condition  (5.10)  for  some 
vector  bg,  the  almost  free  motion  of  the  electron  experiences  great 
perturbation.  This  perturbation  is  of  the  nature  of  a mirror  reflection 
of  the  Bragg  type  of  the  electron  wave  from  an  atomic  plane  per- 
pendicular to  the  vector  bg,  since  the  condition  (5.10)  precisely 
coincides  with  (1.4.5).  In  this  phenomenon  the  wave^nature  of  the 
electron  moving  in  a periodic  crystal  field  is  especially  evident. 

On  the  other  hand,  condition  (5.10)  coincides  with  the  equation 
of  a plane  bounding  the  Brillouin  zones  (2.9.11).  Hence,  if  the  end 
of  the  wave  vector  k lies  close  to  a Brillouin  zone  boundary,  the 
electron  experiences  a strong  Bragg  reflection  in  the  crystal. 

Consider  an  electron  with  a wave  vector  k satisfying  condition 
(5.10)  for  a specified  bg.  If  the  corresponding  amplitude  Vg  in  equa- 
tion (5.6)  does  not  tend  to  zero,  the  coefficient  ag  will  be  large  (togeth- 
er with  the  coefficient  a0).  In  this  case  the  system  of  equations  (5.4) 
reduces  to  two  equations: 
r h* k2  -j  T/ 

I 8k  2^rJ  ao  — ^-gag- 

[ek-  |^(k  + bg)2]ag  = P>0.  (5.11) 

The  system  of  linear  homogeneous  equations  (5.11)  for  the  coefficients 
a0  and  ag  has  nonzero  solutions,  if  its  determinant  is  equal  to  zero,  i.e. 

I>--  TSrH6*-  £<k  + b«)2]-l',!l!-0.  (5.  la) 

Solving  this  quadratic  equation  for  ek  and  substituting  (5.10)  into 
the  solution  we  obtain 

ek-4s-±'F«l-  5.12) 

Hence,  for  k satisfying  the  condition  of  interference  (5.10)  there 
is  a discontinuity  in  energy  equal  to  2 | Fg  j. 

To  illustrate  the  point,  consider  a unidimensional  case  in  which 
6g  = 2jt gla,  and  condition  (5.10)  assumes  the  form 

1/2  ^^-±  — = 0. 
a2  a 

I lence, 

k = kg=±^-g  (g=l,2,  3,  ...).,  ’ ....  (5.13) 

i r»* 
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Figure  4.2  depicts  the  dependence  of  ek  vs  k for  this  case.  For  k 
removed  from  kg  the  correction  to  the  energy  is  small  (quadratic 

h2k2 

in  ] V g |),  i.e.,  it  can  be  assumed  that  ek  = ■ ^ > where  m is  the  free 

electron  mass.  For  A:  = kg  = ±n/a,  ±2n/a,  ±3ji la,  forbidden  bands 
of  widths  2\VX\,  2\V2\,  2\V3\,  etc.,  appear  in  the  energy  spec- 
trum of  the  electron.  The  electron  energy  spectrum  acquires  a band- 
type  structure,  i.e.,  allowed  bands  alternate  with  the  forbidden 
ones.  We  see  that  the  energy  spectrum  of  almost  free  electrons  is  of 


Fig.  4.2 

an  almost  parabolic  nature  (5.5a).  In  accordance  with  the  condition 
(3.9),  the  electron  energy  inside  each  band  is  a periodic  function  of 
the  wave  vector  k,  i.e.,  e 2n  = ek  (thin  lines  continuing  the  seg- 

M 

a 

ments  of  the  parabola  to  the  left  and  to  the  right  in  Fig.  4.2).  This 
makes  it  possible  to  consider  all  the  energy  bands  inside  the  first, 

or  reduced,  Brillouin  zone,  i.e.,  for  — — ^ k ^ — . We  see  that 

in  the  case  of  a weakly  bonded  electron  the  energy  in  the  succes- 
sive energy  bands  at  k = 0 alternately  assumes  minimum  and  maxi- 
mum values.  One  of  the  peculiarities  of  the  unidimensional  case 
depicted  in  Fig.  4,2  is  that  the  successive  allowed  energy  bands  are 
always  separated  by  the  forbidden  energy  bands  2 | V1  \,  2 | V2  I, 
etc. 

In  the  two-  and  three-dimensional  cases  this  is  not  always  so. 
Theory  and  experiment  demonstrate  that  in  such  cases  the  electron 
energy  of  the  upper  energy  band  at  some  point  of  a Brillouin  zone 
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may  prove  to  be  lower  than  the  electron  energy  of  the  lower  energy 
band  at  some  (in  general,  another)  point  of  the  zone.  In  such  a case 
we  speak  of  overlapping  energy  bands.  This  overlapping  plays  an 
important  part  in  metals,  where  the  occupation  of  the  upper  energy 
band  by  the  electrons  may  start  before  the  lower  band  is  com- 
pletely filled. 

4.6  Brillouin  Zones 

4.6.1  In  Section  2.9.1  we  considered  the  geometrical  con- 
struction of  Brillouin  zones.  To  this  end  an  arbitrary  site  of  the 
reciprocal  lattice  0 is  joined  with  the  aid  of  segments  with  the 
other  sites;  next,  through  the  midpoints  of  the  segments  planes 
normal  to  them  are  drawn.  The  Brillouin  zones  are  formed  by  the 
polyhedrons  bounded  by  those  planes. 

The  reciprocal  lattice  for  a planar  square  lattice  with  the  side 
a is  also  a square  one  with  the  side  2n/a.  Figure  4.3  depicts  the  first 
10  Brillouin  zones  for  a planar  square  lattice. 

The  reciprocal  lattice  of  a three-dimensional  simple  cubic  lattice 
is  also  a simple  cubic  one.  The  first  Brillouin  zone  in  the  shape  of 
a cube  is  obtained  as  the  result  of  the  intersection  of  the  six  planes 
passing  through  the  midpoints  of  the  segments  joining  the  origin 
with  the  six  nearest  sites  of  the  reciprocal  cubic  lattice.  Twelve 
planes  perpendicular  to  the  segments  joining  the  origin  with  the 
next  twelve  sites  of  the  reciprocal  lattice  take  part  in  shaping  the 
second  zone.  Figure  4.4  depicts  the  first  four  Brillouin  zones  of 
a simple  cubic  lattice. 

In  Section  2.9.1  we  noted  that  all  Brillouin  zones  have 
the  same  volume  equal  to  (2ji)3/Q0,  where  Q0  is  the  volume  of  the 
crystal  unit  cell.  On  the  other  hand,  it  follows  from  (3.5.27)  that 
the  number  of  states  in  the  principal  region  V per  unit  volume  of 
the  wave  vector  space  is  F/(2n)s.  Hence,  the  number  of  electron 
quantum  states  (spins  are  not  taken  into  account)  in  all  Brillouin 

zones  is  the  same  and  is  equal  to  = tt-=  G3  = N,  i.e.,  to 

n (2n)3  Q0  Qo 

the  number  of  unit  cells  contained  in  the  crystal’s  principal  region. 

By  way  of  an  example  to  be  used  in  the  following,  consider  the 
Brillouin  zones  for  a face-centred  and  a body-centred  cubic  lat- 
tice. 

It  can  be  demonstrated  (Appendix  13)  that  the  reciprocal  lattice 
for  a face-centred  cubic  lattice  is  a body-centred  cubic  lattice,  and 
vice  versa,  the  reciprocal  lattice  for  a body-centred  cubic  lattice 
is  a face-centred  cubic  lattice.  Find  the  shape  of  the  first  Brillouin  zone 
lor  a face-centred  cubic  lattice.  The  reciprocal  lattice  in  this  case  is  a 
body-centred  cube,  and,  consequently,  each  of  its  sites  is  surrounded 
by  eight  nearest  sites  (Section  1.2.2).  Eight  planes  drawn  perpendiculT 
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arly  through  the  midpoints  of  segments  joining  the  origin  with 
the  eight  nearest  sites  intersect  to  shape  a regular  octahedron  with 
six  vertices  and  with  regular  triangles  forming  its  faces.  The  sites 
of  the  next  coordination  group  are  the  six  sites  arranged  in  pairs 
along  the  x,  y and  z axes  at  a distance  a (the  cube  edge)  from  each 
other.  They  determine  the  six  planes  that  cut  off  the  octahedron’s 
six  vertices.  As  a result,  we  obtain  for  the  first  Brillouin  zone 
a polyhedron  with  fourteen  faces,  six  of  them  squares  and  eight  hexa- 


Fig.  4.5 

gons,  as  depicted  in  Fig.  4.5a.  The  geometrical  shape  of  the  second 
Brillouin  zone  is  in  this  case  very  intricate,  as  depicted  in  Fig.  4.5 b. 
Equations  (5.10)  for  the  faces  of  the  first  Brillouin  zone  can  be 
easily  written.  Making,  for  example,  bg  = bl5  we  obtain  from  expres- 
sions (5.10)  and  (A.  13.3) 

^i(io-3o  + ko)2  + k.^(i0-j0  + ko)  = 0 
or 

— kx  + ky  — kz  = 3it/a. 

This  equation  determines  one  of  the  eight  hexagonal  faces.  If  we 
make  bg  = bx  + b2  = i0,  as  stipulated  by  (A. 13. 3), I we  shall 

obtain  from  condition  (5.10) 
kx  = — 2 nla, 

thus  determining  one  of  the  six  square  faces. 

The  shape  of  the  Brillouin  zones  for  a direct  body-centred  cubic 
lattice  can  be  determined  in  a similar  way.  Since  in  this  case  the 
reciprocal  lattice  is  of  the  face-centred  cubic  structure,  the  first  coor- 
dination group  consists  of  12  sites  (Section  1.2.2).  The  twelve  planes 
drawn  in  accordance  with  equation  (5.10)  completely  determine 
An  this  case  the  first  Brillouin  zone  in  the  shape  of  the  polyhedron 
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with  twelve  faces  (dodecahedron)  depicted  in  Fig.  4.6a.  The  second 
Brillouin  zone  for  this  case  is  as  shown  in  Fig.  4.66. 

4.6.2  The  planes  in  the  k space  determined  by  equation  (5.10) 
form  a band  edge  (the  boundary  of  discontinuity  of  the  electron 
energy  Ek)  only  if  Fg  ^ 0,  since  only  in  this  case  the  coefficient 
ah  and  the  correction  to  the  energy  s',  as  stipulated  by  equations 
(5.6)  and  (5.9a),  become  large.  In  a complex  lattice  the  conditions 
of  interference  of  electron  waves  scattered  by  the  atoms  of  individual 
sublattices  may  cause  the  extinction  of  some  of  the  Fg.  In  this  case 


Fig.  4.6 

the  energy  ek  for  the  corresponding  face  of  the  Brillouin  zone  expe^ 
riences  no  discontinuity,  i.e.,  the  appropriate  face  is  not  actually 
a boundary  of  an  energy  band.  As  we  shall  now  see,  the  situation 
here  perfectly  coincides  with  the  one  we  encountered,  when  determ- 
ining the  structural  factor  of  X-ray  scattering  (Section  1.4.5). 

Consider  a complex  lattice  with  the  main  periods  alT  a2,  a3  and 
let  the  position  of  the  s atoms  in  a cell  be  determined  with  respect 
to  its  origin  bysvectorsrn  = + vn&2  + wn  a3  (n  = 1,2,..  .,  s), 

so  that  the  lattice  basis  is  (n„,  vn,  wn).  If  all  the  s atoms  are  ident- 
ical, the  electron  potential  energy  is  the  sum  of  the  energies  of  its 
interaction  with  each  of  the  s sublattices: 

F(r)  = SFi(r-r„),  (6.1) 

n 

where  | r — rn  | is  the  distance  from  the  electron  to  the  n-th  atom 
in  the  zeroth  cell,  and  Fx  (r)  is  the  periodic  potential  of  one  of  the' 
sublattices.  Hence, 

F1(r-rB)  = 2Figeib«,(r-r»),  (6.  la), 

g 

and,  therefore, 

F(r)  = SS  Fige_ibg,r"eiVr. 

g n 


(6.1b) 
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This  may  be  written  down  in  the  following  form: 

V (r)  = y,  Fgeibg,r,  (6.1c> 

g 

where 

Vg  = VlgSg,  (6.1d> 

and  the  structural  factor 

Sg=  S e~ib>rrn=  j\  r^Vn+V.+Vn),  (6.1e> 

n=i  n=  1 

The  expression  for  the  structural  factor  for  electrons  (6.1e)  coin- 
cides with  that  for  X-rays  (1.4.11a).  Hence,  if  Sg  = S g g g is- 
zero,  all  the  corresponding  physically  equivalent!  planes  {gig2?3} 
do  not  effectively  scatter  X-rays  or  perturb  the  motion  of  almost 
free  electrons. 

Consider  a simple  cubic  lattice  for  which  the  reciprocal  lattice 
is  also  a simple  cubic  one  with  the  basic  vectors  bt  = 2n/a  ( i = 
-=  1,  2,  3).  In  this  case  the  distance  from  the  plane  {gig2firs}  to  the 
origin,  as  can  be  seen  from  the  equation  for  this  plane  (5.10),  is 
equal  to 

hg>g,g.  = Y = T Vgl  + gl  + gl- 

Table  4.1  gives  the  numbers  of  some  of  the  {gig2g3}  planes  and 
I heir  distances  to  the  origin. 


Table  4.1 


Plane 

{100} 

{110} 

{111} 

{200} 

{220} 

Number  of  planes 

6 

12 

8 

6 

12 

h a 

^glgig 3 X jx 

1 

2 

2 /2 

As  the  first  example  of  a complex  lattice,  consider  the  face-centred 
cube  already  considered  in  the  preceding  section  as  a simple  lattice. 
Should  the  cubic  edges  be  chosen  as  the  at,  the  unit  cell  of  a face- 
centred  cube  would  contain  four  atoms  with  the  basis  ( unvnwn ) = 
(000,  0‘/2,  V2,  V2  01/2,  V2  V20).  The  structural  factor,  accord- 
ing to  condition  (6.1e),  would  be 


Sglgtg,  = 1 + e“ro'(g2+g3)  -f-  e~ni^t+g>)  -f  e-iuUi+g2), 


(6.2) 
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Hence,  it  follows  directly  that 

^100  = 0»  ‘S'uo  = 0>  “^m  = 4,  <5200  = (6.2a) 

Thus,  the  first  Brillouin  zone  is  bounded  by  eight  {111}  planes 
and  by  six  {200}  planes.  The  intersections  of  those  planes  form  a trun- 
cated octahedron  or  a polyhedron  of  14  faces  depicted  in  Fig.  4.5a. 
This  result  coincides  with  that  obtained  in  the  preceding  item. 

Consider  now  a really  complex  lattice  of  the  diamond  type  (see 
Fig.  1.13)  that  cannot  be  reduced  to  a simple  Bravais  lattice  (Sec- 
tion 1.2,  5).  Since  the  diamond  lattice  can  be  represented  as  two 
face-centred  cubic  lattices  displaced  with  respect  to  one  another 
along  a cube’s  space  diagonal  by  1/4  of  its  length,  it  follows  that 
if  one  chooses  the  unit  cell  in  the  shape  of  a cube  (Fig.  1.13),  it  will 
contain  eight  atoms  with  the  basis  (000,  0V2  V2,  */2  0 V2,  V2 
V2 0,  V4  V4  V4,  i/i  3/4  3/4,  3/4  V4,  3/4,  3/4  V4).  The  structural  factor  is 

Sgig,g,  = 1 + e~niie*+i' >)  + e~ni -|-  e~ni(Si+gt)  4.  g-VsniWi+ft+Si) 

4.  g-V!ni(*t+3«,+3#,)  4-  e-VtnH3g,+g,+3g,)  c-l/2*l(3£1+3#,+£») 

(6.3) 

Hence,  it  follows  that 

‘S'ioo  = O'  ^no  = 0,  <5xxi  = 0,  <52oo  = 0,  S 211  = 0, 

*5220  = 8,  *^221  0. 

Since  the  crystal  lattices  of  germanium  and  silicon  may  be  regarded 
as  two  face-centred  cubic  lattices  displaced  with  respect  to  one 
another,  their  first  Brillouin  zone  has  the  shape  of  a polyhedron 
with  fourteen  faces  depicted  in  Fig.  4.5a6. 


4.7.  Tight  Binding  Approximation 

4.7.1  In  the  preceding  section  we  considered  the  periodic 
potential  V (r)  acting  on  the  electron  as  a small  perturbation 
of  its  free  motion.  The  electron  motion  is  strongly  perturbed,  only 
if  certain  conditions  of  interference  (5.10)  are  met.  This  treatment 
is  justified  from  the  quantitative  viewpoint,  only  if  the  electron 
kinetic  energy  is  large  as  compared  with  the  spatial  variations  of 
its  potential  energy  V (r).  This  situation  is  brought  about,  for 
example,  when  a crystal  is  irradiated  by  electrons  of  at  least  several 
hundred  eV.  On  the  other  hand,  it  follows  from  the  quantum  mechan- 
ics virial  theorem  that  the  average  kinetic  energy  of  an  electron 
in  an  atom,  a molecule  or  a crystal  should  be  of  the  order  of  the 


6 Other  examples  of  calculations  of  structural  factors  and  of  Brillouin  zones 
■of  complex  lattices  are  contained  in  [4.6]  and  14.7]. 
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variations  of  its  potential  energy,  and  for  this  reason  the  weak 
binding  approximation  is  inapplicable  to  the  electrons  in  a crystal. 
There  is  an  alternative  approach  that  assumes  that  the  electron’s 
state  in  an  isolated  atom  changes  little,  when  the  atoms  join  to  form 
a crystal.  This  tight  binding  approximation  of  electrons  is  obviously 
more  justified  for  the  electrons  of  the  deeper  lying  atomic  energy 
levels,  i.e.,  for  those  whose  interaction  with  atoms  in  other  sites 
is  relatively  weak.  Of  course,  neither  the  tight  binding  nor  the  weak 
binding  approximation  of  electrons  describes  the  state  of  the  electrons 
in  the  conduction  band  correctly  from  the  quantitative  point  of 
view.  For  this  reason  neither  of  those  approximations  can  be  employed 
for  quantitative  calculations  of  the  energy  spectrum  and  of  the 
wave  functions  of  the  conduction  electrons  in  specific  crystals.  The 
essential  point  is,  however,  that  they  provide  a good  illustration 
of  the  general  conclusions  about  the  motion  of  the  electron  in  a peri- 
odic field.  In  certain  cases  these  illustrations  provide  new  qualitative 
conclusions  about  the  electron  state  in  a periodic  field. 

4.7.2  Let  the  electron  wave  function  in  an  isolated  atom  i|>0  (r) 
in  the  s-state  satisfy  the  Schrodinger  equation 

^o  + 'W  (r)  i]>o=M>o,  (7.1) 

where  °U[r)  is  the  spherically  symmetrical  field  of  an  isolated  ion 
{for  a metal)  or  of  a neutral  atom  (for  a semiconductor  in  which  the 
conduction  electron  is  a “surplus”  one),  e0  is  the  energy  of  the  elec- 
tron state  in  the  ion  (atom)  being  considered.  Let 

= (7.1a) 

i.e.,  the  wave  function  a{70  is  normalized  to  unity. 

In  the  vicinity  of  the  n-th  lattice  site  the  electron  of  an  isolated 
atom  is  described  by  the  wave  function  ij)0  (|  r — a„  |).  In  an  ideal 
lattice  all  the  TV  = G3  sites  of  the  principal  region  are  absolutely 
equivalent,  therefore  the  state  of  the  electron  with  the  energy  e0  is 
TV-fold  degenerate  (spins  are  not  taken  into  account).  The  effect 
of  the  electron’s  interaction  with  all  other  atoms  is  to  split  the  energy 
level  e0  into  a band,  so  that  the  degeneracy  will  be  (at  least  partially) 
lifted. 

As  is  established  in  the  theory  of  perturbed  degenerate  states 
[4.1,  § 50]  and  as  seems  obvious  from  general  considerations,  the 
wave  function  of  the  zeroth  approximation  should  be  built  from 
all  the  degenerate  wavejmnctions  in  the’form  of  the  linear  expression 

$(r)  = S&niMl  r — I)*  (7.2) 

n 

The  constant  coefficients  Ca  are  determined  in  compliance  with 
the  well-known  rule  [4.1,  § 50].  To  find  the  coefficients  Cn  we  shall 


226  4.  ELECTRONS  IN  AN  IDEAL  CRYSTAL 


make  use  of  a simple  method  making  (7.2)  satisfy  the  general  require- 
ments concerning  the  form  of  the  Bloch  function  (3.1).  It  may  easily 
be  seen  that  to  this  end  it  suffices  to  make  Cn  = exp  (ik-an),  i.e., 

^ (r)  = S e,k ' an4’o  ( I r — an  I ) • (7.2a) 

n 

Indeed,  write  expression  (7.2a)  down  in  the  form 

\|j(r)  = e*kTy,elk-(“n— %(!  r-an  |).  (7.2b) 

n 

Prove  that  the  multiplier  in  front  of  eikr  has  the  periodicity  of  the 
lattice,  i.e.,  that  it  can  be  regarded  as  a modulating  multiplier 
nk  (r)  in  the  Bloch  wave  function  (3.1).  Substitute  into  this  multi- 
plier the  vector  r + am  for  r;  we  obtain 

i|,(r)=^eik  (a'>-r“amXiM!  r + am-a„  |). 

n 

Replace  the  summation  over  n by  the  summation  over  1 making 
an  — am  = ai;  then  we  obtain 

^(r)  = S e*k'<ai~r,\|;o  ( | r — ai  |), 

this  obviously  coincides  with  the  initial  expression  (7.2b).  Thus 
we  have  at  least  demonstrated  that  the  choice  of  the  electron  wave 
function  in  the  form  of  (7.2a)  satisfies  the  conditions  of  translational 
symmetry.  It  is,  moreover,  apparent  that  because  of  an  exponentially 
rapid  decline  of  the  wave  function  ij>0,  the  electron  wave  function 
in  a crystal  (7.2a)  in  the  vicinity  of  the  n-th  site  behaves  approx- 
imately like 

(r)  fa  const.  X tp0  ([  r — an  |), 

i.e.,  like  the  atomic  function  of  the  n-th  site. 

If  V (r)  is  a self-consistent  periodic  potential  acting  on  the  elec- 
tron (obviously  V (r)  =7^  (r  — an),  then  the  precise  single-elec- 

n 

tron  wave  function  satisfies  the  equation 

= ~~%n  V2i|>  + P(r)il>  = ei|j,  (7.3) 

where  e is  the  energy  eigenvalue  of  an  electron  moving  in  the  crystal. 
Premultiplying  both  sides  of  equation  (7.3)  by  t}->*  and  integrating 
inside  the  crystal’s  principal  region  we  obtain 


[ <P*  [ — V2  + F(r)  \pdx 

^ dx 

J dx 
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Calculate  the  electron  energy  in  the  assumption  that  the  wave  func- 
tion T (r)  is  written  in  the  form  of  expression  (7.2a).  Denoting  r — 
— an  = pn,  we  obtain 

<#T  = [ — £ V2  + F (r)]  ^ *ik  a"*o  (Pn) 

n 

= e0  2 ^‘““To  (Pn)  + 2 gik'an  (Pn)]  To  (Pn), 

n n 

ft 2 

where  we  made  use  of  equation  (7.1)  to  substitute  — — V^o  (Pn)- 

Substituting  the  expression  obtained  into  (7.4)  and  substituting 
T*  according  to  (7.2a)  we  obtain 


e = 8o  + 


2 2 *ik'(a,,'am)  l To*  (Pm)  IV  (r)-«  (p„)]  To  (P„)  dx 

in  n 

2 2 <?,k'(an“am)  l To  (pm)  to  (Pn)  dx 


Since  all  the  sites  are  equivalent,  both  the  numerator  and  the  denom- 
inator do  not  depend  on  the  m and  n separately  but  only  on  their 
difference,  i.e.,  on  the  relative  position  of  the  sites.  Therefore,  we 
may  make  m — 0(i.e.,ara  =0,  pm  = r)  and  replace  the  summation 
over  m both  in  the  numerator  and  the  denominator  and  multi- 
ply by  the  number  of  sites  N contained  in  the  principal  region. 
Hence, 

2 e'k  a"  1 To  (r)  [V  (r)  — V-  (pn)J  4p0  (P„)  dx 

g = e0  + -D rj— . (7.5) 

2 e'  n S To  (r)  To  (Pn)  dx 


Assume  the  decline  of  the  atomic  wave  functions  To  to  be  so  rapid 
that  their  overlapping  even  between  the  neighbouring  sites  can 
bo  neglected,  i.e.,  that 

j To  (r)  To  (Pn)  dx  = 60n  = | ’ (7.6) 


Denote  the  integral  in  the  numerator  of  the  fraction  (7.5)  for  n = 0 
J To  <T)  IV  (r)  — W (r)]  To  M dx 
= J I To(r)  !2  W (r  )—°li  (r)]  dx=  —C  <0. 


(7.7) 
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The  negative  value  of  the  integral  (7.7)  may  to  some  extent  be  ex- 
plained as  follows.  In  Figure  4.7  the  solid  line  depicts  the  potential 

of  an  isolated  atom  ?/,  and  the  das- 
hed line  depicts  the  self-consistent 
periodic  potential  V.  If  we  were  te 
make  a rather  natural  assumption 
that  atomic  interaction  reduces  the 
potential  barriers  for  the  electron 
as  shown  in  the  figure,  we  would 
see  that  the  expression  in  square 
brackets  in  the  integral  (7.7)  is 
everywhere  negative,  and  therefore 
the  integral  itself  is  negative. 

Although  we  neglect  the  over- 
lapping of  the  wave  functions  of 
the  different  sites  themselves,  it  would  be  a consistent  step  to  include 
the  integrals  in  the  numerator  of  the  fraction  (7.5)  for  n 0 for 
the  neighbouring  sites  n0: 


j Vo  (r)  lv  (r)  — ^ (Pn0)]  ifo  (Pn„)  dx  = — An 


(7.8) 


Indeed,  although  i|)0  (pn  ) is  small  close  to  the  zeroth  site,  this  is 
partly  compensated  for  in  this  region  by  the  large  value  of  the  diffe- 
rence V (t)  — ‘U  (Pn0)-  Certain  general  considerations  that  we  shall 
not  touch  upon  justify  the  assumption  that  in  case  (7.8)  the  inte- 
gral is  also  negative.  From  relations  (7.5)-(7.8)  we  obtain 

s = e0-C-E\eik'a"*.  (7.9) 

n0 

If  the  wave  function  if)0  (r)  belongs  to  the  s-state,  then  A„q  depends 
only  on  the  distance  from  the  zeroth  site  to  the  n0-th  atom  of  the 
first  coordination  group,  i.e.,  it  is  the  same  for  all  such  atoms. 
In  this  case 

e = e0  — C—  A Seik'\  (7.10) 

no 

In  a simple  cubic  lattice  every  atom  is  surrounded  by  six  nearest 
neighbours.  Directing  the  x,  y and  z axes  along  the  cube  edges 
we  obtain 

1,6 

2 eik  an0  = eikxa  _j_  e-ikxa  + gikya  + + gi »za  + 

«a 

= 2 [cos  akx  + cos  aky  -f  cos  a&z] , 
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where  a is  the  lattice  parameter.  Substituting  the  results  into  (7.10), 
we  obtain 

e = e0  — C — 2A  fcos  akx  + cos  aky  + cos  akz].  (7.10a) 

In  the  case  of  a body-centred  cube  every  atom  is  surrounded  by 
eight  nearest  neighbours,  and  instead  of  (7.10a)  we  obtain  (Appen- 
dix 14) 

e = e0  — C — 8Acos-^-cos— 2^-cos-^-.  (7.10b) 

The  electron  energy  in  a face-centred  cubic  lattice  can  be  calculated 
in  a similar  way: 

e = e0  — C — 4 A cos  cos  — ^ — |-  cos  cos 

+ cos-^cos-^-J.  (7.10c) 

It  follows  from  expressions  (7.10a)-(7.10c)  that  when  a crystal  is 
constituted  from  individual  atoms,  the  electron  energy  of  the  isolated 
atom,  e0,  as  the  result  of  the  interaction  with  the  neighbouring  atoms, 
is  displaced  by  the  amount  C , and  splits  into  an  energy  band  inside 
which  the  electron  energy  is  a periodic  function  of  the  wave  vector  k. 
Every  stationary  energy  level  of  an  isolated  atom  experiences  such 
a splitting;  accordingly,  the  qualitative  picture  will  be  similar 
to  that  depicted  in  Fig.  4.2  for  almost  free  electrons.  The  width 
of  the  allowed  energy  band,  as  we  shall  see  below,  is  proportional 
to  A,  i.e.,  is  determined  to  a great  extent  by  the  overlapping  of 
the  atomic  wave  functions  Tp0  (r)  of  the  neighbouring  atoms.  For 
the  outer  valence  electrons  usually  of  interest  to  us  this  overlapping 
is  great,  so  that  the  width  of  the  energy  band  reaches  several  electron- 
volts,  i.e.,  is  of  the  order  of,  and  even  exceeds,  the  spacings  between 
the  energy  levels  of  an  isolated  atom.  Strictly  speaking,  this  means 
that  the  method  of  strong  bonding  developed  above  is  inapplicable 
in  this  case.  For  the  electrons  of  the  inner  atomic  shells  this  split- 
ting is  small;  thus,  for  the  A-electrons  in  the  lattice  of  metallic 
sodium  it  is  of  the  order  of  2 X 10“19  eV,  so  that  the  level  remains 
practically  a sharp  one.  As  a result,  the  electron  energy  spectrum  in 
a crystal  assumes  the  form  depicted  in  Fig.  4.8,  where  the  allowed 
energy  bands  are  shaded. 

How  can  the  electron  motion  through  the  lattice  be  imagined  from 
the  viewpoint  of  the  tight  binding  approximation?  In  an  isolated 
atom  the  electron  spends  an  indefinitely  long  time  on  the  stationary 
level  £(,.  As  such  identical  atoms  are  drawn  together,  and  a lattice 
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is  formed,  the  possibility  appears  for  the  electron  to  go  over  from 
■one  lattice  site  to  another  by  means  of  the  quantum  mechanics 
tunnel  effect.  Atomic  interaction  results  in  the  widening  of  a sharp 
energy  level  into  a band  eab  wide,  which  is  related  to  the  time  an 
electron  spends  near  a specified  site  x,  by  means  of  the  indeterminacy 

relation  eabx  x h.  For  outer  electrons 
eab « 10  eV,  and  the  corresponding 
times  are  x « 10-15  s,  but  for  the  K- 
electrons  of  sodium,  where  eab  « 2 X 
X 10-19  eV,  an  electron  moves  from 
one  site  to  the  neighbouring  site 
on  the  average  of  once  an  hour.  How- 
ever, in  the  latter  case  the  electron  in 
a stationary  state  is  distributed  with 
an  equal  probability  over  all  crystal 
lattice  sites. 

4.7.3  Let  us  illustrate  the  properties 
of  the  electron  moving  in  an  ideal 
periodic  field  (Section  4.3)  by  the 
example  of  tightly  bound  electrons 
We  shall  measure  the  electron  energy 
in  expressions  (7.10)  from  the  level  e0  — C,  i.e.,  we  shall 
make  e0  — C = 0.  It  follows  from  (7.10a)  that  the  electron  energy 
e has  a minimum  equal  to  eb  = — 6 A at  kx  = ky  = kz  = 0,  i.e., 
in  the  centre  of  the  Brillouin  zone  and  a maximum  equal  to  ea  = 
= +6 A at  kx  = ky  = kz  = nla,  i.e.,  at  the  vertices  of  the  zone’s 
cube.  Hence,  in  the  case  of  a simple  cubic  lattice  the  bandwidth 

eab  12A. 

For  small  k,  i.e.,  for  aftj.<cl,  aky  <cl  and  akz<^  1,  we  obtain 
by  expanding  the  cosines  in  series 

8 = — 2A[(l  — (^11  j + ( 1 — — ) + ( 1 — ) ] 

= -6A  + Aa2(k2x  + k*y  + kl)^eb  + Aa2k*.  (7.11) 
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Fig.  4.8 

in  a simple  cubic  lattice. 


Hence,  for  small  k the  electron  energy,  as  in  the  case  of  weak 
bonding,  is  independent  of  the  k direction  and  proportional  to  k 2. 
The  scalar  effective  mass  of  the  electron  near  the  lower  band  edge  is 


m*  ( b ) = 


h 2 _ 6 h* 
2Aa 2 a2eab  ’ 


(7.12) 


i.e.,  it  is  positive,  and,  if  we  approximately  make  a = const,  for 
different  crystals,  inversely  proportional  to  the  bandwidth  eab. 
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If  the  upper  band  edge  we  make  — — kx  = k'x,  etc.  and  ak'x  -cl, 
etc.,  then 

e = — 2 A [cos  (it  — akx)  -f-  cos  (ji  — ak'y ) + cos  (it  — ak'z)\ 

= 2 A [cos  akx  + cos  ak’y  + cos  akz ] 

= 6 A — Aa2  (kx2  + k'2  + k'2)  = ea  — Aa2k’2.  (7.11a) 

Similarly  the  electron  effective  mass  near  the  upper  band  edge  is 

«a)=J W7  = -2F- 

l dk'x2  ) a 

i.e.,  it  is  negative.  Consequently  the  effective  mass  of  a hole 

m*  (a)  = — m*  (a)  = h2/2Aa 2,  (7.12b) 

i.e.,  coincides  with  the  effective  mass  of  the  electron  near  the  lower 
hand  edge  (7.12). 

The  shape  of  the  constant-energy  surfaces  in  the  k-space  near 
I lie  zone  centre  and  the  cube  vertices  (+kx  = ±ky  = ±kz  = it/a) 
is  obviously  spherical.  For  intermediate  energy  values  it  is  more 


(a)  ( b ) 


fig.  4.9 


intricate,  as  depicted  in  Fig.  4.9,  where  (a)  corresponds  to  the  energy 
r (k)  = — 2 A and  ( b ) to  the  energy  e (k)  = 0 (e0  — C = 0,  as 
before). 

Since  the  energy  e is  periodic  in  the  k-space  with  the  periods  bj, 
the  shape  of  the  e = const,  surface  is  repeated  in  all  the  elementary 
cells  (enlarged  2jt  times)  of  the  reciprocal  lattice  space.  For  the  case 
depicted  in  Fig.  4.96  the  multiconnected  constant-energy  surface 
is  of  the  shape  shown  in  Fig.  4.10.  In  the  case  of  the  constant-energy 
surface  e (k)  = — 2A  (Fig.  4.9a)  the  constant-energy  surfaces  of  the 
neighbouring  cells  in  the  reciprocal  lattice  space  have  only  common 
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points  of  contact  in  the  centre  of  reciprocal  faces  of  the  Brillouin 
zone.  When  the  electron  energy  is  less  than  e = — 2A,  the  closed 
constant-energy  surfaces  of  the  different  cells  of  the  reciprocal  lattice 
have  no  common  points  of  contact. 

Such  topology  of  the  constant-energy  surfaces  for  e (k)  equal  to 
the  energy  of  the  conduction  Fermi-electrons  in  a metal  plays  an 


Fig.  4.10 


Fig.  4.11 


important  part  in  the  studies  of  galvanomagnetic  phenomena  in 
metals  in  high  magnetic  fields  (I.  M.  Lifshitz). 

Figure  4.11  depicts  constant-energy  lines  in  the  kz  = 0 plane. 
Constant-energy  segments  of  the  type  kx  + ky  = n/a  correspond 
to  the  energy 

e = — 2A  [cos  akx  + cos  (n  — akx)  + 1]  = — 2A. 


We  see  that  for  energies  removed  from  the  band  edges  the  behaviour 
of  strongly  bonded  electrons  differs  appreciably  from  that  of 
almost  free  electrons. 

It  follows  from  expressions  (3.32)  and  (7.10a)  that  the  mean  quan- 
tum-mechanical velocity  of  the  electron  in  the  k-state  is  equal  to 

v = (sin  akxi0  + sin  akyj0-{-  sinakzk0),  (7-13) 


i.e.,  it  depends  not  only  on  the  magnitude  of  the  wave  vector  k, 
but  on  its  direction,  as  well.  It  will  be  seen  from  (7.13)  that  close 
to  the  lower  and  the  upper  band  edges  the  velocity  is  zero.  For  the 
small  k 


2Aa2 


(kxi0  + kyi0+kzk0) 


2.4a2k 


P 

ml  (b)  ’ 


(7.13a) 


h 


h 
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where  p = Kk  is  the  quasi-momentum,  and  the  effective  mass 
m*  ( b ) is  equal  to  (7.12). 

Making  kv  = kz  = 0 and  kx  = k,  we  obtain  for  the  motion  along 
the  x axis 

e = —24.  cos  ak,  (7.14) 

v = — ^r— ■ sin  ak.  (7.14a) 

Figure  4.12  depicts  the  dependence  of  e vs  v and  k expressed  by  (7.14) 
and  (7.14a).  In  accordance  with  (4.4) 

+n/a  -Hit  /a 

^ v(k)dk  = ^^~  j s\i\akdk  = §, 

-it /o  — It/a 

i.e.,  the  average  velocity  of  the  electron  (its  current)  throughout  the 
band  is  zero.  Figure  4.12  shows  especially  clearly  that  e and  v have 


Fig.  4.12 


a periodic  dependence  on  the  wave  vector  k,  and  that  therefore  they 
can  be  considered  only  inside  the  reduced  band 


+ — . 

a ^ a 


The  density  of  states  (per  1 cm3)  according  to  expressions  (3.26) 
and  (7.10a)  is  equal  to 
/ \ 1 f da 


8n3 


gradk  e 


1 


f 


da 


i&n3Aa  J y^sin2  a/c^  + sin2  aFy  + sin2  akz  ’ 
where  the  integration  is  performed  over  the  surface 
e = — 2.4  (cos  akx  + cos  aky  + cos  akz)  = const. 


(7.15) 


(7.15a) 
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Making  use  of  this  relation  we  can  reduce  the  integral  (7.15)  to 
a unidimensional  one  and  compute  it  approximately.  Curve  a in 
Fig.  4.13  is  the  result  of  such  a computation.  Note  that  the  curve 


Fig.  4,13 


is  symmetrical  about  the  point  ea6/2.  The  curve  b in  the  same  figure 
depicts  g (e)  oc  ]/e  for  free  electrons,  but  takes  account,  starting 
from  some  e,  of  the  reduction  in  the  number  of  states  due  to  the 
intersection  of  the  spherical  energy  surface  with  the  faces  of  the 
cubic  Brillouin  zone. 

4.7.4  For  the  body-centred  cubic  lattice  the  first  Brillouin  zone 
has  the  shape  of  a regular  dodecahedron  depicted  in  Fig.  4.6a.  It 
follows  from  relation  (7.10b)  that  the  minimum  value  of  the  elec- 
tron energy7  eb  = — &4  is  attained  in  the  centre  of  the  zone  at 
k = 0,  and  the  maximum  value  e0  = +&4  is  attained  at  point 
kx  = 2 jt/a,  ky  = kz  = 0 and  at  five  other  equivalent  points  in  the 
centres  of  the  square  faces  of  the  zone.  Hence,  the  bandwidth  is 
&ab  = ea  — e6  = 16 A,  i.e.,  in  this  case,  too,  it  is  proportional  to 
the  overlap  integral  A.  Constant  energy  e = 0 corresponds  to  the 
plane  kx  = ji /a  and  to  five  other  equivalent  planes.  Figure  4.14 
depicts  constant  energy  lines  formed  by  the  intersection  of  the  Bril- 
louin zone  with  the  following  planes:  (a)  kz  — 0 and  (b)  kz  = n/2a. 

In  the  same  way  as  it  has  been  done  in  the  preceding  section  for 
a simple  cubic  lattice,  we  can  obtain  the  expansion  for  the  energy  e 
near  the  lower  and  the  upper  band-edges,  determine  effective  masses, 
average  electron  velocity  v and  the  density  of  states  g (e). 

The  shape  of  the  first  Brillouin  zone  for  a face-centred  cubic  lattice 
is  that  of  a truncated  octahedron  depicted  in  Fig.  4.5a.  It  follows 


7 We  again  make  e0  — C = 0. 
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from  equation  (7.10c)  that  the  minimum  energy  at  k = 0 is  e6  = 
= — 12^4,  and  the  maximum  energy  is  ea  = 4A  at  kx  — 2n/a  and 
ky  — kz  = 0 and  at  five  other  equivalent  points,  so  that  the  band- 
width is  again  eab  = 16^4.  In  the  centres  of  each  of  the  hexagonal 


Fig.  4.14 


faces  (±k. c = +ky  = ±kz  = n/a)  the  energy  e = 0.  Figure  4.15 
depicts  the  constant-energy  surfaces  for  this  case.  Here  (a)  corresponds 
to  the  lower  and  (b)  to  the  higher  energy  value  e.  Figure  4.16 


(«) 


(*>) 


Fig.  4.15 

depicts  the  constant-energy  lines  obtained  as  the  result  of  the 
intersection  of  the  Brillouin  zone  with  the  plane  kz  = 0. 

Of  course,  in  the  case  of  a face-centred  cubic  lattice,  as  well,  we 
can  consider  the  expansion  of  the  energy  e near  the  band  edges, 
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determine  the  effective  masses,  etc.  The  results  obtained  will  be 
qualitatively  similar  to  those  for  the  simple  and  the  body-centred 
cubic  lattices. 

4.7.5  Consider  the  behaviour  in  a simple  cubic  lattice  of  an  elec- 
tron occupying  a p-state  in  an  isolated  atom  (ion)  in  the  tight  bind- 
ing approximation. 

The  electron  wave  function  in  an  arbitrary  spherically  symmetrical 

field  m (r)  is  of  the  form  [4.1,  § 34, 
Eq.  (34.7)] 

'IW  (r,  ft,  <p)  = Rn,  ( r)Ytm  (ft,  <p), 

where  Rni  (r)  is  the  radial  part  of  the 
wave  function  that  depends  on  the 
principal  quantum  number  re  and  the 
orbital  quantum  number  l ^ re  — 1 , 
and  Y im  (ft,  tp)  is  the  spherical  func- 
tion that  describes  the  angular  depen- 
dence of  the  wave  function  and  itself 
depends  on  l and  the  magnetic  quan- 
tum number  m = 0,  ±1,  ±2,  . . ., 
±Z.  The  electron  energy  depends  only 
on  the  quantum  numbers  re  and  l 
(in  a Coulomb  field — only  on  re);  therefore  there  are  three  degenerate 
wave  functions  with  m — 0,  +1,  — 1 to  correspond  to  the  electron 
p-state  with  l = 1: 

(3  \ 1/2 
In)  cos#’ 

T|3nll  = # nl  (0  ( -gy  ) ^ sin  fte**, 

^,-1  = ^(0  (-J;-) 1/2 shifted.  (7.16) 

Since  the  Schrodinger  equation  is  a linear  and  a homogeneous 
one,  every  linear  combination  of  the  wave  functions  (7.16)  is  also 
a wave  function  for  the  electron  in  the  p-state.  In  the  future  it  will 
be  convenient  to  use  the  following  linear  combinations  of  the  wave 
functions  (7.16): 

y [i|>nii  + t|)„i._i]==flnl(r)  [gyj  sin  ft  cos  <p  = z/  (r)  = ip*  (r), 

4-  [ifnll  — ^nl,  -ll  = #nl  (r)  (4r)  ^ Sil1  * Sin  T = Vf  (r)  = (r)  > 

y=-ihio==#M(r)  (-g^)U2 cos^  = zf(r)  = ^z(t).  (7.16a) 


Fig.  4.16 
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Here  x = r sin  ft  cos  cp,  y — r sin  ft  sin  q>,  z = r cos  ft  are  orthog- 
onal coordinates  of  the  electron,  and  / (r)  is  a radially  symmetric 
function  that  depends  on  the  potential  V,  (r). 

The  electron  wave  function  in  a crystal  can  be  written  in  a form 
similar  to  (7.2a).  However,  now  we  shall  have  to  take  into  account 
not  only  the  translational  degeneracy  of  the  electron  accounted  for 
in  (7.2a)  by  the  multiplier  exp  i (kan)  and  by  the  summation  over 
all  the  equivalent  lattice  sites  n,  but  also  the  degeneracy  (7.16). 
Accordingly,  we  make  the  electron  wave  function  in  a crystal  equal  to 

^ (r)  = 2elk'a"  {“'I’*  (r  — an)  + pi|>y  (r  — a„)  + yij>2  (r  — a„)},  (7.17) 

n 

where  the  coefficients  a,  P and  y are  to  be  determined  from  the  gener- 
al perturbation  theory  of  degenerate  states. 

It  can  be  demonstrated  (Appendix  15)  that  in  a simple  cubic  crystal 
the  states  and  Tp  z do  not  combine  with  one  another,  i.e., 

only  one  of  the  coefficients  a,  p,  or  y can  be  nonzero.  Hence,  for 
a specified  k there  are  three  wave  functions  corresponding  to  the 
electron  in  a crystal,  each  with  a different  dependence  of  the  energy 
r on  k. 

The  energy  bands  corresponding  to  these  three  wave  functions 
overlap  completely,  so  that  the  p-level  degeneracy  does  not  vanish 
in  a simple  cubic  crystal. 

Calculation  (Appendix  15)  yields  the  following  result  for  the 
electron  energy  of  a 0,  p = y = 0 

ej  = e0  — C + 2A  cos  akx  — 2 B (cos  aky  -f-  cos  akz).  (7.18) 
For  P=t^0,  a = y = 0 the  electron  energy  is 
e2  = e0  — C -f-  2A  cos  aky  — 2 B (cos  akx  + cos  akz ),  (7.18a) 

and  for  y^O,  a = P=  0 the  electron  energy  is 

e3  = e„  — C + 2A  cos  akz  — 2 B (cos  akx  + cos  aky).  (7.18b) 

More  e0  is  the  energy  of  a p-electron  in  an  isolated  atom, 

C=- j ^(r)[F(r)-7/(r)]dT,  (7.19) 

and 

j ^(r)^(r  — a„0)[F(r)  — ?/(|r— anJ)]dT  = *|  (7.19a) 

where  the  integral  is  equal  to  A when  its  neighbouring  atom  n„  lies 
<m  the  x axis,  and  to  — B when  the  neighbouring  atom  n0  lies  on 
l lie  y or  the  z axis.  Thanks  to  the  cubic  symmetry,  the  substitution 
i|>;/  or  iJj2  for  il;*  does  not  change  the  value  of  the  integrals  (7.19) 
and  (7.19a). 
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The  meaning  of  the  potential  energies  V (r)  and  ?/.(r)  is  the  same 
as  in  expressions  (7.7)  and  (7.8).  The  signs  of  the  constants  A and  8 
cannot  be  determined  quite  uniquely.  We  shall  consider  two  cases: 
I.  A > 0 and  B > 0 and  II.  A > 0 and  B < 0.  In  the  following  we 
shall  again  measure  the  electron  energy  in  all  three  states  from 
the  level  e0  — C,  we  shall  make  e0  — C = 0. 

Case  I:  A > 0,  B > 0.  For  all  three  electron  states  (7.18), 
(7.18a),  (7.18b)  the  energy  minimum  is  equal  to 

ei6  = = e3b  = — 2 A — 48  (7.20) 

In  each  of  the  three  states  two  equivalent  minima  are  located  in 
the  centres  of  two  opposite  square  faces  of  the  Brillouin  zone.  The 
maximum  energy  for  all  three  states  is  also  the  same  and  equal  to 

8ia  = e2a  = e3a  = +2 A + 48,  (7.20a) 

so  that  the  width  of  the  three  overlapping  energy  bands  is  equal  to- 
= ela  — e16  = 4 A + 88.  (7.20b) 

Energy  maxima  for  each  of  the  three  states  are  located  at  the  mid- 
points of  the  four  cube  edges  that  are  perpendicular  to  the  faces 
bearing  the  corresponding  minima.  Hence,  there  are  always  6 minima 
and  12  maxima  in  a Brillouin  zone. 

Expand  energy  ex  (7.18)  in  a series  near  the  minimum  kx  = n/a, 

ky  = kz  = 0 in  small  quantities  k'x  = — kx , ky  and  kz: 

e,  = 2 A cos  (it  — ak'x)  — 28  (cos  aky  + cos  akz) 


= — 2 A cos  ak'x  — 28  (cos  aky  -j-  cos  akz) 


= Blb  + AaWx2  + Ba2(k2v+kl).  (7.21) 


We  see  that  near  this  minimum  the  constant-energy  surfaces  are  el- 
lipsoids of  revolution,  the  x axis  serving  as  their  rotation  axis.  The 
components  of  the  effective  mass  tensor  are 


1-1  — — 1 

I ' 
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' min 
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It  follows  from  expressions  (7.21)  and  (7.21a)  that 
h2k'2  h2k2—h2k2z 

2mi  2 m2 


(7.21a) 


.(7.21b) 
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Similar  expansions  are  possible  near  the  five  other  energy  minima. 
Hence,  although  each  ellipsoid  does  not  possess  cubic  symmetry 
by  itself,  the  set  of  them  satisfies  such  a symmetry.  Similar  expan- 
sions of  the  electron  energy  are  also  possible  close  to  the  maxima. 
In  the  kz  = 0 plane  the  electron  energies  are 

ex  = 2 A cos  akx  — 2 B cos  aky  — 2 B,  (7.22) 

e2  = 2 A cos  aky  — 2 B cos  akx  — 2 B,  (7.22a) 

e3  = — 2 B (cos  akx  + cos  aky)  + 2 A.  (7.22b) 

Figure  4.17a,  b and  c depicts  constant-energy  lines  corresponding  to 
elt  e and  e3.  Letters  m and  M mark  the  energy  minima  and  maxima, 


Fig.  4.17 

respectively.  For  a and  b a saddle  point  of  the  energy  surface  s ( kx , ky ) 
corresponds  to  the  centre  of  the  band  ( kx  = ky  = 0).  Figure  4.18 
depicts  the  dependence  of  the  energy  ex  (kx,  ky)  along  the  axes 
kx  and  ky. 

Case  II:  A > 0 and  B < 0.  Denoting  B by  — B and  making 
again  e0  — C = 0,  we  obtain  instead  of  equalities  (7.18) 

Ei  = 2 A cos  akx  + 2 B (cos  aky  + cos  akz),  (7.23) 

e2  = 2 A cos  aky  + 2 B (cos  akx  + cos  akz),  (7.23a) 

e3  = 2 A cos  akz  + 2 B (cos  akx  -f-  cos  aky).  (7.23b) 

Hence  it  follows  that  the  points  corresponding  to  the  energy  mini- 
mum (7.20)  in  all  three  states  are  ± kx  = +ky  = ±kz  = nla„ 
i . e. , the  vertices  of  the  Brillouin  zone’s  cube.  The  energy  maximum, 
the  same  for  all  three  states,  is  attained  in  the  zone  centre  at 
/r,  = ky  = kz  = 0.  Hence,  the  total  energy  bandwidth  is  the  same 
as  in  the  preceding  case  (7.20b).  Expanding  the  electron  energies 
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(7.23a),  (7.23b)  in  series  in  kx,  ky,  kz  near  the  common  maximum 
we  obtain 

e!  = (2A  + 4 B)  - Aa?kl  - Ba 2 (k$  + k\ ),  (7.24) 

e2  = (2A  + 45)  - Aa2ky  - Ba 2 {k$  + k\ ),  (7.24a) 

e3  = (2 A + 45)  - Aa2k\  - Ba‘ 1 ( k * + k*).  (7.24b) 

Hence,  the  constant-energy  surfaces  are  identical  ellipsoids  with 
rotation  axes  directed  along  the  x,  y and  z axes  (Fig.  4.19).  For 


a band  almost  filled  with  electrons  the  spectrum  (7.24),  (7.24a), 
(7.24b)  with  an  opposite  sign  corresponds  to  holes.  Making  ky  = 
= kz  = 0 we  see  that 


ei  = 6m  — Aa%k%  (7.25) 

a 2 = s3  = eM  — Ba2k%.  (7.25a) 


Figure  4.20  depicts  the  dependence  of  the  energies  elt  e2  and  e3 
on  kx  in  the  assumption  that  A < 5,  and  that  consequently  the 

a doubly  degen- 


observed  for  the  holes 


curve  2 corresponds  to 
erate  state  (e2  = e3). 

In  the  ky  direction,  i.e.,  for  kx  = 
= kz  = 0,  ex  and  e2  are  similar  to  (7.25a), 
and  e3  is  similar  to  (7.25).  The  state  in 
the  centre  of  the  Brillouin  zone  (k  = 0) 
is  a six-fold  degenerate  one  (with  the 
spins  taken  into  account). 

In  the  absence  of  spin-orbit  coupling 
such  an  energy  spectrum  would  be 
of  the  valence  band  of  germanium. 


The  consideration  of  spin-orbit  coupling  results  in  a partial  lifting 
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of  the  degeneracy;  a doubly  degenerate  state  splits  away  and  shifts 
to  lower  energy  values,  and  the  four-fold  degenerate  state  branches 
into  those  of  the  light  and  heavy  holes. 


4.8  Structure  of  Energy  Bands  and  Wave  Function 
Symmetry  in  a Simple  Cubic  Lattice  and  in 
an  Indium  Antimonide  Crystal 

4.8.1  The  space  group  of  the  simple  cubic  lattice  is  symmorpliic, 
therefore  the  irreducible  representations  of  the  wave  vector  group 
Gk  for  it  can  be  classified  with  the  aid  of  irreducible  representations 
of  T ( R ) — a point  group  corresponding  to  the  wave  vector  k (Sec- 
tion 2.9.4). 

Since  the  conclusions  about  the  vibration  spectrum  of  a simple 
cubic  lattice  presented  in  Section  3.8  have  been  reached  solely  on 
the  basis  of  symmetry  considerations,  they  can  be  applied  unaltered 
to  the  properties  of  the  electron  spectrum  in  a cubic  crystal.  The 
only  difference  is  that  in  the  case  of  vibrations  we  have  to  attribute 
to  the  centre  of  the  Brillouin  zone  T the  irreducible  representation 
T1S  (3.8.17),  whereas  in  the  case  of  the  electron  spectrum  the  choice 
of  the  electron  state  at  point  T remains  largely  arbitrary.  But  should 
we  presume  that  the  electron  state  in  the  centre  of  the  Brillouin  zone 
is  also  determined  by  the  irreducible  representation  T15,  all  the  con- 
clusions obtained  for  the  vibration  spectrum  in  Section  3.8  would 
remain  in  force,  we  would  only  have  to  substitute  the  concept  “energy 
band”  for  that  of  the  “vibration  branch”. 

Thus,  for  example  the  triple  degenerate  state  T15  splits  up  at 
point  A (Fig.  3.13)  into  a nondegenerate  state  Ax  and  a doubly 
degenerate  state  A5  (3.8.19a).  The  interpretation  of  expressions 
(3.8.20),  (3.8.21)  and  (3.8.22)  for  the  case  of  the  electron  spectrum  is 
similar.  Other  electron  states  in  the  centre  T and  their  splitting  along 
the  A,  A,  2 axes  may  just  as  easily  be  considered  with  the  aid  of 
the  compatibility  relations  displayed  in  Table  3.58. 

4.8.2  Compile  Table  4.2  of  transformations  of  the  orthogonal 
coordinates  x,  y,  z operated  on  with  the  elements  of  the  tetrahedral 
group  Td  (Section  2.3).  The  corresponding  elements  of  the  group 
T,i  are  designated  in  the  table  by  Rt  (.  . .)  (t  = 1,  2,  3,  . . .,  24), 

I he  nature  of  the  coordinate  transformation  is  indicated  in 
brackets.  For  instance,  R5  ( yzx ) is  a rotation  about  the  C3  axis  (the 
space  diagonal  Od  in  Fig.  2.8)  through  the  angle  2it/3  involving 
the  transformations:  x ->-y,  y^>-z,  z^-x\  R2  (xyz)  is  a rotation 
about  the  x axis  through  the  angle  jt  (Cl)  resulting  m x ^~x,  y -> 
^ — y,  z ->-  — z. 

8 For  a more  detailed  group  analysis  of  the  electron  spectra  see  the  paper 
1 4 .8,  p.  194]  cited  above  (Secton  3.8.2). 
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Performing  transformations  Rt  with  the  function  / (x,  y,  z ),  we 
obtain,  for  example, 


R2R5f  (x,  y,  z)  = R2f  (y,  z,  x)  = f (y,  z,  x). 


According  to  Table  4.2  this  is  equivalent  to  the  operation  of  the 
element  Rif  (x,  y,  z)  = f ( y , z,  x),  therefore,  i?2i?5  = Ri',  this  can 
be  checked  directly  by  geometrical  construction.  In  this  way  the 
whole  multiplication  table  of  the  elements  of  group  Td  can  be  com- 
piled. The  operations  corresponding  to  the  elements  S4  are  rotations 
through  the  angle  ±it/2  about  the  x,  y,  z axes  (Fig.  2.86)  followed 
by  a reflection  in  the  plane  normal  to  the  rotation  axis.  It  may 
easily  be  seen  that  the  transformation  S4  is  equivalent  to  the  trans- 


Table  4.2 


E 

i?i  (xyz) 

3 C\ 

R2(xyz),  R3  (xyz),  Rt(xyz) 

CO 

Rs(yzx).  R3  (yzx),  R7(yzx),  Ra(yzx),  Rg(zxy),  R10  (zxy), 
Rn  (^y),  R12  (zxy) 

6Si  = &JCi 

R is  (xzy),  Rn  (xzy),  Rn(zyx),  Rle(zyx),  Ru  (yxz),  Rls  (yxz) 

6a  = &JC2 

Ri9  (xzy),  if  20  (xzy),  R2i(zyx),  R22(zyx),  R23(yxz),  R2i(yxz) 

formation  JCk , if  the  rotations  through  the  angle  n/2  in  the  first 
and  second  cases  are  performed  in  the  opposite  directions;  hence, 
<S4  = JCk.  The  elements  a are  connected  with  a reflection  in  the 
planes  y = ±z,  z = ±x,  x = ±y\  they  can  be  represented  as  a rota- 
tion through  the  angle  zc  followed  by  an  inversion  [this  follows  direc- 
tly from  (2.3.2)].  For  instance,  R19  (xzy)  involving  the  reflection 
in  the  plane  y = z can  be  represented  as  a rotation  through  the  angle 
it  about  the  axis  y = — z (x  = 0)  followed  by  an  inversion  (Fig.  4.21), 
therefore,  a = JC2.  The  symmetry  group  of  the  tetrahedron  consists 
of  24  elements  and  five  classes:  E,  3 C\,  8C3,  6S4  = 6 /C4,  6a  = 
= 6 JC2  (the  order  of  classes  is  as  in  Table  4.2,  and  not  as  in  Table  2.7). 
The  cubic  group  0 isomorphic  to  Td  is  obtained,  when  the  elements 
of  the  two  last  classes  of  Td  are  subjected  to  an  inversion  transforma- 
tion; hence,  the  group  O consists  of  the  classes:  E,  3 C\,  8 C3,  6C4,  6 
To  obtain  the  table  of  coordinate  transformations  of  the  group  O 
we  should  perform  an  inversion  in  each  of  the  twelve  last  elements 
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Rt  ( i = 13,  14,  . . .,  24)  of  Table  4.2  [with  the  result,  for  example, 
Rl3  (xzy)  -*-R13  (xzy)]. 

The  full  cubic  group  Oh  can  be  represented  as  a direct  product  of 
■the  O or  the  Td  group  and  of  Ct  = { E , /},  i.e.,  Oh  — O X Ct  = 
= Td  X Ct.  The  group  Oh  is  made  up  of  48  elements  and  10  classes 
-obtained  as  a result  of  multiplica- 
tion of  5 classes  O or  Td  by  the 
elements  E and  J.  In  the  first 
case  (Oh  = 0 X Ci)  we  obtain  for 
Oh  the  following  10  classes:  E,  3 C\, 

■8C3,  6 Ci,  6 C2,  J,  3 JC\,  8JC3, 

'6/C4,  6/C2;  in  the  second  case  the 
multiplication  of  the  Td  classes 
bv  Ct  yields:  E,  3 Cl,  8C3,  8Sk  = 

= 6/C4,  6a  = 6 JCt,  /,  3 JC\,  8 JC3, 
f)/3C4  = 6 Cit  6J2C2  = 6 C.,  the 
difference  from  the  result  of  multi- 
plication O X Ct  being  only  in 
the  order  of  classes. 

To  obtain  a table  of  coordinate 
transformations  for  the  Oh  group, 

Table  4.2  should  be  supplemented  by  24  transformations  /?',  R'2,  . . . 

R'2i  obtained  from  it  as  a result  of  inversion,  so  that,  for  exam- 
ple, R'lb  = JRl3  (zyx)  = R'n  (zyx)  (note  that  i?[5  belongs  to  the  class 
GJJC,  = 6C4). 

With  the  aid  of  such  a complete  table  for  Oh  we  can  find  out  how 
polynomials  containing  addends  of  the  form  xmynzp  are  transformed. 
This  presents  the  possibility  to  find  such  simplest  polynomials  (with 
the  least  m,  n,  p)  that  have  the  symmetry  of  the  basis  functions 
for  the  corresponding  irreducible  representations. 

Thus,  for  example,  the  functions  i|>  = xyz  are  transformed  with 
the  aid  of  the  irreducible  representation  T'  (Table  3.2).  Indeed, 
making  use  of  Table  4.2  we  can  easily  demonstrate  that  the  result 
of  the  operation  of  the  elements  of  class  3 C\  is  xyz  -+xyz,  i.e.,  "T 
and  that  of  the  elements  of  class  6C2  is  xyz  -*■  — xyz,  i.e.,  op  ->  — tJj; 
this  is  in  accordance  with  the  corresponding  characters  of  the  repre- 
sentation T'.  It  may  easily  be  demonstrated  that  the  representation 
IT  performs  all  the  transformations  performed  by  Oh  on  ip  = xyz. 

In  the  same  way  it  can  be  demonstrated  that  the  three  functions 
t|)L  = x,  i[52  = y,  = z are  transformed  with  the  aid  of  the  irredu- 
cible representation  T15.  Indeed  for  C\  = R2  (xyz)  we  have 

x'  = l’X  + 0-y  + O'Z, 
y'  = 0-x  — 1 -y  + 0-z, 
z = 0‘X  + 0-y  — 1 -z. 
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The  trace  (character)  of  this  transformation  (just  as  for  the  other 
two  CJ)  is  equal  to  — 1,  in  accordance  with  Table  3.2.  It  may  easily 
be  checked  that  the  functions  x , y,  z yield  correct  values  for  all 
the  characters  of  T15. 

Check  in  addition  that  the  basis  functions  for  the  representation 
T'5  arei^x  = x y,  tj)2  = xz,  ap3  = yz.  For  instance,  for  C3  = R12  (zxy) 
we  have  ^ R12tyi  = 0-ipx  — 1 -1F2  + #i2>|>2  = O-i)^  -f  0-t])2  + 

+ l-o|)3,  12^ 3 = — l-^i  + 0 -ip2  + 0-oJj3.  The  trace  of  this  trans- 

formation (just  as  the  trace  of  the  other  C3)  is  equal  to  zero  in 
accordance  with  the  table  of  characters.  It  may  easily  be  demonstrated 
that  the  three  functions  cited  above  yield  all  the  characters  of  the 
representation  T'5. 

In  this  way  we  can  compile  the  table  (see  Table  4.3)  of  the  lowest 
power  polynomials  (without  the  normalizing  multiplier  and  for  the 
condition  x2  + y1  + z2  = const.  = 1)  that  determine  the  symmetry 
of  the  basis  functions  for  all  the  irreducible  representations  of  the 
Qh  group.9 

4.8.2  In  Section  1.2.5  we  mentioned  the  fact  that  the  indium 
antimonide  compound  (InSb)  crystallizes  in  a diamond-like  lattice- 

which  can  be  imagined  as  two  face- 
centred  cubic  lattices  (one  made 
up  of  the  In  atoms,  and  the  other 
made  up  of  Sb  atoms)  displaced 
with  respect  to  one  another  along 
a space  diagonal  of  the  cube  t& 
a distance  of  1/4  of  its  length. 
InSb  has  no  improper  symmetry  ele- 
ments like  germanium  in  which  all 
the  sites  are  occupied  by  identical 
atoms,  and  which  for  this  reason 
is  described  by  the  symmorphic 
T%  space  group. 

Fig.  4.22  For  the  face-centred  cubic  latti- 

ce the  first  Brillouin  zone  is  repre- 
sented by  a polyhedron  of  fourteen  faces  described  in  Section  4.6.1 
and  depicted  in  Figs.  4.5  and  4.22. 

The  crystallographic  group  f-  for  the  InSb  lattice  is  the  point 
group  of  the  tetrahedron  Td  described  in  Section  2.3.  This  group 
consists  of  24  elements  distributed  over  five  classes  (see  Table  4.2), 
the  C4  axes  coincide  with  the  axes  kx,  ky  and  kz  passing  through 
the  centres  of  the  six  square  faces  of  the  polyhedron.  The  four  Cz 

9 The  reader  may  ask  how  the  basis  functions  are  found  in  general.  There  is 
a very  laborious  method  of  projection  operators  (which  we  have  not  discussed) 
for  determining  basis  functions.  Nox  and  Gold  [4.8,  p.  41]  note  that  “He  [the 
reader]  may  have  even  gained  the  impression  (from  literature)  that  basis  func- 
tions are  obtained  by  luck,  by  educated  guesses,  or  by  black  magic.” 
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Table  4.3 


IT 

l; 

r2 

x1  (y- 2 - z2)  + yi  (z2  - 12)  + z4  (i2  - i/2); 

IT, 

z2— 1/2  (^2-F  y2), 

rb 

xy(x2  — y2),  yz  (i/2  — z2),  zx(z2  — x2)\ 

r*25 

xy,  yz , zx\ 

r; 

xxjz  [x4  (i/2—  z2)  + r*  (z2  — x2)d-z4  (x2  — !/2)]; 

r2 

xyz\ 

r;2 

xyz  [z2—  1/2  (x2  4-y2)],  xyz  (x2  — y2); 

ri. 

x,  y,  z; 

r25 

z(x2  — y2),  x(i/2  — z2),  y (z2  — x2). 

axes  pass  through  the  centres  of  the  eight  hexagons  (Fig.  4.22). 

It  follows  from  Section  2.9.4  that  in  case  of  symmorphic  groups 
(a  = 0)  the  irreducible  representation  of  the  wave  vector  group 
F (g)  are  described  by  the  irreducible  representations  F (/?),  where 
R are  the  elements  of  the  point  group  #‘k.  It  follows  from  Table  2.7 
of  the  Td  group  characters  that  only  five  electron  states  are  possible 
at  the  centre  of  the  Brillouin  zone  (k  = 0)  of  an  InSb  crystal:  two 
nondegenerate  (ri5  r2),  one  doubly  degenerate  (T12)  and  two  triply 
degenerate  (ri5,  T25)  states.  Of  course,  there  can  be  numerous  energy 
levels  (bands)  to  correspond  to  each  of  those  states,  in  the  same 
way  as  there  are  many  energy  levels  to  correspond  to  an  irreducible 
representation  of  an  electron  in  an  atom  (with  a specified  orbital 
quantum  number  l). 

Consider  now  a point  group  corresponding  to  point  A lying  on 
the  kx  axis  (see  Fig.  4.22);  it  consists  of  the  elements  Rt  (see  Table  4.2) 
involving  the  transformation  x -+x,  i.e.,  R1  = E,  i?2  = C\,  R19  = 
- a = JC2,  R20  — o'  = JC'2  (the  planes  a and  o'  pass  through 
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Table  4.4 


E 

C\ 

JC2 

1 

JC'2 

Ai 

1 

1 

! 1 

1 

a2 

1 

1 

—1 

-1 

A3 

1 

-1 

1 

-1 

1 

-1 

-1 

1 

r« 

3 

-1 

-1 

-1 

the  kx  axis).  Table  4.4  presents  the  characters  of  this  fourth-order 
group  consisting  of  four  classes. 

Consider  point  X on  the  Brillouin  zone  surface  (see  Fig.  4.22). 
Since  the  wave  vector  — kx  is  equivalent  to  the  vector  kx , to  deter- 
mine the  wave  vector  kx  the  four  elements  of  the  group  of  point  A 
should  be  supplemented  by  all  the  elements  of  the  group  correspond- 


Table  4.5 


E 

c\ 

2 Cl 

2 JCt 

2 JC2 

1 

1 

1 

1 

1 

x2 

1 

1 

1 

-1 

-1 

X3 

1 

1 

-1 

-1 

1 

X4 

1 

1 

1 

—1 

1 

—1 

X5 

2 

-2 

0 

0 

0 

IT. 

3 

-1 

-1 

1 

-1 
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ing  to  the  transformation  x -»-  — x.  It  follows  from  Table  4.2  that 
such  elements  are:  R3,  i?4,  Ri3,  i?14,  so  that  we  obtain  an  eighth- 
order  group  consisting  of  five  classes:  Rjl  = E,  R2  = C\,  R3  *f-  i?4  = 
= 2 C\,  Rls  + Ru  = 2JCit  = 2St,  R13  -f-  R2q  = 2 JC2  = 2o. 

Table  4.5  presents  the  characters  of  the  representations  of  the  wave 
vector  kx  group.  The  table  of  characters  of  wave  vector  groups  for 
the  other  symmetrical  points  (A,  L , 2,  K,  W)  of  the  Brillouin 
zone  can  be  constructed  in  the  same  way  (see  Fig.  4.22). 

Suppose  the  electron  state  in  the  centre  of  the  Brillouin  zone  is 
described  by  the  triple  degenerate  irreducible  representation  T15. 
In  that  case,  applying  the  general  rule  (Section  2.6.4),  we  shall  be 
able  to  find  out  what  will  happen  to  T15  at  points  A and  X.  In  the 
same  way  as  we  have  done  in  Sec- 
tion 3.8,  where  we  studied  the 
splitting  of  the  vibration  spec- 
trum, we  obtain,  making  use  of  Ta- 
bles 4.4  and  4.5: 

Ti5  = Ax  + A3  + A4  (8-1) 
ri5  = *3  + Xs.  (8.2) 

It  will  be  demonstrated  below  that 
the  states  A3  and  A4  do  not  split 
up  on  the  A axis  because  of  the  ad- 
ditional symmetry  connected  with 
the  invariance  of  the  Schrodinger  equation  with  respect  to  the  reversal 
of  time  ( t — t)  (see  below  Section  4.14.4),  therefore  the  electron 

spectrum  in  InSb  can  be  of  the  form  depicted  in  Fig.  4.23. 

Since  we  are  able  to  determine  not  only  the  degree  of  degeneracy, 
but  also  the  symmetry  of  the  wave  functions  of  the  states  at  points  A 
and  X,  the  value  of  the  information  gained  from  group  theory  analysis 
for  numerical  calculations  of  the  electron  spectrum  in  InSb  crystals 
becomes  obvious. 


Fig.  4.23 


4.9  Wave  Vector  Groups  for  a Germanium-Type  Lattice 

An  essential  peculiarity  of  the  germanium  lattice  is  the  presence  of 
symmetry  elements  containing  the  improper  translation  a = 

(1,  1,  1)  (Section  2.5.2).  The  reason  for  this  is  that,  in  contrast  to 
InSb,  all  the  lattice  sites  are  now  occupied  by  atoms  of  one  sort 
(Ge).  The  Brillouin  zone  in  the  case  of  germanium  also  has  the  shape 
of  a polyhedron  with  fourteen  faces  depicted  in  Fig.  4.22. 

The  germanium  lattice  belongs  to  the  crystal  class  Oh.  The  space 
group  of  germanium  is  made  up  of  the  elements  {Rt  | a}  and 
{ifj|  a + a}  (i  = 1,  2,  . . .,  24);  here  Rt  are  the  elements  of  the 
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Td  point  group  (see  Table  4.2)  = JRt  (J  is  inversion),  a = 

= -?■  (1,  1,  1)  is  an  improper  translation  and  a = a„  is  a lattice 

vector.  Choose  a lattice  site  A in  Fig.  1.12  as  the  origin  of  a right 
orthogonal  coordinate  system  and  direct  the  x,  y,  z axes  along  the 
cube  edges  (the  z axis  pointing  downward);  direct  the  basis  vectors 
al5  a2,  a3  from  A to  the  centres  of  adjoining  faces,  i.e.,  to  the  sites 
2,  4 , 3.  In  that  case  we  shall  be  able  to  write  the  basis  vectors  in 
terms  of  their  orthogonal  components  as  follows 

ai  = f(l,  1,0),  a2  = y(0,  1,  1),  a3  = y(l,  0,  1). 


Although  the  elements  Rt  and  {R\  | a}  are  symmetry  transformations 
of  the  crystal,  they  do  not  constitute  groups.  This  follows  from  the 
fact  that  the  product  of  two  elements  of  such  a set  need  not  neces- 
sarily belong  to  the  same  set.  For  example: 

{R'2  (xyz)  | a}  {/?;  ( yzx ) | a} 

= 1)  + £(1,  1,1) 

= /?7  + -f(-l,  1,  1)  + -J(1,  1.  l)  = *7  + y(0,  1,1),  (9.1) 


where  y (0,  1,  1)  = a2  is  a lattice  vector.  (To  find  the  product 

R'2R’b  = #7  and  the  operation  /?'-|-(l,  1,  1)  = y ( — 1,  1,  1),  we 

made  use  of  the  fact  that  R\  = JRt  and  of  the  table  of  coordinate 
transformations  (Table  4.2).  It  does  indeed  follow  from  (9.1)  that  the 
product  R^  + a2,  since  a2  is  a lattice  vector,  does  not  belong  to  the 
set  Rt,  | a},  i.e.,  that  the  set  does  not  constitute  a group. 

It  follows  from  (2.9.28)  and  (2.9.35)  that  in  the  centre  of  the  Bril- 
louin  zone  (k  = 0)  the  irreducible  representations  of  the  wave  vector 
group  T (g)  = T ({/?  | a + a})  coincide  with  the  irreducible  repre- 
sentations of  the  crystallographic  group  T ( R ).  It  follows  from 
Table  3.2  of  characters  of  the  Oh  group  that  in  the  centre  of  theBril- 
louin  zone  of  germanium  (and  of  other  crystals  of  the  cubic  group) 
only  the  following  electron  states  are  possible:  4 nondegenerate- 
(Tj,  r2,  T',  T'),  2 doubly  degenerate  (f12,  T'2)  and  four  triply 
degenerate  (ri5,  T25,  T'5,  r'5).  The  symmetry  of  these  10  states  is 
shown  in  Table  4.3.  In  this  case,  too,  we  gain  valuable  information 
about  the  possible  electron  states  in  the  centre  of  the  Brillouin 
zone  from  the  application  of  group  theory. 
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Since  point  A is  an  internal  one  for  the  Brillouin  zone,  the  group 
of  the  wave  vector  kA  can  be,  in  accordance  with  (2.9.28),  described 
with  the  aid  of  the  irreducible  representations 

r (g)  = r ( R ) exp  (£k*-a) 

(the  multiplier  exp  ikA-a  common  to  all  the  irreducible  representa- 
tions can  be  dropped).  Here  R are  the  elements  of  the  point  group 
corresponding  to  the  transformation  x -vx;  they  can  be  chosen  with 
the  aid  of  Table  4.2:  = E,  R2  = C\,  i?19  = JC2,  i?20  = JCV 

R'3  = JC\,  i?'  = JC\ , i?'3  = C4,  i?'4  = Ck.  This  eight-order  group 
is  isomorphic  to  the  groups  Civ,  Z?4  and  D2d.  Table  3.3  shows  the 
characters  of  this  group  consisting  of  five  classes.  To  obtain  the  table 
of  characters  of  the  wave  vector  group  at  point  A we  need  only, 
in  accordance  with  (2.9.28),  multiply  the  third  and  fourth  columns 
of  Table  3.3  (related  by  an  improper  translation)  by  the  factor 
exp  (ikA-a). 

Let  the  irreducible  representation  T15  correspond  to  the  electron 
state  in  the  centre  of  the  Brillouin  zone,  i.e.,  let  the  electron  be  in 
the  triply  degenerate  p-state.  What  will  happen  to  it,  if  it  moves 
to  point  A?  Since  splitting  of  the  T15  state  should  take  place  for 
an  arbitrary  infinitesimal  kA,  we  should  make  kA  ->0,  i.e.,  make 
use  of  Table  3.3.  By  making 

Tu  = ajAi  -)-  a2A2  + Ax  + a'A'  -T  a5 A5  (9.2) 

we  obtain  in  accordance  with  the  general  rule  (2.6.34) 

Oi  = a5  = 1,  (9.3) 

other  coefficients  in  (9.2)  being  equal  to  zero.  Hence 

ru  = Aj;  + A5,  (9.4) 

i.e.,  the  state  T15  splits  up  at  point  A into  a nondegenerate  state 
Ax  and  a doubly  degenerate  state  A5. 

Consider  point  X at  the  intersection  of  the  x axis  with  the  Bril- 
louin zone  surface  (see  Fig.  4.22),  i.e.,  consider  the  group  of  the 

wave  vector  k*  = — (1,  0,  0),  where  a is  the  edge  of  the  direct  lat- 
tice cube.  Since  the  wave  vector  k*  group  is  nonsymmorphic,  the 
results  obtained  in  Section  2.9.4  are  not  applicable  in  this  case. 

The  wave  vector  k^  group  consists  of  the  elements:  {Rt  | am}, 
{Rl  | a + am},  where  i = 1,  2,  3,  4,  13,  14,  19,  20  (Table  4.2) 
and  Rl  = JRt  (J  is  inversion).  This  is  a point  group  Dih  symmetry. 

If  %n  (k)  is  a d„-fold  degenerate  energy  level  at  point  X with 
the  Bloch  functions ij)nkxJ.  (r)  (/  = 1,  2,  . . .,  dn),  then  in  accordance 
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with  (2.9.12)  and  (2.6.1a) 

Pg^nkxj  — (Ri  | am}  = e X m7?(-l|'nkJcj 

dn 

= ei**‘am  '2r(Ri)sjynk  (9.5) 

$=i 

Pg'tyn\s.xj  — (Ri  | 05  d-  3m}  lpnkxJ  = e x m (7?j  | tt} 

= eik*-a”  jj  r (R'i)srtnkx.-  (9.5a) 

Note  that  the  sixteen  operations  Rt  and  {/?*  | a}  (i  = 1,  2,  3,  4,  13, 
14,  19,  20)  do  not  constitute  a group,  as  was  already  remarked  above. 

Making  use  of  the  expressions  for  the  basis  vectors  a*  (i  = 1,  2,  3) 
in  terms  of  their  orthogonal  components  presented  above  write  the 
lattice  vector  am  = + m3 a2  + m3a3  in  terms  of  its  orthogonal 

components  in  the  form  am  = y (mx  + m3,  mx  -f-  m3,  m3  + m3). 

The  exponential  multiplier  on  the  right-hand  side  of  (9.5)  and  (9.5a) 
is  equal  to 

e*x.am  _ M+m,)  _{  U if  + m3  is  even 

if  mi  + m3  is  odd.  ' ' 


Denoting  ag  as  an  arbitrary  translation  for  which  elkx'*8  = 1, 
and  a„  as  an  arbitrary  translation  for  which  elkx  an  = — lt  we  obtain 
from  (9.5)  and  (9.5a)  that  the  corresponding  irreducible  representa- 
tion for  the  elements  of  the  group  of  the  wave  vector  kx: 


Ai  = {Rt  | &g) 

Bi  = {Ri  | an} 

i 

Ct  = (Ri  | a-f-  ag} 
Dt  = {Rl  | a + a„} 

is 

r (Rd 

-f  (Ri) 
f (RI) 
-?(Rd 


(9.7) 


The  32  matrices  T (Ri),  — f (Ri),  T (i?j),  — T (i?J)  (i  = 1,  2,  3,  4, 
13,  14, 19,  20)10  constitute  an  irreducible  representation  of  dimension 
dn  of  the  thirty-second  order  group  consisting  of  the  elements  At,  Bt, 
Ct,  Dt.  It  can  easily  be  demonstrated  that  the  product  of  any 
two  elements  (9.7)  is  an  element  of  the  same  set.  For  instance, 

= (R2  | ag}  (i?8  | a -|-  a„} 

= {R2R3  I R 2«  + Ria n + ag}  = (R[  I a + 3n}  = Z)4, 


10  Since  we  employ  the  definition  of  Pr  (2.6.1a),  the  irreducible  representa- 
tions form  transposes  to  the  matrices  in  (9.5)  and  (9.5a)  [see  (2.6.5c)]. 
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where  we  made  use  of  Table  4.211 
We  can  draw  up  the  multiplication  table  for  this  group  and  making 
use  of  it  find  the  group’s  classes.  It  can  be  demonstrated  that  the 
group  consists  of  the  following  14  classes: 

Ci  = Au  C2  A3  + #3  + A^  + #4,  C3  = A2 , 

C4  = C1B  + #20, 

C5  = C13  + D13  + Cu  + Dtl,  C6  = Ci  + #1* 

C7  = Ca  + D3  + C4  + #4, 

Cg  = C2  + #2,  Cg  = A 19  + ^420, 

C10  = ^4 13  + #13  + ^4 14  + #14, 

Cn  = #19  + #20>  Cl,  — C 20  + #19? 

C13  = #2»  C14  = #1.  (9.8) 

The  table  of  characters  will  contain  14  irreducible  representations. 
To  find  the  table  of  characters  (Table  4.6)  we  can  apply  the  general 
considerations  discussed  in  Section  2.6.3. 


Table  4.6 


Cl 

c2 

Cs 

C4 

^8 

C, 

Cn 

B 

M, 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

, 

1 

m2 

1 

1 

1 

—1 

— 1 

1 

1 

1 

— 1 

— 1 

—1 

—1 

1 

1 

M3 

1 

—1 

1 

—1 

1 

1 

—1 

1 

— 1 

1 

—1 

— 1 

1 

1 

Mt 

1 

—1 

1 

1 

— 1 

1 

—1 

1 

1 

— 1 

1 

1 

1 

1 

Mg 

2 

0 

— 1 

0 

0 

2 

0 

—2 

0 

0 

0 

—2 

2 

Mg 

1 

1 

1 

1 

1 

—1 

— 1 

— 1 

— 1 

— 1 

—1 

1 

1 

1 

M, 

1 

1 

1 

— 1 

— 1 

—1 

—1 

— 1 

1 

1 

1 

—1 

t 

1 

Mg 

1 

—1 

1 

— 1 

1 

—1 

1 

— 1 

1 

— 1 

1 

—1 

1 

1 

Ml 

1 

—1 

1 

1 

—1 

—1 

1 

— 1 

— 1 

1 

—1 

1 

1 

1 

M10 

2 

—2 

0 

0 

—2 

2 

0 

0 

—2 

2 

Xi 

2 

0 

2 

0 

0 

0 

0 

2 

0 

—2 

Xg 

2 

0 

2 

0 

0 

0 

0 

—2 

0 

2 

Xg 

2 

—2 

2 

0 

0 

0 

0 

0 

x4 

2 

0 

—2 

—2 

0 

0 

0 

0 

0 

However,  not  all  of  the  14  irreducible  representations  can  be 
employed  to  interpret  the  electron  spectrum  in  germanium  at  point  X. 

11  Note  that  all  the  Rt  and  R\  in  the  set  (9.7)  transform  x-*-  + x,  therefore 
the  operation  with  them  on  the  lattice  vectors  an  and  a„  does  not  change  the 
parity  of  the  latter  (so  that  R2an  = an). 
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The  characters  of  those  representations  must  satisfy  the  conditions 
(9.7)  and  this,  as  we  shall  now  see,  is  realized  only  in  the  case  of  four 
irreducible  representations  Xu  X2,  X3  and  Xt.  For  instance,  the 
characters  of  the  irreducible  representations  for  the  elements  A ; and 
Bt  are  equal  in  magnitude,  but  opposite  in  sign  (9.7),  i.e.,  % (.4;)  = 
= — x (#,)•  If  A / and  Bt  belong  to  the  same  class,  then  simulta- 
neously x (4;)  = % (Bi),  so  that  % (A  t)  = x (#;)  = 0. 

The  situation  is  similar  in  the  case  of  the  irreducible  representa- 
tions of  the  elements  Ct  and  Dt.  When  we  scrutinize  the  classes 
Ck  (9.8),  we  are  bound  to  see  that  for  the  “regular”  irreducible  repre- 
sentations the  characters  of  the  classes  C2,  C5,  C6,  C7,  C8,  C10  must 
be  equal  to  zero,  and  this  is  the  case  only  for  the  representations  Xlt 
X2,  X3  and  X4.  Regular  irreducible  representations  can  be  selected 
also  on  the  basis  of  the  characters  of  the  class  C14  = Bu  since 

dn  dn 

UBl)  = H{E\an)\=-'21  f(£)ss=-S  6ss=-dn<0. 

s— 1 s—i 

It  will  be  seen  from  Table  4.6  that  in  the  case  of  C14  only  four  irre- 
ducible representations  Xu  X2,  X3  and  Xt  meet  this  condition.  Hence 
in  the  germanium-type  crystals  (diamond-like  crystals  with  atoms 
of  a single  sort)  at  point  X there  are  only  doubly  degenerate  states 
(see  characters  of  Cx  = Ax  for  Xt). 

The  diamond-like  lattice  of  indium  antimonide  (InSb)  studied 
in  the  preceding  paragraph  is  described  by  a symmorphic  space 
group  containing  no  nontrivial  translations.  The  wave  vector  group 
at  point  x consists,  as  we  have  seen,  of  eight  elements  [ am}, 
where  i = 1,2,  3,  4,  13,  14,  19,  20.  In  the  case  of  InSb,  in  contrast 
to  germanium,  as  may  be  seen  from  Table  4.5,  both  the  nondegener- 
ate and  the  doubly  degenerate  states  are  possible  at  point  X. 


4.10  Spin-Orbit  Coupling  and  Double  Groups 

4.10.1  Up  to  now  we  have  studied  the  behaviour  of  the  electron 
in  a crystal  without  taking  account  of  its  spin. 

We  know,  however,  that  in  atoms  the  interaction  of  the  electron 
magnetic  moment  with  its  orbital  motion  results  in  the  splitting 
and  the  displacement  of  atomic  energy  levels.  Thus,  for  example, 
the  interaction  of  the  intrinsic  magnetic  moment  of  the  valence 
electron  with  its  orbital  motion  results  in  a sodium  atom  in  the  split- 
ting of  the  D-line  equal  to  0.002  eV  (the  sodium  doublet).  The  energy 
level  splitting  is  greater  for  heavier  atoms.  For  rubidium  atoms  it 
is  equal  to  0.03  eV,  and  for  quick-silver  it  is  0.23  eV. 

The  spin-orbit  displacement  of  the  conduction  electron  spectra 
in  semiconductors  is  also  the  greater  the  greater  their  atomic  number 
Z.  Thus,  in  InSb  (ZTn  = 49,  Zgb  = 51)  it  is  greater  than  in  Cm 
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(Zae  = 32),  its  magnitude  in  silicon  (Zst  = 14)  being  less  than  in 
germanium. 

From  Pauli’s  theory  of  the  electron  spin  it  is  known  that  the  proper 
vector  of  the  spin  operator  is 

(io.i) 


where  the  two-row  Pauli  spin  matrices  (a!,  a2,  a3}(=  o12  in  the 
representation  in  which  the  spin  is  directed  along  the’a^  axis  are 
equal  to 


°i  = 


(10.2) 


We  see  that  the  value  of  the  spin’s  projection  on  the  x3  axis  is  equal 
to  ±^/2  = sH,  where  the  spin  coordinate  s = ±1/2.  It  can  easily  be 
demonstrated  that  the  Pauli  matrices  (10.2)  satisfy  the  following 
relations: 


o'*  — I»  okat aiafe  — ia„ 


(10.2a) 


where  I is  a unit  matrix  of  rank  two  and  the  indices  k,  l,  m assume 
the  values  1,  2,  3 in  cyclic  order. 

It  follows  from  experiment,  as  well  as  from  Dirac’s  rigorous  rela- 
tivistic theory,  that  a magnetic  moment 

A = — pBo,  (10.3) 

where 

pB  = eh!2mc  (10.3a) 

is  the  Bohr  magneton , is  connected  with  the  electron  spin. 

Consider  the  interaction  of  the  electron  magnetic  moment  pB 
with  its  orbital  motion. 

When  an  electron  is  moving  in  an  electric  field  of  intensity  E in 
the  nonrelativistic  approximation,  a magnetic  field  [4.9]. 

H = Exf  (10.4) 

acts  on  it  in  the  frame  connected  with  the  electron.  Here  v is  the 
electron  velocity  and  c is  the  velocity  of  light.  If  the  electron  is 
moving  in  a self-consistent  periodic  potential  of  a crystal  V (r),  then 

E = |VF(r),  (10.5) 

where  e is  the  electron  charge. 


1J  As  usual,  the  indices  1,  2,  3 correspond  to  the  x,  y,  z axes. 
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The  dipole  energy  of  the  moment  ft  in  the  magnetic  field  H is 
equal  to  — p-H  [4.10,  Sec.  4.15],  therefore  the  operator  of  the  spin* 
orhit  coupling,  according  to  (10.3)-(10.5)  is  equal  to 


ii.fi-wS.fivrx-JL) 


_££Lo-(vr  x v), 


where  we  took  into  account  that  the  velocity  operator  v = 
= (1/m)  p = — ( ihlm ) V-  A consistent  relativistic  deduction  from 
Dirac’s  equation  yields  a twice  smaller  value  of  spin-orbit  coupling, 
therefore  the  correct  Hamiltonian  for  the  spin-orbit  coupling  is 

^«°=-wa-(vFxv)-  (10'6> 


Hence,  the  Hamiltonian  for  an  electron  in  a crystal  that  includes 
spin-orbit  coupling  is 

S6  (a,  r)  ==  ffl  (r)  + (10.7) 

where 

<#(r)  = ~|rV2  + F(r)  (10.7a) 

and  is  equal  to  (10.6).  Introduce  the  vector 

f=dfer<vrxv),  (10.8) 

then  the  Hamiltonian  (10.7)  can  be  written  in  the  form 
<#(a,  r)  = <$?  (r)  — a-  P = (r)  — iS • P.  (10.9) 

The  equation  for  the  eigenvalues  of  the  energy  g is  of  the  form 

m (a,  r)  ¥ (s,  r)  = g¥  (s,  r),  (10.10) 

where  s is  the  spin  coordinate  that  assumes  only  the  values  s = 
= ±1/2,  the  corresponding  projections  of  the  spin  on  the  x3  axis 
being  equal  to  ±h/2.  The  wave  function  is 

¥ (s,  r)  = ^(r)  vx  (s)  + o|>2  (r)  v2  (s),  (10.11) 

where  (s)  and  v2  (s)  are  the  Pauli  spin  functions  (spinors)  equal  to 
the  probability  amplitudes  for  the  spin  to  point  in  the  +2:3  or  — x3 
direction.  Therefore 

v2  (+1/2)  = 1,  v2  (-1/2)  = 0,  v2  (+1/2)  = 0, 
v2  (-1/2)  = 1. 


(10.12) 
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The  spin  functions  can  be  written  down  with  the  aid  of  single-col- 
umn matrices 


vt  (s) 


(10.12a) 


this  being  equivalent  to  (10.12).  Accordingly,  the  full  wave  func- 
tion (10.11)  can  be  written  in  the  form 


V(s,  r)  = 


(10.11a) 


The  coordinate  parts  oh  (r)  and  i|)2  (r)  of  the  wave  function  ¥ (s,  r) 
(10.11)  are  generally  different  if  spin-orbit  coupling  is  taken  into- 
account. 

Making  use  of  (10.2)  and  (10.12a)  and  of  the  matrices  multiplica- 
tion rule  (A.3.15),  we  obtain 


ffivi  = v2.  <*1*2  = Vi,  UaVi  = iv2,  or2v2  = — ivlt 

ffsVi  = vlt  u3v2  = — v2,  (10.13) 

(t2Vi  = (pi  + <J2  + a®)  vx  = 3vi,  g2v2  = 3v2. 

From  (10.12)  the  spin  functions  will  be  seen  to  be  orthonormal:: 
2 V|  ( s ) vft  ( s ) = 8ih.  (10.14) 


Normalizing  the  full  wave  function  (10.11)  to  unity,  we  obtain,, 
making  use  of  (10.14), 


+ 1/2 

2 

-i 


1 


Y*  (s,  r)  W (s,  r)  dr  = J [i|)J  (r)  (r)  + 1)*  (r)  ipa  (r)]  dr 


= J (I  i)i(r)  !2+  | i)2  (r)  |2]  dr  = 1. 

(10.15) 


The  Hamiltonian  St  (o,  r)  = St  (r)  — iSP  (10.9)  is  invariant  under 
the  transformations  of  the  crystal’s  space  group  G.  Indeed,  St  (r) 
(10.7a)  and  the  scalar  product  of  the  axial  vectors  SP  do  not  change 
under  such  transformations  (both  vectors  S and  P change  sign  under 
improper  rotations). 

Hence,  to  be  able  to  operate  with  the  elements  of  the  crystal’s 
space  group  g = {R  \ a + a}  £ G on  both  sides  of  equation  (10.10),. 
we  shall  have  to  find  out  how  g acts  on  the  wave  function  T-  (s,  r), 
nnd  to  this  end  it  is  necessary  to  study  the  behavior  of  the  spin 
functions  (spinors)  vx  (s)  and  v2  (s)  in  the  process  of  coordinate  frame 
rotation. 
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4.10.2  Consider  the  rotation  of  the  coordinate  frame  about  the 
x3  axis  through  an  infinitesimal  angle  6a.  Denote  the  corresponding 
(rotation  operator  by  RX3  (6a).  Then 


Rx.  (6a)  / (x 

1,  *2,  X3)  = f(xi  + X j 

•6a,  x2  — 

xt6a, 

*s) 

/ (2-11  X2, 

■ x26a  - 

— -p-  xt6a 
dx2  1 

— ^ 1 — 6a 

hi;- 

d 

x 

-)]/(*!,  *2, 

*3). 

(10.16) 

Introduce  the 

momentum  operator 

M = r X p = 

r X y V. 

(10.17) 

Then 

£-(,XV)|,  = ! 

m3 

(10.18) 

and 

Rx,  (8a)  = 1 

-|i36  a. 

(10.19) 

The  rotation  through  a finite  angle  a about  the  x3  axis  may  be  imag- 
ined as)  consisting  of  n consecutive  rotations  through  infinitesimal 
•angles  6a  = a In  for  oo.  It  follows  from  (10.19)  that 

i?x,(a)  = lim  f 1 i M3  -2L ) ' B = (10.20) 

n-»oo  ' n n ' 


if  we  make  use  of  the  well-known  expression  for  the  limit  [4.11, 
p.  79]. 

The  operator  in  the  exponent  is  known  to  have  the  meaning  of  an 
Infinite  series  obtained  as  a result  of  its  expansion,  i.e., 


RXi  (a)  = e“,aM»/n  = 1 ■ 


iaMa 


1 / ictMa  \2 

2!  I,  h ) 


(10.21) 


a 

The  relation  between  the  rotation  operator  Rx  (a)  and  the  momen- 

a 3 

turn  operator  M3  (10.20)  was  obtained  for  orbital  motion  (10.17). 
It  can  be  demonstrated  that  it  is  valid  in  a more  general  sense,  be- 
cause it  is  connected  with  the  isotropy  of  space.  We  shall  assume 
that  this  relation  exists  also  in  the  case  of  the  intrinsic  momentum, 
-or  spin,  i.e.,  that 

RXi  (a)  = e~ia^l/n  = ea°‘/2i, 

■where  St  = ( HI2 ) Oi  is  the  spin  component  along  the  xt  axis. 


(10.22) 
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Applying  (10.22)  to  the  spin  function  vx  (s)  and  making  use  of 
(10.13),  we  obtain 


■ft*.  (a)  vi  (s)  = «“0>/2iVi  ( s ) 

= D *■ + T8- + i (• ir )’+■••] W = ' <•)■ • 

(10.23) 

The  common  rotation  of  the  “primed”  frame  (x',  x',  x')  with  respect 
to  the  “unprimed”  frame  (xx,  x2,  x3)  can  he  expressed  in  terms  of  the 
three  Euler  angles  a,  p,  7 (Fig.  4.24).  Let  both  the  “primed”  and 


Fig.  4.24 


“unprimed”  frames  coincide  initially.  Perform  the  following  three 
rotations  of  the  former:  (1)  rotation  through  a positive  angle  a 
about  the  common  x3  axis  (xxx2x3  -*■  xxx2x3);  (2)  rotation  through 
a positive  angle  P about  the  x2  axis  (xxx2x3  xxx2x3)  and  (3)  rota- 
tion through  a positive  angle  7 about  x3  (xxx2x3  ->  xjx'xg).13 

It  is  obvious  that  0 ^ a ^ 2n,  0 ^ p ^ jt,  0 ^ 7 ^ 2n.  Such 
a rotation  (xxx2x3  xxx'x')  transforms  the  orthogonal  components 
of  the  position  vector  r = (xx,  x2,  x3}  as  follows: 

= 2 aih*h-  (10.24) 

fe=l 


13  Note  that  different  authors  use  different  definitions  for  the  Euler  angles, 
and  this  obviously  affects  the  form  of  the  matrix  (o^)  (10.24a). 
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It  can  be  demonstrated  [4.12,  Sec.  15-1]  that  the  matrix  (aik)  is  of 
the  following  form 

'cos  a cos  fi  cos  y sin  a cos  [3  cos  y | — sin  P cos  y' 

— sin  a sin  y -j-  cos  a sin  y j 

[flift]  = —cos  a cos  p sin  y j — sin  a cos  P sin  y sin  P sin  y . (10.24a) 
— sin  a cos  y i + cosacosy 

cos  a sin  P ! sin  a sin  P cos  p 

The  matrix  elements  aih  can  be  readily  determined,  if  the  angles 
a,  p,  y are  specified.  The  solution  of  the  reciprocal  problem  when 
the  matrix  ( aih ) is  specified  and  it  is  required  to  find  the  angles  a,.  p, 
y also  presents  no  difficulties. 

If  a33  - cos  p ■=£=  ±1,  then 

sin  rh  °32  - , cos  cl  = -I-  °31  - 

V 1— a§8  V 1— «is 

sin  P = ± ]/  1 — ^33,  cos  P = a33, 

si”^±7&p-  <)0-25) 

where  we  should  use  either  the  upper  or  the  lower  sign  for  all  expres- 
sions at  a time. 

If  a33  = cos  P = 1,  i.e.,  if  p = 0,  then 

cos  (a  + y)  = au  = a22,  sin  (a  + y)  = a12  = — a21.  (10.25a) 

If  a33  = cos  P = — 1,  i.e.,  if  p = n,  then 

cos  (a  — y)  = — an  = a22,  sin  (a  — y)  = — a12  = — a21. 

(10.25b) 

In  the  case  of  a33  = ±1,  we  can  find  p and  a ± y,  and  this  proves 
to  be  enough  to  determine  the  spin  matrix  Dl  (10.31). 

Prove  that 

R ~-z  (V)  R^  (P)  R* 3 (a)  = Rx 3 (a)  RXt  (P)  RX3  (y).  (10.26) 

The  left-hand  side  contains  rotations  through  the  Euler  angles  a,  p 

and  y as  defined  above,  i.e.,  about  the  axes  x3,  x2  and  x3.  The  right- 
hand  side  contains  rotations  through  the  angles  y,  p,  and  a (in  the 
reverse  order)  about  static  axes  x3,  x2,  and  x3. 

It  will  easily  be  seen  that 

Rxt  (P)  = R*l  («)  R*t  (P)  R.rt  (a).  (10.27) 
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Indeed,  on  the  right-hand  side  we  rotate  the  mobile  frame  in  turn 
about  the  x3  axis  through  the  angle  a,  next  about  the  new  x2  axis 
through  the  angle  p and  finally  return  the  x2  axis  to  its  initial  posi- 
tion where  it  coincides  with  the  axis  x2.  This  is  obviously  equivalent 
to  the  rotation  through  the  angle  p about  the  x2  axis,  i.e.,  equality 

(10.27)  has  been  proved.  Premultiplying  equality  (10.27)  by  Rx  (a), 
we  obtain 

RX3  (a)  RXi  (p)  = RXf  (p)  RX3  (a).  (10.27a) 

It  will  easily  be  seen  that 

(Y)  = («)  % (P)  % (Y)  (P)  R*9  («)•  (10.28) 

Indeed,  the  product  of  the  second,  third,  and  fourth  multipliers  on  the 
right-hand  side  is  equal  to  RXt  (y)  [the  proof  is  similar  to  that  of 

(10.27) ];  all  the  rotations  remaining  on  the  right-hand  side  are  per- 
formed about  the  x3  axis,  whence  directly  follows  (10.28).  Multiply 
now  the  left-hand  and  the  right-hand  sides  of  equalities  (10.28)  and 
(10.27a)  and  obtain  relation  (10.26),  which  we  were  required  to 
prove. 

It  follows  from  (10.26)  and  (10.22)  that  the  operator  of  the  most 
general  rotation  (a,  p,  y)  acting  on  the  spin  functions  is  equal  to 

Ri  (a,  p,  y)  = Rx,  (a)  Rx,  (p)  RXt  (y)  = *«£/2iepc?,/2iev£/2i.  (10.29) 


Apply  the  operator  Rt  (a,  p,  y)  to  the  spin  functions  (s)  and  v2  (s). 
Making  use  of  (10.13)  and  proceeding  in  the  same  way  as  when  we 
obtained  (10.23),  we  get  after  some  calculations 


Ri  (a,  p,  y)  v,  (s)  = cos  ~ e 2 (“+Y)v1  (s) 


sin 


3 4-<a-« 


V2  (*), 


Ri  (a.  P,  Y)  v2  (s)  = — Sin  e 2 <a_V)Vi  (s) 


+ cos  e 2 <B+Y,V2  (s).  (10.30) 

If  Ri  (a,  p,  y)  is  regarded  as  an  element  of  the  rotations  group  acting 
on  the  basis  spin  functions  (s)  and  v2  ( s ),  then  the  two-row  matrix 
on  the  right-hand  side  of  (10.30)  corresponds  to  the  definition  of  the 
operator  P'R  (A.6.1a).  In  this  case  the  irreducible  representation  cor- 
responding to  the  element  i?;  (a,  p,  y)  will  be  the  matrix  Dl,  a 
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transpose  of  the  matrix  (10.30),  i.e., 


Dl  = 


JL„-T(a+V> 
2 


P 4-(a-v) 
sin  -£-e 1 


(a-v) 

y " 


P -T-  (a+Y) 

cos  y e ^ 


with  the  character  equal  to 
Tr  {D*}  = xi  = 2 cos  cos  “ - p%- 


(10.31> 


(10.31a) 


Consider  the  transformation  (10.30)  for  the  case  of  the  rotation  of  the 
frame  about  an  arbitrary  axis  through  the  angle  2n.  Such  a trans- 
formation of  any  coordinate-dependent  function  is  equivalent  to  the 
unit  element  E.  Make  in  (10.31),  for  example,  a = 2n,  p = y = 0; 
then 


/e~in  0 \ / — 1 

U ein) = \ 0 


(10.32) 


i.e., 

i?i  (2n)  (s)  = — (s),  Rx  (2n)  v2  (s)  = — v2  (s). 


(10.33> 


The  same  result  will  be  obtained  if  we  make  p = 2jt  and  a = y =■ 
=0. 14  Thus,  the  operator  Rr  (2n)  acting  on  the  space  coordinate  depen- 
dent functions  behaves  as  a unit  element;  at  the  same  time  it  acts 
on  the  spin  functions  Vj  (s)  and  v2  ( s ) and  changes  their  signs  (10.33). 
We  shall  denote 


(2n)  = E.  (10.34) 

Obviously 

R1  (An)  = EE  = E2  = E, 

where  E is  a unit  element  with  respect  to  the  full  wave  function 
(10.11)  that  includes  both  the  space  functions  ^ (r),  ip2  (r)  and  the 
spin  functions  Vj  (s),  v2  (s). 

Let  R i be  proper  rotations,  the  corresponding  matrices  being  DT 
(10.31);  the  corresponding  matrices  for  the  elements  ERt  = Rt  will 
in  that  case  be  — Dl. 

Of  course,  we  may  as  well  make  the  matrices  — Dl  correspond  te 
the  element  Rt  and  the  matrices  Dl — to  the  element  ERt  = Rlr 
since  the  only  essential  point  is  that  a rotation  through  the  angle 
2n  changes  the  sign  of  the  matrix  Dl.  Therefore,  it  would  be  more  con- 


14  Of  course,  the  same  will  be  true  for  a rotation  through  the  angle  2ji  about 
an  axis  arbitrarily  directed  in  space. 
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sistent  to  put  the  ± signs  in  front  of  the  matrix  on  the  right-hand' 
side  of  (10.31). 

Hence,  as  far  as  the  spin  is  concerned,  the  operations  i?;  do  not 
coincide  with  Rj.  At  the  same  time,  if  the  Hamiltonian  $£  (a,  r)  is- 
invariant  under  the  rotations  Rh  it  will  also  be  invariant  under  the- 
operations  Rt  = ERt.  Hence,  the  space  group  of  the  Schrodinger- 
Pauli  equation  (10.10)  contains  twice  as  many  elements,  since  im 
addition  to  (i?;  | a + «}  it  contains  also  the  elements  {Rt  | a a). 
These  groups  that  account  for  transformational  properties  of  the  spin 
functions  in  the  process  of  rotations  became  known  as  “double”' 
groups.  A double  group  contains  twice  as  many  elements  as  a simple 
one,  however,  the  number  of  classes  in  it  need  not  necessarily  be 
twice  as  many.  It  can  be  demonstrated  [4.8,  p.  249]  that  the  elements 
C2  and  EC2  belong  to  the  same  class,  if  there  is  an  axis  C'  perpen- 
dicular to  C2. 

In  matrix  form  equations  (10.30)  can  be  written  down  as  follows 

where  Dl  is  the  transpose  of  Dt  (10.31). 

Choosing,  as  was  stated  above,  the  matrix  — Dl  to  correspond  to  the' 
element  Ri  (a,  p,  y),  we  obtain 

Rl  (a,  p,  y)  (Vl  = -Dl  (Vl  . (10.35a> 

\v2(s)J  \v2(s)J 

Up  to  now  we  have  been  considering  only  the  proper  rotations  R * (a,  P , . 
y).  Demonstrate  that  if  the  point  symmetry  group  contains  improper 
rotations,  the  above  considerations  on  the  subject  of  double  groups 
remain  in  force. 

If  the  symmetry  group  contains  improper  rotations  JRt  in  addi- 
tion to  all  the  proper  rotation  elements  Rt,  it  can  be  represented  as; 
a direct  product  of  the  group  of  proper  rotations  {i? and  the  group 
Ci  — {. E , /}.  We  demonstrated  in  Section  2.6.5  that  the  irre- 
ducible representations  of  the  direct  product  of  two  groups  are  equal 
to  the  direct  product  of  their  irreducible  representations.  Since  the 
irreducible  representations  of  the  Ct  group  are  equal  to  +1  and  to 
— 1 (see  Table  2.3),  and  since  the  choice  of  sign  of  the  matrix  Dl  for 
a simple  group  is,  as  we  have  seen,  arbitrary,  the  above  definition  of' 
the  double  groups  remains  valid. 

If,  on  the  other  hand,  the  inversion  operation  J is  not  part  of  the 
group  (so  that  the  group  cannot  be  represented  as  a direct  product  of 
the  proper  rotation  group  {Ri}  and  the  group  Ct={E,  J})  but  if  the 
group  includes  improper  rotations  JRt,  then  the  distribution  of  the 
elements  over  classes  is  determined  solely  by  the  proper  rotations 


•262  4.  ELECTRONS  IN  AN  IDEAL  CRYSTAL 


-and  coincides  with  the  distribution  in  isomorphic  groups  containing 
the  elements  Rt  instead  of  the  elements  JR  t.  For  this  reason  the 
representations  of  such  isomorphic  groups  coincide. 

4.11  Double  Groups  in  InSb  and  Ge  Crystals 

4.11.1  As  already  mentioned  in  Section  4.8.2,  the  electron 
states  in  an  InSb  crystal  can  be  classified  with  the  aid  of  irreducible 
representations  T (R)  of  the  corresponding  point  groups.  As  we  have 
seen,  the  following  elements  of  Table  4.2  correspond  to  the  wave 
vector  group  of  point  A (see  Fig.  4.22):  Rt  ( xyz ) = E , R2  ( xyz ) = C\, 
i?19  (xzy)  = JC2  and  R20  {xzy)  = JC'V  The  following  matrices  a =s 
= (aih)  of  transformation  (10.24)  correspond  to  those  Rt 
/I  0 0\  /I  0 0\ 

a1  = ( 0 1 0 , a2  = ( 0 —1  0 , 

\0  0 1/  Vo  0 —1/ 

/I  0 0\  /I  0 0\ 

a19  = 1 0 0 1 , a20  = 1 0 0 — 1 . (11.1) 

Vo  1 0/  Vo  —1  0/ 

The  determinants  of  the  matrices  of  those  transformations  are 
•equal  to 

| a1  | = 1 a2  | = 1,  | a19  | = I a20  | = -1,  (11.2) 

whence  it  follows  that  proper  rotations  correspond  to  transformations 
/?!  and  R2  and  improper  rotations  correspond  to  i?19  and  R20.  The 
matrices  of  the  transformations  JRX 9 and  JR20  (where  / is  an  inver- 
sion) are  equal  to 

/ — 1 0 0\  / — I 0 0\ 

aj9=  | 0 0 -1  , S?°=  0 0 l),  (11.3) 

V 0 -1  0/  V 0 1 0/ 

and  the  corresponding  proper  rotations  are  (|  aj9  | = |af|  = 1).  We 
can  see  directly  that  the  group  Rlt  R2,  R19,  R20  is  isomorphic  to 
the  group  R1:  R2,  JR19,  JR20. 

If  in(kA)  is  a <in-fold  degenerate  energy  level  at  point  kA 

with  spin-dependent  eigenfunctions  (s,  r)  (j  = 1,  2,  . . .,  dn) 

■(10.11),  then  the  latter  are  basis  functions  of  the  irreducible  repre- 
sentations of  a double  group  of  dimension  dn. 

The  correspondence  of  the  matrices  Dl  of  different  signs  (10.35) 
and  (10.35a)  to  the  elements  Rt  and  Rt  = ER t means  that  the  cor- 
responding matrices  for  the  elements  of  the  double  wave  vector  kA 
group,  {/?,  | a„}  and  {/?f  | a„}  (l  = 1,  2,  19,  20),  are  the  matrices  of 
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the  irreducible  representation  of  rank  dn  T (Rt)  and  T (/?,)  = 
= — T ( R, ).  The  spin  functions  Vj  (s)  and  v2  (s)  are  themselves  basis 
functions  of  a two-dimensional  double  group,  the  corresponding 
matrices  for  whose  elements  if,  and  if,  are  the  matrices  Dl  and  — Dl 
of  rank  two  (10.31).  Accordingly,  we  can  use  those  matrices  to  draw 
up  a multiplication  table  for  our  double  group. 

To  determine  the  Euler  angles  a,  [3,  y corresponding  to  a proper 
rotation  of  the  coordinate  frame,  we  shall  make  use  of  the  matrices 
a1,  a2,  a,9,  and  af°  corresponding  to  the  isomorphic  group  iflt  if2, 
//f19,  JR 20-  From  (10.25a)  and  (10.25b),  we  obtain 

a1  : a = P = y = 0, 
a2  : p = ji,  y — a = ji, 
a-9:  p = jt/2,  a = y = 3ji/2, 
af°:  a = P = y = jt/2. 


Making  use  of  those  values  of  a,  p,  y,  we  obtain  from  (10.31)  the 
following  two-dimensional  representation  of  a double  group: 


where  the  upper  sign  is  conventionally  accepted  for  if,,  and  the  low- 
er sign  is  conventionally  accepted  for  — /f,.15  The  eight  matrices 
(11.4)  represent  a group  of  the  eighth  order.  We  can  draw  up  a 
multiplication  table  for  this  group.  For  example, 


,= l(*  -nr  0 -n 


—(~i 

M i 


!) 


= R 


20 1 


and  so  on  for  all  the  elements.  The  result  will  be  Table  4.7,  in  which 
the  first  left  column  corresponds  to  the  first  multiplicand,  and  the  first 
upper  row  corresponds  to  the  second  multiplicand.  This  table  serves  for 
direct  determination  of  inverse  elements;  thus,  for  example,  R19Rn  = 
— Ri  = E , therefore,  R = R19  and  ifjg  = R19.  The  group  is  not 
Abelian:  R2R 19  = R20,  and  Rl9R2  — R2 0>  so  that  R2Rl9  =f=  Rl9R2- 

15  The  conventionality  is  due  to  the  fact  that  the  addition  of  2 n to  an  arbitra- 
ry Euler  angle,  which  is  always  possible  when  the  angle  is  being  defined,  chang- 
es the  sign  of  the  matrix  Dl. 

IN  — 1)1137 
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Table  4.7 


ftl 

ftl 

ft, 

ft2 

•^19 

ftl9 

ft  20 

ft  20 

fti 

ftl 

ftl 

ftS 

ft* 

ft  19 

ftl9 

ftao 

ft20 

Ri 

ftl 

ftl 

ft2 

ft2 

ftl9 

ftl9 

ft20 

•S2O 

*2 

ft. 

ft* 

ftl 

ftl 

ft2o 

ft  20 

ft  19 

ftl9 

ft2 

ft2 

ft, 

ftl 

ftl 

Rao 

ft20 

ftl9 

ftl9 

7?i9 

ftl« 

ftl9 

ft2o 

ft20 

fti 

ftl 

ft2 

ft2 

ftl9 

ftlB 

ftl9 

ft,0 

ft  20 

fti 

ftl 

ft2 

ft2 

ft2o 

ftso 

ft2o 

ftl9 

ftl9 

ft2 

ft2 

ftl 

ftl 

•ft  20 

ft  20 

ft20 

ftl9 

ft  19 

ft2 

ft» 

ftl 

ftl 

Making  use  of  Table  4.7  and  of  the  definition  of  conjugate  ele- 
ments (2.2.3),  we  can  demonstrate  that  the  double  group  considered 
here  consists  of  five  classes 

Cj  = Ru  C2  = Rlt  C3  = R2  + Ri,  C4  = i?19  + Rlt, 

C5  = Ri0  -(-  Ri0.  (11.5) 

Since  the  number  of  irreducible  representations  is  equal  to  the  num- 
ber of  classes  (2.6.30),  and  the  sum  of  squares  of  the  dimensions  of 
the  irreducible  representations  is  equal  to  the  group  order  (2.6.22), 
in  our  case 

l2  + l2  + l2  + l2  + 22  = 8, 

i.e.,  the  dimensions  of  the  irreducible  representations  Ax,  A2,  As,  A4 
and  A5  are  equal  to  1,  1,  1,  1,  and  2,  respectively;  the  same  numbers 
must  also  stand  in  the  first  column  C2  = R1  of  the  table  of  characters. 

Profitting  by  the  property  of  orthonormality  of  the  rows  and  of  the 
columns  draw  up  Table  4.8  of  the  characters  of  our  double  group. 
This  table  has  been  obtained  by  the  usual  method.  However,  for 
our  double  group  the  condition  has  to  be  satisfied  % (f?,)  = — % ( R( ), 


4.11  DOUBLE  GROUPS  IN  InSb  AND  Ge  CRYSTALS  265 


therefore,  if  Rt  and  Rt  are  part  of  the  same  class,  its  character  must 
be  zero.  According  to  (11.5),  the  classes  C3,  C4  and  C5  meet  this 
condition,  therefore,  their  characters  must  be  zeros.  It  will  be  seen 
from  Table  4.8  that  this  is  realized  only  for  the  representation  A5. 
InSb  may  be  said  to  have  only  one  ( spinor ) irreducible  representation 
A5  at  point  A. 


Table  4.8 


Gx 

C2 

c3 

C4 

C5 

Ax 

1 

1 

1 

1 

1 

a2 

1 

1 

1 

-1 

—1 

A3 

1 

1 

—1 

1 

—1 

a4 

1 

1 

—1 

-1 

1 

A* 

2 

—2 

0 

0 

0 

Hence,  we  arrive  at  the  conclusion  that  in  an  InSb  crystal  the 
electron,  with  its  spin  taken  account  of,  at  point  A can  be  only  in 
a doubly  degenerate  state  A5. 

The  double  groups  in  InSb  at  points  T and  X can  be  considered  in 
the  same  way. 

Tables  4.9  and  4.10  present  spinor  irreducible  representations  of  a 
double  group  in  InSb  in  the  centre  of  the  Brillouin  zone  T and  at 
point  X.  It  will  be  seen  from  the  tables  that,  when  the  spin  is  taken 
into  account,  the  electron  at  point  T can  be  in  two  doubly  degenerate 
states  (T6,  r7)  and  in  one  four-fold  degenerate  state  (r8),  and  at  point 
X in  two  doubly  degenerate  states  (X6,  X7). 

The  double  groups  at  symmetry  points  of  the  Brillouin  zone  of  Ge 
crystals,  whose  space  group  is  not  symmorphic,  can  be  considered  in 
a similar  way. 

Tables  4.11,  4.12,  4.13  present  spinor  irreducible  representations  of 
double  groups  at  points  T,  A,  and  X for  Ge  crystals.  It  would  be  in- 
teresting to  compare  these  tables  with  the  appropriate  Tables  3.2,  3.3 
and  4.6  for  simple  groups  in  Ge  at  the  same  points  of  its  Brillouin 
zone.  For  instance,  when  the  spin  is  neglected,  the  electron  can  exist 
at  point  X in  four  doubly  degenerate  states  X1,  X2,  X3,  X4  (Table’ 
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Table  4.9 


Si 

/?2"T?4 

Rb'Rli 

Rt~Rn 

Ria^Ria 

R 1 S~R  X 8 

^19_^24 

^19“^24 

r6 

2 

-2 

0 

1 

-l 

YY 

-V"2 

o' 

r, 

2 

-2 

0 

1 

-l 

-V2 

YY 

0 

r8 

4 

-4 

0 

-1 

l 

0 

0 

0 

z>xr15 

B 

n 

0 

0 

-YY 

YY 

0 

Table  4.10 


Ri 

Rl 

i?2,  R% 

^13i  R\i 

R 19*  ^20*  R 191 

Rio 

-2 

0 

0 

/ 2 

-Y~2 

0 

2 

-2 

0 

0 

2 

YY 

0 

Table  4.11 


■^2“^4i 

R2-Rt 

R&~Rl2 

Rb'R  12 

^13-^18 

Rl3~RlS 

Rl9~Ru 

r i 

2 

-2 

0 

1 

—1 

/T 

-YY 

0 

Tj 

2 

-2 

0 

1 

—1 

-/IT 

YY 

0 

r? 

2 

-2 

0 

1 

—1 

— V"  2 

-YY 

0 

2 

-2 

0 

1 

—1 

/ 2 

Y 2 

0 

r8+ 

4 

-4 

0 

—1 

1 

0 

0 

0 

rr 

4 

-4 

0 

—1 

1 

0 

0 

0 

4.6);  when  spin  is  taken  into  account,  it  can  exist  at  the  same  point 
only  in  one  four-fold  degenerate  state  X5  (Table  4.13). 

All  the  tables  of  characters  for  the  spinor  irreducible  representa- 
tions meet  the  condition  specified  above:  % (/?,)  = — % ( Rt );  there- 
fore, if  Rj  and  /?,  are  part  of  the  same  class,  % (i?,-)  = % (/?,)  = 0. 
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Table  4.11  (cont.)- 


J 

o } 

{«i- 

■R[2  I a } 

(5- 

■^12  1 a } 

-flls  I a } 

J*ia- 

l«} 

{ A\yA2^r 

_^19~ 

-i?24  | a } 

rj 

2 

2 

0 

1 

—1 

V~2 

— v”2 

0 

r? 

—2 

2 

0 

-1 

1 

Y 2 

-/ 2 

0 

r? 

2 

—2 

0 

1 

—1 

— Y 2 

/Y 

0 

Tr 

—2 

2 

0 

—1 

1 

-Y  2 

/ 2 

0 

4 

—4 

0 

—1 

1 

0 

0 

0 

G 

—4 

4 

0 

1 

—1 

0 

0 

0 

Table  4.12 


*1 

*1 

A\0’  f?20> 

{ HZ! 

K ft  a |a} 

{ Al:i,  ^14  1 a } 

1 A[s,  AU  I a ) 

7V, 

/2VkA“ 

— }/YeikAa 

at 

— / 2YkA° 

y~2elk  Aa 

Table  4.13 


*1 

/?! 

ftji 
ft$i  ft  A 

A 13, 

Xu 

ftj3i 
ft  It 

^20i 

Ait,  ^20 

{ /?!  | a) 

{ X{  [ 0 } 

-v5 

4 

—4 

0 

0 

0 

—4 

4 

{Ai, 

Xi\a} 

_( 

^;  | a } 

{ X13, f?14  [ a} 

{ X13,  i?14 1 a } 

{ Xl9,  f?19 1 a} 

_{  A 20, 
Aw  | « } 

X* 

0 

0 

0 

0 

0 

0 

The  compatibility  conditions,  for  instance,  for  the  transition  from 
point  T to  line  A,  can  be  determined  from  the  tables  of  characters. 
For  example,  for  InSb 

r8  = 2a5, 

which  follows  unambiguously  from  the  fact  that  the  dimension  of  T8 
is  4,  and  that  of  A5  is  2.  Putting  for  Ge 

1 j = flxAg  + a2A  7, 
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we  obtain  from  Tables  4.11  and  4.12  (kA  — 0) 

<*!  = -!■  12  x2+(-2)  (-2)  + 2(l/2)  (-l/2)+2(-|/2)(l/2)]=0, 

«2  = ^-  l2x2  + (— 2)  (_2)  + 2 ( — V 2)  ( — V/2)  + 2(]/2)(l/2)]  = l, 

i.e., 

T7+  = A7. 

The  other  compatibility  relations  presented  in  Table  4.14  for  InSb 
(a)  and  for  Ge  (b)  can  be  considered  in  the  same  way.16 


Table  4.14 


r6 

r, 

r8 

*7 

a5 

a5 

a5a5 

A6 

A5 

(a) 


r9+ 

r«~ 

rj 

r? 

rt 

r»~ 

^6 

^6 

A, 

A, 

A6A7 

a6a7 

a„a7 

t&) 


4.12  Spin-Orbit  Splitting  in  InSb  and  in  Ge  Crystals 

4.12.1  The  preceding  paragraph  was  dedicated  to  the  construction 
of  double  groups  and  to  the  determination  of  the  corresponding  spi- 
nor irreducible  representations  at  some  symmetrical  points  of  the 
Brillouin  zone  in  InSb  and  in  Ge  crystals.  Let  us  now  consider  repre- 
sentations in  the  Brillouin  zone  centre  T for  InSb  and  for  Ge,  where 
the  products  of  the  spin  functions  and  the  Bloch  functions  are  the 
basis  functions.  Such  representations,  as  we  shall  see,  may  be  both 
irreducible  and  reducible.  In  the  latter  case  this  will  make  it  possible 
to  determine  the  nature  of  spin-orbit  splitting  at  point  T in  InSb 
and  in  Ge. 

In  the  state  %n  ( k ) is  d, ,-fold  degenerate  (spin  is  not  taken  into 
account),  i.e.,  if  there  are  dn  Bloch  functions  (r)  (/  = 1,  2,  . . . 

. . .,  dn)  corresponding  to  it,  then  the  inclusion  of  the  spin  will  make 


16  Double  groups  in  InSb  and  in  Ge  are  treated  in  more  detail  in  [4.13], 
[4.8,  p.  312],  and  [4.14], 
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it  2d„-degenerate,  and  the  zeroth  approximation  wave  functions 
will  assume  the  form  of  2 dn  products 

4‘nkj  (r)  v i (s).  (12.1) 

The  Bloch  wave  functions  (r)  satisfy  the  Schrodinger  equation 

SB  (r)  (r)  = %n  (k)  xpnkj  (r),  (12.2) 

where  the  Hamiltonian 

S£(v)=  — ^V2  + V(t) 

is  independent  of  the  spin  operators  a;,  and  we  are,  therefore,  in  a 
position  to  multiply  the  wave  functions  of  equation  (12.2)  by  the 
spin  function  Vj  ( s ),  so  that 

SB  (r)  [vj  (s)  i|3nk/  (r)]  = %n  (k)  [v*  (s)  T)3nkj-  (r)].  (12.2a) 

Let  the  element  of  the  wave  vector  space  group  Gk  be  g = {Rt  | at  + 
+an},  where  Rt  is  a proper  or  an  improper  rotation,  a , is  an  improp- 
er translation  corresponding  to  the  element  Rh  and  an  is  a lattice 
vector.  Act  with  the  operator  P'g  (2.6.1a)  on  both  sides  of  equation 
(12.2a).  Since  SB  (r)  is  invariant  under  the  operations  of  Pg, 
P‘g  [v;  (s)i)5„ki  (r)l  will  also  be  an  eigenfunction  of  equation  (12.2a) 
corresponding  to  the  original  value  of  En  ( k ).  Therefore,  (2.7.15) 

P'g\vi  (s)  4'nki  (r)]  = + a«}  [vj  (s)  ifnkj  (r)] 

2 dn 

= S S Dn  (a,  p,  i)  r (g)sj  ^nk;  (r),  (12.3) 

r— 1 s~  1 

where  a,  p,  y are  Euler  angles  corresponding  to  the  rotation  Rt 
(if  the  rotation  is  an  improper  one,  it  should  be  replaced  by  a proper 
rotation,  as  suggested  at  the  end  of  Section  4.10.2),  the  spin  matrix 
Dl  is  determined  by  expression  (10.31),  and  T (g)  is  an  irreducible 
representation  of  the  group  Gk  of  dimension  dn  corresponding  to  the 
element  g of  the  space  group  of  the  wave  vector  k. 

It  will  be  seen  from  the  definition  (A. 3. 49)  that 


Dln  (a,  p,  v)  r (g)sj  = (Dl  x T)rs,  „ (12.4) 

is  a matrix  element  of  the  direct  product  of  a two-row  matrix  Dl 
and  the  dn- row  matrix  T (g). 

It  follows  from  (12.3)  and  from  the  definition  of  the  operator  Pg 
(2.6.1a)  and  (2.6.5c)  that  the  part  of  the  matrix  representation  of 
the  wave  vector  group  g £ Gk  built  on  the  basis  functions  (12.1)  is 


270  4.  ELECTRONS  IN  AN  IDEAL  CRYSTAL 


played  by  the  transpose  of  the  matrix  (12.4).  The  character  of  this 
representation  is 

1[D1XY  (g)\=%(Dl)-x  [T  (g)]  = 2 cos cos xlr(f)],  (12.5) 

where  we  made  use  of  the  fact  that  the  trace  of  the  direct  product  of 
matrices  is  equal  to  the  product  of  their  traces  (A. 3. 52)  and  of  ex- 
pression (10.31a).  Since  two  signs  can  be  attributed  to  the  Dl  matrix 
(10.31),  the  elements  /?;  and  Rt  of  the  double  group  can  be  made  to 
correspond  to  the  different  signs  of  the  characters. 

Consider  the  centre  T of  the  Brillouin  zone  in  an  InSb  crystal. 
Since  at  point  T the  wave  vector  k = 0,  the  electronic  state  without 
spin  at  this  point  can  be  classified  with  the  aid  of  the  irreducible  re- 
presentations of  the  point  group  Td  (see  Table  2.7). 

To  find  the  characters  of  the  direct  product  (12.5),  we  should 
find  the  characters  of  the  matrix  Dl  corresponding  to  the  different 
elements  Rt  of  the  Td  group.  Making  use  of  Table  4.2  and  of  equa- 
tions (10.25a),  (10.25b),  find  the  corresponding  Euler  angles  (they 
will  prove  to  be  equal  for  all  the  elements  of  one  class  of  Td);  next 
find  the  characters  of  the  matrix  Dl  from  equation  (10.31a). 

Taking  into  account  both  signs  in  (10.31a)  and  the  fact  that 
X (/?;)=  —X  (Ri) > we  can  find  the  characters  of  the  direct  product 
(12.5)  for  all  the  classes  of  the  double  Td  group. 

If  the  representation  of  the  double  groups  \Dl  X T (g)]  is  reducible, 
it  will  have  important  physical  consequences.  Let  it  be  for  the  centre 
of  the  Brillouin  zone  in  indium  antimonide  T (g)  = T {R  | a„}  = 
= T (/?)  = T15,  i.e.,  let  the  irreducible  representation  for  the  simple 
group  be  of  the  p-type  and  of  dimension  3.  In  this  case  the  direct 
product  D X T15  is  a 6 X 6 matrix.  It  will  be  seen,  however,  from 
Table  4.9  that  the  maximum  dimension  of  the  spinor  irreducible 
representation  of  the  double  group  at  point  T in  InSb  is  4,  and  for 
this  reason  the  representation  D X T15  is  a reducible  one.  Making 
use  of  equation  (12.5),  find  the  characters  of  the  direct  product  Z>xT15 
for  all  the  classes  of  the  double  group  Td;  they  are  presented  in  the 
last  row  of  Table  4.9,  whence  we  see  immediately  that  the  characters 
of  D X T15  are  equal  to  the  sum  of  the  characters  of  T7  and  T8,  i.e., 

d x r15  = r7  + r8.  (12.6) 

Hence,  the  six-fold  degenerate  (with  spin)  state  in  the  centre  of  the 
Brillouin  zone  of  InSb  consists  of  the  double  degenerate  irreducible 
spinor  representation  T7  and  of  the  four-fold  degenerate  irreducible 
representation  T8.  The  spin-orbit  coupling  lifts  this  accidental  degen- 
eracy, and  the  level  splits  up  in  two,  so  that  % (T8)  — % (T7)  = A, 
where  A is  the  spin-orbit  splitting.  The  result  (12.6)  can  be  interpret- 
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ed  from  the  viewpoint  of  tight  binding  of  electrons.  The  atomic  elec- 
tron in  the  p-state  (orbital  quantum  number  l — 1)  is  characterized 
by  the  quantum  number  / which  determines  its  total  (with  the  spin) 
momentum  equal  to  jh.  The  possible  values  of  / for  1 = 1 are  3/2 
and  1/2;  the  degeneracy  of  those  levels  equal  to  2/ -f  1 will,  accord- 
ingly, be  equal  to  4 and  2,  respectively,  similar  to  (12.6).  Spin- 
orbit  coupling  causes  the  splitting  of  those  levels  in  the  atom.  Stud- 
ies of  the  atomic  spectrum  indicate  that  the  four-fold  degenerate 
term  P3/2  lies  above  the  doubly  degenerate  term  P1/2.  If  a similar 
situation  persists  in  the  crystal,  then  % (T8)  — % (T7)  = A > 0. 

Calculating  all  the  direct  products  Dl  X T,-  (Ri),  where  T;  are 
irreducible  representations  of  the  Td  group,  and  decomposing  them 
in  the  same  way  as  (12.6)  into  spinor  irreducible  representations 
r6,  r7,  r8,  we  obtain  Table  4.15.  We  presume  the  state  of  the  electron 
in  the  valence  and  the  conduction  bands  of  InSb  for  k = 0 to  be 
described  (with  no  account  taken  of  spin)  by  the  irreducible  repre- 
sentations T15  and  Tj. 

Table  4.15 


oxTj  — r6,  cxr2  — r7,  /)xf12 — r8, 

o x ri5= Fj+r,,,  «xr26  = r,+r# 


Figure  -4.25  depicts  the  pattern  of  electron  energy  in  the  centre 
of  the  Brillouin  zone  and  along  the  A axis  with  spin-orbit  coupling 
( b ) and  without  it  (a);  here  we  made  use  of  (8.1)  and  of  Table  4.14. 


Figure  4.25b  clearly  shows  the  magnitude  of  the  spin-orbit  split- 
ting. 

In  the  same  way  as  we  did  with  Table  4.15,  we  can  build  Table  4.16 
of  decompositions  of  the  direct  product  D X T;,  where  F;  are  irre- 
ducible representations  of  the  simple  group  in  the  centre  of  the 
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Brillouin  zone  of  germanium;  the  spinor  irreducible  representations 
■of  the  double  group  for  Ge  are  presented  in  Table  4.11.  We  presume 
the  state  of  the  electron  in  the  valence  and  the  conduction  bands  of 
•Ge  for  k = 0 to  be  described  (with  no  account  taken  of  spin)  by  the 
irreducible  representations  and  T'. 


Table  4.16 


Dxr^rj,  z>xr(=r2,  z>xr2=r7+,  z>xr;=r7, 

nxTi2=T%,  DxT'i2  = Tg,  DXTi5=Tj  + r2, 
d x r(s= rj  x rf,  d x r25 = + r^,  z>xr25=rj'-)-r8 


Figure  4.26  is  a schematic  representation  of  the  energies  of  the 
•electron  states  at  point  k = 0 and  along  the  A axis  in  Ge  with  spin- 


Tig.  4.26 

•orbit  coupling  (6)  and  without  it  (a);  here  we  made  use  of  Tables  3.5 
and  4.14.  The  difference  in  the  energies  of  the  state  Tg  and  the  lower 
:state  T,  is  equal  to  the  spin-orbit  splitting  in  Ge  at  point  k = 0. 


4.13  Investigation  of  Electron  (Hole)  Spectra  Near  the 

Energy  Minima  (Maxima)  in  the  Brillouin  Zone  (kp-Method) 

4.13.1  In  Section  4.5  we  considered  the  almost  free  electron 
approximation  with  the  periodic  lattice  potential  acting  as  a pertur- 
bation, and  in  Section  4.7  the  tight  binding  approximation  for  which 
the  unperturbed  motion  of  the  electrons  is  described  by  their  states 
in  noninteracting  atoms.  Both  these  approximations  are  obviously 
unsatisfactory  for  real  crystals,  therefore  only  qualitative  results 
^stemming  from  the  lattice  periodicity  in  space  (the  form  of  the 
Bloch  function,  the  existence  of  allowed  and  forbidden  energy  bands, 
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the  periodic  dependence  of  energy  on  the  wave  vector,  etc.)  were  of 
essential  importance. 

In  Sections  4.4.8-4.4.12  we  applied  group  theory  to  study  the 
electron  spectrum  at  symmetrical  points  of  the  Brillouin  zone.  We 
were  able  to  find  the  degree  of  degeneracy  and  the  symmetry  of  wave 
functions  at  such  points. 

The  problem  of  determining  the  electron  spectrum  en  (k)  through- 
out the  Brillouin  zone  requires  for  its  solution  the  integration  in 
the  Schrddinger  equation  (3.7).  This  problem  is  a very  difficult  one, 
even  if  computers  are  employed,  largely  because  of  the  difficulty  in 
specifying  a self-consistent  periodic  potential  V (r). 

However,  in  the  case  of  the  semiconductors,  in  which  the  number 
of  charge  carriers  (electrons  and  holes)  is  usually  small,  only  their 
energy  spectrum  in  the  vicinity  of  the  energy  minima  and  maxima 
in  the  Brillouin  zone  should  be  determined;  indeed,  if  the  number  of 
electrons  (holes)  is  small,  at  temperatures  not  too  high  the  free  charge 
carriers  will  assemble  in  the  band  near  the  energy  minima  (maxima). 
To  determine  the  spectrum  of  free  carriers  near  the  energy  extrema  in 
the  Brillouin  zone,  we  can  apply  the  perturbation  theory.  We  shall  at 
first  consider  this  problem  without  taking  into  account  the  spin- 
orbit  coupling.  Equation  (3.8)  for  the  modulating  function  unk  (r)  is 
of  the  form 

/» 2 fe  f)2L.2 

— V2unk  + V (r)  u„ k + — (kp)  unk  H unk  = e„  (k)  unk. 

(13.1) 

Here  n is  the  number  of  the  allowed  energy  band,  therefore  en  (k) 
is  the  electron  energy  in  the  n-th  band  at  point  k;  p = — iftv  is  the 
electron’s  momentum  operator,  m is  the  free  electron  mass.  At  point 
k = 0 equation  (13.1)  assumes  the  form 

— ^-V2un0  + F (r)  u„0  = en  (0)  un0.  (13.1a) 

For  small  values  of  k the  terms 

h2k2  h ,,  /j  o r>\ 

^T  + -(kP)  <13-2> 

in  equation  (13.1)  can  be  regarded  as  a perturbation. 

Let  the  energy  extremum  in  the  Z-th  band  be  located  at  point 
k = 0,  i.e.,  in  the  centre  of  the  Brillouin  zone,  and  let  the  state  of 
the  electron  (hole)  at  this  point  with  the  energy  e;  (0)  = e®  be  non- 
degenerate. Calculate  from  equation  (13.1)  the  correction  to  the  ener- 
gy Ei  (k)  — e?  for  small  values  of  k.  If  e°  corresponds  to  an  energy 
extremum,  the  correction  to  the  energy  linear  in  k will  be  zero.  The 
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correction  quadratic  in  k consists  of  corrections  to  the  energy  orig- 
h2k2 

inating  from  (the  first  approximation  of  the  perturbation  theory) 

and  from  ^j(kp)  (the  second  approximation  of  the  perturbation 

theory).  The  unperturbed  wave  functions  ut0  (r)  = ut  satisfy  equa- 
tion (13.1a).  Applying  the  general  equations  of  the  perturbation 
theory  for  a nondegenerate  state  [4.15,  § 38],  we  obtain 


e;  (k)  — e?=  (ui 


h2k2 

2m 


( ui  | kp  | u1 1)  (u„  | kp  | ui) 

p 0 p 0 

el  Si 


H2k2 

2m 


H2  V ,,  s?'  <“/IPal“n>  (“n|Ppl  “i> 

■^2“  2.  ZJ  e?—  e«  ’ 


(13.3) 


where  the  prime  after  the  sum  means  that  in  the  process  of  summation 
the  term  with  n = l should  be  dropped  and  a and  p run  over  the  values 
x.  y , z,  so  that,  for  example,  pa  = px  = — ihdldx  for  a = x.  The 
matrix  element 


ui 


2m 


U*Uld%" 


n2k*  (13-3a)' 


2 m 


a p 


since  the  functions  ut  are  presumed  to  be  orthonormal.  Making 


(k)  — e?  = 2 map kakfi, 


(13.4) 


<*P 


where  map  is  the  inverse  effective  mass  tensor,  we  obtain  from  (13.3) 
and  (13.4) 


{ui  | Pa  I “n>  (un  I Pp  I “() 
Fc 


(13.5) 


where  6ap  is  the  Kronecker  delta.  It  would  be  interesting  to  com- 
pare (13.5)  with  expression  (3.19)  for  the  same  quantity  map. 

In  a cubic  crystal  we  obtain  for  the  scalar  effective  mass 


J_  = 2_  • _2_  V ' I tin)  I2 

m*  m m2  ZJ  ij1 — e# 

n 


(13.6) 


Since  e®  may  be  both  larger  and  smaller  than  e®  the  effective  mass  m* 
may  be  both  smaller  and  larger  than  the  free  electron  mass  m. 

Equation  (13.6)  is  applicable  also  when  the  energy  extremum 
8 1 (k)  is  located  not  in  the  Brillouin  zone  centre  but  at  point  k0; 
it  should  only  be  kept  in  mind  that  in  this  case  the  wave 
functions  ut  display  the  symmetry  of  the  wave  vector  group  Gko; 
this  is  the  reason  why,  for  example,  the  function  ut  for  the  conduction 
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electrons  of  germanium,  which  have  their  k0  lying  on  the  [111]  axis, 
displays  not  a cubic,  but  an  axial  symmetry,  with  the  result  that  in 
a cubic  crystal  of  re-Ge  the  effective  mass  becomes  a tensor. 

4.13.2  Let  now  the  state  of  the  electron  (of  a hole)  in  the  Z-th 
band  at  point  k = 0,  where  the  energy  has  an  extremum,  be  a de- 
generate one.  We  are  again  interested  in  corrections  to  the  energy 
quadratic  in  k:  It  follows  from  the  theory  of  perturbations  of  degen- 
erate states  [4.15,  § 39]  that  in  our  case  the  corrections,  to  the  energy 

et2)  originating  from  — (kp)  in  the  second  approximation  are  equal 

to  the  roots  of  the  secular  equation 


-y  {l,  r'  I kp  I n,  s)  ( n , s | kp  | l,  r)  _ g(2)g 
m2  ^—1  ej) — e®  n 

ns 


= o. 


(13.7) 


Mere  | Z,  r ) and  | Z,  r ')  are  the  unperturbed  /-fold  degenerate  wave 
functions  (r,  r'  — 1,  2,  . . .,  /)  satisfying  equation  (13.1a)  for  the 
energy  eigenvalues  Cj(0)  = e?;  j n,  s)  are  wave  functions  for  the  ener- 
gy level  a°n.  The  summation  is  performed  over  alln^Z  and  over  s. 
The  order  of  the  determinant  of  the  secular  equation  (13.7)  is  equal 
to  the  degree  of  degeneracy  of  the  level  e“. 

The  sum  in  the  equation  can  be  represented  in  the  form 


V l,  7 » V (b  r'\pa\n,  s)  <7i,  s\pn\l,  r)  _ 

m 2 2j  2j  eo Bo  — r'r 

ctp  ns  1 n 


(13.7a) 


where  a and  (1  assume  the  values  x , y,  z.  Write  now  the  secular 
equation  in  the  form 


| S€r'r  ~ C(2)6r'r  | = 0. 


(13.7  b) 


The  corrections  to  the  energy  e°  of  the  first  order  in  the  term  h2k2/ 2m 
are  determined  from  the  equation  [4.15,  §.  391 


(l  r' 

\ ’ 2m 

\l’r) 

>-e(D5rY  =0 

(13.8) 

or 

1 [ ****  e(1)  1 

| ^ 2777.  ) 

|6r'r 

= 0. 

(13.8a) 

This  yields  / coinciding  roots 

e«  = H2k2l2m. 

(13.9) 

It  follows  from  (13.7)  and  (13.9)  that 
si  (k)  = e?  + e<1)  + e-2’  = e?  + 4^-  + e)2: 


where  e<2)  is  one  of  the  / roots  of  equation  (13.7). 


(13.10) 
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4.13.3  Consider  the  structure  of  the  secular  equation  (13.7b)  for 
the  case  of  the  valence  band  of  silicon  or  germanium.  Theoretical 
and  experimental  considerations  make  very  probable  the  assumption 
that  the  state  of  the  hole  in  the  centre  of  the  zone  (k  = 0)  corresponds 
to  the  irreducible  representation  T^  of  the  Oh  group.  The  basis  func- 
tions of  this  irreducible  representation  of  dimension  3 are  (see 
Table  4.3):  X+  = xy,  Y+  = yz,  Z+  = zx.  It  can  easily  be  demonstrat- 
ed that  the  basis  functions  under  the  symmetry  transformations  of 
the  group  Oh  behave  in  a way  similar  to  that  of  simpler  basis  func- 
tions X — x,  Y = y,  Z = z of  the  irreducible  three-dimensional 
degenerate  atomic  p-state  of  the  electron;  therefore  in  the  following- 
we  shall  make  use  of  the  latter  simpler  functions  with  an  x,  y,  z 
symmetry. 

It  can  be  demonstrated  that  the  sum  2 (13.7a)  is  transformed  under 

71,  S 

the  operation  of  the  elements  of  the  crystal’s  space  group  like  the 
matrix  element 


{l,  r'  I p aP  ft  I 1 , r)  = Qaft  (r\  r),  (13.11) 

where  the  operators  px,  py,  p2  are  transformed  like  the  coordinates 
x,  y,  z (indeed,  if  under  a given  transformation  x -a — y,  then  px  = 
= — ihdldx  ->  ihd/dy  = — py). 

Consider  the  constant  Qa$  (r',  r)  for  the  states  r'  — r = X and 
demonstrate  that  for  it  is  equal  to  zero.  Make,  for  example,. 

Pa  = Px,  P p — Py,  then  (13.11)  is  transformed  under  the  operation 
of  the  elements  of  the  Oh  group  like  the  product  [xxyx]',  when  the 
transformation  /?2  (xyz)  (Table  4.2)  is  applied,  we  obtain 

R 2 [xxyx]  — — [xxyx], 

whence  it  follows  that  [xxyx]  = 0,  i.e.,  that  the  corresponding  con- 
stant of  Qxy  {X,  X)  is  zero.  If  for  the  same  states  r'  = r = X we 
make  pa  = pp  = px,  then  (13.11)  is  transformed  like  the  product 
[xxxx]  — [a:4];  it  will  easily  be  seen  that  there  can  be  no  such  trans- 
formation Rt  or  JRt  that  would  transform  [a4]  into  — [a:4],  and  be- 
cause of  that  the  corresponding  constant  of  Qxx  (X,  X)  is  nonzero, 
we  shall  denote  it  by 

' X 1 px  \ n,  s)  ( n , £ 1 px  1 U X) 


K 2 \(l,  X\px\  n,s)  |2 

m 2 

ns 


(13.12) 


Let  the  states  be  as  before  r = r = X,  and  let  pa  = pp  — py , then 
acting  with  i?13  ( xzy ) on  [ xyyx ],  we  obtain 
R 13  [xy^x]  = [xz2x], 
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and  this  makes  it  possible  to  introduce  a constant 


| (l,  X I Py  I n , s)  \2 


e»- 


W V'  1(1,  -X_|Pzl  n , £)  p 
m2  J 

ns 


(13.13) 


We  can  now  write  down  the  (1,1)- th  term  of  the  determinant  (13.7b) 
in  the  form 

SEXX  - e<2)  = LAJ  + AT  (kl  + k\)  - e<2). 

Precisely  in  the  same  way  it  can  be  demonstrated  that  the  (l,2)-th 
and  the  (2,l)-th  terms  of  the  determinant  (13.7a)  are  equal  to 

SExy  = &£yx  — NkXky, 

where 

_ k2  Y ' (1,  *_j_Pxl  s)  (re*  s I Py  I 1,  y)  ^12  ^£y 

ns 

It  follows  from  Table  4.2  that  i?5  [x4]  = [y4],  i?5  [a:i/2x]  = [yz2y]  and 
R17  [xy2x  1 = [yx2y ];  therefore  the  (2,2)-th  term  of  the  determinant 
(13.7b)  is  equal  to 

m.yy  - e<2)  = Lky  + M (k%  + kl)  - e<2>. 


As  a result  the  secular  equation  (13.7b)  assumes  the  form 
I L**+JI/(fc*  + **)-e(?)  Nkxky  Nkxkz 


Nkxky  Lkl+M(k%+kl)-sM 


Nkxk , 


Nkykz  | = 0; 

Lk2z  + M (kl  + k2)-tH2) 

(13.15) 


where  the  material  constants  L,  M,  N are  defined  via  (13.12),. 
(13.13)  and  (13.14). 

Secular  equation  (13.5)  is  of  the  third  degree  with  respect  of  e<2).. 
We  shall  not  solve  it  in  the  general  form  but  shall  restrict  ourselves 
to  the  case  of  a specified  direction  of  k.  Let  kx  =/=  0,  ky  = kz  — 0; 
then  (13.5)  assumes  the  form 


Lkl-zW 


0 

0 


0 0 

Mkl  — z^  0 


= 0, 


0 Mk%  — e(2) 


whence  [Lkx  — e(2)]  [Mkx  — e(2)]2  = 0. 

Hence,  we  have  three  roots  of  equation  (13.15a): 

e<2>  = Lkl,  e<2)  = e<2>  = Mk% , 


(13.15a) 


(13.15b) 
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which  perfectly  correspond  to  the  case  of  tight  binding  (4.7.25): 

Ej  = eM  — Aa2k%,  e2  = e3  = eM  — Ba2k%. 

Of  course,  the  general  solution  of  the  secular  equation  (13.15)  does 
not  coincide  with  the  simple  expression  (4.7.24);  this  is  an  indica- 
tion of  the  fact  that  the  kp  -method  in  the  quadratic  approximation 
goes  beyond  the  limits  of  the  simple  tight-binding  model  that  takes 
into  account  only  the  interaction  between  the  neighbouring  electrons. 

4.13.4  Equation  (13.15)  determines  the  spectrum  of  holes  in  ger- 
manium or  silicon  with  no  account  taken  of  the  spin-orbit  coupling 
which,  as  we  have  learned  in  Section  4.4.12,  results  in  the  splitting 
•of  energy  levels. 

When  spin  is  taken  into  account,  there  correspond  to  the  state 
T',.  in  the  centre  of  the  valence  band  not  the  three  functions  trans- 
formed like  X,  Y and  Z but  six  functions  of  the  form:  Xvl5  Yvl5 
Zv1?  Xv2,  Yv2,  Zv2,  where  vt  ( s ) and  v2  ( s ) are  spin  functions  (10.12). 
The  secular  equation  (13.7)  turns  now  into  a determinant  of  the 
sixth  order. 

The  zeroth  approximation  wave  functions  can  obviously  be  chosen 
in  the  form  of  arbitrary  linear  combinations  of  the  six  functions 
Xvlt  Yvx,  . . .,  Zv2  mentioned  above.  It  can  be  demonstrated  that 
if  such  linear  combinations  are  chosen  in  the  form  of 


-y-3/2 
I 3/2  — 

i 

/2 

■(x+iy)  vj,  Y\% 

1 

/ 6 

1 (x  + iy)  v2  — 2zvj], 

(13.16) 

y—  i/2 
* 3/2  ~ 

VH 

(x  — iy)  v,  + 2 zv2], 

■y  — 3/2 
■*3/2  = 

1 

/ 2 

(x  — iy)  v2 

•and 

y 1/2 

I 1/2  — 

1 

/3 

■[(x  + iy)  v2  + zv,]. 

y — 1/2 
* 1/2  = 

1 

/ 3 

[(x—iy)  vt  — zv2], 

(13.16a) 


they  diagonalize  the  Hamiltonian  of  spin-orbit  coupling  <Wso  (10.6). 
As  a result,  the  secular  equation  with  its  sixth-order  determinant 
splits  up  into  two  secular  equations  with  determinants  of  the  fourth 
and  the  second  ordeis  (see  below). 

The  functions  Yf  for  a unit  sphere,  i.  e.,  for  the  condition  x2jr 
+ y2  + z*  = 1,  are  spherical  functions  serving  as  eigenfunctions  of 
the  operator  of  the  projection  of  the  total  momentum 

JZ  = MZ  + SZ,  (13.17) 

where  M and  S are  determined  by  expressions  (10.17)  and  (10.1); 
mh  is  the  projection  of  the  total  momentum  on  the  z axis  with  the 
maximum  value  equal  to  )%. 


4.13  INVESTIGATION  OF  ELECTRON  (HOLE)  SPECTRA  279 


Acting,  for  instance,  with  the  operator  J z (13.17)  on  the  function 
Y~y*,  we  obtain 


f y—  1/2 

**  2-1  3/2  - 


1 f h ( d d \ 

/"q  L i (‘r  dy  y dx  ) 


/6 
h ' 


[(a- — iy)  Vj  + 2zy2 


ft 


2 / 6 


irK*-  if/)  v1  + 2zv2]  = 


" \r  — 1 /2 

9“  r 3/2  « 


where  we  made  use  of  the  fact  that  azvx  = vlt  and  azv2  = — v2 
(see  (10.13)).  We  see  that  the  eigenvalue  of  the  operator  Jz  correspond- 
ing to  the  function  Yf  = Y"y!z,  is  indeed,  equal  to  mh  = — hi 2, 
i.e.,  m = — 1/2.  It  can  be  demonstrated  that  the  wave  functions 
(13.16a)  on  a unit  sphere  are  mutually  orthogonal  and  normalized 
(to  4n/3). 

To  understand  the  structure  of  “regular”  wave  functions  of  the 
zeroth  approximation  (13.16a),  we  could  also  reason  as  follows: 
The  representation  of  the  binary  group  T15  is  equal  to  the  direct 
product  Dl/2  X D1,  where  D 1 is  an  irreducible  representation  of 
I\5  and  D1/2  is  an  irreducible  spinor  representation  (10.31).  It  can  be 
demonstrated  that 


DV-  X Dl  = D 3 2 + D1'2, 


where  D3/2,  an  irreducible  representation  of  dimension  4 correspond- 
ing to  the  total  momentum,  is  equal  to  3/1/2,  and  2?1/2  is  an  irreduc- 
ible representation  of  dimension  2 with  a momentum  h!2.  These 
representations  are  irreducible  in  the  cubic  group,  as  well,  and  they 
reduce  to  T8  and  T7,  respectively,  in  accordance  with  the  decomposi- 
tion (12.6):  D h2  xT15=  T8+  T7.  Therefore,  the  basis  functions  of  the 
four-fold  degenerate  state  Ts  are  the  functions  (13.16) — the  eigen- 
functions of  the  total  momentum  operator  J z with  the  maximum 
eigenvalue  3/1/2,  and  the  basis  functions  of  the  doubly  degenerate 
slate  T7  are  the  functions  (13.16a)  corresponding  to  a momentum 
of  hi 2. 

It  can  be  demonstrated  that  the  nondiagonal  matrix  elements  of 
(he  spin-orbit  coupling  operator  dFs0  (10.6)  constructed  on  the  func- 
(ions  (13.16)  and  (13.16a)  are  equal  to  zero.  The  correction  due  to 
spin-orbit  coupling  to  the  diagonal  matrix  elements  S(T'r  (13.7a) 
over  the  functions  (13.16)  is  equal  to  A/3,  and  for  the  functions 
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(13.16a)  to — 2A/3,  where  A is  the  spin-orbit  splitting  of  the  bands 
r8  and  r7  for  k = 0.17 

If  splitting  of  the  bands  % (r8)  — % (r7)  = A due  to  spin- 
orbit  coupling  is  large  as  compared  with  the  kinetic  energy  of  the 
charge  carriers,  the  secular  equations  for  the  bands  T8  and  T7  can  be 
considered  separately. 

Denote  by  Si\k  the  matrix  elements  of  the  secular  equation  for  the 
determination  of  the  perturbation  energy  in  the  second  approximation 
of  spin-orbit  coupling,  when  the  functions  (13.16)  have  been  chosen 
to  serve  as  the  “regular”  wave  functions  of  the  zeroth  approximation; 
choose  the  values  1 ->-3/2,  2—*-  1/2,  3 — 1/2,  4 — ► — 3/2  to 

correspond  to  the  indices  i,  k =■  1,  2,  3,  4 of  then  we  obtain 

from  (13.16) 

Si\x  = y <•£  + /!/)  \i\M  |(*  + iy)  V(> 

= Y xx  + 3£yv  + loti xy  — yx)  > 

where  Si'rT{r\  r = x,  y,  z)  are  the  matrix  elements  (13.7a).  Making 
use  of  notation  (13.12),  (13.13)  and  taking  into  account  that  <M  xy  = 
= SKyxi  we  obtain 


S£'u  = Y (Sfxx  + dtyy)  = y (£  + M)  (A£  + kl)  - Mkl 


= Ak2  + -1 B (k2  — 3 k2z)  = F, 

(13.18) 

where 

A= and  B = ^ — . 

(13.18a) 

It  will  easily  be  seen  that 

<^«  = <^u  = F- 

Next 

= y <(x  + iy)  v2— 2zv,  \3£\(x  + iy)  v2  — 2 zv,> 

= Y XX  + <slfyy+  iott xy  ~ yx  + 4®f  zz) , 

17  Profitting  by  expression  (10.6)  for  oKs 0,  by  the  explicit  form  of  the  functions 
(13.16),  (13.16a),  and  by  considerations  of  symmetry  we  can  easily  show  that 
the  displacement  of  the  k = 0 energy  level  of  the  rs  band  is  proportional  to 
2 ( r | VN)  and  that  of  the  T7  band  is  proportional  to  ( — 4 (r  | VN)),  so  that 
the  splitting  is  A oc  6 (r  | VI7). 
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where  we  made  use  of  the  orthogonality  of  spin  functions.  Substi- 
tuting herein  the  values  of  the  matrix  elements  (13.15),  we  obtain 
after  some  transformations 

$('M  = Ak*  - ^B(k2-3k2z)  = G.  (13.19) 

It  can  easily  be  demonstrated  that 

^33  = ^22  = G- 

Next 

;2  = {{X  + iy)  \\  \3(\{x  + iy)  v2  — 2zv4> 

= J^(SCXZ- iSfyz)  = - Dkz  ( kx-iky ) = ff,  (13.20) 

y « 

where  D = N /]/  3, 

= -^±[B  (kl-kl)  + iDkxky]  B J.  (13.21) 

It  will  easily  be  seen  that 

= ^ 2»  = = J,  <$';*  = — h. 


Other  elements  of  the  matrix  S/'ih  can  be  easily  obtained,  if  use  is 
made  of  its  Hermite  properties 

S'ih  = sr&. 

The  secular  equation  for  the  energy  e = e<2)  is  of  the  form 


F — e 

H 

J 0 

H* 

G — e 

0 J 

J * 

0 

G — e -H 

0 

/* 

-H*  F — e 

(13.22) 


where  the  quantities  F,  G,  H,  J are  equal  to  (13.18)-(13.21). 

Decomposing  (13.22)  in  the  elements  of  the  first  row,  we  obtain 
after  some  algebraic  operations 

[(F  — e)  (G  — e)  — | H |2  — | / |2]2  = 0, 
or 

(e  — F)(e  — G)—  | H |2  — | J |2  = 0. 


Solving  this  quadratic  equation,  we  obtain 

e..2  = -^-  ± j/  (Z±1)Z-FG  + \H\*  + \J\*  . 


19* 
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Substituting  the  values  of  F,  G,  H and  J,  we  obtain  after  lengthy  but 
simple  algebraic  operations 

eIi2  = Ak2  ± V B2k'‘  + C2  {klkl  + ¥xk2z  + k2ykj)  , (13.23) 


where  A and  B are  equal  to  (13.18a)  and 

C2  = z?2  _ 352  = (N  + L-M)(N-L  + M)  (13.23a) 

if  use  is  made  of  the  values  of  B and  D (13.20). 

Since  the  original  equation  for  e is  biquadratic,  each  of  the  roots 
(13.23)  is  doubly  degenerate;  this  is  the  result  of  invariance  with 
respect  to  the  reversal  of  time. 

To  determine  the  energy  spectrum  in  the  doubly  degenerate  band 
r7,  which  split  off  as  the  result  of  spin-orbit  coupling,  we  should 
solve  a secular  equation  of  rank  2x2  whose  matrix  elements  are 
calculated  on  the  wave  functions  (13.16a).  Establishing  the  corres- 
pondence of  the  indices  i,  k — 1,  2 of  to  the  values:  1 -vl/2, 

2 — 1/2,  we  obtain  from  (13.16a) 

G^'„  = y ((*  + ty)  v2  + zv1|d(|(x  + iy)  v2  + zvt> 

= y [$£xx  + <^vy  — yx  + i$fxy  + att zz] 

= -L+s2M  (k%  + kl  + kl)  = Ak\  (13.24) 


where  we  made  use  of  notation  (13.12),  (13.13)  and  (13.18a). 

It  can  easily  be  demonstrated  that 

3T22  = &(’u,  Si'12  = = 0.  (13.24a) 

Making  use  of  the  values  of  3Tih  obtained  above,  write  the  secular 
equation 


Ak2  — 

0 


A - 


e 


0 

Ak 2 — A — e 


= 0. 


(13.25) 


Here  A = % (T8)  — % (r7)  is  the  spin-orbit  splitting  of  the  levels 
r8  and  r7  at  point  k = 0. 

From  (13.25)  we  obtain  for  the  doubly  degenerate  root 

e3  = —A  + Ak2,  (13.26) 


i.e. , a simple  parabolic  dispersion  law  operates  in  the  T7  band  (con- 
stant-energy surfaces  are  spheres).  The  constant-energy  surfaces  cor- 
responding to  the  dispersion  law  of  band  T8  are  corrugated  surfaces 
shaped  in  the  [100]  (i.e.,  in  the  kxky  plane)  as  depicted  in  Fig.  4.27. 
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4.13.5  Cyclotron  resonance,  transport  phenomena,  and  light  ab- 
sorption experiments  in  indium  antimonide  led  to  the  disclosure  of 
the  following  peculiarities  of  its  band  structure.  The  minimum  of  the 
conduction  band  and  the  maximum  of  the  valence  band  are  located 
at  point  k = 0.  The  effective  mass  of  the  electrons  at  the  bottom  of 
the  conduction  band  is  very  small  and  equal  to  0.013m,  i.e. , of  the 
order  of  0.01  of  the  free  electron  mass.  Two  hole  branches,  of  light 
and  heavy  holes,  are  degenerate  at  point 
k = 0.  The  effective  mass  of  the  heavy 
holes  is  of  the  order  of  0.18m,  i.e.,  more 
than  10  times  that  of  the  electron  mass 
and,  probably,  that  of  the  light  holes. 

The  third  hole  branch  (also  of  light 
holes)  is  split  off,  owing  to  spin-orbit 
coupling,  from  the  upper  edge  of  the 
valence  band  by  the  amount  A « 0.9  eV. 

Such  a structure  of  the  valence  band 
in  indium  antimonide  follows  from  the 
theory  that  makes  use  of  the  symmetry  of  pig.  4.27 
the  InSb  crystal  but  takes  no  account  of 
corrections  to  the  energy  linear  in  k.  The 

dispersion  law  e (k)  displays  spherical  symmetry  for  all  the  branches, 
but  for  light  particles  at  high  values  of  k it  deviates  appreciably  from 
the  simple  parabola  (e  is  not  proportional  to  k2). 

The  forbidden  bandwidth  eG  at  room  temperature  is  0.17  eV  and 
is  strongly  temperature-dependent,  so  that  at  0 K,  eG  = 0.23  eV. 
Because  of  the  narrowness  of  the  forbidden  band  the  electron  state 
has  to  be  considered  simultaneously  in  the  valence  and  in  the  con- 
duction bands. 

Such  an  “interaction”  of  the  electron  states  in  the  valence  and  the 
conduction  bands  together  with  the  inclusion  of  spin-orbit  coupling 
provided  a semiquantitative  explanation  of  most  of  the  features  of 
its  band  structure  (E.  O.  Cane,  1956). 

The  spin-orbit  coupling  operator  (10.6)  operating  on  a Bloch  func- 
tion yields  two  addends 

®^so[«k(r)  f ] = 

= eikr 4^bra'(vF  x P)  uk  (r)  + e'k’r  4^X  a-(VE  X k)  uk  (r). 

(13.27) 

The  order  of  magnitude  of  the  first  addend  is  p/hk  times  that  of  the 
second;  here  p is  the  momentum  of  the  electron  in  the  atom  (spin- 
orbit  coupling  is  mainly  due  to  the  electrons  of  the  lattice  atoms), 
and  hk  is  the  quasi-momentum  of  the  conduction  electron;  the  ratio 
p/hk  is  quite  great. 
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The  first  addend  in  (13.27)  determines  the  spin-orbit  splitting  of 
the  levels,  and  the  second  is  responsible  for  the  energy  dependence  of 
the  effective  mass. 

Retaining  only  the  first  addend,  we  obtain  instead  of  (13.1)  (omit- 
ting the  band  number  n) 

{-2TT  +-  V <r>  + YT  k 'P  + W 5 x P)}  u t (r)  = (r), 

(13.28) 

where 

fj  2k2 

£k  = ek (13.28a) 


Experimental  data  and  theoretical  considerations  point  to  the  con- 
clusion that  the  representation  corresponding  to  the  state  of  the 
electron  in  the  valence  band  at  point  k = 0 is  the  p-type  irreducible 
representation  I\5,  and  that  corresponding  to  the  electron  state  at 
point  k = 0 of  the  conduction  band  is  the  s-type  irreducible  unit 
representation  I\. 

When  the  conduction  and  the  valence  bands  are  considered  simul- 
taneously, it  is  expedient  to  choose  the  eight  basis  functions  in  the 
zeroth  approximation  as  follows: 

iS v2,-  - (x—  iy)vx,  zv2,  - j^-(x  + iy)vt,  (13.29) 

1 1 

iSv t,  — -y=-(x  + iy)  v2,  zvt,  —j  (x—  iy)  v2.  (13.29a) 

Here  S is  a spherically  symmetric  function  of  the  IY  representation. 
The  functions  written  one  under  the  other  in  (13.29)  and  (13.29a) 
correspond,  as  we  shall  presently  see,  to  degenerate  electron  states. 

The  structure  of  the  basis  functions  (13.29),  (13.29a)  is  founded  on 
considerations  similar  to  those  discussed  in  connection  with  the 
choice  of  functions  (13.16),  (13.16a).  The  basis  functions  (13.29), 
(13.29a)  provide  for  the  simplest  form  of  the  8x8  matrix  of  the 
secular  equation  (13.7). 

Choose  an  electron  wave  vector  k in  the  direction  of  the  z axis 
(kz  = k).  Then  the  8x8  matrix  of  the  secular  equation  corres- 
ponding to  the  operator  in  the  braces  of  equation  (13.28)  built  on 
the  wave  functions  (13.29),  (13.29a)  will  be  of  the  form 


m o \ 

o m) » 
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where 

es  0 kP  0 

0 eP-A/3  y 2 a/3  0 

M = kP  y2A/3  0 

0 0 0 ep+ A/3 


Here  the  positive  constant 
A 3hi  / I dV  ~ dV  ~ 

A _ 4m2c2  V I dx  P«  dy  Px 


is  equal  to  the  spin-orbit  splitting  in  the  valence  band. 
The  real  quantity 


P=~i  (b)<5bl2) 


(13.30) 


(13.30a) 


(13.30b) 


characterizes  the  “interaction”  of  the  valence  and  the  conduction 
bands,  es  and  ep  are  energies  corresponding  to  the  edges  (k  =0)  of 
the  conduction  and  the  valence  bands  (without  spin-orbit  splitting). 

The  8x8  matrix  (13.30)  is  quasi-diagonal.  Its  left  upper  block  M 
constructed  on  the  basis  functions  (13.29)  coincides  with  its  right 
lower  block  constructed  on  the  functions  (13.29a). 

To  obtain  the  matrix  (13.30)  use  was  made  of  considerations  of 
crystal  symmetry  (Td)  similar  to  those  used  in  the  determination  of 
the  structure  of  matrix  (13.15).  In  addition,  use  was  made  of  the 
orthonormality  of  the  spin  functions  vx  (s)  and  v2  (s). 

For  example,  the  (l,3)-th  term  of  the  matrix  (13.30)  is  equal  to 


-£-  + f+4(*p,) 


4 m2c2 


( dV  ~ dV  ~ \ - 

b vPz~^Py)0i 


, / dV  - dV  - \ ~ . I dV  ~ dV  ~ i ] 

+ ( 17  P*' ~ IF  p‘ ) CT*  + ( IT  P«  — df  p* ) j 


The  matrix  element  of  the  first  two  addends  of  the  operator  written 
above  is  zero  from  considerations  of  symmetry:  (^S  j ^ + V z^>  = 
=0;  the  matrix  element  of  the  first  two  addends  in  the  square  brack- 
ets is  zero  because  of  (10.13)  and  of  the  orthogonality  of  the  spin 
functions;  the  matrix  element  of  the  last  addend  in  the  square  brack- 


ets is  zero  from  symmetry  considerations  | 


dV 
dx  py 


dV  - 
dyPx 


— Oj.  Hence,  only  the  matrix  element  of  the  third  addend  remains, 
so  that  the  (l,3)-th  term  is  — ik  ( $ | p2 |z) = kP,  if  use  is 


made  of  the  value  of  P (13.30b). 
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The  matrix  (13.30)  was  obtained  under  the  special  assumption 
that  electron  wave  vector  k was  directed  along  the  z axis.  In  the  case 
of  an  arbitrary  direction  of  k it  is  specified  by  the  Euler  angles  (see 
Fig.  4.24):  p,  the  polar  angle,  a,  the  azimuthal  angle,  y = 0. 

The  coordinate  basis  functions  x,  y , z,  according  to  (10.24)  and 
(10.24a),  are  transformed  as  follows: 


(x'\  /cos  a cos  p sin  a cos  p 
y'  = I — sin  a cos  a 
z'/  \ cos  a sin  p sin  a sin  p 


— sin  P^  / x' 

0 ](;A  (13.31) 

COS  P / \z  / 


The  spin  functions  .Vi  (s),  v2  (s),  according  to  (10.30),  are  trans- 
formed as  follows: 


V1 

V*  i 

V 9 ! 


cos  Ye~  ia/2  sin  T e'“/2' 
■sin  e~ia/2  cos  y eia/2 1 


v2 


(13.31a) 


We  pointed  out  in  Section  2.6  that  there  is  a correspondence 
between  a linear  transformation  of  the  basis  functions  and  a simila- 
rity transformation  of  the  appropriate  matrices.  On  the  other  hand, 
it  is  demonstrated  in  Appendix  3,  Section  4,  that  the  matrix  equa- 
tions are  invariant  under  similarity  transformations;  this  means  that 
the  secular  equation  retains  the  same  roots  under  a similarity  trans- 
formation. For  this  reason  we  are  entitled  to  use  for  the  secular  equa- 
tion the  particular  form  of  the  matrix  (13.30). 

Hence,  corrections  to  the  energy  e'  in  the  second  approximation 
of  perturbation  theory  can  be  found  from  the  secular  equation 


e5— e'  0 


kP  0 


0 

kP 

0 


0 


= 0. 


(13.32) 


Since  the  structure  of  the  matrix  (13.30)  consists  of  two  identical 
blocks  St  , the  roots  of  equation  (13.32)  are  doubly  degenerate.  De- 
composing the  determinant  in  the  elements  of  the  fourth  row  (col- 
umn), we  obtain 

(e*  + T — e')  [ — e')  — t — e' ) (e»  — e') 

-A2P2(ep-A--e')(es-e'))-^]=  0. 


(13.33) 
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where  the  expression  in  square  brackets  is  a third-order  determinant 
obtained  after  the  rejection  of  the  fourth  row  and  the  fourth  col- 
umn. If  the  energy  is  measured  from  the  upper  edge  of  the  valence 
band,  i.e.,  if  we  write 


and 


A_ 
3 ’ 


(13.34) 


es  = eG  = forbidden  bandwidth, 


then  we  obtain  instead  of  (13.33) 

e'  = 0,  (13.35) 

e'  (e'  — ec)(e'  + A)  — A2i>2(e'+-^-)  = 0.  (13.35a) 

.Making  use  of  (13.28a),  we  obtain  for  small  values  of  k the  fol- 
lowing four  solutions  (up  to  A:2):18 


— 


h2k2 


2m  ' 
£c3  = — A + 


£b2  : 

h2k2 


h2k2  2 P2k2 


2m 

P2k2 


3 ec 


£ r 


2m 
h2k2 
2 m 


3 (eG  + A)  ’ 
P2k 2 / 2 , 

3 Uc  "H 


kg  - 


(13.36) 


We  can  identify  evl  and  eD2  with  the  energies  in  the  heavy  and  light, 
hole  bands — e„3  with  that  of  the  light  hole  band  split  off  as  the  re- 
sult of  spin-orbit  coupling  and  ec  with  that  of  the  electron  branch  in 
the  conduction  band. 

It  should  be  pointed  out  at  once  that  the  expression  for  ev1  cannot 
be  correct,  because  it  does  not  even  yield  a correct  sign  (the  hole- 
energy  is  negative);  this  is  proof  that  the  two-band  approxima- 
tion that  takes  account  only  of  the  valence  and  the  conduction 
bands  is  inadequate  to  interpret  the  heavy  hole  branch;  in  this  case 
Ibe  upper  and  lower  bands  should  also  be  taken  into  account. 

Since  the  effective  mass  of  the  electron  in  the  conduction  band  is 
almost  100  times  less  than  that  of  the  free  electron  m , the  addend 
proportional  to  P2  in  the  expression  for  ec  is  about  100  times  greater 
Ilian  the  addend  H2k2l2m,  i.e.,  the  dimensionless  ratio  P2m/h2RG  is 
very  great  (~  100). 

Knowing  the  values  of  eG  and  A,  we  can  find  the  constant  P 2 from 
comparison  with  experiment. 


18  In  the  zeroth  approximation  we  neglect  in  (13.35a)  the  addend  propor- 
lional  to  k2P2  and  then  look  for  corrections  of  the  order  of  k2. 
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Making  use  of  the  fact  that  P2m!h2ea  » 1,  we  obtain  from  (13.36) 


E„o  


ec  — Eg  + 


2 P2  A2 
3kg 

pzh2 


Eds  — A 

(_L. + _• _) 

\ eG  ' eg  + A / ’ 


p2  £2 


3(ec+A) 


(13.36a) 


It  will  be  seen  from  these  expressions  that  the  order  of  magnitude 
of  the  effective  mass  of  light  holes  is  TPaJP2. 

If  A ^>kP  and  eG,  equation  (13.35a)  can  also  be  simplified.  Di- 
viding both  its  sides  by  A and  neglecting  in  the  zeroth  approximation 
the  quantities  eG/A  and  k2P2! A,  we  obtain  in  the  zeroth  approxima- 
tion three  roots  e',  = e',  = 0,  e',  = —A.  Introducing  a small  cor- 
rection E and  making  ej  = e2  = f.'3  = — A -f-  we  obtain  from 

(13.35a) 

hH2  ( eG  — 8P2k2/3)1/i 

2 ’ 

A , fi2A:2  P2b2 
£v3  — ~ A+  2m  ’ 3A  ’ 


h2h2  eG  + (t2G  + 8P2kV3)'/* 

8'  = ^r  + 2 


(13.36b) 


The  above  expressions  mean  that  the  energy  dispersion  law  for  the 
electrons  of  ec  and  for  the  light  holes  of  ev2  is  not  parabolic. 

Expanding  the  roots  in  (13.36b)  up  to  k2  for  small  values  of  the 
wave  vector  k,  we  obtain  (13.36)  (for  A eg).  The  terms  linear  in 
Jc  appear  in  the  expression  for  the  energy  in  the  valence  band  of 
InSb  in  the  case  of  the  four-fold  degenerate  spinor  irreducible  repre- 
sentation T8  (Table  4.9).  Such  linear  terms  appear  in  the  second  ap- 
proximation of  perturbation  theory  when  the  term  k*p  and  the  spin- 
orbit  coupling  proportional  to  VT  X p (13.28)  are  taken  into  account. 
Note  that  such  terms  linear  in  k do  not  appear  in  the  conduction 
band  of  InSb  and  in  the  valence  band  of  germanium  (in  the  latter 
•case  due  to  the  existence  of  inversional  symmetry). 

In  InSb  the  linear  terms  are  the  cause  of  proportional  to  k split- 
ting of  the  heavy  and  light  hole  branches  exhibiting  spin  degen- 
-eracy. 

For  the  small  k the  terms  linear  in  k and  not  the  terms  propor- 
tional to  k 2 or  to  higher  powers  of  k play  the  dominant  part;  for  tho 
large  k the  dominant  part  is  played  by  terms  proportional  to  k2. 
The  result  is  that  the  energy  maxima  in  the  valence  band  do  not 
•coincide  with  the  point  k = 0,  but  are  displaced  with  respect  to  it 
in  the  [111]  directions.  Experiments  prove  that  the  energy  maxima 
lie  only  0.015  eV  above  the  upper  edge  of  the  valence  band  for  k 
=•  0 and  are  located  quite  close  to  this  point. 


4.14  SYMMETRY  INVOLVING  TIME  REVERSAL  289 


Similarly,  it  can  be  demonstrated  that  terms  proportional  to  kz 
appear  in  the  expression  for  the  energy  in  the  conduction  band  of 
indium  antimonide;  they  too  are  responsible  for  the  lifting  of  spin 
degeneracy  in  the  conduction  band. 

4.14  Symmetry  Involving  Time  Reversal 

4.14.1  It  was  demonstrated  in  Section  2.9.3  that  in  an  equation 
complex  conjugate  to  the  time-dependent  Schrodinger  equation 
with  a real  Hamiltonian  the  evolution  in  time  in  the  direction — t 
of  the  state  with  the  wave  function  i|i*  is  identical  to  that  of  the 
state  tp  in  the  t direction.  For  a stationary  state  ip  and  ip*  describe  de- 
generate states  corresponding  to  the  same  energy  % . 

In  this  section  we  intend  to  carry  out  more  detailed  studies  within 
the  framework  of  quantum  mechanics  of  the  symmetry  involving 
time  reversal.  This  problem  is  rather  intricate,  and  for  this  reason 
several  points  will  be  presented  without  proof  (in  such  cases  the 
phrase  “it  can  be  demonstrated”  will  be  used).  The  necessary  proofs 
and  supplements  can  be  found  in  [2.3,  Sec.  181. 

4.14.2  The  time  reversal  operation  5F  may  be  said  to  turn  a wave 
function  ip  (r,  t)  into  a new  function 

(r,  t ) = ip*  (r,  — t)  (14.1) 

that  satisfies  the  same  Schrodinger  equation  (if  its  Hamiltonian  is 
real). 

It  is  obvious  that  5F2t)>  = aJFSF'p  = 5FT*  = ijb  he.,  that 

#2  = 1.  (14.2) 

For  a stationary  state 

(#  - g)  ip  = 0.  (14.3) 

For  a real  Hamiltonian  Sf,  ip  and  SfC ip'  = ip*  are  eigenfunctions  of 
equation  (14.3)  corresponding  to  the  same  energy  g eigenvalue; 
this  may  cause  an  additional  degeneracy  of  a state  with  the  energy 
( . If  the  Hamiltonian  M is  invariant  under  the  transformation  g 
of  the  group  G (g  £ G),  then  i|)  and  g’lp  will  also  be  eigenfunctions  of 
equation  (14.3)  corresponding  to  the  same  energy  g,  and  this,  too, 
may  be  the  cause  of  the  degeneracy  of  a state  with  the  energy  g . 

I lowever,  we  are  unable  to  apply  the  theory  developed  in  the  preced- 
ing paragraphs  to  the  case  of  symmetry  that  involves  time  rever- 
sal, because  the  time  reversal  operator  VC  is  not  a linear  one.  Indeed, 

•TfciTi  + ca^2)  = c*5hj)i  + 2,  (14.4) 

whereas  for  a linear  operator  g involving  a coordinate  transformation 
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g (CjTjlj  + C2I|52)  - C,/^,  + C2glf2.  ^ (14.4a> 

It  can  easily  be  demonstrated  that  the  operator  VC  commutes  with 
all  the  g elements  of  the  group  G.  We  have 

fit;  = 5 DjiVj,  (14.5) 

j 

where  D a (g)  is  the  irreducible  representation  for  the  element  g .. 
Then 

= & 2 Djii'i  = S 

j j 

and 

=ih>?= 2 

3 

whence 

dg=  i'JC.  (14.6) 

The  eigenfunctions  if)  and  <5£Tf  satisfying  equation  (14.3)  for  the  same 
energy  eigenvalue  % can  be  linearly  independent;  in  this  case 
there  will  be  two  independent  sets  of  orthonormal  eigenfunctions 
if;  and  d\\ i corresponding  to  one  value  of  %.  If,  on  the  other  hand, 
if i and  VC\ f;  are  linearly  interrelated,  then 

d\pt  = y Tjityj,  (14.8) 

j 

where  T is  a unitary  matrix  providing  for  the  orthonormality  of 
the  functions  ^if;  in  case  the  functions  if;  are  orthonormal.  It  can  be 
demonstrated  that  in  the  case  (14.7)  the  representations  D and  D* 
(14.5)  are  equivalent,  i.e.,  that 

D*  = TlDT.  (14.8) 

In  case  the  functions  if ; and  sJTif;  are  linearly  independent,  i.e.,  not 
related  by  expression  (14.7),  their  corresponding  representations  D 
and  D*  may  be  either  equivalent  or  nonequivalent  [hence,  (14.8) 
follows  from  (14.7),  but  the  linear  dependence  (14.7)  does  not  gen- 
erally follow  from  the  equivalence  of  the  representations  (14.8)].. 
Hence,  three  cases  are  possible: 

(a)  if  and  iJfif  are  linearly  dependent:  the  representations  D and 
D * are  equivalent,  i.e.,  x (g)  = X*  0?); 

(b)  ij)  and  Wxp  are  linearly  independent;  D and  D*  are  nonequiva- 
lent, i.e.,  x te)  =£  X*  ( 8 ); 

(c)  if  and  a/fif  are  linearly  independent;  D and  D * are  equivalent, 

i-e.,  X (fil)  = X*  (.fir).  (14.9) 
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Here  % ( g ) is  the  character  of  the  representation  D ( g ),  and  %*  (g) — 
that  of  the  representation  D*.  Since  the  linearly  independent  wave 
functions  and  SFijj  correspond  to  the  same  value  of  the  energy  %, 
the  invariance  with  respect  to  time  reversal  in  cases  (b)  and  (c) 
causes  additional  degeneracy.  Therefore,  in  practice  it  is  important  to 
distinguish  between  the  cases  (14.9). 

Prove  that  in  cases  (a)  and  (c),  when  the  representations  D and 
D*  are  equivalent,  i.e.,  related  by  expression  (14.8),  the  require- 
ment T = T is  a necessary  and  sufficient  condition  of  the  reality 
of  D (since  T is  unitary,  it  follows  that  T = 71*-1).  If,  on  the  other 
hand,  T = — T , the  representation  D is  essentially  a complex  one, 
i.e.,  there  is  no  similarity  transformation  that  can  reduce  it  to  a 
real  form. 

Taking  the  complex  conjugate  of  (14.8),  we  obtain 

D = ; j’s-ij'-i dtt*  — (TT*)-1  D (TT*) 


or 

(TT*)  D = D (TT*), 

i.e.,  the  matrix  TT*  commutes  with  all  the  matrices  D (g).  Then  (in 
compliance  with  Schur’s  first  lemma  [4.16,  Sec.  14.9-21)  it  is  a mul- 
tiple of  the  unit  matrix  I: 

TT*  = cl,  T = cT*-1  = cT , 

since  T is  a unitary  matrix.  Hence,  T = cT,  and,  therefore,  T = 
= cT  = c2T,  whence  c = ±1.  Hence,  two  cases  are  possible:  the 
first  T = T and  the  second  T = — T.  If  D ( g ) is  real,  it  follows 
from  (14.8)  that  TD  = DT,  and  in  accordance  with  Schur’s  first 
lemma  T = bl  and  T = T,  i.e.,  the  first  case  is  realized.  It  can  be 
proved  that  the  condition  T = T is  not  only  a necessary  but  also 
a sufficient  one  for  D ( g ) to  be  real.  Thus  we  have  proved  the  above 
statements.  Profitting  by  the  result  prove  that  in  case  (a)  of  (14.9), 
when  there  is  a linear  dependence  between  and  (14.7),  and 
when  accordingly  T in  (14.8)  coincides  with  T in  (14.7),  the  repre- 
sentation D is  real. 

It  follows  from  (14.7)  that 

= S T'iSKy,  - 5 TfiTuP  = 2 (7T*);i  ij-j. 

j ji  i 

Since  = 1 (14.2),  it  follows  that  (TT*)n  = and  therefore 

TT*  I or  T T (here  again  use  is  made  of  the  fact  that  T is 

a unitary  matrix).  Hence,  in  case  (a)  the  representation  D is 
always  real.  And  vice  versa,  if  the  representation  D is  real,  i.e., 
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case  (a)  is  realized,  then  the  symmetry  with  respect  to  time  rever- 
sal does  not  cause  an  additional  degeneracy. 

If,  on  the  other  hand,  the  representation  D in  (14.5)  that  trans- 
forms the  functions  is  a complex  one,  then  time  reversal  causes  an 
additional  double  degeneracy,  no  matter  whether  the  representations 
D and  D*  are  equivalent  [case  (c)]  or  not  [case  (b)[. 

4.14.3  Up  to  now  we  have  taken  no  account  of  the  electron  spin. 
The  term  in  the  Hamiltonian  Si  that  accounts  for  the  spin-orbit 
coupling  is  of  the  form  (10.6) 

^so=-^S.(WVxV),  (14.10) 


where  a = {oq,  a2,  a3)  are  Pauli  spin  matrices  (10.2).  In  the  case  of 
time  reversal,  i.e.,  when  complex  conjugation  takes  place,  (14.10)  as- 
sumes the  form 


<#.*0  = 4 f^a*-(VFxV)  = 


ih2 


im2c2 


(_a*.(VFx  V)). 


(14.10a> 


Here,  in  accordance  with  (10.2) 

a*  = oq,  o*  = — g2,  o*  = g3.  (14.10b) 

For  the  full  Hamiltonian  regarded  as  a functional  of  a; 

Si*  (ffi)  = -St  (-01).  (14.11) 

The  Schrodinger-Pauli  equation  for  stationary  states  is  of  the  form 
[Si  (a,)  - g]  ¥ (r,  s)  = 0,  (14.12) 

where  the  wave  function  is  [see  (10.11)  and  (10.11a)] 

¥ (r,  s)  = S-  ■ti(r)vi(s),  (14.13) 

i=l,2 


y(r,  ,)  = (*«).  (14.13a» 


The  operation  of  time  reversal  (of  complex  conjugation)  (14.12) 
yields 


[Si*  (or,)  - g]  ¥*  (r,  s)  = 0. 


(14.14) 


Now  we  cannot  say  (as  when  the  spin  was  not  taken  into  account) 
that  ¥ (r,  s)  and  ¥*  (r,  s)  are  solutions  of  the  same  equation  (14.12). 

Subject  equation  (14.14)  to  a canonic  transformation  requiring 
that 


sS  *ioi)  S-1  = SSi  (-of)  S~l  = St  (cij), 


(14.15) 
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where  S is  the  matrix  of  unitary  transformation  operating  on  the 
spin  matrices  cr;. 

Obviously,  to  this  end  it  should  be 

iSOiS-1  = — o1?  Sa2S~l  = o2,  <Scr35_1  = — o3,  (14.16) 

in  accordance  with  (14.10b). 

Making  use  of  (10.2a),  we  can  easily  check  that  those  equations 
are  satisfied  if 

5 = S'1  = a2.  (14.17) 

The  transformed  wave  function  corresponding  to  the  canonic  trans- 
formation (14.15)  is 

SV*( r,  s)  = S2i\W  (r,  s),  (14.18) 

where  k0  is  the  complex  conjugate  operation. 

Hence,  the  function  o2k0W  (r,  s)  satisfies  the  same  equation  (14.12) 
as  the  function  ¥ (r,  s).  In  the  case  of  the  Schrodinger-Pauli  equation, 
(14.12)  the  operator  corresponding  to  time  reversal  is 

6 = o2k0.  (14.19) 

Operating  with  it  twice,  we  obtain 

k2W  = o2k0b2k0W  = S2k0a2Y*  = 02o*¥  = -¥, 

where  we  made  use  of  (10.2a).  Hence, 
k*  = —1  (14.20) 

in  contrast  to  (14.2)  for  the  spinless  case. 

In  exactly  the  same  way  as  it  was  done  above,  we  can,  making  use- 
of  (14.20),  prove  that  the  necessary  and  sufficient  condition  for 
case  (a)  in  (14.9)  is  T = — T.  Hence,  the  representations  corres- 
ponding to  case  (a)  in  (14.9)  with  the  inclusion  of  spin  are  the- 
essentially  complex  representations  D (g). 

In  this  case,  too,  as  without  spin,  the  invariance  with  respect  to 
lime  reversal  does  not  cause  additional  degeneracy.  On  the  other 
hand,  in  cases,  when  the  spinor  wave  functions  are  transformed  with 
I he  aid  of  a double  real  representation  [case  (c)  in  (14.9)]  or  with  the 
aid  of  a complex  representation  with  complex  characters  [case  (b) 
in  (14.9)],  the  representations  are  doubled,  i.e.,  an  additional  double 
degeneracy  sets  in. 

4.14.4  Frobenius  and  Schur  have  demonstrated  that  by  making  use 
of  the  properties  of  the  T matrix  we  can  find  out  whether  the  repre- 
sentation will  be  a real  or  a complex  one,  knowing  only  its  charac- 
lers:  if  the  sum  of  characters  of  the  squares  of  the  group’s  elements 
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is  equal  to  the  number  of  elements  h,  then  T = T,  and  the  represen- 
tation is  real;  if  this  sum  is  equal  to  — h,  then  T = — T , and  the 
representations  are  complex  and  equivalent;  and,  finally,  if  it  is 
zero,  the  representations  are  complex  and  nonequivalent.  These 
results  are  displayed  in  Table  4.17,  which  takes  into  account 
the  effect  of  time  reversal  on  the  degeneracy. 


Table  4.17 


Relation  between  It  and  It* 

Froben  i us-Sch  ur 
criterion 

Degeneracy 

In  the  absence  of 
spin  (l>-ordinary 
representations) 

In  the  presence  of 
spin  (/>-spinor 
representations) 

<«)  2x(g*)= 

e 

= Sc*  h 

No  additio- 
nal degen- 
eracy 

D and  D*  can  be 
made  real  and 
equal 

D and  D*  are  equiv- 
alent, but  essen- 
tially complex  (i.e., 
cannot  be  made 
real) 

<b)  S X(g2)  = 0 

g 

D and  D*  are  not  equivalent 
X {g)  X*  {?) 

fc>  2 x(?2)= 

g 

= -gc*-h 

Additional 
double  de- 
generacy 

D and  D*  are 
equivalent,  but 
essentially  com- 
plex (i.  e.,  can- 
not be  made  real) 

D and  D*  can  be 
made  real  and  equal 

Note.  The  value  <3K’2=  1 in  the  absence  of  spin  (14.2)  and  oJf2=_i  ;n  the  presence  of 
spin  (14.20). 


Let  us  show  how  to  use  this  table  with  a simple  example  of  the 
point  group  C3  (Table  2.8).  The  Frobenius-Schur  criterion  for  the 
irreducible  representation  T2  yields 

(£2)  = X ( E 2)  + X (Q  + X (Q  = X (E)  + X {CD  + X (C3) 

% 

O TT 

= 1 + id2  -f  co  = 1 ~j-  e~2n'/ 3 + e2lt*/3  = 1 -f  2 cos  = 0. 

it  will  be  seen  from  the  above  table  that  for  T2  (as  well  as  for  T3) 
there  is  an  additional  double  degeneracy  due  to  the  symmetry  with 
respect  to  time  reversal.  This  means  that  the  states  T2  and  T3  are 
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united  in  one  doubly  degenerate  state  (this  is  the  reason  for  their 
unification  in  Table  2.8). 

4.14.5  Direct  application  of  the  Frobenius-Schur  criterion  (Table 
4.17)  to  thejinvestigation  of  the  effect  of  time  reversal  on  the  elec- 
tron energy  levels  in  a crystal  is  impossible,  since  the  summation  in 
2 X (S1)  should  embrace  all  the  elements  of  the  system’s  symmetry 

g 

group,  and  the  number  of  elements  in  the  space  group  of  a crystal  is 
(practically)  infinite. 

Herring  succeeded  in  transforming  the  Frobenius-Schur  criterion 
to  make  it  applicable  to  the  energy  bands  in  crystals  expressing  it  in 
terms  of  characters  of  the  elements  of  the  wave  vector  group  [4.8, 
p.  235.].  Herring’s  criterion  that'  enables  cases  (a),  (b)  and  (c)  in 
Table  4.7  to  be  distinguished  is  of  the  form 

{&C%n  case  (a), 

0 case  (b),  (14.21) 

— a5?2n  case  (c). 

Here  g0  is  an  element  of  the  crystal’s  space  group  G that  does  not 
contain  trivial  translations  and  transforms  the  wave  vector  k into 
— k;  accordingly,  g\  transforms  k-vk,  i.e.,  in  one  of  the  elements  of 
the  wave  vector  group  Gh,  which  in  the  case  of  nonsymmorphic  groups 
may,  in  general,  contain  a trivial  translation,  n is  the  number  of 
such  elements.  Note  that  x (si)  is  the  character  of  studied  represen- 
tation of  the  wave  vector  group  Gk  for  g20.  In  the  end  of  Section  4.14.8 
we  have  studied  the  energy  spectrum  of  InSb.  We  have  demonstrated 
that  if  the  state  corresponding  to  the  centre  of  the  Brillouin  zone  is 
the  triply  degenerate  state  ri5,  then  it  splits  up  on  the  A axis  as 
follows: 

Fi5  = Ax  + A3  + A4, 

where  A^  A3,  and  A4  are  unidimensional  irreducible  representations 
of  the  group  of  the  wave  vector  kA.  Next  we  noted  that  because  of 
additional  symmetry  due  to  time  reversal  the  states  A3  and  A4  fail 
to  split  up  and  form  a doubly  degenerate  state. 

Investigate  this  case  applying  the  Herring  criterion  (14.21).  The 
elements  of  the  Td  group,  a point  subgroup  of  the  space  group  of  the 
InSb  crystal,  are  presented  in  Table  4.2.  Four  of  them  will  easily  be 
seen  to  transform  kA  ->• — kA: 

Rs  (xyz)  = C\,  Rlk  ( xyz ) = C'*, 

^13  fay)  = Ru  fay)  = JC’v 


*.:o — o 113  7 
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Next 

R23  = ( xyz ) = E,  E\  = (xyz)  = E, 

R\ 3 = E2  (xyz)  = Cl,  R\i  = i?2  (xyz)  = Cat. 

Turning  to  Table  4.4  of  characters  of  the  group  of  the  wave  vector 
kA,  we  obtain  for  the  representations  A3  and  A4 

2 X (gl)  = X (HI)  + x (El)  + X (E213)  + X (R2U) 

So 

= x(£)  + x(£)+x(Q+x(Q  = i + i-i  -i  = o, 

i.e.,  in  accordance  with  (14.21),  case  (b)  is  realized.  It  follows 
from  (14.21)  that  both  with  or  without  the  spin  taken  into  account, 
the  states  A3  and  A4  are  doubly  degenerate,  i.e.,  they  do  not  split  up 
along  the  A axis. 

If  the  crystal’s  space  group  contains  inversion  J (Ge,  Si),  the 
sole  element  for  the  most  general  position  of  the  wave  vector  k 
will  be  g0  = J.  In  that  case  ^X  (go)  = X (J2)  = X (E)  = and  in 

go 

(14.21)  case  (a)  will  be  realized,  this  causing  double  degeneracy, 
when  spin  is  taken  into  account.  This  point  was  noted,  when  expres- 
sions (13.23)  and  (13.26)  were  discussed. 

4.15  Energy  Band  Structure  of  Some  Semiconductors 

Numerous  experiments  and  theoretical  investigations  carried  out 
recently  helped  to  determine  the  energy  band  structure  of  several 
semiconductors:  germanium,  silicon,  indium  antimonide,  etc.  It  was 
established  that  there  was  practically  not  a single  case  in  which  the 
energy  spectrum  of  conduction  electrons  and  holes  would  be  of  a 
simple  parabolic  type  e = p2/2m*,  where  m*  is  a scalar  effective 
mass. 

Maximum  information  about  the  energy  band  structure  of  semi- 
conductors was  gained  in  cyclotron  resonance,  in  light  absorption 
and  in  magnetoresistance  experiments.  Some  of  those  experiments 
will  be  treated  at  length  in  the  following  chapters. 

One  of  the  most  effective  methods  of  calculating  the  energy  band 
structure  in  semiconductors  is  the  method  of  ortho gonalized  plane 
waves  (K.  Herring,  1940)  which  successfully  combines  the  approxima- 
tions of  the  almost  free  (see  Section  4.5)  and  of  the  tightly  bound  (see 
Section  4.7)  electrons.  19  Considerations  stemming  from  group 
theory,  i.e.,  symmetry  properties  discussed  in  the  preceding  sections, 
are  of  considerable  aid  in  classifying  the  states  and  choosing  wave 

19  A general  notion  about  different  methods  of  calculating  the  energy  band 
structure  in  solids  and  on  appropriate  bibliography  may  be  obtained  from 
[4.17,  Chap.  II]. 
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functions  for  conduction  electrons  (holes).  Analytical  methods  of 
calculations  supplemented  by  computer  methods  have  been  used. 

Such  calculations  for  germanium  andjsilicon  were  carried  out  by 
Herman  et  al.  (1953).  In  their  calculations  they  had  to  limit  them- 
selves to  the  computation  of  the  energy  at  some  symmetrical  points 
of  the  Brillouin  zone,  where  they  are  greatly  simplified.  The  values 
of  the  energy  for  intermediate  points  were  obtained  by  interpo- 
lation. 

The  shape  of  the  Brillouin  zone  for  germanium  and  silicon  is  a 
polyhedron  of  fourteen  faces  as  depicted  in  Fig.  4.22.  The  x,  y,  z axes 


Fig.  4.28 

pass  through  the  centres  of  six  hexagons  and  coincide  with  the  crystal- 
lographic axes  [100],  [010],  [001],  etc.  The  axes  directed  to  points 
the  centres  of  the  hexagons,  coincide  with  the  [111],  [111],  etc. 

axes  (the  coordinates  of  point  L in  Fig.  4.22  are:  y [y  4"  T ]’  *,e-> 

kx  = ky  = kz  = — .where  a is  the  edge  of  the  direct  lattice  cube). 

Figure  4.28  is  a qualitative  picture  of  the  band  structure  of  germa- 
nium (a)  and  silicon  (b)  (without  spin-orbit  splitting).  The  axes 
TAX  and  TAL  correspond  to  the  directions  [100]  and  [111];  the 
shaded  part  is  the  forbidden  band. 


298  4-  ELECTRONS  IN  AN  IDEAL  CRYSTAL 


Calculations  and  experimental  results  for  Ge  and  Si  indicate  that 
the  state  of  the  holes  in  the  centre  of  their  valence  bands  (k  = 0)  is 
the  triply  degenerate  (without  spin)  state  T'6. 

The  state  corresponding  to  the  centre  of  the  conduction  band 
(k  = 0)  in  Ge  is  the  nondegenerate  state  with  the  minimum  energy 
T',  and  in  Si  it  is  the  triply  degenerate  state  T15. 

Making  use  of  the  compatibility  table  (Table  3.5)  we  can  easily 
find  the  type  of  splitting  of  the  electron  (hole)  states  resulting  from 
the  transition  from  the  centre  T to  the  A or  the  A axis  (since  the 
space  groups  of  Ge  and  Si  are  nonsymmorphic,  some  care  should  be 
taken,  when  the^surface  of  the]Brillouin  zone  is  reached;  see  the  end 
of  Section  4.9). 

The  forbidden  bandwidth  in  germanium  is  eG  = % (Lx)  — 
— % (rM)  = 0.8  eV,  that  in  silicon  is  eG  = % (Ax)  — % (T' ) = 
= 1.1  eV. 

The  conduction  band  in  silicon  has  six  energy  minima  symmetri- 
cally arranged  at  points  on  the  A axes,  i.e.,  in  the  [100]  directions. 
There  are  eight  energy  minima  in  the  conduction  band  of  germanium 
located  at  points  L on  the  Brillouin  zone’s  boundary,  i.e.,  in  the 
[111]  directions.  20  The  constant-energy  surfaces  e (k)  = const  near 
these  minima  are  of  the  shape  of  ellipsoids  of  revolution  (Section  3.3) 
with  their  symmetry  axes  pointing  in  the  [100]  direction  in  silicon 
and  in  the  [111]  direction  in  germanium. 

The  dependence  of  the  energy  on  the  quasi-momentum  p = %\l 
near  the  minimum  expressed  in  the  principal  axes  is  of  the  form 


/ s_  P>  | Pi  | P$  Pi  + Pl  | P§ 

2 m1  ' 2 m2  ' 2 m3  2 mT  ' 2m^ 


(15.1) 


Here  m1  — m2  = mx  is  the  transverse,  and  m3  = m\\  the  longitu- 
dinal effectivejmasses. 

Cyclotron  resonance  and  magnetoabsorption  of  light  in  germanium 
yield  the  following  values  for  the  effective  masses 

mx  = 0.082m,  mu  = 1.59m,  m||/mx  - 19,  (15.2) 

where  m = 9.11  X 10-28  g is  the  free  electron  mass. 

For  silicon 


mx  = 0.19m,  m||  = 0.92m,  m||/mx  = 4.8. 


(15.3) 


We  have  already  mentioned  that  in  the  centre  of  the  valence  band 
(k  = 0)  of  Ge  and  Si  the  irreducible  representation  T's  is  realized; 
to  this  representation  the  conclusions  about  the  type  of  the  energy 
spectrum  arrived  at  in  Section  4.13.3  are  applicable. 


20  Since  every  minimum  belongs  to  two  Brillouin  zones  at  a time  (lies  on 
their  boundary),  there  are  four  minima  to  a zone. 
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The  energy  spectrum  of  holes  as  stipulated  by  (13.23) 
consists  of  three  branches  (bands): 

and  (13.26) 

en^—^lAkZ-VBW  + C*  {k%kl  + k%k\  + klkl)  ] , 

(15.4) 

z»2=-^Uk*+V  BW  + C2  (klkl  + k%kl  + ft*  kl)  ] , 

(15.4a) 

'«=-A-|r 

(15.4b) 

where  instead  of  the  constants  A,  B,  C that  enter  (13.23)  we  have 
introduced  new  dimensionless  constants  A,  B,  C equal  to  the  old 
ones  divided  by  ( — h2/2m).  Here  ecl  is  the  heavy  hole  band,  ec2  is 
the  light  hole  band,  and  eo3  is  the  hole  band  split  off  from  the  upper 
edge  of  the  valence  band  by  an  amount  A because  of  the  spin-orbit 
coupling.  The  simple  parabolic  law  ec3  + Aocft 2 and  spherical  con- 
stant-energy surfaces  are  characteristic  only  for  the  latter  split-off 
band.  In  case  (15.4)  and  (15.4a)  the  constant-energy  surfaces  have 
the  shape  of  corrugated  surfaces,  the  cross  section  of  which  with  the 
(100)  plane  is  depicted  in  Fig.  4. 27. 21 

Introducing  in  the  k-space  spherical  coordinates  instead  of  the 
rectangular,22  we  obtain  instead  of  (15.4) 

eyl  = * — ~^T  ^ ^ 52  + C2-f  sin20  (sin20sin2(pcos2<p  + cos20)]. 

(15.5) 

Averaging  isotropically  over  the  angles,  we  obtain  approximately 
[A  - V B*  + C2/5]  (15.5a) 


and  a similar  expression  with  a plus  sign  for  ev2.  Expression  (15.5a) 
and  a similar  one  for  eo2  enable  the  scalar  effective  masses  to  be  in- 
troduced 


mvl 


m 

A—  Y B*+C2/5 


and  mv 2 


m 

A+VB?  + C*I  5 


(15.5b) 


for  the  heavy  and  light  holes. 

The  study  of  cyclotron  resonance  in  germanium  yielded  the  fol- 
lowing values  for  the  constants:  A = 13.1  ± 0.4,  B = 8.3  ± 0.6, 
C = 12.5  ± 0.5  and  A = 0.3  eV;  the  corresponding  constants  for 
silicon  are:  A = 4.0  ± 0.1,  B = 1.1  ± 0.4,  C = 4.1  ± 0.4  and 
A = 0.04  eV. 


21  The  values  of  the  constants  A,  B,  C are  for  Ge. 

22  The  polar  axis  is  directed  along  ellipsoid’s  symmetry  axis,  i.e.,  along  kz. 
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Making  use  of  these  numerical  values,  we  obtain  from  (15.5a)  for 
the  effective  masses  of  the  heavy  and  light  holes  in 

Ge:  mvl  = 0.33m,  mo2  = 0.04m,  mBl/m,2  = 8.0 
and 

Si:  m0l  = 0.56m,  mo2  = 0.16m,  mBl  /mB2  = 3.5.  (15.6) 

In  Section  4.13.4  we  studied  the  energy  band  structure  of 
indium  antimonide— a narrow  band  gap  semiconductor.  In  that 
case  there  were  two  interesting  properties  characteristic  of  the  energy 
bands:  very  small  effective  masses  of  charge  carriers  and  deviation 
of  the  dispersion  law  from  the  simple  parabolic  law.  There  we 
also  presented  the  numerical  values  of  parameters  characterizing 
the  energy  band  structure  in  InSb. 

Similar  properties  are  also  characteristic  of  several  other  com- 
pounds of  elements  of  groups  III  and  V of  the  Periodic  Table:  of 
indium  arsenide  (InAs),  indium  phosphide  (InP),  gallium  arsenide 
(GaAs),  aluminium  antimonide  (AlSb),  aluminium  phosphide  (AIP). 
The  notation  for  compounds  of  this  type  is  AmBv. 

At  the  same  time  some  other  semiconducting  AinBv  compounds, 
for  instance,  gallium  phosphide  (GaP),  have  bands  with  the  energy 
extremum  for  conduction  electrons  and  holes  located  at  different 
k-points  of  the  Brillouin  zone.23 


23  We  shall  not  present  here  the  numerical  values  of  the  parameters  charac- 
terizing the  energy  band  structure  of  the  AIIIBV  compounds  and  discuss  their 
important  technical  applications.  For  a detailed  study  of  those  subjects  the 
reader  is  referred  to  [4.18], 


5.  Localized  Electron  States 
in  Crystals 


5.1  Wannier  Functions.  Electron  Motion  in 
the  Field  of  an  Impurity  Atom 

5.1.1  Studying  the  behaviour  of  conduction  electrons  in  semi- 
conductors, we  frequently  encounter  the  situation,  when,  in  addi- 
tion to  the  periodic  potential  of  an  ideal  crystal,  a field  acts  on  the 
electron  that  can  create  localized  (bound)  electron  states  in  the  lat- 
tice. This  takes  place  when  a conduction  electron  moves  in  the 
field  of  an  alien  atom  or  an  ion  implanted  in  an  ideal  crystal  lattice 
(impurity  atom  or  ion). 

The  existence  of  a free  surface  of  a crystal  is  also  equivalent  to  the 
existence  of  some  additional  field  near  the  surface.  The  Coulomb 
field  of  a hole  acting  on  the  electron  and  sometimes  causing  the  for- 
mation of  a bound  electron-hole  state,  termed  exciton,  is  also  an 
example  of  such  an  additional  field.  Finally,  the  additional  field 
due  to  the  polarization  of  an  ionic  crystal  caused  by  the  action  on 
the  lattice  of  the  electron  itself  is  responsible  for  the  so-called  pola- 
ron  state. 

In  some  cases  to  describe  localized  electron  states  in  the  lattice  it 
is  expedient  to  use  as  the  zeroth  approximation  not  the  Bloch  fun- 
ctions 

'I’nk  (r)  = un k (r)  eik'r,  (1.1) 

where  n is  the  number  of  the  allowed  band,  k is  the  wave  vector,  but 
the  so-called  Wannier  junctions  (1.3)  defined  below.  The  Bloch  func- 
tions (1.1)  are  periodic  in  the  k-space  with  the  periods  of  the  reciprocal 
lattice  bj  (i  = 1,  2,  3);  this  means  that  ajjnk  (r)  can  be  expanded  in 
the  k-space  in  a Fourier  series 

^nk  w = -yjf  2 <P»  (ai,  r)  etk-ai . (1.2) 

Indeed,  the  sum  on  the  right-hand  side  does  not  change,  when  k + 
4-  b;  is  substituted  for  k: 

exp  [i  (k  + b,)-ag]  = exp  [ik-ag]  exp  [ibj-ag] 

= exp  [ik-ag]  exp  [i  (2it  X integer)] 

= exp  [ik-ag]. 
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The  expansion  coefficients  <pn  (aj,  r)  where  ai  is  the  lattice  vector  of 
the  1-th  site  are  termed  Wannier  functions;  they  play  the  part  of 
the  “site  representation”  of  the  electron  in  an  ideal  lattice. 

Multiplying  both  sides  of  equality  (1.2)  by  exp  [ — ik-am]  and 
adding  up  over  k,  we  obtain  making  use  of  (A. 6. 8) 

9n(am,  r)  = -^2e"ik’am^k(r)  = ^S“nkeik-(r-8<  (1.3) 


Since  unk  (r)  = unk  (r  — am),  it  follows  that  <pn  (am,  r)  = 
= <Pn  (r  — am). 

Demonstrate  that  each  of  the  N Wannier  functions  <pn  (r  — am) 
(m  = 1,  2,  . . N)  is  localized  near  its  site  m.  To  simplify  the 
proof,  consider  a simple  cubic  lattice  and  approximate  the  Bloch 

function  by  a plane  wave  ij)nk  (r)  = ^=eik'r.  In  this  case  (1.3) 

turns  into 

<p»  (r  - aB)  = C 2 2 e ^ 2 eik^. 

^ y ft  ■»  ft- 


Here  C is  the  normalizing  constant  of  the  wave  function  <pn;  £,  rj,  & 
are  rectangular  components  of  the  position  vector  p = r — am 
and  kt  — 2ngilGa  (-G/2  ■<  gt  <;  G/ 2),1  as  stipulated  by  (4.3.3) 
for  a simple  cubic  lattice  with  the  edge  equal  to  a. 

Adding  up  the  sum  over  kx  (over  g)  as  a geometrical  progression, 
we  obtain 


eih*% 


G/2  2 Jig 


~G/2  . 2ji| 


= i + 2 + 2 


Go 


g=l 

, "i  . 2«t 

l l -p — 

s a e Ga  -e 


«=- 1 


■i2± 


. 2n$ 
1 Ga 


— 1 


(1.3a) 


For  a principal  crystal  region  of  sufficiently  great  dimensions  it  can 
be  assumed  that  \lGa<^\,  therefore,  expi^l«  1 + ig^.  Then 
(1.3a)  will  be  equal  (up  to  a constant)  to 


2 eih^ 


h 


X 


a 


n|  • 

a 


In  this  case  a large  even  number  was  chosen  for  G. 


i 
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This  expression  has  a maximum  equal  to  unity  for  1 = 0;  as  £ is 
increased  it  decreases,  rapidly  oscillating  in  the  process.  Hence,  the 
Wannier  function  cpn  (r — am)  has  its  maximum  at  point  r = am, 
rapidly  decreasing  as  r — ajn  is  increased. 

A similar  proof  can  be  carried  out  in  a more  general  case,  as  well, 
for  a crystal  of  arbitrary  structure  and  for  a Bloch  function  of  a gener- 
al form  (it  should  only  be  assumed  that  uk  (r)  depends  weakly  on  k). 
In  this  sense  expression  (1.2)  is  similar  to  the  tight  binding  approxi- 
mation (4.7.2a),  but  it  is  a precise  expression.  Expression  (1.2)  has 
an  essential  advantage  over  (4.7.2a)  in  that  the  Wannier  functions 
(1.3)  are  mutually  orthogonal  both  with  respect  to  the  band  number  n 
and  to  the  site  number  m.  Indeed, 

\ cp*  (r  — ara)  cpn.  (r  — am.)  d3r 

V 

= ^r2  e'  (k'am"k'a“')  j ^k  (r)  ijv,.  (r)  d*r 

kk' 

= 4"  2 eik'(a“"am'V  (k-k')-am'S„„.6kk. 

kk' 

= -%-  2eik‘(am’am,)  = S-'6n.m*.  (1.4» 

k 

where  we  made  use  of  (4.3.4)  and  (A. 6. 8). 

5.1.2  Let  in  addition  to  the  periodic  potential  V (r)  a field  7/  (r)> 
act  on  the  conduction  electron.  In  this  case  the  Schrodinger  equation 
will  be  of  the  form 

- ~ V2®i  (r)  + [V  (r)  + 7/  (r)]  <D,  (r)  = «,<!>,  (r),  (1.5) 

where  <I>j  (r)  and  are  the  i-th  eigenfunction  and  the  corresponding 
energy  eigenvalue. 

Expand  the  eigenfunction  O*  (r)  in  a closed  system  of  orthonormal 
Wannier  functions  (1.3) 

M = 2 Pn.  (ap)tpn,  (r  — ai*) • (4-6) 

n'l' 

Here  n'  is  the  number  of  the  band,  a^  is  the  vector  of  the  site- 
1',  and  /j,  are  the  expansion  coefficients  to  be  determined  from  (1.5). 
Substituting  (1.6)  into  (1.5),  premultiplying  by  <p*  (r  — a°)  and. 
integrating  with  respect  to  d3r  = dz  dy  dz,  we  obtain 

3 pn,  (a,*)  j <P»  (r  — ai)  [ V2  + V (r)  + U (r)  - g,] 

n'l' 

X <pn.  (r  — aP)  d3r  = 0.  (1 . 7) 
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If  the  field  °ll  (r)  varies  smoothly  and^sufficiently  slowly  at  a distance 
comparable  to  the  lattice  constant,  so  that  we  may  make  (r)  th 
m 9/  (ai«),  then  the  integral  from  the  last  two  addends  in  the  square 
brackets  will  be  equal  to 

j <p*  (r  — a,)  [ U (r)  — g£]  <pn.  (r  — a|.)  db 

= [U{ — \ <p*(r  — ai)cpn.(r  — a,.)d3r 

= \%  (ap)  — 6„n»6ii'»  (1.8) 

where  we  made  use  of  the  orthonormality  of  Wannier  functions  (1.4). 
Substituting  (1.8)  into  (1.7),  we  obtain 

2 m (aiO  - %i\  Pn  (an)  8nn  Av  = [V.  (a,)  - g,]  An;(a,).  (1.9) 


The  first  two  addends  in  the  square  brackets  of  (1.7)  yield,  when 
the  Wannier  functions  are  transformed  into  Bloch  functions  (1.3), 

2 Mw  ( { 2 «“■ ' V.  (r)  [ - £ v»+  V (r)] 

ti'\'  k 

k' 

=i2/;-(«.')2  2^i(k,a,"k''a,')e  n-(k') 

n'V  k k' 

X ^ ^nk^n'k' 

= 4-2  2 fl  (ai*)  ei(k‘a|-k,‘ai',en'  (k')  6nn,Skk. 

n'V  kk' 

42  2/*.cri*tt,(*,^.«.  (!-10) 


where  we  made  use  of  orthonormality  of  the  Bloch  functions  and  de- 
noted the  eigenvalue  of  the  unperturbed  Hamiltonian  —(h2/2m)  V2  + 
+ V (r)  by  en>  (k'). 

If  we  make  ai  — ai«  = am,  then  the  right-hand  side  of  (1.10) 
will  be  equal  to 

42  2/jl(a'~a-)eik,amen(k).  (1.11) 

m k 
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Expand  the  function  A (ai  — r)  in  a Taylor  series  in  r near  point  aj, 

A (ai  — r)  — fh  (®i)  — (r'V)  fi  (a,)  + -^-  (r-V)2/n  (ai)  — . . . 

= [l  -(r-V)  + 4-  (r-V)2-  . . • ]/i>  (a,).  (1.12) 

Here  Vf„  (ai)  = (V/j,  (r)]r=a,,  and  VV/j,  (aj)  (whose  typical  term  is 
ofj  the  form  [d2A  (r)/dx  dy]r==ai)  have  similar  meaning. 

The  expression  in  square  brackets  in  (1.12)  may  be  regarded  as  an 
operator  exp  ( — r-V). 

Substituting  r = am  into  (1.12),  we  obtain 

fi  (ai  — am)  = e~*m-Vfin  (a,).  (1.13) 

It  was  noted  in  (4.3.10)  that 

e„(k)  = Scm^ik-a”'  (1.14) 

in' 

(since  in  (4.3.10)  1 = {lu  l2,  l3}  assume  both  positive  and  negative 
values,  one  can  always  change  the  sign  before  the  exponential). 
Substituting  (1.13)  and  (1.14)  into  (1.11),  we  obtain 

T S S S '-**■*&(*,) 

m k m' 

= 22  ^i8m'V/n  (ai)  Cm'fimm'  = [ 2 fix  (a,),  (1.15) 

m m'  m 

where  we  made  use  of  (A. 6. 8).  Comparing  the  latter  expression  with 
(1.14),  we  see  that  (1.11)  is  equal  to 

en  (—iV)  flnl  (a,).  (1.16) 

This  expression  is  similar  to  (4.3.12). 

Combining  (1.16)  with  (1.9),  we  obtain 

MV)  fk  (a,)  + U (a,)  pn  (a,)  = (aj).  (1.17) 

We  obtain  the  following  differential  equation  for  the  “smooth” 
function  f\  (r),  which  assumes  the  values  pn  (a^  at  points  r = aj: 

®n  (-iV)  A (r)  + U (r)  A (r)  = %%A  (r).  (1.18) 

This  is  the  equation  that  determines  the  expansion  coefficients  (1.6) 
sought.  The  meaning  of  the  operator  en  ( — iy)  is  the  same  as  in 
equation  (4.3.13). 

If  the  energy  en  (k)  has  a minimum  (a  maximum)  at  point  k = 0 
and  is  spherically  symmetrical,  then  in  the  quadratic  approximation 
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en  (— iV)  = —(fo2/2m*)  V2  [see  (4.3.22a)],  and  equation  (1.18)  for  a 
spherically  symmetrical  field  II.  (r)  = 11  (r)  assumes  the  form 

- & v2/n  (0  + w M /;'  W = »*/*  (r),  a .18a) 


i.e.,  turns  into  the  wave  equation  for  a particle  with  the  effective 
mass  m*  in  a spherically  symmetrical  field  II.  (r).  A more  general 
form  has  been  considered  in  Section  4.3.3. 

If  the  electron  is  attracted  to  an  impurity  centre  in  the  field  11  (r) 
(a  donor),  it  can  be  trapped  on  a localized  level  in  the  forbidden 
band  below  the  conduction  band.  If  the  electron  is  repulsed  by  the 
impurity  centre  in  the  field  11  (r)  (a  negative  acceptor  ion),  and 
if  therefore  a hole  is  attracted  by  this  centre,  the  latter  can  he  trap- 
ped on  a localized  state  lying  in  the  forbidden  band  above  the  valence 
band. 

5.1.3  In  the  deduction  of  equation  (1.18)  it  was  assumed  that  the 
additional  field  V.  (r)  changes  slowly.  Consider  a method  that  can 
be  used  when  11  (r)  changes  so  swiftly  that  it  can  be  assumed  to  be 
nonzero  only  within  the  bounds  of  a single  crystal  cell.  In  this 
case  it  is  more  expedient  to  expand  the  perturbed  electron  wave 
function  <D;  (r)  in  Bloch  functions  t]?fe  (r)  = uk  (r)  exp  (ik-r)  (we  use 
Bloch  functions  of  a single  energy  band) 


(0  = 2 /i'(k')  **(*).!  (1.19) 

k' 

where  the  summation  over  k'  embraces  all  its  quasi-discrete  values 
inside  the  first  Brillouin  zone.  Substituting  expression  (1.19)  into 
equation  (1.5),  premultiplying  by  i|j£  (r)  and  integrating  with  re- 
spect to  r,  we  obtain 

J *{  (r)  Wo  + 11  (r)]  2 fi  (>0  *k-  (r)  dx 

k' 

= gi2/i(k')  j *S(r)iMr)dr,  (1-20) 

k' 


* h* 

where  df0=--^-VH[,(r)  is  the  unperturbed  Hamiltonian. 

Since  <$f0o|v  = e (k')  ifk*  and,  moreover,  the  Bloch  functions 
are  orthonormal,  (1.20)  is  equal  to 

e (k)  ft  (k)  + 2 ft  (k')  j ^ (r)  11  (r)  i]>k.  (r)  di  = g,/,  (k). 

k' 


(1.21) 
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Substitute  in  the  integral  of  this  equality  Wannier  functions  (1.2)  for 
the  Bloch  functions,  then] 

J il>k(r)  U (r)  (r)  dx 

= ~]f  2 (a“-a,l)  j (p*(r-an)^(r)9(r-ai)dT.  (1.22) 

nn' 

If  the  perturbation  dl  (r)  is  nonzero  only  inside  one  crystal  cell, 
for  instance,  the  zeroth2,  only  one  term  with  n = n'  = 0 need  be 
taken  into  account  in  the  double  sum,  and  we  obtain  instead  of  (1.21) 

s (k)  ft  (k)  + ^2-  2 ft  (k')  - %th  (k)’  (1-23) 

k' 


where  U0  is  the  average  value  of  the  perturbation  potential  dl  (r) 
over  the  volume  of  the  zeroth  cell  taken  out  of  the  integral  in  (1.22). 

Denoting  the  constant  2 ft  (k T = A,  we  obtain  from  expres- 
sion (1.23) 

/*<k>-ir^KT-  -d-24) 


Substituting  this  result  into  equation  (1.23)  and  canceling  out  the 
unknown  constant  A on  both  sides  of  the  equality,  we  obtain 


vi  1 JV 

^ 'Si-e(k')  <U0  ’ 

k' 


(1.25) 


an  equation  for  determining  the  energy  eigenvalues  for  a speci- 
fied perturbation  U0.  The  left-hand  side  of  (1.25)  is  equal  to  the 
sum  of  fractions  of  the  type  [§*  — e (kx)]-1,  where  kt  is  one  of  the 
N possible  values  of  the  wave  vector  k in  the  first  Brillouin  zone. 
If  jthe  perturbation  is  zero,  the  right-hand  side  of  (1.25)  is  equal  to 
infinity,  and,  therefore,  the  electron  energy  eigenvalues  in  an 
ideal  crystal  coincide  with  one  of  the  N values  of  e (k).  It  can  be 
demonstrated  that  there  are  N eigenvalues  %t  (i  = 1,  2,  . . .,  N) 
to  correspond  to  every  positive  or  negative  value  of  1L0  as  well.  As 
long  as  | U0  | remains  less  than  a certain  value,  the  eigenvalues 
almost  coincide  with  the  unperturbed  eigenvalues  8 (k).  If  on 
the  other  hand,  for  example,  <U0<  0 and  exceeds  in  magnitude  the 
above  mentioned  value,  then  corresponding  to  the  lower  edge  of 
the  energy  band  e (0)  experiences  a strong  perturbation — the  level 
splits  off  from  the  band  edge.  For  all0>  0,  a similar  situation  exists 


2 For  an  infinite  crystal,  the  result  will  obviously  be  independent  of  the 
cell  in  which  the  perturbation  11  (r)  is  concentrated. 
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in  the  case  of  the  upper  band  edge.  Figure  5.1  depicts  the  dependence 
of  the  eigenvalues  % t on  the  magnitude  of  the  perturbation  potential 
*?/().  The  results  obtained  may  be  interpreted  as  follows.  The  elec- 
trons close  to  the  lower  (upper)  band  edge  can  be  regarded  as  free 


Fig.  5.1 

electrons  with  a positive  (a  negative)  mass  m*.  It  is  an  established 
fact  that  if  the  depth  of  a three-dimensional  potential  trough 
| ^/o  I is  below  a certain  value,  the  particle  has  no  bound  states  in- 
side it.3  In  this  case  the  perturbation  <?/ 0 only  scatters  the  particle, 
and  little  influences  its  energy  spectrum. 

5.2.  Localized  Electron  States  in  a Nonideal  Lattice 

5.2.1  In  certain  cases  the  electric  properties  of  semiconductors 
and  primarily  the  number  of  charge  carriers  in  them  depend  substan- 
tially on  various  crystal  lattice  defects.  Such  defects  include:  (1) 
foreign  (impurity)  atoms  that  can  either  be  part  of  the  lattice  sub- 
stituting an  equal  number  of  the  intrinsic  atoms  or  occupy  the  inter- 
stitials; (2)  intrinsic  atoms  of  the  lattice  moved  to  the  interstitials; 
(3)  empty  (vacant)  lattice  sites;  (4)  dislocations;  (5)  crystal  surface, 
etc.  Each  such  imperfection  in  the  ideal  lattice  sets  up  an  additional 
field  that  acts  on  the  electron  and  can  be  treated  with  the  aid  of  the 
methods  discussed  in  the  preceding  section. 

Consider,  by  way  of  an  example,  an  arsenic  atom  with  five  va- 
lence electrons  placed  in  one  of  the  sites  of  the  silicon  lattice.  Four 
valence  electrons  of  the  arsenic  atom  will,  just  as  the  four  electrons 
of  a silicon  atom,  take  part  in  four  directional  lattice  bonds.  The 
fifth  valence  electron  having  weaker  bonds  with  the  lattice  sites 
will  move  in  the  field  of  the  lattice  and  of  the  singly  charged  arsenic 
ion.  Since  the  Coulomb  potential  is  a slowly-changing  one,  the  pro- 


3 For  a spherical  potential  trough  of  diameter  a this  critical  value  is  equal 
to  n2h2/2m*a2  [5.1,  p.  87], 
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blem  can  be  solved  in  the  effective  mass  approximation  discussed  in 
Section  5. 1.1. 4 The  fifth  electron  of  the  arsenic  atom  which  does  not 
take  part  in  the  valence  bonds,  but  provides  for  its  electric  neutrality, 
can  exist  either  in  a bound  state  near  the  ion  or  in  a free  state  in 
the  conduction  band  of  silicon.  We  can  try  to  account  roughly  for 
the  effect  of  the  crystal  on  the  Coulomb  field  of  an  impurity  ion  as- 
suming it  to  be  immersed  in  a medium  with  the  dielectric  constant  e0. 
In  this  case  the  additional  field  in  (1.18a)  will  be  equal  to 

?/.  (r)  = — e2 * */e0r,  (2.1) 

For  a simple  band  the  electron  energy  is  e = ^8P/2m*,  and  equa- 
tion (1.18a)  reduces  to  that  for  a hydrogen  atom  [5.2,  Chap.  7]  with 

the  electron  mass  m*  and  the  charge  e * = — . If  the  electron 

exists  in  a bound  state  near  an  impurity  ion,  its  energy  is 

<*>  rn*  (e*)4  me 4 m*  1 13.5  / m*  \ 1 ,n  0\ 

di  — 2h2n2  2h2n2  m e§  — n 2 \ m ) eg  ’ [ ) 

where  n is  the  principal  quantum  number  and  m is  the  electron  mass 
in  a vacuum.  Since  it  is  assumed  in  (1.18a)  that  the  energy 
corresponds  to  the  lower  edge  of  the  conduction  band,  then  the  nega- 
tive energy  levels  of  an  electron  in  a bound  state  (2.2)  are  located 
in  the  forbidden  band.  If  the  impurity  ion  occupies  the  1-th  lattice 
site,  we  have  for  the  fundamental  quantum  state 

lr — a 1 1 

/0(  r)  = — (2.3) 

y 

where  the  Bohr  radius  is 


a b = 


h 2 

m*  (e*)2 


h2 
me 2 


e0A. 


It  follows  from  (2.3)  that 


fo  («„) 


1 

V 


ian— all 
“b 


(2.3a) 


Substituting  expression  (2.3a)  into  (1.6)  we  see  that  the  electron 
wave  function  (r)  decays  exponentially  as  the  distance  from  the 
1-th  site  in  which  the  impurity  ion  is  located  is  increased.  An  exci- 
ted electron  (by  heat,  light,  etc.)  can  move  from  the  bound  statn 


4 Strictly  speaking,  the  additional  field  V-  (r)  which  in  this  case  acts  on  the 

fifth  electron  is  the  difference  between  the  field  of  the  arsenic  ion  and  the  field  of 

a silicon  atom,  however  the  latter  is  small  in  the  region  of  the  most  probable 

location  of  the  electron. 
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near  an  impurity  ion  to  a free  state — to  the  conduction  band,  where 
it  turns  into  a charge  carrier.  Impurity  centres  that  in  an  excited  state 
can  supply  free  charges  to  the  conduction  band  are  termed  donors. 

Now  imagine  an  atom  of  Group  III  (boron,  aluminium,  indium  or 
gallium)  placed  in  one  of  the  vacant  sites  of  the  silicon  or  germanium 
lattice.  The  atoms  of  Group  III  have  three  valence  electrons  in  the 
s-  and  p-states,  and  to  form  a four-valent  bond  in  the  Si  or  Ge  lat- 
tice they  have  to  borrow  one  electron  from  the  “pool”  of  valence  ele- 
ctrons of  the  intrinsic  atoms  of  the  crystal.  Thus,  as  a result  of  ther- 
mal or  light  excitation,  an  electron  from  the  valence  band  can  join 
a neutral  impurity  atom  to  form  a negative  ion. 

Impurity  centres  that  in  an  excited  state  can  trap  an  electron 
from  the  valence  band  creating  a positive  hole  in  it  are  termed 
acceptors. 

Hence,  as  a result  of  excitation  donors  turn  into  positive  ions 
creating  free  electrons  in  the  conduction  band,  and  acceptors  turn 
into  negative  ions  creating  positively  charged  holes  in  the  valence 
band. 

We  can  easily  assess  the  energies  of  the  ground  state  { n = 1)  of 
donors  and  acceptors  in  germanium  and  silicon  to  be  of  the  order  of 
0.01  eV.  Such  small  values  of  | g0|  are  due  to  the  high  dielectric  con- 
stants of  Ge  (e0  » 16)  and  of  Si  (e0  12).  Such  levels  which  became 

known  as  shallow  levels  are  actually  observed  in  experiments  with  ger- 
manium and  silicon,  when  they  are  doped  by  elements  of  Group  III 
and  Group  V of  the  Periodic  Table. 

In  the  following  chapter  we  shall  consider  in  detail  the  statistical 
distribution  of  the  electrons  among  the  donors,  the  acceptors,  the  va- 
lence and  the  conduction  bands.  As  we  shall  see,  this  distribution,  and 
consequently,  the  number  of  charge  carriers,  is  very  sensitive  to  the 
crystal’s  temperature,  this  being  a peculiar  property  of  semicon- 
ductors. 

5.2.2  When  considering  the  states  of  the  impurity  electron  in 
silicon,  we  should  take  into  account  the  tensor  nature  of  the  eSective 
mass  and  the  existence  of  six  equivalent  energy  minima  in  the 
conduction  band  on  the  [100]  axes  (Section  4.15).  The  latter  circum- 
stance is  the  cause  of  a six-fold  degeneracy  of  the  electron’s  wave 
function  which  is  partially  removed  in  the  crystal  field. 

Consider,  as  we  have  done  in  the  preceding  section,  the  ls-state 
of  the  electron  in  an  impurity  atom. 

We  have  already  noted  that  the  Schrodinger  equation  in  the  effec- 
tive mass  approximation  (4.3.23)  (4.3.24)  is  actually  satisfied  by 
the  smooth  part  F (r)  of  the  electron’s  wave  function.  Because  of 
the  existence  of  six  equivalent  energy  minima  in  the  conduction 
hand  the  six-fold  degenerate  electron  wave  function  is  equal  to 

V®  (r)  = jW  (r)  i[>k(  (r),  i = 1,  2,  . . .,  6.  (2.4) 
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Here  i|jki  (r)  is  the  Bloch  function  of  the  conduction  electron  at  the 
point  of  energy  minimum  k;;  we  assume  the  functions  ojjki  (r)  to  be 
nondegenerate  for  the  specific  i.  The  functions  F(,)  (r)  satisfy  the 
equation  with  effective  masses  (4.3.23) 


[ 


h 2 d 2 h 8 / a2 

2m|j  dx ? \ 


^)— (2.5) 


Here  m n = 0.92  m is  the  longitudinal,  and  = 0.19  m is  the 
transverse  effective  electron  masses  in  silicon  ( m is  the  free  electron 
mass)  (Section  4.15).  The  xt  axis  is  parallel  to  k;.  The  six  degenerate 
wave  functions  (2.4)  form  the  basis  of  a representation  (in  general, 
a reducible  one)  of  the  symmetry  group  of  our  system,  namely,  of 
the  tetrahedron  group  Td.  To  find  the  nature  of  the  splitting  of  the 
six-fold  degenerate  level  corresponding  to  (2.4),  we  should  find  the 
characters  of  the  reducible  representation  and  decompose  it  into 
irreducible  representations  of  the  Td  group. 

To  find  the  characters  of  a reducible  representation  corresponding 
to  the  basis  (2.4),  we  should  investigate  the  mutual  transformations 
of  the  functions  i|5kj  (r)  under  symmetry  transformations  of  the  Td 
group.  The  mutual  transformations  of  the  functions  i|)ki  (r)  are  obvi- 
ously similar  to  those  of  the  points  of  the  minima  k;.  Since  the  points 
k;  are  located  on  the  axes  +x,  +y,  +z  at  equal  distances  from  the 
origin,  the  functions  i|jki  (r)  may  be  said  to  be  transformed  like  the 
six  functions:  x,  — x,  y,  — y,  z,  — z (if  all  the  six  coordinates  are  equal 
in  magnitude). 

The  group  Td  has  five  classes:  E,  8 C3,  3 C\,  6cr,  6S4  (see  Table  2.7). 

A unit  transformation  E results  obviously  in  x-a-x,  — x — — x , 
//  — y,  . . .;  therefore,  the  trace  of  the  corresponding  transformation 
matrix,  i.e.,  its  character,  is  equal  to  6. 

For  the  transformation  C3  (the  axis  [111])  we  have  z ->-y  ->-z  ->-z, 
— x —v  — y — >-  — z — ► — x , i.e.,  there  are  zeros  along  the  main  diago- 
nal of  the  matrix.  Therefore,  the  corresponding  character  is  zero.  For 
(lie  transformation  Cl  (the  axis  [100])  we  obtain  x ->-x,  — x -►  — x, 

U — > y -*-y,z  — > z — vz.  We  see  that  there  are  two  unities  on 

I lie  main  diagonal  of  the  matrix;  therefore,  its  character  is  two. 

Precisely  in  the  same  way  we  can  demonstrate  that  the  characters 
of  the  classes  a and  S4  are  2 and  0. 

Making  use  of  Table  2.7  and  of  the  values  of  the  characters  ob- 
tained, we  can  draw  up  Table  5.1. 

Making  use  of  the  general  procedure  of  decomposition  of  a repre- 
sentation into  irreducible  representations  (Section  2.6.4)  or  simply 
comparing  the  characters  of  the  Is  representation  with  those  of  the 
irreducible  representations  of  the  Td  group,  we  obtain 

Is  = Ax  + E + F2,  (2.6) 

:•  l —01 137 
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Table  5.1 


E 

00 

3 C\ 

6a 

65  4 

Ai 

1 

1 

1 

i 

1 

a2 

1 

1 

1 

—i 

-1 

E 

2 

-1 

2 

0 

0 

Ft 

3 

1 0 

-1 

—1 

1 

F 2 

3 

0 

-1 

1 

-1 

Is 

6 

0 

2 

2 

0 

whence  it  follows  that  the  six-fold  degenerate  state  of  a donor  Is 
splits  up  in  the  crystal  field  into  nondegenerate,  doubly  degenerate 
and  triply  degenerate  levels. 

5.2.3  We  have  considered  the  donor  and  acceptor  states  of  elec- 
trons and  holes  in  slowly  varying  impurity  ion  fields  in  which  the 
effective  mass  method,  i.e.,  equation  (1.9),  is  applicable.  As  we  have 
seen  in  Section  5.1.3,  if  the  localized  perturbation  reaches  a cer- 
tain value,  it  also  causes  the  splitting  off  of  an  energy  level  from 
the  bottom  or  the  top  of  an  energy  band  creating  bound  electron 
states  of  the  donor  or  the  acceptor  type. 

Since  impurity  ions  (especially  the  negative  ones)  cannot  be  regard- 
ed as  point  defects,  in  some  cases  the  field  set  up  by  them  is  more 
of  the  localized  perturbation  type  than  of  a Coulomb  potential  type. 
In  this  case  equation  (2.2)  is  inapplicable,  and,  as  a rule,  deeper  im- 
purity levels  are  created. 

For  example,  gold  in  silicon  creates  a donor  level  0.35  eV  above  the 
valence  band  and  an  acceptor  level  0.54  eV  below  the  conduction 
band.  5 

After  an  electron  joins  a positive  ion  a neutral  atom  is  formed  whose 
field  is  to  a good  approximation  described  by  a screening  potential 
of  the  form 


<U{r)=±—A 


(2.7) 


5 The  forbidden  bandwidth  in  silicon  at  300  K is  equal  to  1.12  eV. 
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where  1/a  is  the  effective  radius  of  action  of  the  field.  If  1/a  is  of  the 
order  of  magnitude  of  the  lattice  parameter,  the  perturbation  (2.7) 
can  be  regarded  as  localized.  Since,  if  1/a  are  not  too  small,  other 
bound  states  may  exist  in  the  potential  field  (2.7),  such  an  atom  can 
trap  an  additional  electron,  and  for  this  reason  in  certain  cases  the 
impurity  levels  may  be  of  the  multiple  charge  type. 

It  is  known  from  experiment  that  in  germanium  the  monovalent 
Cu  and  Au  can  trap  1,  2 and  even  3 electrons,  and  the  bivalent 
Zn  and  Cd  can  trap  1 or  2 electrons. 

Note  that  a qualitative  theory  of  deep  impurity  levels  has,  as  yet,, 
not  been  developed. 

5.2.4  Possibly,  the  simplest  type  of  localized  perturbation 
of  the  periodic  field  of  an  ideal  crystal  is  its  surface.  Bound  electron 
states  on  the  free  surface  of  a crystal  were  first  predicted  and  con- 
sidered theoretically  by  I.  E.  Tamm  (1932)  and  became  known  as 
Tamm  surface  states.  Their  existence  was  confirmed  in  experiments 
on  contact  phenomena  in  semiconductors. 

We  shall  consider  the  surface  states  on  the  simplest  unidimensional 
model  of  a finite  crystal  lattice  (Fig.  5.2)  that  approximately  describes 


Fig.  5.2 


the  situation  in  a three-dimensional  lattice  if  the  only  direction  of 
interest  is  the  normal  to  the  crystal’s  free  surface.  Let  the  crystal 
fill  the  space  for  x ^ 0,  where  the  potential  energy  of  an  electron 
9l(x)  is  a periodic  function  with  the  period  equal  to  the  lattice  para- 
meter a.  To  the  left  of  the  free  crystal  surface  for  x ^ 0 the  potential 
energy  91  (x)  of  an  electron  in  a vacuum  is  constant  equal  to  91 0. 

The  Schrodinger  equation  for  the  unidimensional  motion  of  the 
electron  in  the  field  9J(x)  is  of  the  form 


K 2 
2m 


$-+n(x)*=w. 


(2.8) 


Consider  the  case  % < °ll0.  Then  the  solution  of  (2.8)  for  x ^ 0 
will  be  of  the  form 


♦,(x)  = ^exp(J^=»L,). 


(2.9) 


21* 
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In  this  equation  we  have  dropped  the  addend  proportional  to 
exp  ( — V2m(%0— %)  x because  it  tends  to  infinity  as  x — oo. 

For  x ^ 0 is  a periodic  function,  and,  consequently,  the  wave 
function  is  in  the  form  of  the  Bloch  function  uh(x)  exp  ( ikx ).  The  most 
general  solution  for  a linear  homogeneous  differential  equation  of 
the  second  order  can  be  made  up  of  two  linearly  independent  solu- 
tions, for  instance, 

i|)2  (x)  = Axuh  (x)  eihx  + A2u_h  ( x ) e~ihx.  (2.10) 

The  real  values  of  the  wave  number  (vector)  k correspond  to  the 

allowed  values  of  the  electron  energy  % ( k ) in  an  infinite  periodic 
lattice.  Indeed,  if  k is  complex,  i.e.,  if  k — k'  + ik",  then 

ij>2  (x)  = AlUk  (x)  eih'x  e~h’x  + A 2u.h  (x)  e~ih’x  ek’x.  (2.11) 


It  is  quite  obvious  that,  depending  on  the  sign  of  k ",  either  the  first 
or  the  second  addend  will  tend  to  infinity  as  x tends  to  +oo  or  to 
— oo.  For  the  wave  function  iji2  to  be  finite,  the  electron  in  an  infinite 
lattice  must  not  exist  in  a state  with  a complex  k. 

The  situation  is  quite  different  in  a semifinite  lattice  (see 
Fig.  5.2).  If,  for  example,  k"  > 0,  to  keepi|)2  (x)  finite  for  x — ► + oo, 
it  suffices  to  make^42  = 0,  the  other  solution  (2.9)  finite  for  x->-  — oo 
operating  for  the  negative  values  of  x. 

To  make  opj  (x)  and  t|i2  (x)  describe  one  electron  state  they  should 
be  matched  at  point  x = 0,  i.e., 


’jh  (0)  — 'ta  (9), 


/ ) _ l 

' \ 

1 

o 

II 

X 

H 

, dx  / 

) x—0  ' 


(2.12) 


Making  use  of  solutions  (2.9)  and  (2.10),  we  obtain 

+ A2U-h(0)  = A, 

[uh  (0)  + ikuh  (0)]  + Az  [uh  (0)  - iku_h  (0)]  = A V 2m  (^°~%,)  . 

(2.13) 


If  k is  real,  and  if,  consequently,  % ( k ) lies  inside  one  of  the  allowed 
energy  bands  of  an  infinite  crystal,  then  with  Ax  0 and  ^42  ^ 0 
'>J)2  will  be  finite  for  x — voo.  In  this  case  two  linear  equations  (2.13) 
for  three  unknowns  Alt  A2  and  A always  have  a solution.  This 
means  that  all  the  electron  states  allowed  in  the  infinite  crystal  can 
also  be  realized  in  a semifinite  crystal. 

If,  on  the  other  hand,  k is  complex,  and  the  corresponding  energy 
M(k)  lies  inside  the  forbidden  band  of  the  infinite  crystal,  then  to 
make  i|)2  stay  finite  for  x — >-oo  it  suffices  to  make  (for  k"  > 0)  A 2 = 0. 
In  this  case  (2.13)  turns  into  a homogeneous  linear  system  with 
two  unknowns  Ax  and  A.  For  this  system  to  have  nonzero  solutions 
its  determinant  must  be  zero,  and  this  leads  to  some  characteristic 
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equation  for  the  energy  %.  This  energy  can  be  found  as  follows: 
in  (2.13)  make  A2  = 0 , substitute  A = A1uk  (0)  from  the  first  equa- 
tion into  the  second  and  cancel  out  Ax  in  the  latter  to  obtain 


9 = V0 


h*_ 

2m 


. Uk  (0) 


(2.14) 


where  k = k'  -f-  ik"  (k"  > 0). 

The  value  of  the  energy  (2.14)  depends  on  the  form  of  the  periodic 
potential  V (x)  for  x ^ 0.  I.  E.  Tamm  has  demonstrated  that  if 
the  periodic  potential  V.  ( x ) is  approximated  by  rectangular  barriers 
(the  Kronig-Penny  model),  then  under  certain  conditions  there  will 
be  one  surface  level  in  each  forbidden  band.  The  wave  function  of 
the  electron  occupying  this  state  decays  exponentially  both  in  vacuum 
(2.9)  and  inside  the  crystal  (2.11),  where  A2  = 0.  Hence,  the  electron 
occupying  a surface  level  remains  localized  near  the  surface.  Since 
it  is  able  to  move  along  the  surface,  an  additional  surface  conductivity 
appears. 

In  a three-dimensional  crystal  a surface  level  turns  into  a surface 
band,  the  number  of  states  in  which  is  of  the  order  of  1015,  i.e., 
of  the  order  of  the  number  of  atoms  per  1 cm2  of  the  surface.  Although 
for  a specific  crystal  specimen  the  number  of  surface  states  may  be 
comparable  to  the  number  of  local  impurity  levels,  their  role  is 
usually  not  great,  because  charging  of  the  surface  results  in  appre- 
ciable variations  in  its  potential  preventing  the  occupation  of  the 
surface  levels  by  other  electrons. 


5.3  Excitons 

5.3.1  The  band  theory  based  on  the  single-electron  approximation 
takes  into  account  all  the  possible  quantum  states  of  the  electron 
in  a crystal.  The  action  of  all  the  atomic  nuclei  and  of  all  the  other 
electrons  is  in  this  approximation  assumed  to  be  reduced  to  the  ac- 
tion of  a certain  external  self-consistent  three-dimensional  periodic 
field.  In  a dielectric  or  in  an  intrinsic  semiconductor  the  valence 
band  is  completely  filled  with  electrons,  so  that  the  minimum  excita- 
tion energy  of  an  electron  involves  its  transition  from  the  jfilled 
valence  band  to  the  free  conduction  band.  Such  a transition  results 
in  the  generation  of  charge  carriers:  of  an  electron  in  the  conduction, 
band  and  of  a hole  in  the  valence  band. 

Experiment  shows,  however,  that  the  absorptionrof  light  in  dielec- 
trics at  frequencies  corresponding  to  the  excitation  of  electrons  is 
not  always  accompanied  by  the  appearance  of  charge  carriers  (by 
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photoconductivity).  As  was  first  demonstrated  by  Ya.  I.  Frenkel 
(1931),  this  may  be  the  result  of  special  currentless  electron  excita- 
tions of  the  crystal  characterized  by  a quasi-momentum  and  an 
energy  of  translational  motion.  Ya.  I.  Frenkel  termed  such  excita- 
tions excitons.  Of  course,  strictly  speaking,  the  exciton  excitations 
transgress  the  precincts  of  the  single-electron  approximation,  howe- 
ver, in  a sense  they  can  be  incorporated  into  the  band  picture,  if  the 
additional  interaction  of  the  electron  in  the  conduction  band  and  the 
hole  in  the  valence  band  is  taken  into  account  (Mott,  Wannier). 

In  the  following  we  shall  be  interested  only  in  the  bound  states 
of  the  electron  and  the  hole  interacting  with  one  another.  If  the 
dimensions  of  such  an  exciton  are  great  compared  with  the  lattice 
parameter,  then  the  electron-hole  interaction  can  to  a good  approxi- 
mation be  regarded  as  Coulomb  interaction  of  two  point  charges 
attenuated  e0  times,  where  e0  is  the  static  dielectric  constant  of  the 
crystal. 

For  the  valence  crystals  of  germanium  and  silicon  we  can,  to  an 
approximation  adequate  for  our  purpose,  make  e0  = n 2,  where  n is 
the  refraction  index. 

Consider  the  Schrodinger  equation  for  an  electron  and  for  a hole 
moving  in  the  crystal’s  periodic  field  and  interacting  in  compliance 
with  the  Coulomb  law. 

Let  rn  and  rp  be  position  vectors  of  the  electron  and  the  hole,  and 
let  kn  and  kp  be  their  respective  wave  vectors  (kp  = — k)j,  where 
is  the  wave  vector  of  the  electron  corresponding  to  the  hole  in  the  va- 
lence band).  Denote  by  ec  (k„)  and  ev  (kp)  the  energies  of  the  electron 
in  the  conduction  band  and  of  the  hole  in  the  valence  band. 

Generalizing  the  Wannier  equation  (4.3.13)  for  a system  comprising 
an  electron  and  a hole  interacting  in  compliance  with  Coulomb’s 
law,  we  have 

[«c(-»V„)-8v  (iVp)  — 8o  | r*_r  []^(rn,  rp)  = gij3(r„,  rp), 

(3.1) 


where  V„  and  Vp  are  operators  in  the  coordinates  of  the  electron 
and  the  hole,  % is  the  energy  of  the  complete  system;  the  positive 
kinetic  energy  ev  is  measured  in  the  direction  opposite  to  that  in 
which  the  positive  kinetic  energy  ec  is  measured. 

If  both  the  energy  minimum  ee  (kn)  and  the  energy  maximum 
«v  (kp)  are  located  in  the  centre  of  the  Brillouin  zone,  and  if  the  dis- 
persion laws  for  the  electron  and  the  hole  energies  are  characterized 
by  scalar  effective  masses  mn  and  rap,  then  we  have  near  the  extrema 


£c  (kn) 


8c  (0)  + 


h2kl 

2tnn 


ev(kp)  = ev(0)  — 


h2k% 
2m  p * 
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Substituting  these  expansions  into  (3.1),  we  obtain6 

[ - ^ V"  - “ eolr'-rplfc  (r'*  ’ **>  = {g ~ 8g>  * ^ ' r*>  ’ 

(3.1a) 

where  the  forbidden  bandwidth  is  eG  = ec  (0)  — ev  (0). 

Introduce  the  position  vectors  of  the  centre  of  gravity  of  the  elec- 
tron-hole system  R and  of  the  relative  positions  of  the  electron  and 
the  hole  r: 


R = 


mnrn  + mprp 


r = r„  — rT 


(3.2) 


mn  + mp  ' v‘ 

Equation  (3.1a)  in  the  new  coordinates  assumes  the  form  (see  Appen- 
dix 16) 

h2  h2  “2 


r)  = (^-eG)^(^  r). 


(3.3) 


Here  M = mn  + mp  is  the  exciton  mass;  p is  the  reduced  mass  of 

11  1 

the  electron  and  the  hole:  — = 1-  — , Vr  and  Vr  are  Laplace 

r mn  mp 

operators  in  the  variables  R and  r. 

Equation  (3.3)  is  solved  by  separating  the  variables 

1))  (R,  r)  = x (R)  9 (r).  (3.4) 

Substituting  (3.4)  into  (3.3)  and  dividing  both  sides  of  the  equation 
by  % (R)  cp  (r),  we  obtain 


h2  1 
2 M */  (R) 


vkx(R) 


1 

*P  (r) 


— eG. 


Since  the  first  addend  on  the  left-hand  side  depends  solely  on  R, 
and  the  second  solely  on  r,  and  since  their  sum  equal  to  % — eG 
is  a constant,  both  the  first  and  the  second  addends  should  be  con- 
stants, too,  so  that 

— W VnX  (R)  = W x (R),  (3.5) 

— (r)  — ^r9(r)  = eq)  (r),  (3.5a) 

where  W + e = % — eG. 

Equation  (3.5)  describes  the  free  motion  of  a particle  (exciton) 
of  mass  M = mn  + mp  and  with  the  energy 

W = h2K2/2M,  (3.6) 


where  K is  the  wave  vector  of  a plane  wave  corresponding  to  the 
exciton’s  motion. 

6 As  was  already  noted  in  Section  4.3,  equation  (3.1a)  contains  not  the  full 
wave  function  (3.1)  but  its  smoothly  varying  part. 
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Equation  (3.5a)  describes  the  relative  motion  of  the  electron  and 
the  hole,  which  may  be  imagined  as  the  motion  of  an  electron  of  mass 
(i  about  a static  hole.  The  energy  values  corresponding  to  the  bound 
states  of  the  electron  and  the  hole  are  discrete  negative  values  e = gj. 
Those  hydrogen-like  terms  are  described  by  expression  (2.2)  in 
which  the  reduced  mass  p,  should  be  substituted  for  the  effective 
mass  m*.  The  exciton  radius,  similar  to  the  Bohr  radius  of  the  hydro- 


gen atom,  is  equal  to^-^  — ^ 


P ie° 


= 0.53  — e0  A,  where  m is  the  elec- 

p u 


tron  mass  in  vacuum.  We  see  that  excitons  of  large  radii  are  formed 
in  crystals  with  great  dielectric  constants  e0. 

5.3.2  Excitons  of  small  radii  can  be  described  in  terms  of  the  tight 
binding  approximation  (Ya.  I.  Frenkel,  1931).  We  shall  use  the 
Hartree-Fock  method.  Choose  the  electron  wave  functions  in  isolated 
lattice  sites  as  the  initial  single-electron  functions.  Consider  for  the 
sake  of  simplicity  a simple  cubic  lattice  made  up  of  identical  atoms 
with  one  electron  each,  and  let  the  ground  unexcited  state  of  the 
Z-th  electron  in  the  isolated  n-th  site  be  described  by  the  Schrodin- 
ger  equation 


fa)  = e0!|)n  fa).  (3.7) 

Here 

S(n=  + (rj),  (3.7a) 

where  V?  is  the  Laplace  operator  for  the  Z-th  electron,  clln  fa)  is 
its  potential  energy  in  the  re-th  isolated  lattice  site  and  e0  is  the 
energy  of  its  ground  state. 

For  the  sake  of  simplicity,  neglect  the  overlapping  of  the  wave 
functions  even  of  the  neighbouring  sites.  Then  we  have  by  analogy 
with  (4.2.7) 

j ^ * (Z)  i|v  (Z)  dxi  = 6„„.,  (3.8) 

where  Z stands  instead  of  Tt  and  dxt  = dxidyidzi-  Assume  that  spins 
of  all  the  electrons  are  parallel;  obviously,  this  is  of  no  impor- 
tance, if  we  are  not  interested  in  the  magnetic  properties  of  the  sys- 
tem, the  problems  of  the  covalent  bond,  etc. 

If  the  spin-orbit  coupling  is  not  taken  into  account,  and  if  for 
this  reason  the  wave  function  can  be  represented  as  the  product  of 
the  coordinate  part  and  the  spin  part,  the  former  will  in  our  case 
have  to  be  antisymmetric  because  of  the  symmetry  of  the  spin 
part.  The  correct  antisymmetric  wave  function  for  the  whole  crystal 
constructed  on  the  single-electron  functions  ij)n  (Z)  takes  the  form  of 
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a determinant  (4.2.8b) 


0(1,  2,  . 


N) 


1 

Ym, 


'M1)  Oi (2) 

'Ojv  (1)  "Oiv  (2)  . • • tyjv  (N) 


(3.9), 


if  there  are  N sites  in  the  crystal’s  principal  region. 

Making  use  of  (3.8)  we  can  easily  demonstrate  that,  similar  to- 
(4.2.8a), 

j O*  (1,  2,  .. .,  N)  O (1,  2,  . . .,  N)dxt  dx2  ...  dxN 
= j 0*0  dx  = i 

(dx  = dxtdx2  , . . dxN).  (3.9a) 

The  Hamiltonian  for  the  system  of  all  the  N electrons 


N 

$£=  5 Mn  + V(  1„2,  ...,  N), 


n=  1 


(3.10) 


jv 

where  2 <$n  = is  the  unperturbed  Hamiltonian  (for  example,. 

n—  i 

it  may  be  assumed  that  <Wn  — — Vn  + *?/„  (rn))>  and  V (1,  2,  . . . 

. . .,  N ) includes  the  interaction  of  all  the  electrons  and  the  energy 
of  every  rc-th  electron  in  the  field  of  all  the  other  m-th  lattice  sites 
(m=^n).  In  the  zeroth  approximation  the  system’s  energy  is 

g0=  j(DW0(D  dx  = Ne0.  (3.11) 

This  is  a direct  corollary  of  expressions  (3.9),  (3.7)  and  (3.8) 
The  correction  to  the  energy  of  the  ground  state  in  the  first  ap- 
proximation of  the  perturbation  theory  is  equal  to 

g1=Jo*F(DdT.  (3.12) 

Denote  the  wave  function  of  the  excited  state  of  the  f-th  electron 
near  the  rc-th  site  by  t|^»;  then 

(3.13) 

where  ej  is  the  energy  of  the  excited  state  of  the  electron  in  the  isolat- 
ed site. 
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Assume  that  the  excited  wave  functions  of  the  specific  site  do  not 
overlap  any  wave  functions  of  the  neighbouring  sites.  Moreover, 
for  the  given  n 

j dx  = 0,  (3.14) 

because  the  excited  state  i);«  is  orthogonal  to  the  ground  state  ij:n. 

The  electron  wave  function  with  the  correct  antisymmetric  prop- 
erties in  a crystal  in  which  the  rc-th  site  has  been  excited  is  of  the 
form 


Ml)  • 

••  Vi(N) 

CD,,  (1 , 2, 

..,N)= 

Y N\ 

^n(l)  ■ 

• lfn(A0 

''fjv  (1)  • 

• ''Ihv  (N) 

Making  use  of  (3.8),  where  for  n n'  the  wave  functions  may  as 
well  belong  to  the  excited  states,  and  of  (3.14),  we  can  easily  demon- 
strate that 

j 0*0,,  dxx  ...  dxN  = bmn.  (3.16) 

Expression  (3.15),  in  contrast  to  (3.9),  is  not,  as  yet,  a correct  wave 
function  of  the  zeroth  approximation  for  an  excited  crystal.  Indeed, 
because  of  the  translational  symmetry  the  excitation  can  be  loca- 
lized on  any  site,  the  crystal’s  energy  remaining  unchanged.  Hence, 
the  state  is  an  TV-fold  degenerate  one,  and  the  correct  wave  function 
of  the  zeroth  approximation  should  be  constructed  in  the  form  of 
a linear  superposition 

CD'  (1,  2 N)=  § C„<Dn(l,  2,  . . . , N),  (3.17) 

11=  i 

where  Cn  are  constants  to  be  determined  in  accordance  with  the 
general  rules  of  the  perturbation  theory  of  degenerate  states  (compare 
with  Section  4.7.2). 

Calculate  the  effect  of  the  unperturbed  operator  $£  „ = 
k 

= 2 on  the  function  CD,,  (3.15): 

■—  [S6i  (1)  +a$2  (2)  + . . . + Sil  (l)  + • • • + N (^)l 

X ~^=  2 ( — l)[Pl  P {t|h  (Pi)  ■ ■ • 1|>;  (Pn)  ■ ■ • If N ( PN )},  (3- 18) 

p 

where  plt  p2,  . . .,  pn,  . . .,  pN  are  numbers  1,  2,  3,  . . .,  N ar- 
ranged in  a definite  order.  The  determinant  (3.15)  has  been  written 
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here  in  the  form  of  a sum  in  which  the  summation  embraces  all 
possible  permutations  of  the  numbers  pu  p2,  . . pn,  . . .,  p N, 
Ip]  denoting  the  number  of  disorders  in  such  a permutation  [5.3,  §lj. 

We  should  differentiate  between  two  cases  of  the  operation  of 
one  of  the  operators  Mi  (l)  (l  = 1,  2,  3,  . . N)  on  the  product 
of  the  single-electron  functions  (ilq  (px)  . . . ipj,  (pn ) . . . (p  N)}: 
(1)  pn  — l ; in  that  case  the  effect  of  the  operator  results,  according 
to  (3.13),  in  multiplication  of  { } by  sp  (2)  pn  =/=  l;  in  that  case, 
according  to  (3.7),  the  effect  of  the  operator  is  to  multiply  { } by 
e0.  Since  for  each  l the  second  case  can  be  realized  in  N — 1 ways, 
it  follows  that 

c^o^n  = l(N  - 1)  e0  + ej  <D„.  (3.18a) 

The  energy  of  the  crystal  in  this  approximation  is 

j 0*'J-oO'  dx=  ^ 2 C*mCn  J ®*md0®n  d% 

m n 

[(N — 1)  80  + ell  S S CmC n&mn 

m n 

= [(^-l)e0  + ei]S|Cn|*  = (Ar-l)e0  + elf  (3.19) 

n 

if  the  wave  function  CD'  is  normalized  to  unity,  i.e.,  if  we  make 
2 I Cn  |2  = 1.  (3.19a) 

n 

The  corresponding  Schrodinger  equation  for  the  Hamiltonian 
(3.10)  is 

[Jlfo  + V (1,  2,  . . .,  TV)]  t|j  = Wip.  (3.20) 

Substitute  herein  instead  of  i|3  the  approximate  wave  function 
CD'  (3.17).  With  reference  to  (3.18a)  we  obtain 

2 Cn  {[(TV - 1)  e0  + ej  On  + VOn}  = W 2 CnOn. 

n n 

Premultiplying  both  sides  of  the  equality  by  CD„,  integrating  with 
respect  to  the  coordinates  of  all  electrons  and  taking  account  of 
(3.16),  we  obtain 

2 CnFmn-g'Cm  = 0,  (3.21) 

n='i 

where 

Vmn  = j ®mV®n  dx, 

g'  = W-l(N-i)e0+et]. 


(3.21a) 

(3.21b) 
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The  linear  homogeneous  algebraic  system  of  N equations  for  N 
unknown  coefficients  Cn  (3.21)  in  an  expanded  form  is  as  follows 

(Vn  - %')  Cx  + V12C2  + ...  + V1NCN  = 0, 

V 2lC  l (V 22 — S’)  C2  -T  . . . + V 2N^N  = 0) 

V mCi  + VN2C2  + . . . + ( VNN  - %')  CN  = 0.  (3.21c) 

For  this  system  to  have  nonzero  solutions  its  determinant  must 
be  equated  to  zero 

(Fn  - %')  v12  ...  vlw 

v21  ( v22  -%')  ...  f2„ 

=0.  (3.22) 

V N1  V N2  • • • (V 1 vn  ^ ) 

This  characteristic  equation  of  the  JV-th  power  in  %'  determines 
in  the  first  approximation  the  spectrum  of  the  crystal’s  exciton 
excitation.  We  shall  find  the  exciton  spectrum  making  use  of  the 
following  not  rigorous,  but  obvious,  method.  In  the  same  way  as 
in  the  case  of  the  tight  binding  single-electron  approximation 
(Section  4.7),  we  can  make  the  coefficients  Cn,  which  take  account 
of  the  translational  degeneracy,  equal  to 

Cn  = C0eik-Bn,  (3.23) 

where  k is  the  wave  vector  of  the  quasi-particle— the  exciton. 

In  this  case  it  follows  from  equations  (3.21) 

S'  = s p-  V™n  - 2 eik(a'i_a'n)Fmn.  (3.24) 

— 1 '-'771 

n n 

Since  the  matrix  elements  Vmn,  like  the  multipliers  in  front  of 
them,  depend  only  on  the  difference  (an  — am)  we  can  without 
loss  of  generality  make  am  = 0,  so  that 

r=2«ik,anF0n.  (3.24a) 

n 

Taking  into  account  only  the  six  nearest  neighbours  in  a simple 
cubic  lattice  (n  = 1,  2,  . . .,  6)  and  assuming  for  them  V0n  = 
= — V0  to  be  the  same,  we  obtain,  similar  to  (4.7.10a), 

%'  = — 2V0  (cos  akx  + cos  aky  + cos  akz).  (3.24b) 

Hence,  in  the  tight  binding  approximation  the  exciton  excitation 
in  a simple  cubic  crystal  is  determined  by  an  energy  band  (3.24b) 
similar  to  (4.7.10a). 
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Profitting  by  an  analogy  with  the  dependence  (4.7.12)  and  (4.7.13), 
we  can  find  the  effective  mass  and  the  velocity  of  the  exciton 

met  c = h2/ 2V0a2,  (3.25) 

vexc  = ~jp-  [sin  akx  i0  + sin  aky  j0  + sin  a&zk0]. 

The  exciton  wave  function  is 

N 

<D'(1,  2,  = e*-»n®n  (1,2 (3.26) 

n=  1 

where  we  make  C0  = 1/]/ N comply  with  the  normalizing  condi- 
tion (3.19a).  This  expression  reminds  us  of  the  single-electron  wave 
function  in  the  tight  binding  approximation  (4.7.2a). 

The  value  of  V0  is  of  the  same  order  as  that  of  A,  which  enters 
the  expression  (4.7.12);  therefore,  the  effective  mass  of  the  exciton 
is,  generally,  of  the  same  order  as  the  effective  masses  of  the  elec- 
tron and  the  hole. 

5.4  Polarons 

5.4.1  In  ionic  crystals  special  states  of  conduction  electrons  can 
occur.  These  were  first  studied  by  S.  I.  Pekar  (1946)  and  he  sug- 
gested the  term  polaron  for  them. 

The  polarons  appear  as  the  result  of  polarization  of  the  ionic  lat- 
tice by  the  conduction  electron.  This  polarization  of  the  crystal 
causes  a drop  in  the  electron  energy,  i.e.,  results  in  the  appearance 
of  a potential  trough  at  the  place  of  the  electron’s  location.  The  state 
of  the  conduction  electron  localized  in  this  potential  trough  is 
described  by  a decaying  wave  function.  Thus,  a self-consist  e nt  state 
comes  into  being:  the  electron’s  localization  causes  the  polarization 
of  the  crystal,  and  the  latter  in  turn  supports  the  localization  of  the 
electron.  Evidently,  this  autolocalized  state  can  move  freely  through- 
out the  crystal. 

If  the  dimensions  of  the  electron  ^-cloud  in  the  polaron  state  are 
great  in  comparison  with  the  lattice  parameter  (polarons  of  large 
radius),  the  ionic  crystal  can  be  described  as  a continuous  dielectric 
medium. 

We  should  keep  in  mind  that  it  is  not  the  total  crystal  polariza- 
tion that  takes  part  in  the  formation  of  the  polaron  state,  but  only 
its  inertial  part.  Indeed,  the  polarization  of  the  ionic  electron  shells 
that  follows  the  motion  of  the  conduction  electrons  without  inertia 
is  part  of  the  self-consistent  potential  acting  on  the  electron  [5.4]. 
The  potential  trough  of  the  polaron  state  is  due  only  to  the  inertial 
part  of  polarizability — to  the  displacement  of  heavy  ions. 
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5.4.2  Consider  the  so-called  tight  binding  polarons  (see  [5.4]  and 
also  [5.5]).  The  self-consistent  state  of  the  conduction  electron  in 
the  polaron  state  is  determined  from  the  following  Schrodinger  equa- 
tion: 

~“L~v2'l,(r)  + [F  (r)  + '7/-  (r)]^(r)  = ^(r)-  (4-1) 

Here  V (r)  is  the  periodic  potential  of  a crystal,  W (r)  is  the  electron 
energy  in  the  field  of  a crystal  polarized  by  the  electron.  For  pola- 
rons of  large  radius  the  periodic  potential  V (r)  can  be  dropped,  and 
simultaneously  the  effective  electron  mass  m*  can  be  substituted 
for  the  free  electron  mass  m.  Then 

= (4-2) 

Equation  (4.2)  can  be  obtained  by  varying  the  functional 

8 W = J m)2d*+  { VVdT  (4.3) 

with  an  additional  normalizing  condition7 

f vj)2  dx  — 1.  (4.4) 

Indeed,  subtract  expression  (4.4)  multiplied  by  the  indeterminate 
Lagrange  multiplier  X from  (4.3).  Varying  the  expression  obtained 
in  tJj  and  equating  it  to  zero  we  obtain 

-r^~r  j'  2 (Vi|>  v6i|>)  [ (7/2ip  dip  dr — j A.2i);6ij;  dr  = 0, 

where  we  made  use  of  the  fact  that  6vi[>  = V&|l 
In  accordance  with  Green’s  theorem 

^ (VifVdilt)  dx  = — | 8ij)V2if!  dx  -)-  <$>  8v|iVtJ:  dS. 

The  last  surface  integral  vanishes  as  the  surface  S — >-<x>,  because  i[? 
decays  rapidly  in  infinity. 

Hence 

j [ — ~£n*  + — fop]  §ip  dx  = 0. 

Since  5ip  is  arbitrary,  and  X is  identified  with  %,  this  coincides  with 
(4.2). 

In  some  cases  it  is  more  convenient  to  use  the  variational  prin- 
ciple, i.e.,  the  functional  % hp]  (4.3),  to  solve  the  Schrodinger  equa- 


7 We  consider  only  the  ground  state  of  the  polaron  for  which  the  wave  func- 
tion it  is  real;  therefore,  | ip  |2  = ip2. 
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tion  (4.2).  This  can  be  done  when  we  know  the  general  form  of  the 
wave  function  from  physical  considerations.  Specifying  the  wave 
function  in  the  form  (r;  ax,  a2,  . . .),  where  ax,  a2,  ...  are  as 
yet  indeterminate  parameters,  we  can  with  the  aid  of  (4.3)  calcu- 
late the  energy  % as  a function  of  ax,  a2,  ....  Finding  the  minimum 
of  % (alt  a2,  . . .)  as  a function  of  the  parameters  ax,  a2,  . . ., 
we  shall  determine  the  best  energy  eigenvalue  corresponding  to 
the  chosen  form  of  the  wave  function.  This  method  even  in  the  case 
of  a very  rough  approximation  of  the  wave  function  often  yields 
fairly  accurate  eigenvalues. 

The  averaged  energy  of  the  electron  interaction  with  the  polar- 
ized crystal  that  enters  (4.3) 

^av=j^l|)2dT  (4.5) 

in  the  case  of  a dielectric  continuum  can  be  determined  as  follows. 

The  electric  induction  vector  resulting  from  the  distributed  charge 
of  the  electron  e | xp  (r' ) |2  dr’  is  equal  to 

D (r)  = e j | if  (r')  | 2 | |3  dr'  (4.6) 

and,  of  course,  in  a homogeneous  dielectric  is  independent  of  the 
dielectric  constant.  The  energy  of  a dipole  with  the  moment  p in 
the  field  E,  as  is  well  known,  is  equal  to  — (pE).  The  energy  of  the 
dipole  P (r)  dr,  where  P is  the  crystal’s  polarization  vector,  in  the 
electric  field  of  the  charge  e | if  (r')  |2  dr'  is  equal  to 

— p(r )dre  \ if  (r')  \2  dr’ ■ | |8.  (4.7) 

Integrating  (4.7)  with  respect  to  all  elements  of  the  polarized 
crystal  dr  and  all  elements  of  the  distributed^  charge  dr',  we  obtain 

%av  = — e j j P (r)  • | 4’  (r')  I2—*"*  |3  dr  dr' 

= — [ D(r)-P(r)dT.  (4.8) 

The  appearance  of  D in  this  expression  instead  of  the  field  intensity 
E is  explained  by  the  fact  that  (4.7)  is  the  energy  of  the  dipole 
P dr  in  the  field  of  the  charge  e | if)  |2  dr'  in  vacuum  and  does  not 
depend  on  the  field  of  all  other  free  or  fixed  charges  in  the  crystal. 
Substituting  expression  (4.8)  into  (4.3),  we  obtain 

% M = ■ -&■  1 (v^2  dx ~ J (D> p) dx • (4-9> 

We  must  now  take  into  account  that  P is  not  the  total  polarization 
P0,  but  only  its  inertial  part. 
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If  e is  the  total  dielectric  constant  of  the  ionic  crystal,  then 

<410> 


The  polarization  Pe,  due  to  the  deformation  of  the  ionic  electron 
shells  in  their  equilibrium  positions,  which  follows  the  motion  of 
conduction  electrons  without  any  inertial  lag  is  equal  to 


Pe  = 


n2  — 1 
Ann2 


(4.11) 


where  n is  the  long-wave  refractive  index. 
Hence 


P = Po-Pe 

where 


1 

4jte* 


D, 


J__  _l 1_ 

8*  n 2 8 


(4.12) 

(4.12a) 


The  quantity  e*  plays  the  part  of  the  effective  dielectric  constant 
in  the  theory  of  polarons. 

Note  that  in  accordance  with  the  variational  principle  the  mini- 
mum of  the  functional  % [ip]  (4.3)  must  be  sought  by  varying  ip 
in  a constant  field  ,?/ , i.e.,  for  P = const.  Next  P is  found  from 
equation  (4.12)  in  terms  of  the  corresponding  D [ip]  (4.6).  It  can 
easily  be  demonstrated  that  the  same  result  will  be  obtained  if 
P in  expression  (4.9)  is  substituted  according  to  (4.12),  but  a factor 
1/2  is  included  in  the  integral.  We  shall  obtain  instead  of  (4.9) 
the  functional 

= DMipjdT.  (4.13) 

Hence,  and  from  the  normalizing  condition  (4.4),  we  can  find 
the  wave  function  of  the  ground  state  of  the  polaron  ip0  and  the  cor- 
responding energy  eigenvalue  %0  = % [ip0].  Pekar  uses  the  expression 
fe 

“ ip  = A (1  + ccr  + pr2)  ea'  (4.14) 

E 

as  a test  function  of  the  ground  ls-state  of  the  polaron.  Here  a and 
(3  are  variational  parameters  and  A is  the  normalizing  constant, 
which  can  be  expressed  in  terms  of  the  former. 

Substituting  expression  (4.14)  into  (4.13),  calculating  the  integrals 
and  minimizing  the  expression  obtained  in  a and  |3,  we  obtain 


ip0  = 0.12a3j(2  (1  + a0r  + 0.45<x[}r2)  e_V, 


(4.15) 
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where 

Oo—i- = 0.66-g^-  (4-*5a) 

is  the  inverse  radius  of  the  polaron.8 

From  equations  (4.9),  (4.12),  and  (4.6)  we  obtain  for  the  energy 
eigenvalue  of  the  polaron’s  ground  state  the  expressions 

g0  = ghj,0]  = -0.164-g^-,  (4.16) 

which  can  be  compared  with  the  ground  term  of  the  hydrogen  atom 
—0.5  (me4/^2),  where  m is  the  free  electron  mass.  Usually, 
and  since  e*  > 1,  %0  is  substantially  less  than  the  ionization  energy 
of  the  hydrogen  atom  (13.5  eV). 

Making  use  of  expression  (4.15)  for  ij)0  and  of  (4.6)  for  D [tJj]  , we 
can  demonstrate  that  [5.4] 

WaT[|ol  = ^#av  = (4/3)  g0,  (4.17) 

jTtyoI  = (l/3)g0.  (4.18) 

It  follows  from  (4.3)  and  (4.13)  that 

gty]  = S’  + ^av,  (4.19) 

J'W  = S'  + (1/2)  1lav,  (4.20) 

where  .f  = j (V^)2^t  is  the  electron  kinetic  energy. 

On  the  other  hand,  the  energy  of  an  inertially  polarized  crystal 
is  equal  to 

<a',=  5T5r<i't  = S55'  J D‘dx< 

and  this  yields  for  the  ground  state 

‘Up  ty0]  = Up  = -(2/3)  g0.  (4.21a) 

Thermal  dissociation  of  a polaron  is  theresult  of  a thermal  fluctua- 
tion of  the  polarization  trough,  and,  therefore,  the  activation  energy 
is  equal  to  the  sum  of  — and  — i.e., 

Wt  = -g0  - %>  = -g„  + (2/3)  %0  = — (l/3)g0  = -£T[ a]50l. 

(4.22) 

The  red  photodissociation  threshold  of  the  polaron  is  determined 
by  the  energy  required  for  the  electron’s  transition  from  the  ground 

8 In  the  following  the  index  zero  will  be  used  to  mark  the  quantities  relating 
to  the  ground  state  of  the  polaron. 
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state  — to  the  lower  edge  of  the  conduction  band;  the  ionic  configur- 
ation remains  unchanged  (the  Frank-Condon  principle),  i.e., 

Wph  = -g0  = 3Wt.  (4.22a) 

It  should  be  stressed  that  the  relations  deduced  above 


1 wt  ] - I np  1 1 Wph  I -4-  | ?/ay  I = 1 2 - 3 -h  4 


hold  only  for  tight  binding  polarons. 

The  ground  state  of  the  tight  binding  polaron  can  be  deter- 
mined with  the  aid  of  the  following  simple  method.  The  minimum 
kinetic  energy  of  an  electron  of  mass  m*  in  a spherical  cavity  of 
radius  r with  impenetrable  walls  is  equal  to9 


£T 


n?h- 
2m*r2  * 


(4.23) 


The  potential  energy  of  the  interaction  of  this  electron  with  an 
inertially  polarizable  continuum  is  of  the  order  of 


(4.24) 


The  minimum  of  the  total  energy  % = S' -f  ?/av  as  a function 
of  r is 


So=- 


_1_ 

IT.2 


m*e * 
2s*2fi2 


for 


-0.051 


m*e4 

z*zhz 


(4.25) 


(4.26) 


Comparing  expressions  (4.25)  and  (4.26)  with  expressions  (4.16) 
and  (4.15a),  we  see  that  the  approximate  estimate  yields  practically 
the  same  equations  as  the  variational  method  (the  only  difference 
is  in  the  numerical  factors). 

A necessary  condition  for  the  formation  of  tight  binding  polarons 
is  that  the  electron’s  motion  in  the  polaron  trough  be  fast  as  compared 
with  the  motion  of  the  heavy  ions  (adiabatic  approximation),  i.e.. 


V (0  ’ 


(4.27) 


where  v is  the  electron  velocity  and  co  is  the  maximum  vibration 
frequency  of  the  ions  of  the  optical  branch.  Here  the  de  Broglie 
wavelength  (k  = X/2n)  for  the  electron  in  the  ground  state  is  equal  to 


(4.28) 


9 See  [5.1,  p.  87]. 
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where  l is  the  distance  traveled  by  the  electron  in  the  time  of  one 
ionic  vibration.  The  electron  kinetic  energy  is 

= (1/2)  mV.  (4.29) 


Using  (4.29),  (4.23)  (for  r = r0),  and  (4.26)  to  exclude  v and  r0  from 
the  inequality  (4.27),  we  obtain 


1 m*e*  1 2 | *o  I ^ 1 

ji3  e*2£2  ftco  n h®  ^ ' 


(4.30) 


which  coincides  with  the  usual  condition  of  applicability  of  the  adia- 
batic approximation  (the  energy  of  the  fast  subsystem  greatly  exceeds 
that  of  the  slow  subsystem). 

Introducing  the  dimensionless  parameter 


Jl2  | <£0  I m*ei 

ha>  2e*2/i3a>  ’ 


(4.31) 


we  obtain  for  the  energy  of  the  ground  state  of  tight  binding  polarons 

%o  = — « — ij-a2/ico,  (4.32) 

if 

oc»l.  (4.33) 

Hence,  in  this  case  the  energy  is  proportional  to  a2. 

5.4.3  Consider  now  the  other  extreme  case — weak  binding  po- 
larons (G.  Frelich,  G.  Peltzer,  S.  Sinau,  1950),  when  the  parameter 
a <1.  (4.34) 

Determine  for  this  case  the  effect  of  the  interaction  of  the  electron 
with  the  ionic  crystal  polarized  by  it  on  the  electron’s  energy  spec- 
trum. 

Consider  long  optical  waves  in  a binary  ionic  crystal  in  the  contin- 
uous approximation  (Section  3.9.2).  It  follows  from  (3.9.37)  that 
the  electric  field  E in  a crystal  is  generated  only  by  longitudinal 
vibrations  w;.  This  appears  quite  natural,  since  only  longitudinal 
vibrations  are  accompanied  by  the  variations  of  the  crystal’s  volume 
resulting  in  the  liberation  of  fixed  electric  charges  in  it. 

Substituting  E from  (3.9.37)  into  (3.9.32),  we  obtain  for  the  pola- 
rization vector 


P = co0]/r  e°4jxe°°  w 4”  gj  <o0  V 4jt  (e0  — Soo)  v/i 

= l/^?(u+_u_)>  (4<35) 

As  we  shall  see  below,  only  the  longitudinal  vibrations  interact 
with  the  electron;  therefore,  actually  in  (4.35)  wj  = w.  Here 
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is  the  number  of  crystal  cells  per  unit  volume,  mr  = m+m_/(m.+  4- 
+ m_)  isAthe  reduced  mass  of  the  ions,  c = (eo/e,*,)1/2  co0  is  the 

maximum  frequency  of  longitudinal  optical  vibrations,  — = 

£*  Boo 

, where  and  e0  are  the  high-frequency  and  the  static  dielec- 

80  

trie  constants,  w =]/rN0mr s = V^o^r  (u+  — u_),  where  s = u+ — 

— u_  is  the  displacement  of  the  positive  ion  with  respect  to  the 

negative  ion.  Making  k = 1 for  the  positive  ion  and  k = 2 for  the 

negative  ion,  we  have  from  (3.6.4)  in  the  continuous  approximation 

(an  = r) 

n*  (r)  = y=r  2 eJh  (?)  al  (Q.  *)  eiq  t-  (4-36) 

For  long  optical  waves  (q-vO)  the  polarization  vectors  ejh  are  real, 
and  the  ions  vibrate  about  the  static  centre  of  gravity  of  the  cell,  i.e., 

V + V m2&n  = 0,  (4.37) 


as  stipulated  by  (3.5.22). 

On  the  other  hand,  the  normalizing  condition  (3.6.2)  is  of  the 
form 


+ ej2  — I* 

It  follows  from  (4.37)  and  (4.38)  that 

where  ij  is  a unit  vector  parallel  to  e7l. 

It  follows  from  (4.35),  (4.36)  and  (4.39)  that 


(4.38) 

(4.39) 


/G)2 

q.  i 

where  we  substituted  the  summation  over  q in  the  term  k — 2 
for  the  summation  over  — q and  employed  (3.6.5). 

The  Poisson  equation  for  a scalar  potential  <1>  related  to  the  crys- 
tal’s vibrations  is  of  the  form 


V2d>=  — 4np  = 4:t  div.P 

/ 4iTro2  

-pr-'Z  (Sy  -q)  («iq«iq,,-“V-i,'r).  \ (4-4l) 

q,^ 

Where  the  fixed  charge  p == — div  P [5.6,  Chap.  2].  We  see  from 
‘this  expression  that  the  electric  field  is  generated  only  by  longitud- 
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inal  vibrations  for  which  i;-  ||  q,  and,  therefore,  i^-q  = q (in  the 
following  we  omit  the  index  j for  longitudinal  vibrations). 

The  solution  of  equation  (4.41)  is 


/4jtcd^  i 

-^LIiY{ageiq'r~a*e~iq'r)‘  (4-42) 

q 

This  can  be  checked  by  direct  substitution  of  (4.42)  into  (4.41). 
Since  the  expression  in  the  parentheses  is  purely  imaginary,  the 
potential  C>  is,  as  it  should  be,  real. 

To  determine  the  probability  of  an  electron  transition  involving 
the  absorption  or  the  emission  of  a phonon,  we  should  calculate  the 
appropriate  transition  matrix  element  from  the  perturbation  energy 
(— eO).  To  this  end  it  suffices  to  describe  the  electron  state[by  a plane 
wave 

W =y=-eik,r,  (4.43) 

where  k is  the  electron’s  wave  vector  and  V = 1 cm3  is  the  volume 
of  the  crystal’s  principal  region. 

In  this  matrix  element  (Nq,  k'  | — eO  1 Nq,  k>  we  can  per- 
form separately  the  integration  with  respect  to  the  electron’s  coordi- 
nates and  obtain  for  the  first  exponent  in  the  parentheses  of  (4.42) 

Y f ei(k+i-k').r<fr  = 6k.>k+q, 

V 

this  being  the  expression  of  the  electron’s  wave  vector  conservation 
law  in  the  process  of  phonon  absorption: 

k = k + q.  (4.44) 

For  the  second  exponent  in  the  parentheses  involving  the  emission 
of  a phonon  we  obtain 

k'  = k — q.  (4.44a) 

The  matrix  elements  from  aq  and  a*  involving  the  absorption  and 
the  emission  of  a phonon  are,  according  to  (3.10.25),  (3.10.26)  equal 
to 

<N'q\aq\Nq)  = yr  4g-,  if  Nq  = Nq — 1 (4.45) 

and 


{N’q\a*\Nq)=yr  ^y11, 


ifA’q  = iVq  + l. 


| (4. 45a) 
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Hence,  we  obtain  for  the.  matrix  element  of  interest 


(A'g,  k' 


e®|7Vq, 


k>  = {N q + 1 , k±q|  — ed>|  Aq,  k) 


ine2h(i>i 

8* 


1 f YNq 

1 l/iVg-fl’ 


(4.46) 


where  the  upper  signs  (and  the  row)  correspond  to  the  absorption, 
and  the  lower  to  the  emission  of  a phonon. 

The  interaction  of  the  electron  with  the  crystal  polarized  by  it 
changes  its  energy.  In  the  case  of  weak  interaction  (a<cl)  this  change 
can  be  determined  with  the  aid  of  the  quantum-mechanics  perturba- 
tion theory.  The  change  in  the  energy  eigenvalue  of  the  rc-th  state 
in  the  first  and  the  second  approximations  with  respect  to  the  per- 
turbation energy  Si'  is  equal  to  [5.7,  § 38] 


~ ^0)  = {n  | Si'  | n)  + 2 *.  (4.47) 

m=fcn 

Here  M(n  and  Mm  are  the  unperturbed  energies  of  the  n-th  and  m-th 
states. 

Consider  the  change  in  the  energy  of  a free  electron  e(0)  = h2k2/2m* 
caused  by  its  interaction  with  a polarized  crystal.  If  the  crystal’s 
absolute  temperature  is  zero  (/Vq  = 0),  the  electron  can  only  emit 
phonons  ( A'q  = Aq  + 1 = 1;  k'  = k — q).  Since  the  matrix  ele- 
ment (4.46)  for  A'q  = Aq  is  zero  (( n | Si'  \ n)  = 0),  the  electron 
energy  experiences  a change  only  in  the  second  approximation 
of  the  perturbation  theory.  It  follows  from  (4.47)  and  (4.46)  that 


e (k)  — e<0)  = 2 

q 


|(1,  k — q | — eO  1 0,  k)|* 


h2k 2 h2  (k  — q)2 


2m* 

2nea^0)i 


2m* 
dxq  1 
■(2nj*"g* 


-hu>i 


h2 

2m* 


(2kq  — q2) 


(4.48) 


where  we  have  replaced  summation  by  integration.  A photon  ficoj 
and  a wave  vector  k'  = k — q correspond  to  the  intermediate 
state  m\  we  would  like  to  remind  the  reader  that  the  energy  conser- 
vation law,  generally,  does  not  hold  for  the  transition  from  the 
ground  state  n to  the  intermediate  state  m. 

Introduce  in  the  integral  polar  coordinates  with  the  axes  directed 
along  k (dtq  = 2nq 2 dq  sin  0 d#;  kq  = kq  cos  •ft)  and  expand  the 
integrand  in  a series  in  the  powers  of  k up  to  k2,  inclusive.  The  inte- 
gration of  the  first  addend  (independent  of  k)  with  respect  to  if 
yields  the  factor  2,  of  the  second  addend  (proportional  to  k)  the 
factor  zero,  and  of  the  third  hddend  [proportional' to  ft2)  the  factor 
2/3.  As  a result,  the  integrals  of  the  first  and  of  the  second  addends 
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with  respect  to  q from  0 to  oo  reduce  to  integrals  of  rational  frac- 
tions; they  can  be  easily  calculated  or  taken  from  the  tables  [5.8, 
p.  934], 

Accordingly,  we  obtain  from  (4.48) 


e(/c): 


hW 


a ^ than  + j = — aha ii  ■ 


2m* 


hW 


2m 


pol 


where  the  effective  mass  of  the  polaron  is 


Wpol : 


1 _£L 

6 


: m' 


!(1+t)- 


(4.49) 


(4.49a) 


Here  a is  the  parameter  introduced  in  (4.31). 

We  see  that  for  a weak  binding  polaron  the  energy  level  of  the 
ground  state  is  reduced  by  the  amount  ah<s>i,  its  effective  mass 

mpo]  increasing  as  the  ratio  1 + 

Typical  values  of  a for  semiconductors  with  partially  ionic  bonds 
are  less  than  unity.  For  the  AmBv  compounds  a lies  within  the 
limits  of  0.015  (InSb)  to  0.080  (InP),  for  the  AnBVI  compounds 
from  0.39  (CdTe)  to  0.65  (CdS).  In  calculations  of  a for  those  com- 
pounds the  effective  masses  of  the  electrons  m*  were  assumed  to 
be  small.  For  alkali-haloid  crystals  a > 1;  for  instance,  in  Lil 
a =2.4  and  in  RbBr  a =6.6.  In  calculations  the  effective  electron 
mass  was  assumed  to  be  equal  to  that  of  the  free  electron  {m  = 0.9  X 
X 10-27  g).  Since  in  both  the  case  of  tight  and  weak  binding  we 
made  use  of  the  continuous  approximation,  the  above  considerations 
apply  only  to  polarons  of  large  radius,  i.e.,  when  the  polaron’s  radius 
exceeds  (to  be  precise,  greatly  exceeds)  the  lattice  parameter. 

We  do  not  consider  here  the  theory  of  polarons  of  small  radius 
when  it  is  equal  to  or  less  than  the  lattice  parameter  [5.9]. 


6.  Electric,  Thermal, 

and  Magnetic  Properties 
of  Solids 


6.1  Metals,  Dielectrics,  and  Semiconductors 

In  Chapter  4 we  discussed  the  behaviour  of  an  isolated  electron 
in  the  periodic  field  of  an  ideal  crystal.  It  was  demonstrated  that 
the  electron  in  a stationary  state  possesses  a nondecaying  average 
velocity  (4.3.28),  i.e.,  that  it  moves  freely  throughout  the  crystal. 
At  first  glance,  all  materials  should  be  excellent  conductors  (metals) 
with  the  conduction  electrons  equal  in  number  to  the  total  number 
of  electrons  in  the  body.  Actually,  even  in  metals  the  number  of 
conduction  electrons  is  much  less — of  the  order  of  the  number  of 
atoms,  and  in  dielectrics  it  is  zero  (at  absolute  zero). 

To  understand  such  a situation  consider  the  collection  of  all 
the  NsZ  electrons  of  a solid,  where  N is  the  number  of  crystal  cells, 
s is  the  number  of  atoms  per  crystal  cell,  and  Z is  the  number  of 
atomic  electrons  (the  atomic  number).1  We  shall  take  account  of 
the  interaction  of  electrons  only  through  the  self-consistent  field, 
but  we  shall  comply  with  the  Pauli  exclusion  principle,  which  stip- 
ulates that  in  one  quantum  state  (characterized  by  the  wave  vector  k) 
there  can  be  not  more  than  two  electrons  and  only  with  the  oppositely 
directed  spins.  At  absolute  zero,  when  the  system  is  in  its  lowest 
energy  state,  the  electrons  in  the  solid  must  occupy  the  lowest 
NsZ/2  states  discussed  in  detail  in  Chapter  4.  Here  two  cases  are 
possible:  either  the  highest  level  occupied  by  the  electrons  coin- 
cides with  the  upper  edge  of  one  of  the  allowed  energy  bands 
(Fig.  6.1u)  or  it  finds  itself  inside  such  a band  (Fig.  6.16).  In  the 
latter  case,  if  even  a weak  electric  field  is  applied  to  the  body,  the 
electrons  occupying  the  levels  close  to  the  band  edge  e0  would  be 
accelerated  and  go  over  to  other  higher  quantum  states  contin- 
uously adjoining  e0,  unoccupied  by  other  electrons.  This  will  create 
a difference  in  the  numbers  of  electrons  moving  in  the  direction 
of  the  field  and  opposite  to  it— an  electric  current  will  appear; 
the  body  will  behave  like  a metal.  In  the  former  case,  when  the 
electrons  completely  fill  the  upper  energy  band,  the  electric  field 
is  unable  to  bring  about  a redistribution  of  electrons,  at  least  as 
long  as  it  is  not  very  high  (less  than  106  V/cm)  and  does  not  cause 

1 For  the  sake  of  simplicity,  we  consider  a simple  (monatomic)  substance. 
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electron  transitions  to  higher  allowed  energy  bands  (dielectric  break- 
down). In  this  case  there  can  be  no  electric  current,  and  the  body 
behaves  like  a dielectric  (an  insulator).  The  electrons  of  the  deeper 
completely  filled  bands  in  metals  behave  in  a similar  fashion.  Such 
a simple  qualitative  explanation  of  the  difference  between  a metal 
and  a dielectric  was  a great 


triumph  for  the  energy  band  theory. 

Every  separate  energy  band 
has  2 N quantum  states;  therefore, 


for  a simple  crystal  (with  s = 1) 
the  number  of  bands  filled  with 


electrons  is  equal  to  NZ  : 2 N = 
= Z/2.  Hence,  if  Z is  odd,  the  num- 
ber of  the  filled  bands  is  not  an  in- 


teger, i.e.,  the  elements  with  an 

odd  atomic  number  that  crystallize  b' 

in  a simple  lattice  are  metals. 

The  reciprocal  conclusion  that  the  elements  with  an  even  Z (for 
s = 1)  behave  like  dielectrics  is  wrong,  since  there  is  always  the  pos- 
sibility that  the  energy  bands  may  overlap  (Section  4.5),  the  body 
behaving  in  this  case  like  a metal.  A more  complex  lattice  structure 
(lower  symmetry)  and  especially  the  presence  of  atoms  of  different 
kinds  facilitate  the  separation  of  the  energy  bands,  i.e.,  the  formation 
of  a dielectric.  Solid  hydrogen  is  a dielectric,  although  at  first 
glance  it  ought  to  behave  like  an  alkali  metal.  Such  behaviour  of 
hydrogen  and  of  some  other  elements  is  due  to  the  fact  that  in  the 
process  of  crystallization  the  molecules  are  bonded  together  in  the 
lattice  by  van  der  Waals  forces  (s  =/=  1).  From  the  energy  band  view- 
point we  could  obviously  expect  in  this  case  the  energy  band  to  be 
completely  filled  with  electrons.  Hence,  at  absolute  [zero  all 
solids  behave  either  like  metals  or  like  dielectrics. 


In  the  case  of  a dielectric  in  which  the  electrons  completely  fill  the 
top  band  (the  valence  band)  separated  from  the  next  allowed  energy 
band  (the  conduction  band)  by  a forbidden  band  of  width  eG,  the 
electrons,  as  the  temperature  is  raised,  will  start  going  over  from 
the  valence  band  to  the  conduction  band.  If  eG  is  of  the  order  of 
1 eV  or  less,  pure  crystals  will  at  room  temperature  and  above  exhibit 
appreciable  conductivity  resulting  from  the  motion  of  the  electrons: 
in  the  conduction  band  and  of  the  holes  in  the  valence  band. 


Such  pure  materials  with  a narrow  forbidden  band  became  known 
as  intrinsic  semiconductors.  In  practice,  we  have  to  deal  more  with 
impurity  semiconductors,  in  which  donors  act  as  the  suppliers  of 
electrons  for  the  conduction  band  and  acceptors  as  the  suppliers: 
of  holes  for  the  valence  band  (Section  5.2.1). 

By  adding  different  impurity  atoms  in  different  quantities  to  the- 
pure  material,  it  is  possible  to  obtain  semiconductors  with  a great. 
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variety  of  electrical  properties.  Such  processes  of  doping  a semicon- 
ductor with  different  impurities  were  studied  most  extensively  for 
germanium  and  silicon  which  gained  widespread  use  in  recent  years. 

6.2  Statistical  Equilibrium  of  Free  Electrons 
in  Semiconductors  and  Metals 

6.2.1  In  this  section  we  shall  consider  certain  properties  of 
semiconductors  and  metals  due  to  free  electrons  (holes)  in  the 
state  of  statistical  (thermodynamic)  equilibrium  with  the  thermal 
vibrations  of  the  crystal  lattice.  An  important  feature  of  systems 
in  a state  of  statistical  (thermodynamic)  equilibrium  is  that  their 
properties  are  independent  of  the  mechanism  that  establishes  this 
equilibrium.  Accordingly,  in  our  case  there  is  no  need  to  consider 
the  specific  mechanism  of  interaction  of  free  electrons  and  holes 
with  the  lattice  vibrations  and  the  processes  of  thermal  excitation 
and  recombination  of  electrons  (holes).  As  we  shall  see  in  the  follow- 
ing sections,  those  mechanisms  are  essential  in  the  treatment  of 
kinetic  phenomena,  i.e.,  of  the  processes  of  electric  and  of  thermal 
conductivities,  of  galvano-  and  thermomagnetic  phenomena,  etc. 

In  the  single-electron  approximation  the  interaction  between  the 
electrons  of  a crystal  is  accounted  for  only  by  the  self-consistent 
field  in  which  every  electron  moves  independently  of  the  other 
electrons.  From  the  statistical  point  of  view  the  single-electron 
approximation  corresponds  to  the  ideal  gas  model.  In  the  state  of 
statistical  equilibrium  the  ideal  electron  gas  is  described  by  the 
Fermi-Dirac  statistics.  In  statistical  equilibrium  the  average  number 
of  electrons  in  a definite  quantum  state  characterized  by  three 
quantum  numbers2  ku  k„,  k ■>  with  the  energy  ek  at  temperature  T 
is  equal  to  [6.1,  Chap.  IX,  § 2] 

fo  (ek)  = . (2.1) 

exp  -fe^+1 

Here  t,  is  the  chemical  potential  per  electron,  k0  is  the  Boltzmann 
•constant.  The  function  f0  (ek)  is  called  the  Fermi-Dirac  distribution 
function. 

The  total  number  of  electrons  in  the  volume  V is  equal  to 

n = 2 fo  (ek)  = 2 — ^ — * <2-2) 

k * exp  ~ToT — 

2 ki,  &2>  *3  are  three  discrete  or  quasi-discrete  quantum  numbers  character- 
izing the  orbital  motion  of  the  electron;  very  often  we  shall  take  them  to  mean 
the  three  components  of  the  electron’s  wave  vector  k (kx  = kx,  k2  = ky,  k3  = 
= kz).  The  quantum  numbers  of  an  atomic  electron  corresponding  to  them  will 
be  the  principal  quantum  number  n,  the  azimuthal  quantum  number  l and  the 
magnetic  quantum  number  m. 
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where  the  summation  is  performed  over  all  the  electron  states  in 
the  volume  V with  account  taken  of  the  spins,  i.e.,  of  the  fact  that 
every  orbital  quantum  state  (in  accordance  with  the  Pauli  exclusion 
principle)  can  be  occupied  by  two  electrons  with  opposite  spins. 

Equation  (2.2)  defines  the  chemical  potential  £ as . a function 
of  the  electron  concentration  n = N/V  and  of  temperature  T . 
If  the  number  of  electron  quantum  states  (without  spin)  per  cm3 
in  the  energy  interval  de  is  g (e)  de,  then  the  number  of  electrons 
with  the  energy  in  the  range  e,  e + de  in  a unit  of  volume  is  equal  to 

n (e)  de  — 2/0  (e)  g (e)  de.  (2.3) 


1 f the  state  of  the  electrons  in  a crystal  is  characterized  by  the  wave 
vector  k (kx  = kx,  k2  = ky,  k3  = kz),  then  in  certain  cases  it  is 
more  convenient  to  use  the  number  of  quantum  states  of  an  electron 
(he  end  of  whose  wave  vector  k lies  inside  the  element  drft  of  the 
k-space  instead  of  the  function  g (e).  This  number  of  quantum  states 
per  1 cm3,  according  to  (3.5.27),  is  equal  to  dxh/(2n)3.3  The  num- 
ber of  electrons  whose  wave  vector  components  lie  inside  the  inter- 
vals kx,  kx  -f-  dkx;  ky , ky  4-  dky;  kz,  kz  + dkz  is  equal  to 

n (k)  dkx  dky  dkz  = 2/0  (k)  . (2.3a) 

Here  f0  (k)  is  the  distribution  function  (2.1)  in  which  the  energy 
ek  = e (k)  is  expressed  in  terms  of  the  wave  vector  k (in  the  approx- 
imation of  a scalar  effective  mass  e (k)  = H2k2l2m*  = p2/2m*). 
We  have  seen  that  g (e)  for  electrons  in  a periodic  field  is  deter- 

mined  by  expression  (4.3.25).  If  the  electron  energy  is  e = ^ 
then 


g («)  = 


/2 

2n2 


m *3/2 
h3 


1/e. 


(2.4) 


Hence,  in  this  case  the  electron  concentration  is 


n — 2 


V 2 

n 2 


m*3'2 

h3 


P e1/2  de 

» ' 0XP  1?+1 


/ 2 ( m*k0T )3'2  7 xl/2dx 

Jl2  n3  J ex~zJri  ’ 

0 1 


(2.5) 


where  x = e/k0T  and  z = t,lk0T.  This  expression  defines  £ as  a func- 
i ion  of  n,  T and  m*. 


3 In  the  quasi-momentum  space  p = £k.  The  corresponding  number  of  quan- 
tum states  differs  by  the  factor  h~3. 
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The  integral  on  the  right-hand  side  of  (2.5)  cannot  be  expressed 
in  terms  of  elementary  functions  of  z.  The  integrals  of  the  type 


are  frequently  used  in  the  electron  theory  of  crystals  [in  equation 
(2.5)  n = 1/2].  For  n = — 1/2,  1/2,  3/2  integrals  (2.6)  were  tabu- 
lated by  McDougall  and  Stoner 
n dfon  [6.2]; for  « = 5/2,  7/2,  9/2,  11/2  they 

were  tabulated  by  Beer  et  al.  [6.3], 
and  for  n = 1,  2,  3,  4 they  were 
j •'o  tabulated  by  Rhodes  [6.4]. 

" Consider  two  important  limiting 

cases  in  which  the  integral  in  expres- 
sion (2.5)  can  be  easily  evaluated. 

6.2.2  Consider  the  case  of  a 
strongly  degenerate  electron  gas 
when  z ^>1,  i.e.,  when  the  chem- 

iiiL^e  ical  potential  £^§>k0T.  As  we 

0 shall  see  below,  this  case  is  rea- 

Fig.  6.2  lized  in  the  metals  in  which  the  con- 

centration of  conduction  electrons 
n « 1022  cm-3.  In  this  case  obviously  /0  (e)  « 1 for  e £,  and 
/0  (e)  a 0 for  e > $;  a sharp  drop  in  /0  (e)  takes  place  near  the 
point  e = £ in  an  interval  of  the  order  of  k0T. 

The  functions  /„  (e)  and  ^ are  shown  in  Fig.  6.2.  The  lower 
the  temperature,  the  closer  is  ( — to  the  delta  function.  Indeed, 
( — &e)  *s  nonzero  only  near  the  point  e = £,  and 

oo  Od 

rf/o  = /o(0)-/o(°°)=l, 

0 0 

since  /0  (0)  = 1 and  /„  (oo)  = 0. 

Hence,  (— |^)  = 6 (e  — So)*  where  So  Is  the  value  of  £ for  T = 0. 
Calculate  the  integral 


1 = j X (e)  f0  (e)  de  = j /„  (e)  <fcp  (e) 
o o 

oo  oo 

= /o(e)«P(e)  | — J <P  (R)-%-dE 
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■=  — <p(0)+  j 9 (e)  ( — de,  (2.7) 

o 

where  % (e)  is  an  arbitrary  function  for  the  case  of  strong  degeneracy. 
Here  the  first  stage  involves  the  transformation  % (e)de  = dip  (e) 
typical  of  integration  by  parts.  As  we  shall  see  below,  for  all  pract- 
ical cases  9 (0)  = 0;  therefore, 

oo 

1=  j<p(e)  (-- de.  (2.7a) 

o 

Make  use  of  this  equation  to  calculate  expression  (2.5)  in  the  approx- 
imation (—  57) ~ 8 (s  — £0).  Since  in  (2.5)  % (e)  ==  2 g (e),  it  fol- 

T f 9 9 

lows  that  ip(e)  = -^j ^5 j^-e2/2.  Hence, 


Y 2 m*3/2  2 7 

ji2  h3  3 J 
0 


e3/2g  (e  — ^0)de 


(2  m*)3/2 
2n2fi3 


(2.8) 


whence  the  chemical  potential 


Co  = 


K 2 
2m* 


(3ji2n)2/3 


(2ji/j)2  / 3re  \ 2/3 
2m*  l 8n  / » 


(2.8a) 


this  precisely  coinciding  with  the  maximum  kinetic  energy  e0 
of  the  electrons  of  an  ideal  Fermi  gas  at  absolute  zero  (Appendix  4). 
In  the  next  approximation  (Appendix  17)  the  chemical  potential  is 


t = Co[l 


«!_  i KT  \21 

12  V Co  ) J* 


(2.9) 


Making  use  of  the  zeroth  approximation  for  the  chemical  poten- 
tial, write  the  condition  for  strong  degeneracy  in  explicit  form: 


Co  & (3n*n)2/3  , 

k0T  2m*kaT  ^ 


(2.10) 


As  can  be  seen  from  the  distribution  function  f0  (e),  the  condi- 
tion of  degeneracy  (2.10)  is  actually  of  an  exponential  type,  i.e., 
exp  (t,0/k0T) » 1;  therefore,  if  t,Jk0T  » 5 7,  the  degeneracy  can 

be  regarded  as  strong. 

We  see  from  (2.10)  that  high  concentration  n,  small  effective  mass 
m*,  and  low  temperature  T facilitate  degeneracy.  For  a typical 
metal  with  n « 1022  cm-3,  m*  « 10-27  g at  room  temperature 
Z,0/k0T'i&  102,  i.e.,  the  degeneracy  is  very  strong.  The  free  electrons 
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of  a metal  will  easily  be  seen  to  remain  in  a state  of  strong  degener- 
acy up  to  its  melting  point. 

6.2.3  We  have  considered  the  case  of  a positive  chemical  potential 
£ satisfying  the  inequality  exp  ( t,/k0T ) 1 (the  degeneracy  con- 

dition). Consider  now  an  opposite  case — that  of  a negative  chem- 
ical potential  satisfying  the  inequality  exp  ( — t,/k0T ) ^>1.  In  this 
case  the  distribution  function 

= exp  [(e-a/fcofl  + l ~ 6XP  (WO  eXp  ( - E/k°TS> 

= A exp  ( — e/k0T),  (2. 11> 

i.e.,  it  reduces  to  the  Maxwell-Boltzmann  distribution  with  the 
normalizing  constant  A = exp  ( t,lk0T ).  The  electron  concentration 
in  the  conduction  band,  in  accordance  with  (2.5),  is 

n = ^SLj!!i~  1 A exp  ( — e/koT)  e1/2  de=  (2n”*^)  ' A. 
o 

(2.12> 

When  we  calculated  the  integral,  we-introduced  the  variable  x = e1/2 
and  made  use  of  equation  (A. 7. 2).  It  follows  from  equation  (2.12)> 
that 


A = exp  (&k0T) 


t = k0T  In  [ 


__  4ji3/z3n. 

_ (2nm*kJ)312  \ 
4ji  3h3n 


(2nm*k0T) 


3/2 


]• 


(2.12a> 

(2.12b> 


In  contrast  to  the  degenerate  case  (2.9),  the  chemical  potential  £ 
in  classical  statistics  will  be  seen  from  (2.12b)  to  depend  fairly 
strongly  on  temperature. 

.Now  the  distribution  function  (2.11)  can  be  represented  in  the 
form 


The  applicability  criterion  for  the  classical  statistics  is 


exp 


(-■£) 


1 


( 2nm*k0T ) 
4 n3h3n 


3/2 


>1, 


(2.11a> 


(2.13> 


which  agrees  with  (2.10). 

We  see  that  the  factors  facilitating  the  application  of  classical 
statistics  are  low  concentration  n,  high  temperature  T,  and  large 
effective  mass  m*.  For  n « 1017  cm-3,  m*  » 10-27  g at  room  tem- 

perature  — « 300,  i.e.,  the  criterion  (2.13)  is  met  with  a margin- 
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The  maximum  concentration  corresponding  to  — « 1 is  n « 
» 1019  cm-3. 

6.2.4  Normally  in  semiconductors  the  electron  concentration  in- 
the  conduction  band  is  itself  a function  of  temperature.  The  reason 
is  thermal  excitation  of  electrons  on  the  impurity  levels  and  in 
the  valence  band.  The  equations 
obtained  above  remain,  of  course, 
valid  but  of  little  use,  because 
the  explicit  dependence  n (T)  is 
unknown  to  us.  Moreover,  the  ex- 
citation of  electrons  in  the  valence  0 
band  and  their  transition  to  the 
conduction  band  leaves  positively 
charged  holes  in  the  valence  band, 
which  together  with  electrons 
lake  part  in  transport  phenomena.  -eG 
For  this  reason  there  should  be 
another  approach  to  the  problem. 

Figure  6.3  shows  the  energy  level 
diagram  of  an  impurity  semicon- 
ductor with  the  forbidden  bandwidth  Fjg  g3 
eG  and  with  donor  and  acceptor 
levels  below  the  bottom  edge  of 

the  conduction  band,  eD  and  ea,  respectively.  We  shall  measure- 
all  the  energies  from  the  zero  level  coinciding  with  the  bottom  edge 
of  the  conduction  band.  The  probability  that  a quantum  state  with 
the  energy  e is  unoccupied  by  ah  electron,  i.e.,  is  a hole  by  defini- 
tion, is  ' 

/;(e)  = l-/0(e)  = l -1 t = r~ , (2.14). 

expl^+1  expic^T+1 

where  f0  (e)  is  the  Fermi-Dirac  distribution  function  for  holes. 

If  all  the  energies  are  measured  from  the  bottom  edge  of  the  con- 
duction band,  the  electron’s  energy  in  the  conduction  band  is  e = 
= h2k2/2mn,  on  the  donor  level  e = — ed,  on  the  acceptor  level 
e = — ea,  and  in  the  valence  band  e = — eG  — e',  where  e'  = h2k'2/2mp. 
is  the  “kinetic”  energy  of  the  hole  and  eG  is  the  forbidden  bandwidth. 

Introducing  the  “chemical  potential  for  holes”  £'  = — eG  — 
we  can  write  the  hole  distribution  function  (2.14)  in  the  form 

/;(*)  = , (2.14a) 

expH^  + 1 

by  analogy  with  the  electron  distribution  function  (2.1). 
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The  condition  of  electric  neutrality  for  a semiconductor,  from 
which  its  chemical  potential  £ is  determined,  can  be  expressed 
in  the  following  form:  (the  number  of  electrons  in  the  conduction 
band)  + (the  number  of  electrons  on  acceptor  levels)  = (the  number 
of  holes  in  the  valence  band)  -f-  (the  number  of  holes  on  the  donor 
levels),  i.e., 


2 g (e)  de 
8— £ 


(cond.  band)  exP  ^ y 


■2 

(A) 


fl  (A)  exp 
2g  (s')  de' 

£+8G  + e' 


-8a  — £ 


kaT 


ft 


- ( - 

(val.  band)  exP  jjTy’  h 1 


-2 

(D) 


exp 


£+ep 

k„T 


(2.15) 


If  the  electrons  in  the  conduction  band  and  the  holes  in  the  va- 
lence band  obey  the  laws  of  classical  statistics,  A = exp  ( Z,lk0T ) <C  1 
and  exp  (£  + ea/k0T)  1,  then  the  integrals  in  (2.15)  will  be 
similar  to  the  integral  in  (2.12),  so  that 


3/2 


(2  nmnk0T) 
4 ji3/j3 


( 2n.mpk0T)3/ 2 
4 nW 


"A 


Jexp(-T^)  + 1 

k0T  ) 


exp 


^exp(+l3-)  + 1 


(2.15a) 


Here  nA  and  are  acceptor  and  donor  concentrations.  It  will 
be  seen  from  (2.15a)  that  the  electron  concentration  n in  the  conduc- 
tion band  and  the  hole  concentration  p in  the  valence  band  are 


n 


P 


(2nmnkBT)3/2 

Ak3H3 


(2n mpkqTf12  / eG+£  \ 

4ji3^3  P \ kaT  ) * 


(2.15b) 

(2.15c) 


The  electric  neutrality  equation  (2.15a)  determines  the  quantity  A 
or  the  chemical  potential  £ = k0T  In  A.  Generally,  this  is  an  alge- 
braic equation  of  the  fourth  degree  in  A.  There  are  effective  numerical 
and  graphical  methods  for  its  solution.  We  shall  limit  ourselves 
to  several  specific  but  important  cases  in  which  the  solution  can 
be  obtained  in  the  form  of  simple  equations. 

1)  Intrinsic  semiconductor  (n,A  = nD  = 0). 

We  obtain  from  (2.15a) 


8G 
2 k0T 


)■ 


; (2. 16) 


C.2  STATISTICAL  EQUILIBRIUM  OF  FREE  ELECTRONS  343 


whence 


eo 

2 


(2.16a) 


Since  the  factor  ^ In  1,  the  second  term  in  (2.16a)  is  of 

I lie  order  of  k0T,  and  therefore  to  within  this  quantity  the  chemical 
potential  in  an  intrinsic  semiconductor  (dielectric)  coincides  with 
the  middle  of  the  forbidden  band.  If  mp  = mn,  the  above  statement 
is  accurate,  and  £ is  independent  of  temperature  (as  far  as  we  ignore 
I he  temperature  dependence  of  the  forbidden  bandwidth  eG).  The 
concentrations  of  the  electrons  in  the  conduction  band  and  of  the 
holes  in  the  valence  band  are  identical  and 


n>  = 


(2ji  / 


k0T) 


m7imp  ^0 

4 itW 


3/2 


eXP(-2^)=^eXP(~2S7)-  (2‘16b) 


The  pre-exponential  factor  n°T  will  easily  be  seen  to  be  of  the 
order  of  magnitude  of  the  concentration  of  one  particle  per  volume  X3, 
where  X is  the  de  Broglie  wavelength  of  an  electron  (hole)  moving 
with  thermal  velocity.  For  mn  = mp  = m = 0.9  X 10“27  g and 
T = 294  K,  nr  = 2.44  X 1019  cm-3.  The  concentration  n°T  rises 
infinitely  as  T ->■  oo  and  is  not  limited  by  the  number  of  electrons 
in  the  valence  band  because  the  finite  width  of  the  valence  band 
is  never  taken  into  account  when  deriving  (2.15a).  The  nor- 
malization condition  in  the  case  of  an  intrinsic  semiconductor  is 
limited  to  the  statement  that  the  number  of  electrons  in  the  eonduc- 
I ion  band  is  equal  to  the  number  of  vacant  places  (holes)  in  the 
valence  band. 

2)  Impurity  (extrinsic)  semiconductor  (for  example,  of  the  donor 
(or  n-)  type;  nA  = 0)  with  a wide  forbidden  band  (eG  eD). 

From  (2.15a)  we  have 

^■g)3/2  A [A  exp  (*DlkoT)  + 1]  = nD,  (2.17) 


where  we  neglected  the  term  proportional  to  exp  ( — eG!k0T)  (eg 

» eD!). 

Consider  the  two  following  cases, 
a)  A exp  eD/k0T  >>1. 

Since  A < Cl,  this  can  only  be  when  eD  ^$>k0T.  Neglecting  unity 
in  (2.17),  we  obtain 


A 


and 


(2n  «)3/2  nlD/2 
/2  (2nmnkaTf/l1 


exp  ( — Ej)/2k0T) 


(2.18) 


f _ 



eD 

2 


4 — 2~  k*T 


(2nTi)*n-Q 
2(2nmnk0T)3/2  ' 


(2.18a) 


2 3 — 01 137 
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For  a donor  concentration  nD  = 1017  cm-3,  mn  = 10*27  g and  tem- 
perature T = 300  K,  the  quantity  under  the  logarithm  in  (2.18a) 
is  of  the  order  of  10-2,  i.e.,  the  second  term  is  of  the  order  of  k0T. 
This  means  that  the  position  of  the  chemical  potential  is  approx- 
imately midway  between  the  bottom  edge  of  the  conduction  band 
and  the  donor  level. 

The  concentration  of  conduction  electrons  is 


Y2(2nmnkJ)3lkn\l2  - 
(2 rtfi)3/2  6 


£P 
2 h0T 


(2.18b) 


Note  that  n oc  V nT)- 
b)  A exp  (eD!k0T)  <1. 

Since  A <Cl,  this  case  is  always  realized,  if  eD  ^ k0T.  Neglect- 
ing A exp  (eD/k0T)  in  the  parentheses  of  (2.17),  we  obtain 


A 


4 Jt3^3raD 
(2it  mnk0Tf'2  ’ 

4 nahano 


k0T  In 


(2nmnk0T) 


3/2 


(2.19) 

(2.19a) 


The  concentration  of  conduction  electrons  is 


n — nD. 


(2.19b) 


The  meaning  of  this  result  is  obvious:  if  k0T  > eD,  almost 
all  donors  will  be  ionized,  and  n fts  reD.  In  this  case  the  chemical 
potential  Z will  easily  be  seen  to  be  negative  and  located  below  the 
donor  level,  i.e.,  | t I > 8d- 

If  eD  k0T , we  can  always  choose  such  small  nD  that  con- 
dition (b)  is  met.  For  instance,  if  eD  = 10k0T,  then  for  all  donors 
to  be  ionized  at  room  temperature  it  should  be  nD  1015  cm-3. 

This  is  also  obvious,  since  the  small  donor  concentration  hampers 
the  transition  of  the  electrons  on  them  from  the  valence  band. 

A semiconductor  of  the  acceptor  type,  nQ  = 0,  can  be  considered 
in  a way  similar  to  case  (2). 

If  in  the  statistical  equilibrium  of  electrons  the  conduction  band, 
the  valence  band  and  impurities  of  one  type  (for  instance,  donors) 
taken  into  account  simultaneously,  then  (2.15a)  turns  into  an 
algebraic  equation  of  the  third  degree  in  A and  can  be  solved  numer- 
ically or  graphically. 

Multiplying  (2.15b)  by  (2.15c)  and  comparing  the  result  with 
(2.16b),  we  obtain  a useful  equation 


np 


(2 n Y 


mnmp 

(4it  ’sh3)2 


K T? 


■ exp 


\ knT  ) 


= m 


(2.20) 


i.e.,  the  product  of  the  electron  concentration  and  the  hole  concen- 
tration in  an  impurity  semiconductor  is  equal  to  the  square  of  the 
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electron  (or  hole)  concentration  in  the  same  semiconductor  free 
from  impurities  (in  the  intrinsic  semiconductor). 

6.2.5  In  order  to  apply  (2.15)  to  semiconductors  with  a complex 
energy  band  structure,  such  as,  for  example,  germanium  or  silicon, 
we  should  find  the  density  of  states  g (e). 

In  re-germanium  and  re-silicon  the  energy  spectrum  of  the  electrons 
consists  of  a set  of  equivalent  minima  symmetrically  arranged  in 
the  Brillouin  zone.  Near  each  of  these  minima  the  energy  is 


e(k) 


(2.21) 


where  k is  the  electron’s  wave  vector  measured  from  the  minimum 
point;  the  x,  y and  z axes  are  directed  along  the  principal  axes  of 
the  energy  ellipsoid  e (k)  = const,  (for  germanium  and  for  silicon 
the  constant-energy  surfaces  are  ellipsoids  of  revolution,  so  that 
in1  = m2). 

Introduce  in  the  k-space  the  transformation 


kx  = K ]/  mi,  ky  = ky  V m2,  kz  = k',y  m3. 

Then  the  energy  will  be 
e = h2k'2l2. 


(2.21a) 

(2.21b) 


The  number  of  states  per  cubic  centimetre  in  the  volume  element 
dkx  dky  dkz  is 


dkx  dky  dkz 

8iP 


dk'x  dk'y  dk'z 
8n3 


Taking  into  account  (2.21b),  we  obtain  by  analogy  with  (4.3.27) 

g (e)  = -Q-  jVe  (2.22) 


where  Nc  is  the  number  of  equivalent  minima.  For  germanium 
N c = 4,  for  silicon  Nc  = 6. 

We  see  the  quantity  N"J3  (m1m2m3)1/3  to  be  substituted  for  m*  in 
(1.3.27). 

For  (2.22)  to  be  of  a form  similar  to  (4.3.27),  we  should  introduce 
the  “effective  mass  for  the  density  of  states” 

reieff  = Nf  (m1m2ms)1/3.  (2.22a) 


Hence,  when  calculating  the  chemical  potential  from  (2.12b)  we 
should  substitute  reief(  for  m*. 

In  the  case  of  holes  in  the  valence  band  of  germanium  and  silicon 
the  energy  of  each  of  the  “corrugated”  surfaces  can  be  reduced  to 
Ihe  form  (4.15.5) 


h*k2 


®(d,  rp), 


(2.23) 
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where  m is  the  electron  mass  and  CD  (#,  <p)  is  a certain  function  of 
the  polar  angles  ft  and  cp.  When  determining  g (e),  we  shall  actually 
be  interested  in  the  transition  from  the  variables  k,  ft,  cp  to  e,  ft,  cp, 
i.e.,  from  k to  e,  with  d and  cp  remaining  constant.  The  number  of 
states  per  cubic  centimeter  in  the  volume  k2dk  sin  d dd  dtp  = k 2 dk  dQ 
is 


k 2 dk  dQ 
8ns 


Y 2 

-kr—zr-Vzdt 


(d,  cp)  dQ, 


where  we  made  use  of  the  relation  (2.23)  between  k and  e for  constant 
■fr  and  cp.  Hence, 

g(e)-  0 3/2  (*’  «p)  (2-24) 

n 

where  the  integration  is  performed  with  respect  to  the  full  solid 
angle  and  the  summation  over  the  various  constant-energy  surfaces 
{heavy  and  light  holes). 

For  holes  the  “effective  mass  for  the  density  of  states”  is 
meff  = m [V  ^ f 4>» 3/2  (#,  T)<3  . (2.24a) 

n 

Table  6.1 


Charge  carriers 


Ge  (4  minima)  Si  (6  minima) 


Electrons 
Holes  (1) 

Holes  (2) 

All  the  holes 

Mean  geometrical  value 

electrons 


0.412  1.129 

0.208  0.390 

0.0084  0.068 

0.216  0.458 

3/2 

/rce#f 

— ttt-  for  holes  and 
miU 

0.299  0.719 


Table  6.1  presents  the  ratios  (meit/m)3/2  for  electrons  and  holes 
in  germanium  and  in  silicon.  The  product  of  m3/2  by  the  number 
taken  from  the  table  yields  mitt,  which  directly  enters  the  expres- 
sion for  the  density  of  states. 

6.2.6  According  to  (2.16b)  or  (2.18b),  the  decrease  in  temper- 
ature down  to  absolute  zero  ( T = 0)  is  accompanied  by  a decrease 
in  the  electron  concentration  to  zero,  and,  consequently,  the  semi- 
conductor’s resistance  rises  infinitely.  However,  the  resistance  of 
most  semiconductors  at  f ->0  remains  finite. 
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This  is  because  the  wave  functions  of  localized  electrons  overlap,  if 
the  density  of  the  impurity  centres  is  high  enough.  This  overlapping 
is  accompanied  by  some  widening  of  the  energy  levels  of  such  elec- 
trons, and  an  impurity  band  is  formed,  enabling  the  electrons  on 
impurity  levels  to  wander  about  the  crystal.  Such  a mechanism 
became  known  as  impurity  conductivity.  The  mobility  of  the  elec- 
trons in  the  impurity  band  is  usually  much  less  than  that  of  the 
electrons  in  the  conduction  band.  The  impurity  conductivity  depends 
little  on  temperature  and  rapidly  decreases  as  impurity  concen- 
I ration  is  reduced.  However,  it  is  observed  also  with  comparatively 
small  concentrations  of  impurity  centres,  for  example,  in  germanium 
down  to  concentrations  of  the  order  of  1015  cm-3. 

At  higher  impurity  concentrations  the  impurity  band  merges 
with  the  conduction  band  and  is  occupied  by  electrons  at  all  tem- 
peratures, the  electron  concentration  in  it  being  independent  of  tem- 
perature. Such  materials  are  termed  semimetals.  The  overlapping 
of  the  wave  functions  of  impurity  electrons  starts  the  earlier  the 
greater  their  Bohr  radius,  i.e.,  the  greater  the  dielectric  constant  e 
and  the  less  the  electron  effective  mass  m*.  This  is  why  materials 
with  high  e and  small  m*  become  semimetals  at  comparatively 
low  impurity  concentrations.  For  example,  in  n-InSb  already  at 
nD  fa  1015  cm-3  all  impurities  remain  ionized  at  any  temperature, 
a similar  effect  in  n-Ge  being  observed  only  at  impurity  concentra- 
lions  exceeding  5 X 1018  cm-3.  In  extremely  pure  specimens,  for 
instance,  in  n-  and  p-germanium  with  the  impurity  concentration  of 
1013  cm-3,  there  is  no  impurity  band  conductivity,  and  their  resist- 
ance increases  with  a decrease  in  temperature  in  accordance  with 
(2.18b). 

6.3.  Heat  Capacity  of  Free  Electrons  in  Metals 
and  in  Semiconductors 

6.3.1  In  discussing  the  heat  capacity  of  crystal  lattices  (Sec.  3.11) 
we  have  already  noted  that  at  high  temperatures  the  heat  capacity 
of  metals  obeys  the  Dulong  and  Petit  law,  and  that  this  fact  is  in 
apparent  contradiction  with  the  assertion  that,  according  to  clas- 
sical statistics,  the  free  electrons  must  take  part  in  the  heat  capacity 
of  a body.  This  contradiction  is  resolved,  if  we  accept  that  at  tem- 
peratures at  which  the  lattice  vibrations  obey  the  laws  of  classical 
statistics  the  free  electrons  in  a metal  are  degenerate  and  obey  the 
bermi-Dirac  statistics. 

Consider  the  heat  capacity  of  free  electrons  in  a metal  and  their 
contribution  to  the  total  heat  capacity  of  the  crystal. 

The  energy  of  free  electrons  in  a metal  per  cubic  centimetre  is 

oo 

g = 2 j e/0(e)g(e)de.  (3.1) 

0 
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Calculate  % up  to  (&0Z7£0)2.  To  this  end  we  should  make  use  of 
equation  (2.7a).  In  our  case  cp  (e)  = - — e5/2.  Applying 

the  general  method  expounded  in  Appendix  17,  we  obtain 


8 = 


3/2 


(2m*) 

5 n2h3 


Ss'Ti+t(-T-)2  • 


(3.2) 


According  to  (2.9),  £ itself  is  temperature-dependent,  so  that  up 
to  the  desired  accuracy 


cs'!  = ci'2  [1  (^)2f 2 * tS'2  [l  -gl  ( igl)2J  , (3.3) 


we  have  used  only  the  first  two  terms  of  the  binomial  expansion. 

Substituting  (3.3)  into  (3.2)  (we  can  put  in  the  square  brackets 
of  (3.2)  £ = £0),  and  neglecting  the  terms  of  the  order  of  (&077£0)4, 
we  obtain 


8 = 


(2m*) 


3/2 


5n2h3 


Er[1  + -(ML)2j. 


(3.4) 


The  electron  heat  capacity  per  cubic  centimetre  at  constant  volume  is 
d'g  ^ rn—~  lo/2klT,  (3.5) 


dT 


h3 


i.e.,  it  is  proportional  to  T. 

At  absolute  zero  the  electron  energy  is 


(2  m*)3/2 


£o5/2  = 


3 5/3  n4/3^2 

10m* 


nI>/3 


(3.4a) 


which  coincides  with  (A. 4. 5).  The  heat  capacity  at  absolute  zero 
is  cy’  = =0,  in  accordance  with  the  Nernst  heat  theorem. 

Expression  (3.5)  has  an  obvious  meaning:  only  the  electrons  inside 
a narrow  energy  band  k0T  wide  around  the  energy  £0  take  part  in 
heat  excitation,  their  number  being  of  the  order  of  g (£0)  k0T; 
every  such  electron  contributes  about  k0  to  the  heat  capacity,  and 
because  of  this  their  combined  heat  capacity  is  ^g(t,0)k\T;  this 
coincides  in  the  order  of  magnitude  with  (3.5). 

Assess  the  ratio  of  the  electron  heat  capacity  (3.5)  to  the  lattice 
heat  (per  cubic  centimeter).  Since  the  electron  concentration  n in 
a metal  is  of  the  order  of  the  number  of  atoms  per  cubic  centimeter 
the  lattice  heat  capacity  per  cubic  centimeter  at  high  temperatures 
is  of  the  order  of  nk0,  and  the  sought  ratio  is 


h3n 


KT 

* 


(3.6) 


where  we  have  substituted  n from  (2.8).  Since  £0  is  of  the  order  of 
several  electron  volts,  and  k0T  at  room  temperatures  « 0.03  eV, 
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the  ratio  (3.6)  is  of  the  order  of  a fraction  of  a percent.  This  explains 
why  the  free  electrons  take  almost  no  part  in  the  heat  capacity 
of  metals  in  a wide  temperature  range. 

In  the  low  temperature  range  the  lattice  heat  capacity  decreases 
at  T3  (3.11.17),  i.e.,  more  rapidly  than  in  (3.5),  and  because  of 
that  below  a definite  temperature  T0  the  free  electron  heat  capac- 
ity exceeds  that  of  the  lattice.  The  temperature  T0  can  be  found  by 
equating  the  electron  heat  capacity  (3.5)  to  that  of  the  lattice  (3.11.17) 
(per  cubic  centimeter  of  the  crystal). 

6.3.2  The  heat  capacity  of  a nondegenerate  electron  gas,  whose 
concentration  n is  independent  of  temperature,  can  be  calculated 
if  the  Maxwell-Boltzmann  distribution  (2.11a)  is  substituted  for 
/ o (e)  in  equation  (3.1).  Simple  calculations  yield  the  well-known 
result 


cy  = 3/2  nk0. 


(3.7) 


A more  interesting  problem  is  the  calculation  of  the  free  electron 
(hole)  heat  capacity  in  the  case  of  a nondegenerate  semiconductor 
when  their  concentration  is  temperature-dependent.  It  would  appear 
at  first  glance  that  if  the  electron  activation  energy  is  of  the  order 
of  kj,  the  electron  heat  capacity  will  be  comparable  to  that  of 
the  lattice.  Consider  an  intrinsic  semiconductor  with  the  forbidden 
bandwidth  eG.  The  total  energy  of  electrons  and  holes  per  cubic 
centimetre  is 


% = 2 | e/0  (e)  g (e)  de  + 2 
o 


J (e'  + eG)/;(e'U(e')de\ 

o 


(3.8) 


where  the  first  integral  relates  to  electrons,  and  the  second  to  holes. 
Substituting  classical  distribution  functions  for  /0  (e)  and  /'  (e') 
and  expression  (2.4)  for  g (e)  and  g (e'),  we  obtain 


/ 2 m312 


n2  h 3 


et/k„T  j exp  ( JL_  ) e3/2 


de 


o 

.,3/2 


V 2 mn  ~ ( t \ ( eG  \ r 

1? v-exn-T-r)exv(-Tj) ) 

0 

x exp  ( “ Tj)  (e'  + £g)3/2  de'- 


(3.8a) 


Introducing  into  the  integral  a new  variable  a;  = V e = VV  and 
applying  (A. 7. 3),  we  obtain,  making  use  of  the  value  of  the  chem- 
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ical  potential  (2.16), 


% = 


(2lt  Y ninmp  k0Tf12 


exp 


( " 2 k0T  ) 


4n3h3  \ 2 k0T 

X(3k0T  + EG)  = n(3k0T  + BG),  (3.8b) 

where  n = p is  the  electron  or  hole  concentration. 

The  electron  and  hole  heat  capacity  turns  out  to  be  equal  to 

i.  ..  T 15  , o / eG  \ , 1 / eG  \ 2 1 ^ ^ 


dT 


k°n  [-T  + 3 (-&)  +T  (l^rY 


where  n = n°T  exp  ( — eG/2k0T)  [compare  (2.16b)]. 

Formula  (3.9)  holds  for  eG  ^ k0T  (otherwise  the  degeneracy  of 
free  electrons  and  holes  should  be  taken  into  account).  It  can  easily 
be  demonstrated  that  the  maximum  cy  is  attained  for  eG  » k0T\ 
in  this  case  its  order  of  magnitude  is  cv  ~ k0n°T. 

The  order  of  magnitude  of  lattice  heat  capacity  (per  cubic  centi- 
metre) at  temperatures  exceeding  the  Debye  temperature  is  c((;)  « 
» k0n0,  where  n0  is  the  number  of  atoms  per  cubic  centimetre.  Hence, 


uv 


<1. 


Ly  ' ^0 

Sinjilar  considerations  operate  in  the  case  of  impurity  semicon- 
ductors as  well.  Hence,  the  electron  and  hole  heat  capacity  in  semi- 
conductors is  very  small  compared  with  the  lattice  heat  capacity. 


6.4.  Magnetic  Properties  of  Materials.  Paramagnetism 
of  Gases  and  of  Conduction  Electrons  in  Metals 
and  Semiconductors 


6.4.1  The  subject  of  the  magnetic  properties  of  materials  (magnet- 
ics) is  very  broad,  and  we  shall  deal  only  with  certain  fundamental 
concepts.4 

If  a body  is  placed  in  an  external  magnetic  field,  every  element 
of  its  volume  dV  acquires  a magnetic  moment 

dM  = M (H)  dV.  (4.1) 


The  magnetization,  or  the  magnetic  moment  M per  unit  volume, 
depends  on  the  magnitude  and  the  direction  of  the  magnetic  field 
intensity  H.  In  isotropic  bodies  M is  parallel  to  H,  its  magnitude 
being  independent  of  the  field  direction.  For  isotropic  bodies,  to 
the  consideration  of  which  we  intend  to  limit  ourselves,  the  quantity 


i — \ =X 
l dH  )h= 0 l 


(4.1a) 


4 For  a more  detailed  study  the  reader  is  referred  to  [6.5]. 
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is  termed  the  magnetic  susceptibility  of  the  material.  It  depends  on 
the  material,  the  temperature,  and  the  pressure,  but  is  independent 
of  the  magnetic  field  H. 

If  only  the  linear  term  of  the  expansion  of  M (H)  into  a series  in  H 
is  retained,  then 

M = xH.  (4.1b) 

It  is  easily  seen  that  % is  a dimensionless  quantity. 

We  distinguish  between: 

1)  Paramagnetic  materials  for  which  x > 0,  i.e.,  M is  parallel 
lo  H.  The  oxygen  gas  is  a paramagnetic,  for  it  % oc  1 IT  (Curie’s 
Jaw);  at  room  temperature  and  at  atmospheric  pressure  xo„  = 
= 0.14  X 10-6. 

Alkali  metals  are  also  paramagnetics  but  for  them  x is  practi- 
cally independent  of  temperature;  for  sodium  XNa  = 0.58  X 10~e. 

2)  Diamagnetic  materials  for  which  x < 0,  i.e.,  M is  antiparallel 
Lo  the  field  H.  The  temperature  dependence  of  % of  diamagnetics 
is  a weak  one  (through  the  material’s  density).  Inert  gases  are  diamag- 
netics; for  helium  in  normal  conditions  XHe  — — 0.02  X 10-6. 

3)  Ferromagnetic  materials  (iron,  cobalt,  nickel  and  some  alloys). 
The  properties  of  ferromagnetics  are  very  complex  and  will  not  be 
discussed  in  this  book.  Above  a definite  temperature,  termed  the- 
Curie  point , equal  to  1040  K for  Fe,  to  1404  K for  Co  and  to  631  K 
for  nickel,  every  ferromagnetic  behaves  like  a paramagnetic.  Below 
the  Curie  point  the  ferromagnetics  exhibit  some  interesting  prop- 
erties: in  pure  single  crystals  even  a weak  magnetic  field  causes  in 
certain  crystallographic  directions  a very  great  magnetization  M 
whose  magnitude  depends  not  only  on  the  field  intensity  H but 
also  on  the  prehistory  of  the  specimen  ( hysteresis ).  The  ferromagnetics 
retain  a magnetic  moment  after  the  external  magnetic  field  has  been 
reduced  to  zero. 

We  shall  derive  some  simple  thermodynamic  relations  for  the 
magnetics.  Consider  two  bodies  whose  dimensions  are  small  in  com- 
parison with  the  distance  R between  them.  If  the  magnetic  moment 
of  the  first  body  is  M'  and  it  is  parallel  to  R,  then  the  first  body 
sets  up  a magnetic  field  [6.6,  Chap.  2]  : 

H = 2 M'/R3  (4.2)' 

at  the  point  of  location  of  the  second  body  (the  field  intensities; 
of  electric  and  magnetic  fields  are  expressed  by  similar  relations). 
This  field  induces  in  the  second  body  a magnetic  moment  M which 
is  also  parallel  to  R.  The  force  of  mutual  attraction  of  the  bodies  is 

W = GMM'/R*.  (4.2a) 

When  R is  increased  by  dR  the  work  performed  on  the  system  is; 

dA  = SK  dR  = —M  dH,  (4.2b), 
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where  we  made  use  of  (4.2a)  and  (4.2).  Actually  the  expression  for 
dA  is  of  a more  general  nature  and  is  not  limited  to  the  model  being 
considered.  For  a more  general  approach  see  [6.1,  p.  92]. 

Consider  a magnetic  of  fixed  volume  equal  to  1 cm3.  It  follows 
from  the  first  law  of  thermodynamics  that  the  variation  of  the  system’s 
internal  energy  is 

dt  = dQ  + dA,  (4.3) 

where  dQ  is  the  heat  delivered  to' the  system  by  a reversible  process, 
and  dA  is  the  work  performed  on  it.  Making  dQ  — T dS  (where  dS 
is  the  variation  of  the  system’s  entropy)  and  considering  the  work 
dA  (4.2b)  performed  in  the  course  of  the  variation  of  the  magnetic 


field,  we  obtain 

d%  = T dS  - M dH.  (4.3a) 

The  system’s  free  energy  is 

.F  = % - TS.  (4.4) 

Differentiating  (4.4)  and  making  use  of  (4.3a),  we  obtain 

dT  = —S  dT  — M dH,  (4.4a) 

whence 


Hence,  and  from  (4.1a),  we  obtain 

— _ (JH&L) 

^ — \ dH  2 ) t;  11=0  ' 


(4.5) 


Thus,  to  find  the  magnetic  susceptibility  %,  we  have  to  find  the  expres- 
sions either  for  the  magnetic  moment  M (4.1a),  or  for  the  free  energy 
{4.4). 

6.4.2  Consider  the  theory  of  magnetization  of  a substance  con- 
sisting of  freely  rotating  particles  (molecules)  with  permanent 
magnetic  moments  pA  (Langevin’s  theory  of  the  paramagnetic  gas). 
The  magnetic  field  H forces  the  magnetic  moments  pA  to  arrange 
themselves  in  the  direction  of  the  field,  while  thermal  motion  disrupts 
this  arrangement.  From  the  classical  point  of  view  the  moment 
ju.A  can  make  an  arbitrary  angle  with  the  field  H.  The  potential  energy 
■of  ,uA  in  the  field  H is  equal  to  — (pA  H)  = u,A//  cos  fi,  where  if 
is  the  angle  between  pA  and  H.  The  probability  that  jlia  makes 
an  angle  with  H lying  within  the  interval  fi,  + dfi  is 


dw  = A exp  ,Ua^  ® sin  fi  dfi, 

KqL 


(4.6) 
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where  2n  sill'd  d#  = dQ  is  the  solid  angle  corresponding  to  the  inter 
val  cW,  and  A is  a constant  determined  from  the  normalization  con- 
dition for  the  probability: 

n +1 

f dw  = A f exp  hAtfcosO  — ^ f eo. Xdx=\,  (4.6a) 

J J *0*  J 

0 -1 

where  a = \ixHlk0T  and  x = cos  fi. 

The  mean  value  of  the  projection  of  the  magnetic  moment  pA 
■on  the  direction  of  the  magnetic  field  is 

+ 1 

J xeax  dx 

<[Aa>  = j Ha  cos  ft  dw  - pA  -=^ . (4.7) 

l eaxdx 

-1 

The  calculation  of  the  integral  in  the  denominator  is  quite  simple, 
and  the  integral  of  the  numerator  is  the  derivative  of  the  integral 
in  the  denominator  with  respect  to  a.  Hence, 

<1*a>  = Ha£  (-7^-)  , (4-7a) 

where 


LW  = gea^-I-4-  = COtllK-4-  (4‘7b) 

is  the  Langevin  function. 

In  weak  fields,  when  pA/jT  <g.k0T,  i.e.,  when  a <1,  we  obtain, 
expanding  the  right-hand  side  of  (4.7b)  into  a series, 

L (a)  « a/3.  (4.7c) 

In  this  case  the  magnetization 

M = n <pA)  = H , (4.8) 

whence  the  magnetic  susceptibility 

X = M/H  = n\n/3knT,  (4.8a) 

where  n is  the  concentration  of  magnetic  particles. 

I 

We  see  that  in  accordance  with  Curie’s  law,  % oc  - . 

In  the  quantum  mechanics  theory  of  atomic  and  ionic  paramag- 
netism we  should  take  into  account  two  important  circumstances: 
the  discrete  nature  of  the  space  quantization  of  the  electron’s  momen- 
tum and  its  spin. 
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It  is  demonstrated  in  quantum  mechanics  16.7,  Sec.  3.10]  that 
an  electron  in  a stationary  state  in  an  atom,  having  a definite  angular 
momentum  projection  X z = htn  ( m is  the  quantum  magnetic  num- 
ber), has  a magnetic  moment  Mz  = where 


eh 
2 me 


=-  0.927  x 10  20  erg/Oe 


(4.9> 


is  the  Bohr  magneton,  the  elementary  (minimum)  magnetic  moment 
existing  in  quantum  mechanics. 

Hence,  for  the  orbital  motion  of  the  electron 


Mz  __  e 
Lz  2 me  ' 


(4.9a> 


The  classical  theory  yields  an  identical  value  of  the  ratio  of  these- 
quantities  [see  equation  (5.2)  in  the  following  section]. 

The  theory  and  experiments  demonstrate  that  the  free  electron 
has  a magnetic  moment  equal  to  the  Bohr  magneton  pa  and  an  an- 
gular momentum,  the  projections  of  which  on  a specified  direction 
are  sz  = ±/i/2.  These  properties  of  the  electrons  became  known  as 
the  spin. 

The  ratio  pb/  I sz  | for  the  electron  spin  is  “anomalous”,  being 
twice  that  of  (4.9a). 

Taking  the  vector  sum5  of  the  magnetic  moment  and  of  the 
angular  momenta  of  orbital  motion  and  of  spin,  we  can  easily  see 
that,  because  of  the  “anomalous”  ratio  pis/ 1 sz  I for  the  spin,  the 
direction  of  the  resultant  magnetic  moment  will  not  coincide  with 
the  direction  of  the  resultant  angular  momentum. 

This  may  be  the  cause  of  the  anomalous  Zeemann  effect.  It  can 
be  demonstrated  [6.8,  § 69]  that  the  precession  of  the  resultant 
magnetic  moment  about  the  resultant  angular  momentum  creates 
an  effective  magnetic  moment  in  the  direction  of  the  latter, 

Vl  = Bb  jg,  (4.10) 

where  j is  the  quantum  number  of  the  total  angular  momentum  equal 
to  h Y j (j  + 1),  and 

g=i+2Sl± (4.10a) 

is  the  Lande  splitting  factor.  Here  l is  the  quantum  number  of  the 
orbital  angular  momentum  equal  to  K J/  / (l  + 1),  and  s is  the  spin 
quantum  number  that  assumes  two  values:  +1/2  and  — 1/2. 

The  resultant  angular  momentum  of  the  electron  assumes  in  an 
external  magnetic  field  H 2/  + 1 discrete  orientations  making  angles 


5 The  so-called  vector  model  of  atoms  is  introduced  in  quantum  mechanics  on  the 
basis  of  group  theory. 
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with  the  magnetic  field:  cos  (H,  7)  = m/j,  where  m is  the  magnetic 
quantum  number  that  assumes  the  values  7,  7 — 1,  . . 0,  . . . 

. . .,  7 + 1,  — 7.  The  energy  of  the  magnetic  moment  in  a mag- 
netic field  is 

«n  = —PjH  cos  (H,  7)  = — j xBH  gm.  (4.11) 


The  average  value  of  the  magnetic  moment  in  the  direction  of  the 
field  is 

+i  /\  +i 

2 bj  cos  (H,  7)  exp  ( — u^/koT)  V,  meam 

W = +j Hr*  ’ (4- 12) 

2 exp(-W)  2 e“m 

m=— j m=—j 

where  a = \iBgHlk0T. 

Consider  for  the  sake  of  simplicity  the  case  of  weak  magnetic 
fields,  when  a^Cl,  so  that  we  can  make  exp  (am)  » 1 + am.  In 
this  case  it  follows  easily  from  (4.12)  that 


<P> 


Pf,g2/  (7  + 1) 

3k0T 


(4.13) 


so  that  the  magnetic  susceptibility  is,  by  analogy  with  (4.8a), 
X = n { [i)/H  = \i2ettnl3k0T,  (4.13a) 

where  the  effective  magnetic  moment  peff  = pB sV i (j  + !)•  We 
see  that  in  the  quantum  case,  too,  % is  inversely  proportional  to  T. 

6.4.3  Consider  the  paramagnetism  of  free  electrons  (the  electron 
gas)  that  is  caused  by  the  electron’s  magnetic  moment  (spin).  In  this 
case  the  orbital  angular  momentum  is  zero  (l  = 0)  and,  conse- 
quently, j = s — 1/2. 

Hence,  the  Lande  factor  for  free  electrons  is 


£ = 2 


(4.14) 


as  stipulated  by  (4.10a). 

The  paramagnetic  susceptibility  should,  according  to  (4.13a),  be 

X = \ihn/k0T,  (4.14a) 

and  this  should  result  in  a substantial  and  a strongly  temperature- 
dependent  paramagnetism  of  free  electrons.  However,  as  mentioned 
above,  experiments  prove  that  the  paramagnetic  susceptibility  of  me- 
lals  is  small  and  almost  independent  of  temperature.  The  explanation 
for  this  circumstance  was  suggested  by  W.  Pauli  (1927)  who  considered 
I lie  conduction  electrons  as  a strongly  degenerate  Fermi  gas.  This 
work  laid  the  foundation  for  the  quantum  theory  of  metals.  It  has  been 
established  in  quantum  mechanics  that  in  the  presence  of  an  exter- 
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nal  magnetic  field  H the  magnetic  moment  of  the  electron  can  point 
either  in  the  direction  of  the  field,  its  energy  being  e — pEf/,  or 
against  the  field,  its  energy  being  e + | xBH,  where  e is  the  electron’s 
energy  in  the  absence  of  the  field. 

The  total  magnetic  moment  per  cubic  centimetre  of  the  substance 
due  to  conduction  electrons  with  moments  pointing  in  the  direction 
of  the  field  is  obviously 

M+  = n b j f0(e  — \iBH)g(e)de, 

since  g (e)  de  is  the  number  of  states  in  the  energy  interval  der 
having  spins  pointing  in  one  direction. 

Similarly,  the  total  magnetic  moment  due  to  the  electrons  with 
spins  pointing  against  the  field  is 

M_  pB  j f0  (e  + Pb H)  g (e)  dz . 

Hence,  the  resultant  magnetic  moment  is 

M = M+  — M _ = pB  ( {fo  (e  — Pb#  ) — fo  (e  + Pb#  )}  g (e)  dz.  (4.15) 

For  weak  magnetic  fields,  f0  (e  TpBFT)  can  be  expanded  into  a series 
in  pB//,  only  the  first  term  being  retained;  then 

M = tfp|2  j (-J!£L)g(e)dB.  (4.15a> 

It  will  be  easily  seen  that  ^ therefore, 

X = ^=Fb-^-(2  j fogfc)  =Pb-^-,  (4.15b) 

where  n is  the  concentration  of  free  charges. 

In  the  case  of  strongly  degenerate  conduction  electrons  of  a metal 
the  integral  in  (4.15a)  can  be  calculated  with  the  aid  of  (A.  17. 5), 
where  in  our  case 

W**-  VJ  mZ /2(S+W1/2, 

Hence 

M=jyp6[^(0)+4-^(0)] 


Substituting  t,  from  (2.9),  we  obtain  for  ( k0Tlt,0 )2 
M = /fp|g(Co)[l-^-(^)2].  (4-16) 
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Making  use  of  expression  (2.8)  for  £o>  we  obtain 


gi/3 

fl  I 

' KT  )2  1 

L 

Jl4/3 

h 2 

[ 1 12  l 

. So  ) -I 

We 

see 

that  the 

principal 

part  of 

(4.16a) 


of  the  conduction  electrons  in  a metal  is  independent  of  tempera- 
ture, which  is  in  agreement  with  experiments;  the  small  temperatu- 
re correction  to  % at  room  temperature  is  of  the  order  of  (k0T/ £0)2  ^ 
~ 10-4.  Comparing  (4.16)  with  (4.8a)  or  (4.14a),  we  see  that  the 
thermal  energy  of  molecules  k0T  in  Langevin’s  equation  in  the  case 
of  strongly  degenerate  Fermi  gas  is  replaced  by  quantized  energy 
h2lm*d 2,  where  d = n~1/3  is  the  average  spacing  between  the  par- 
ticles. 

For  nondegenerate  conduction  electrons  of  a semiconductor 
dn  d £ — e n 

^-^exp-kdr~-J^F' 


(4.17) 


therefore  (4.14a)  follows  from  (4.15b). 

6.4.4  A method  the  use  of  which  for  solid-state  research  attracted 
considerable  interest  in  recent  years  was  the  study  of  paramagnetic 
resonance  of  conduction  electrons  and  electrons  of  impurity  centres. 
(E.  K.  Zavoisky,  1946). 

According  to  (4.11)  the  energy  level  of  an  atomic  electron  splits 
up  in  a magnetic  field  into  equidistant  sublevels  with  a spacing  of 
g\iBH  where  g is  the  Lande  factor.  The  splitting  of  the  electron 
level  of  an  impurity  centre  or  of  a conduction  electron  level  in  a crys- 
tal can  also  be  presumed  to  be  equal  to  g\iBH,  where  the  factor  g, 
lermed  now  spectroscopic  splitting  factor,  generally  accounts  both 
for  the  electron’s  orbital  angular  momentum  and  for  its  interaction 
with  the  lattice.  Accordingly,  g for  the  conduction  electrons  in 
a crystal  differs  from  2 and  can  be  anisotropic,  i.e.,  have  different 
values  for  different  orientations  of  the  magnetic  field  with  respect 
lo  the  crystal. 

The  energy  level  of  a conduction  electron  splits  up  into  two  sublev- 
els, because  of  the  electron’s  spin  (s  = ±1/2).  However,  in  the 
case  of  a multiplet  splitting  of  the  electron’s  energy  level  in  the 
magnetic  field  selection  rules  permit  only  transitions  between 
adjacent  sublevels  (Am  = ±1).  For  this  reason  the  resonance 
absorption  of  high-frequency  radio  waves  takes  place  at  the  fre- 
quency co  satisfying  the  condition 

ha  = gnBH.  (4.18) 


Hence,  by  determining  the  position  of  the  resonance  peaks,  we  can 
liud  the  factor  g,  and  draw  certain  conclusions  about  the  ele- 
<•  Iron’s  state  in  the  crystal.  The  measurement  of  the  width  and 
shape  of  the  resonance  peak  helps  in  study  of  the  interaction  of 
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the  impurity  electron  with  the  magnetic  moments  of  the  atoms 
in  neighbouring  sites,  of  the  interaction  of  the  electron  with  lattice 
"vibrations,  etc. 

A similar  paramagnetic  resonance  picture  is  observed  in  the  atomic 
nuclei,  in  particular  when  they  are  in  the  crystal  lattice. 

Consider  the  semiphenomenological  theory  of  paramagnetic  res- 
onance (Bloch,  1946). 

Let  M be  the  magnetization  vector,  i.e. , the  magnetic  moment 
of  a unit  volume  of  the  material,  and  let  L be  the  resultant  angular 
momentum  of  the  electrons  in  a unit  of  volume,  then 

J = MxH.  (4.19) 

'This  can  be  obtained  by  adding  up  the  equations  of  motion  of  the 
individual  particles  in  a unit  volume. 

Since  from  the  most  general  conclusions  arrived  at  in  quantum 
mechanics 

M = yL,  (4.20) 

where 

y = eg/2mc,  (4.20a) 

it  follows  that 

“=7MxH.  (4.21) 

Let  a strong  permanent  magnetic  field  be  applied  in  the  direction 

of  the  z axis  (so  that  H z = H 0)  and  a small  alternating  high-frequen- 
cy magnetic  field  in  the  direction  of  the  x axis:  Hx  — H1  exp  (icof) 
(#i  <C-ffo)*  We  shall  seek  the  solution  of  (4.21)  in  the  form  of 

Mx  = Mlxe^\  My  = Mlyeiai,  Mz  = M0z  + Mlze^\  (4.22) 

Mix,  Mly,  Miz  being  of  the  order  of  H1  and  M0z  of  the  order  of  H0. 

Substituting  (4.22)  into  (4.21),  we  obtain 

i(oMx  = yM  yHz, 

mMy  = y (A/ ZH x—  M XH z)  « y (M0zHx  — MXHZ), 

jtMz  = mMlze^=  -yMyHx&0,  (4.23) 


if  we  neglect  the  quantities  of  the  second  order  of  smallness  in  Hv 
Hence,  the  last  equation  can  be  ignored. 

Excluding  My  from  the  first  two  equations  in  (4.23),  we  obtain 


v Mx  _ Xo 

Hx  l-(to/(Oo)2  ’ 


(4.24) 
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where 

M 

Xo  — an(i  ®o  = o»  (4.24a) 

Since  we  took  no  account  of  the  “forces  of  friction”,  i.e.,  the  pro- 
cesses of  relaxation  of  the  precessional  motion  of  M,  the  amplitude  of 
the  “alternating  susceptibility”  %x  tends  to  infinity  at  the  resonance 
frequency  ca  » co0. 


6.5.  Diamagnetism  of  Atoms  and  of  Conduction  Electrons.  Mag- 
netic Properties  of  Semiconductors 

6.5.1  In  the  preceding  section  we  pointed  out  that  there  are 
substances  (diamagnetics)  for  which  the  susceptibility  x < 0,  i.e., 
the  induced  magnetic  moment  is  directed  against  the  field  H.  We 
shall  demonstrate  in  this  section  that  quantum  systems  of  moving 
charges  (atomic  and  molecular  electrons,  conduction  electrons) 
always  possess  diamagnetic  properties  that  in  some  cases  are 
concealed  by  a stronger  paramagnetism. 

Consider  at  first  an  isolated  atom  with  Z electrons  in  an  external 
magnetic  field  H.  Place  the  origin  of  a rectangular  coordinate  system 
in  the  atom’s  nucleus  and  let  the  z axis  point  in  the  direction  of  the 
magnetic  field  H.  In  accordance  with  the  well-known  Larmor  theo- 
rem [6.9,  Sec.  7.7],  the  effect  of  the  magnetic  field  on  the  electrons 
I,o  the  first  approximation  consists  of  a uniform  rotation  of  the 
electron  system  as  a whole  about  the  z axis  (about  the  field  H)  with 
a constant  angular  velocity 

col  = eH/2mc,  (5.1) 

termed  the  Larmor  frequency.  Here  e and  m are  the  charge  and  the 
mass  of  the  electron,  and  c is  the  velocity  of  light.  If  we  look  in 
the  +z  direction  (i.e.,  in  the  direction  of  the  field  H),  we  will  see  the 
electrons  revolve  clockwise,  and,  accordingly,  the  magnetic  moment 
|i0  associated  with  the  respective  current  will  be  directed  against 
the  magnetic  field  H.  There  is  a universal  relation  between  jx0  and 
the  electron’s  angular  momentum  l [6.9,  Sec.  7.6] 


Since 


z 

l=m aL  S 

i—i 


(*? +$)» 


(5.2) 

(5.3) 


where  zf  -1-  y\  is  the  sum  of  squares  of  the  coordinates  of  the  ith 
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electron  averaged  over  the  atomic  volume,  it  follows  that 
z 


^=^-2  (*?+#)• 
i=l 


(5.4) 


The  diamagnetic  susceptibility  of  a gas  of  such  atoms  is 

z 

Xdlam  - ^=4^  S W+W),  (5.5) 

i— 1 

where  n is  the  number  of  atoms  per  cubic  centimeter, 
z 

The  quantity  2 (xi  + */?)  can  be  calculated  with  the  aid  of 

i=l 

quantum  mechanics;  its  order  of  magnitude  is  Za2,  where  a are 
the  atomic  linear  dimensions. 

If  the  atom  has  a constant  magnetic  moment  equal  to  the  Bohr 
magneton  (4.9),  then  the  paramagnetic  susceptibility  of  a gas  of 
such  atoms  is  %par  = (i|n/3&07\  The  order  of  magnitude  of  the 
ratio  of  the  diamagnetic  and  the  paramagnetic  susceptibilities  is 


Xdlam  _ e2nZa?  . v;.  rp  . e* 

-far  me*  ~ ~kj~  ~ ^ ~a 


(5.6) 


where  the  Bohr  radius  H2/me2  has  been  substituted  for  the  factor  a. 

Since  e2/a  is  an  energy  of  the  order  of  the  atomic  energy,  the  ratio 
(5.6)  at  room  temperature  is  of  the  order  of  10~2  if  the  atomic  num- 
ber Z is  not  too  high.  This  is  why  diamagnetic  properties  are 
exhibited  only  by  the  materials  whose  atoms  have  no  constant  mag- 
netic moment. 

6.5.2  At  first  glance  the  diamagnetism  of  free  electrons  (conduc- 
tion electrons)  can  be  calculated  in  a similar  fashion.  A free  electron 
with  a velocity  v acted  upon  by  a magnetic  field  will  describe  in 
the  plane  perpendicular  to  the  magnetic  field  a circular  orbit  of 
a radius 


r = mcv±leH  = ux/o)c, 


(5.7) 


where  v±  is  the  electron’s  velocity  component  in  the  plane  perpen- 
dicular to  the  magnetic  field,  and 

o)c  = eH/mc  (5.7a) 

is  the  so-called  cyclotron  frequency  equal  to  2©l,  where  u>l  is  the 
Larmor  frequency  (5.1).  According  to  (5.2),  the  magnetic  moment 
corresponding  to  this  circular  motion  is 

mv2t 

erv  — ~ 

jX  — — 


2c 


H ’ 


(5.8) 
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where  we  excluded  r by  making  use  of  equation  (5. 7). 6 For  an  elec- 
tron gas  described  by  classical  statistics  mv\i2  — k0T;  therefore, 
the  diamagnetic  susceptibility  is 

X = »t£-.  (5-9) 

This  expression  cannot  be  true,  because  it  is  independent  of  the 
electron’s  charge  and  is  inversely  proportional  to  H 2.  It  can  be 
demonstrated  (Bohr,  1911)  that  we  obtained  this  erroneous  result, 
because  we  failed  to  consider  the  surface  (boundary)  of  the  body 
inside  which  the  electrons  move.  The  electrons  cannot  describe  com- 
plete circular  orbits  close  to  the  surface,  and  this  results  in  the  appear- 
ance of  a surface  current  in  the  specimen,  which  fully  compensates 
the  magnetic  moments  of  the  circular  orbits  inside  the  body. 

Demonstrate  in  a general  form  that  the  diamagnetic  suscepti- 
bility of  an  ideal  electron  gas,  described  by  classical  statistics,  is  zero. 
Let  the  magnetic  field  be  [6.6,  Sec.  4.5] 

H = curl  A,  (5.10) 

that  is, 

H _ dAz  _dAy_  W 9Au  dA « 

* dy  dz  ’ v dz  dx  ’ 2 dx  9y  ’ 

(5.10a) 

where  A (a:,  y,  z ) is  the  vector  potential  defined  up  to  a gradient 
transformation. 

Making  use  of  equations  (5.10a),  we  can  easily  demonstrate  that 
lor  a magnetic  field  directed  along  the  z axis  ( Hx  — Hy  = 0,  H z = 
= H)  the  vector  potential  can  be  chosen  in  the  following  form: 

Ax  = 0,  Ay  — xH,  A z = 0.  (5.11) 

The  Hamilton  function  for  the  electron  (with  the  charge  of  —e)  in 
a magnetic  field  is  equal  to  [6.10,  § 16] 

^ = i(P+TA)2  + "?/W 

=="sr[(p*+fi4*)  +(Py+YA^) 

+ (pz+  Tj4z)2J  + 'j?/  (*>  y>  z)>  (5.12) 

where  °ll  (r)  is  the  electron’s  potential  energy. 


We  exclude  r and  not  uj.  since  we  assume  that  the  velocity  v is  specified. 
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The  free  energy  of  an  ideal  gas  described  by  classical  statistics 
is  equal  to  [6.1,  §3] 

& = -k0T  In  Z.  (5.13) 

Here  the  statistical  integral 
+ 00 

Z = {-\  1 j dpxdpydpz  ||  j j dxdy  dze~^(',hoT  jA  , (5.13a) 

-OO  '( V ) 

where  3£  is  the  Hamilton  function  for  a single  particle,  and  N is 
the  number  of  particles. 

The  Hamilton  function  S£  for  electrons  in  a magnetic  field  is 
identical  to  (5.12).  The  statistical  integral  is  equal  to  the  product 
of  N identical  six-fold  integrals,  since  all  the  N electrons  are  inde- 
pendent and  identical. 

Substitute  new  variables 

nx  = px  + ^-Ax;  Ky  = py  + ^-Au;  nz  = pz  + -j  A,  (5.14) 

for  the  integration  variables  px,  py,  pz.  Then  dpxdpydpz  = 
= dnxdnydnz;  the  integration  limits  remain  as  before,  and,  since 
a definite  integral  is  independent  of  the  integration  variables, 
Z and  for  this  reason  the  free  energy  are  also  independent  of 
the  magnetic  field  H.  In  this  case,  according  to  (4.5),  the  magnetic 
susceptibility  % is  zero. 

In  exactly  the  same  way  it  can  be  demonstrated  that  the  diamag- 
netic susceptibility  of  an  electron  gas  described  by  the  Fermi  [sta- 
tistics is  also  zero.  Hence,  a quasi-classical  consideration  of  the  elec- 
tron gas  shows  that  it  does  not  exhibit  diamagnetism. 

We  may  ask  why  is  there  a contradiction  between  this  result 
and  the  nonzero  diamagnetism  of  atoms  (5.5).  Actually,  we 
obtained  (5.5)  on  the  basis  of  an  essentially  quantum  mechanics 
assumption  about  the  stationary  state  of  the  atomic  electrons  that 
do  not  obey  the  laws  of  classical  statistics. 

6.5.3  L.D.  Landau  (1930)  demonstrated  that  a quantum  me- 
chanics treatment  of  the  motion  of  free  electrons  in  a magnetic  field 
yields  for  their  diamagnetic  susceptibility  a value  equal  to  1/3  of 
their  paramagnetic  susceptibility.  This  fact  does  not  contradict 
the  preceding  result,  because  it  is  due  to  the  quantization  of  the 
motion  of  the  free  electron  in  a magnetic  field. 

Let  a uniform  magnetic  field  pointing  in  the  direction  of  the  z 
axis  act  on  the  conduction  electron  and  on  the  periodic  potential 
V (r).  The  vector  potential  of  the  magnetic  field  can  be  chosen 
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in  the  form  (5.11).  It  follows  from  (5.12)  that  the  Schrodinger  equa- 
tion should  be  of  the  form7 


1 

2m 


[(iir+t  4- 


dy 


+th d 


2 


+ (- j ~4i)2\  y W+ v (r)  'i1  (r)  ==  W- 

(5.15) 


The  crystal’s  periodic  potential  V (r)  can  be  dropped  if  the  effective 
mass  to*  is  substituted  for  the  free  electron  mass  to.  Then,  instead 
of  (5.15),  we  obtain 


K 2 

r 

ieHx  \2  , a2T'  1 

2m* 

!.  dx 2 

\ dy  d 

he  ) x 1 5z2  J 

(5.16) 


Since  this  equation  does  not  contain  y and  z in  an  explicit  form, 
we  shall  look  for  a solution  in  the  form  of 


T (z,  y,  z)  = cp  (x)  et(V+V>. 


(5.17) 


Substituting  (5.17)  into  (5.16)  and  canceling  out  the  exponential 
factor,  we  obtain  after  a simple  transformation 

— + — Zo)2cP  = SiCP,  (5.18) 

where 

0)0  = ~m*c » x<>=—nrk»  and  = (5-lha) 


We  see  that  the  electron’s  motion  along  the  x axis  is  described  by 
Ihe  Schrodinger  equation  for  a linear  harmonic  oscillator  with 
the  mass  to*,  the  natural  frequency  io0  = 2col  (id*  is  the  Larmor 
frequency  of  a particle  of  mass  to*),  oscillating  about  its  equilibrium 
position  x0.  By  analogy  with  (3.10.4),  the  energy  eigenvalues  ^ 
for  the  oscillator  are 


hzk*  / a \ 

%l  = $—2-^=(N  + ±)hw0  = (2N + 1)^11,  (5.19) 


where  p*  and  the  eigenfunctions  of  (5.18)  are  of  the 

form 


<P(*) 


exp 


X — x0  ^ 

a 

- H „ j 

f x — x0  \ 

L 2 i 

i X ( 

Yx 

n N ! 

{ X ) 

(5.19a) 


7 The  Schrodinger  equation  is  obtained  in  the  well-known  way:  ifeAp  = gt p, 

where  $€  is  the  Hamiltonian  obtained  from  the  Hamilton  function  by  substilut- 

Ti  d e *. 

mg  — — for  px,  etc. 

I OX 
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where  X = (— ^-)1/2=  (-^)1/2  is  the  so-called  magnetic  length,8 

and  H N is  the  Hermite  polynomial  of  the  7V-th  order. 

The  form  of  (5.17)  apparently  suggests  the  physical  equivalence 
of  the  directions  y and  z and  not  of  x and  y,  as  is  actually  the  case 
(the  magnetic  field  is  directed  along  the  z axis).  This  is  due  to  tho 
fact  that  the  operators  corresponding  to  the  “centre  of  the  circle” 
of  the  moving  electron  (one  of  such  operators  is  x0  = — epy!eH ) 
do  not  commute  with  one  another.®  We  can  obtain  a more  symmet 
rical,  although  a less  convenient  for  applications,  expression  for  the 
wave  function  iji  (r)  if  we  solve  the  problem  in  cylindrical  coor- 
dinates. 

The  eigenvalues  of  (5.16) 


%{N,  kz)  = (2N  + 1)  y*H 


n2k2z 

2m* 


(5.19b) 


are  degenerate  in  the  quantum  number  ky. 

To  calculate  the  number  of  the  electron’s  quantum  states  g (S)  d% 
in  the  energy  interval  %,  % + d% , let  the  wave  function  (5.17) 
satisfy  cyclic  conditions  along  the  y and  z axes,  i.e.,  let  the  same 
wave  functions  correspond  to  the  coordinates  y,  z and  y ± L2, 
z ± L3,  respectively.  The  necessary  condition  for  this  will  easily 
be  seen  to  be 


, 2a 


, 2a 
kz  = -j-n3, 


(5.20) 


where  n3  and  n3  are  arbitrary  integers.  Indeed,  exp  ikv  (y  ± L%)  — 
= exp  {iky  y)  exp  {±i2nn^  = exp  {ikyy). 

Let  be  the  x-dimension  of  the  body.  We  shall  not  apply  the 
cyclic  conditions  to  the  wave  function  along  the  x axis  (this  would 
be  inconvenient,  sincejexpression  (5.17)  is  not  periodic  in  x),  but 
we  shall  assume  that  the  solution  of  (5.17)  exists  only  in  the  region 


0 < | x0  | < Lu 


(5.21) 


so  that  | x0  |max  = Lx. 

The  number  of  quantum  states  for  a specified  value  of  % ( N , kz) 
is  determined  by  the  degeneracy  in  ky  and  is  equal  to  &™ax. 


10' 3 

8 If  II  is  expressed  in  oersteds,  X = , r — cm. 

9 For  a more  detailed  exposition  of  the  subject  see  [6.11,  §112]. 
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It  follows  from  (5.18a)  and  (5.21)  that  ==(~^r)l;ro  |max  = 

ell 

- -j—  Llt  so  that  the  degeneracy  we  are  interested  in  is  equal  to 


eH 

2nHc 


Li  Lz- 


(5.22) 


Determine  now  the  number  of  quantum  states  whose  energy 
Z(g)  is  below  g.  The  number  of  quantum  states  with  energies 
from  %1  = (2 N + 1)  p*#  to  g is  equal  to 

2 1 * jd L:i  = 2 V%  - (21V  + 1)  \x*H  . (5.22a) 


where  the  factor  2 accounts  for  both  signs  of  kz  when  the  latter  is 
determined  from  (5.19).  The  number  of  quantum  states  with  energies 
below  g for  all  possible  values  of  N is 


Z(%)=  2 (2m*l^2  L*  V%  ~ (2N  + 1)  V*H  ■ (5.22b) 

N 

Here  the  summation  over  N embraces  all  the  nonnegative  values 
of  the  expression  under  the  radical  sign  (including  zero).  Since  the 
degeneracy  of  each  state  (5.22b)  is  (5.22),  the  total  number  of  quan- 
tum states  with  an  energy  lower  than  g is 


Z(8)=  2%lZfV  h [%  — i2^  + 1)  p*//]1/2  . (5.23) 

N 

where  V = LXL^L3  is  the  body’s  volume. 

The  number  of  states  per  V — 1 cm3  (with  no  account  of  spin)  is 


g{%) 


dZ  (%) 

m 


(2 m*){'zeH  ^ 
{Znh)2  c ZJ 

N 


in-(2N  + i)v*H]-1'2  . 


(5.23a) 


The  free  energy  per  cubic  centimetre  is  [6.1,  equations  VIII. 1.37 
and  IX. 3.3] 

Oo 

jF  = nl  - 2k0T  f In  (1  + ea-<S)/hoT)  g (g)  d% 

= n£-2k0T  j ln(l  + ea~gVftoT)  dZ^  d%.  (5.24) 

Here  n is  'the  free  electron  concentration,  and  the  factor  2 takes 
account  of  the  spin.  The  lower  integration  limit  for  each  term  in 
(5.23a)  is  (2 N + 1)  \i*H. 
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Integrating  by  parts,  we  obtain 

oo 

.F  = n£-2  j h(%)Z(%)  d%, 

where  f0  {%)  is  the  Fermi  distribution  function. 

Introduce  a new  integration  variable  and  the  notation 

C 0 fepT* 


2\i*H '»  £°  ~ 2p*tf  ‘ 

Integrating  (5.24a)  again  by  parts,  we  obtain  in  the  new  notation 

OO 

1 


(5.24a) 


(5.25) 


.r  = nt  + A jo(e)A(- 


,e-eo/0 


+ 1 


j de. 


where 


(1)(e)  = S (e-A-1/2)3'2, 


(5.25a) 


(5.25b) 


and  the  lower  integration  limit  of  each  term  in  (I)  (e)  is  determined 
from  the  condition  of  reality  of  the  corresponding  radical. 
Making  use  of  the  Poisson  equation,  we  obtain  (Appendix  18) 


<t>  (e)  = s5/2  — ei/z 


3 v (-1)1 
8na  Zj  j5/2 
i=i 


X [sin (2nZe)*5 (jA4Ze)  + cos(2jiZe)*C(]A4Ze)], 


(5.26) 


where  S (u)  and  C (u)  are  the  Fresnel  integrals  which  are  given  in 
an  explicit  form  in  (A. 18.8a)  and  (A. 18. 8b). 

In  the  case  of  a strong  degeneracy  of  the  electron  gas  the  derivative 


_d_ 

9e 


— 8(e  — e0) 


(5.27) 


behaves  like  a delta  function  with  an  effective  width  of  the  maximum 
of  the  order  of  ©. 

The  terms  in  the  sum  (5.26)  with  a specified  Z oscillate  with  a pe- 
riod of  e = 1/Z,  i.e.,  with  the  maximum  period  for  Z = 1;  therefore, 
for  0 ^>1,  i.e.,  for 

k0T  » 2 n*H,  (5.28) 

the  sum  over  Z in  (5.26)  in  the  integrand  of  (5.25a)  vanishes,  and 
we  obtain 

.F  = n^-A(|4'2-4-4/2), 

where  £0  is  the  Fermi  energy  at  absolute  zero. 


(5.29) 
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We  may  ask  whether  or  not  the  dependence  of  the  free  energy  JF  on 
the  magnetic  field,  stemming  from  the  effect  of  the  latter  on  the  chem- 
ical potential  £,  should  be  taken  into  account.  If  the  chemical 
potential  C = C°  -f-  A£,  where  £°  is  the  chemical  potential  in  the 
absence  of  a magnetic  field,  then 

.^.(£)=^(£0  + AC)  = ^(C°)+(^)AC  + -i(-^)o  (AD2-  (5.30) 


In  statistical  equilibrium  (dJFIdQ 0 = 0;  therefore,  the  variation 
of  the  free  energy  is 

.F  (C)-.F  (£°)=y  (^)o  (A £)*.  (5.30a) 

Since  in  an  isotropic  body  the  variation  of  the  chemical  potential 
AC  is  independent  of  the  direction  of  the  magnetic  field,  it  follows 
that  AC  °c  H2,  and,  therefore,  in  the  lowest  approximation 

& (C)  - & (C°)  oc  H\  (5.31) 


lienee,  in  an  approximation  that  takes  into  account  in  the  free 
energy  JF  the  terms  of  the  order  of  H2,  C can  be  assumed  to  be  in- 
dependent of  the  magnetic  field. 

Taking  into  account  the  values  of  A (5.25b)  and  e0  (5.25),  we 
see  that  the  second  term  in  (5.29)  is  also  independent  of  the  mag- 
netic field. 

For  the  diamagnetic  susceptibility  x,  we  obtain  from  (5.29) 


1 /2  m*3/2ii*2cyz 
dH 3 — 3 it2  h3 


(5.32) 


If  we  substitute  into  (5.32)  Co  from  (2.8a),  we  shall  see  immed- 
iately that  the  magnitude  of  the  diamagnetic  susceptibility  (5.32) 

is  4"  times  the  temperature-independent  paramagnetic  suscep- 
tibility (4.16a).  In  the  case  opposite  to  (5.28),  when  © 1,  we  have 

kj  < 2 v*H.  (5.33) 

In  this  case  the  period  of  oscillations  in  (5.26)  (at  least  for  1 = 1) 
oxceeds  the  effective  width  © of  the  6-function’s  maximum  in  the 
integral  (5.25a),  and  because  of  that  oscillating  terms  of  the  type 


appear  in  the  free  energy  jF. 

Oscillating  terms  similar  to  (5.34)  will  obviously  also  appear 
in  the  magnetic  susceptibility  % = — d2JP/dH2.  The  oscillation  pe- 
riods of  the  trigonometric  functions  and  of  the  Fresnel  integrals  in 
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■(5.34)  are  determined  by  the  condition  that  1 /H  changes  by  2[i*/£0, 
or  by  a quantity  of  the  order  of  p,*/2£0. 

Such  oscillations  of  magnetic  susceptibility  were  first  observed 
for  bismuth  and  were  termed  the  de  Haas-van  Alphen  effect  after 
the  scientists  who  discovered  this  phenomenon  in  1930. 

Consider  now  the  diamagnetic  susceptibility  of  nondegenerate 
•conduction  electrons  in  a semiconductor.  Expression  (5.25a)  for 
the  free  energy  remains,  of  course,  valid  in  this  case  too,  but  it  can 

be  simplified:  the  Boltzmann  distribution  exp  | e°^  6 j can  be 
substituted  for  the  Fermi  distribution  function.  Hence, 


AeR  °/e 
0 


2 j (&-N-±y/2e-R/*de, 

N= 0 N+l/2 


(5.35) 


where  the  lower  integration  limit  is  determined  from  the  condition 
that  the  expression  in  the  parentheses  in  (5.35)  should  be  positive. 
Introduce  a new  integration  variable 


x = 


e 


(5.36) 


then 


F — nt,  — A^,z&x p-^-exp  ^ 2 «~A'/e  j £3/2e  x dx. 

A’=0  o 


The  integral,  according  to  (A. 7. 12),  is 

«>  r — 

J x'i/2e~x  dx  = — y n , 
o 


(5.37) 

(5.38) 


The  infinite  decreasing  geometric  progression 

oo 

V g-N/e  — — g-i/eyi.  (5.39) 

N=  I) 


Hence 


F — rit, 


T05/2 


exp 


S r 2ze-z 

k0T  [ 1 — e~2z  J’ 


(5.40) 


where 

z = 1/20  = \x,*Hlk0T.  (5.40a) 

Since  the  factor  T05/2  is  independent  of  the  magnetic  field  H,  the 
dependence  of  the  free  energy  F on  H,  if  the  weak  dependence  of  £ 
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on  the  magnetic  field  is  ignored,  is  determined  by  the  square  brack- 
ets in  (5.40). 

The  limiting  case  (5.33),  i.e.,  z ^>1,  is  of  little  interest  in  the 
case  of  nondegenerate  semiconductors10.  For  this  reason  we  shall 
consider  the  other  limiting  case  (5.28)  when  z <C  1. 

Expanding  the  expression  in  the  square  brackets  in  (5.40)  into 
a series  in  z up  to  the  terms  of  the  order  of  z2,  we  obtain 


2ze~z  2 z 

1 — J — ez—e~z 


sinh  z ' 


~l_|z2.  (5.41) 


Substituting  this  result  into  (5.40),  we  obtain  to  within  IP 


& = ,405/2eS/*or[l— (Jjg^)2J.  (5.42) 

Making  use  of  (5.25),  (5.25b)  and  (2.12a),  we  obtain  for  the  diamag- 
netic susceptibility 


d^ff-  1 p*2ra  1 / m \ 2 PBrc 

JW"  ~~ T hj  = — 


(5.43) 


Icf.  (4.14a)].  Hence,  the  ratio  of  the  diamagnetic  and  paramagnetic 
susceptibilities  of  the  free  charge  carriers  is  the  same  both  for  strongly 
degenerate  electrons  of  metals  (5.30),  and  for  nondegenerate  electron 
gas  of  semiconductors  (5.43).  It  can  be  demonstrated  that  this 
remains  true  for  any  electron  gas  degeneracy. 

6.5.4  The  magnetic  susceptibility  of  an  atomic  semiconductor  is 


X — Xa  + Xl  + Xs  4"  XTi 


(5.44) 


i.e.,  is  the  sum  of  the  diamagnetic  susceptibility  of  the  basis  lattice 
%a>  the  paramagnetic  and  diamagnetic  susceptibilities  of  the  charge 
carriers  %L,  the  susceptibility  of  impurity  centres  %sand,  as  was  de- 
monstrated in  recent  studies,  the  susceptibility  of  thermal  crystal 
imperfections  %T  (dislocations,  surface  levels,  faces,  etc.)  [6.12, 
p.  174], 

The  holes,  like  the  electrons,  have  an  intrinsic  magnetic  moment 
equal  to  pB  (and,  consequently,  exhibit  paramagnetic  properties). 
This  follows  from  the  fact  that  when  an  electron  is  removed  from 
the  valence  band,  its  magnetic  moment  changes  by  ps- 

Hence,  the  nondegenerate  charge  carriers  in  a semiconductor  of 
mixed  conductivity  will  have  a magnetic  susceptibility 


Xl 


p|n 

'W 


[‘ 


3 


/ m \ 2-1  Pj)P 

\ mn  ) J + k,T 


(5.45) 


where  n and  p are  electron  and  hole  concentrations,  and  mn  and  mp 
are  their  effective  masses.  If  the  dispersion  law  for  the  electron’s 


10  In  this  case  %°c  exp  ( — z),  i.e.,  it  is  exponentially  small. 
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(hole’s)  energy  is  expressed  by  an  effective  mass  tensor,  then  the 
ratios  m2lm\  and  m2/mp  in  (5.45)  are  replaced  by  the  ratios  of  m? 
to  some  simple  combination  of  the  effective  mass  tensor  components. 

Very  little  can  be  said  about  the  values  of  %s  and  %T.  In 
any  case,  at  present  they  cannot  be  theoretically  calculated  with 
adequate  accuracy.  This  is  the  reason  why  the  studies  of  the 
magnetic  susceptibility  of  semiconductors  yield  relatively  little 
information  about  the  properties  of  the  charge  carriers  in  them. 


6.6.  Cyclotron  (Diamagnetic)  Resonance 

6.6.1  The  most  complete  and  reliable  information  about  the 
energy  spectra  of  charge  carriers  (electrons  and  holes)  in  crystals 
was  obtained  in  the  study  of  cyclotron  resonance.  Specifically,  the 
structure  of  the  energy  bands  of  germanium  and  silicon,  described 
in  Section  4.15,  was  to  a large  extent  verified  by  the  studies  of  cyclo- 
tron resonance  in  those  materials.  We  shall  formulate  the  physical 
principles  underlying  the  cyclotron  resonance  phenomenon  and  give 
a simplified  theoretical  treatment. 

A quasi-free  electron  (hole)  with  a scalar  effective  mass  m*  moves 
in  a magnetic  field  H like  a free  electron  describing  a circular  orbit 
in  the  plane  perpendicular  to  the  magnetic  field.  Its  radius  is  (5.7) 

r = vJ(oc,  (6.1) 

where 

coc  = eH/m*c  (6.1a) 

is  the  cyclotron  frequency , and  v±  is  the  electron  velocity  component 
perpendicular  to  the  magnetic  field. 

The  independence  of  coe  from  v (nonrelativistic  approximation) 
was  used  in  the  design  of  the  accelerator  of  charge  of  particle  termed 
cyclotron.  We  can  obviously  try  to  realize  the  principle  of  cyclo- 
tron acceleration  in  relation  to  the  quasi-free  charge  carriers  in  a 
crystal.  To  this  end  we  must  apply,  in  addition  to  the  constant  mag- 
netic field  H,  a high-frequency  electromagnetic  field  oscillating  in  a 
plane  perpendicular  to  H.  If  the  frequency  to  of  this  field  coincides 
with  o)c,  the  electron  will  be  accelerated  by  the  voltage  of  the  high- 
frequency  field  on  both  semicircles  of  its  orbit.  As  a result,  its  velo- 
city (energy)  will  rise  and  it  will  move  in  an  unwinding  spiral  like 
a charged  particle  in  a cyclotron.  This  effect,  which  became  known  as 
the  cyclotron  ( diamagnetic ) resonance  (Dorfman  and  Dingle,  1951), 
can  be  discovered  from  the  appearance  of  a maximum  in  the  absorption 
spectrum  of  high-frequency  radiation.  If  we  determine  that  co  «.  coc 
for  such  a resonance,  we  will  be  able  to  determine  the  effective  mass  m* 
in  the  most  straightforward  way  from  (6.1a). 


6.6  CYCLOTRON  (DIAMAGNETIC)  RESONANCE  371 


In  addition  to  its  interaction  with  the  permanent  magnetic  and 
the  high-frequency  fields,  the  conduction  electron  also  interacts  with 
the  lattice  vibrations  (phonons)  and  with  static  lattice  imperfections 
(impurity  centres,  etc.).  All  these  factors  combine  to  establish  a de- 
finite mean  free  time  of  the  electron  x.  The  interaction  with  the 
lattice  vibrations  and  the  impurities  can  be  approximated  by  a fric- 
tion force  Fr  applied  to  the  electron.  If  the  electron’s  mean  free 
time  x is  identified  with  the  relaxation  time  of  its  velocity  v due  to 
the  effect  of  the  friction  force  FH,  i.e.,  if  it  is  assumed  that  after 
the  external  forces  have  ceased  to  act  (at  t = 0)  the  electron’s  velo- 
city decreases  in  accordance  with  the  law 

v = v0e-*A,  (6.2) 


where  v0  is  the  velocity  at  t = 0,  then  the  friction  force  will  be 


F 


I! 


nr 


dv 

dt 


m*v 

T 


(6.2a) 


i.e.,  is  proportional  to  the  magnitude  of  the  velocity  v and  acts  in 
the  direction  opposite  to  it. 

In  the  following  chapter  we  shall  present  a more  rigorous  derivation 
of  the  relaxation  time  from  the  kinetic  equation.  In  the  process  x 
will  be  seen  in  general  to  depend  on  v.  In  this  chapter  we  shall 
assume,  for  the  sake  of  simplicity,  that  x does  not  depend  on  v,  this 
having  no  effect  on  the  qualitative  picture  to  be  obtained  here. 

The  necessary  condition  for  the  cyclotron  resonance  to  be  observed  is 

x»'l/6)c,  (6.3) 

since  only  in  this  case  a’circular  orbit,  on  which  synchronous  accele- 
ration of  the  particle  can  take  place,  can  be  established. 

Assess  the  values  of  some^quantities  involved  in  the  cyclotron  re- 
sonance. Make  the  frequencyAof  the  alternating  electromagnetic  field 
equal  to  24  000  MHz.  At  resonance  d)0/2jt  = 24  000  MHz,  whence 
o)c  = 1.5  X 1011  rad/s.  For  a real  ratio  m*lm  » 0.3  the  magnetic 
field,  according  to  (6.1a),  should  be  H = 2 X 103  Oe.  At  a tempera- 
ture of  T = 4 K the  mean  thermal  velocity  of  the  electron  is  vT  = 

- ( ^ ^ 2-4  X 10®  cm/s,  and  the  radius  of  its  orbit~(for  v±  « 

^ vT),  according  to  (6.1),  is  r » 5 X 10-5  cm. 

6.6.2  Consider  the  elementary  theory  of  the  cyclotron  resonance 
and  assume  that  the  charge  e has  a scalar  effective  mass  m*  and  moves 
in  compliance  with  the  laws  of  classical  mechanics.  If  a constant 
magnetic  field  H,  a high-frequency  electric  field  E (the  effect  of  the 
magnetic  field  of  high-frequency  radiation  can  be  ignored)  and  a 
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friction  force  FR  (6.2a)  act  on  the  electron,  its  equations  of  motion 
will  be  of  the  form 

'"*4f=-^+e(E+4vxH)-  o-3") 

If  H is  directed  along  the  z axis,  E =-  E0  exp  ( — ia>t)  along  the 
x axis,  and  v is  proportional  to  exp  (—  ia>t),  we  obtain  in  projections 
on  the  x and  the  y axes 

m*  ( — ico  + ) vx  = eEx  + vyH , (6.4) 

m*  (— iw  + y)  y«=  (<5-4a) 


According  to  Ohm’s  law  in  the  differentia]  form,  the  current  density  is 

j = oEx  = nevx,  (6.5) 

where  a is  the  conductivity,  and  n is  the  concentration  of  charge 
carriers.  Excluding  vy  from  (6.4)  and  (6.4a),  we  obtain  for  the  com- 
plex conductivity 


i — im 

Ex  0 1-L(W2  — w2)  T2—  2iC0T» 

where 

o0  = ne2T/m*  = ne\i 


(6.6) 


(6.6a) 


is  the  conductivity  for  oo  = «c  = 0,  i.e.,  in  a constant  electric 
field  Ex  = E0  and  in  the  absence  of  a magnetic  field  ( H — 0).  The 
quantity 

p = ex /m*  = vx/E0 , (6.6b) 

equal  to  the  mean  velocity  of  {the  electron  in  a constant  electric 
field  of  unit  intensity,  is  called  the  mobility. 

The  absorption  of  high-frequency  electromagnetic  radiation  in  a 
specimen  is  proportional  to  the  real  part  of  the  conductivity  a (6.6), 
i.e., 

1 _)-  va  _j_  V2 

°Re  = CT0  (1  + V2_V2)2 


where  v = cot  is  proportional  to  the  frequency  of  the  electromagnetic 
field,  and  vc  = coct  = \iH/c  is  proportional  to  the  cyclotron  fre- 
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quency.  Figure  6.4  depicts  the  graphs  of  the  aRe/o0  vs  vc/v  -=  wc/(o 
dependence  for  various  values  of  v = cot.  For  got  = 2,  when  condi- 
tion (6.3)  necessary  for  the  observation  of  the  cyclotron  resonance  is 


Fig.  6.4 

to  a certain  extent  satisfied,  the  graph  exhibits  a sharp  maximum 
at  to  = go0. 

Consider  the  following  cases. 

1.  vc  »v,  vc  3>1.  This  case  is  realized  in  a low-frequency  alter- 
nating electric  field  and  in  strong  magnetic  fields.  It  is  seen  from  (6.7) 
that 

tfRe  « ct0/vc  oc  1/H2,  (6.8) 

i.e.,  the  absorption  decreases  in  proportion  to  H2. 

2.  vc  >v,  vc  <Cl.  This  is  the  case  of  a low-frequency  alternating 
electric  field  and  a weak  magnetic  field  (or  of  low  t due  to  high  tem- 
peratures). In  this  case 

<tRe  » (1  — v§).  (6.9) 

If  we  introduce  the  specific  resistance  p = 1/a,  so  that  Ap/p  = 
^ — Ao/ct,  we  shall  obtain  from  (6.9) 

Ap/p0  — v*  = {[iH/c)2.  (6.9a) 

This  result,  as  we  shall  see  in  Chap.  8,  coincides  up  to  a numerical 
factor  with  that  obtained  from  the  kinetic  equation. 

3.  v >>  1,  vc  = 0.  The  specimen  is  irradiated  with  a high-frequency 
radiation  (for  instance,  infrared  radiation)  in  the  absence  of  a mag- 
netic field.  In  this  case  the  absorption  coefficient  is  proportional  to 

aRe  ^ o0/v2.  (6.10) 
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4.  v = vc^>l.  This  is  the  condition  for  the  cyclotron  resonance. 
We  have  from  (6.7) 

^Re  ~ ^0*  (6.11) 


Hence,  at  the  cyclotron  resonance  the  conductivity  is  two  times  less 
than  in  a constant  electric  field.  If  the  high-frequency  electromag- 
netic field  is  polarized  circularly  and  not  linearly,  as  in  our  case 
(2?„=  0),  oRe/o0  would  be  unity. 

6.6.3  Consider  the  theory  of  cyclotron  resonance  when  the 
energy  spectrum  of  electrons  consists  of  a set  of  equivalent  minima 
in  the  k-space,  in  the  vicinity  of  which  the  constant-energy 
surfaces  are  ellipsoids  of  revolution  (n-germanium  and  rc-silicon). 
In  this  case  the  electron’s  energy  is 


, - **  ( kl  \ k*  \ k*  ) 


(6.12) 


where  the  wave  vector  k is  measured  from  the  point  of  minimum  k0t 
and  the  indices  1,  2,  3 correspond  to  the  rectangular  coordinates 
coinciding  with  the  major  axes  of  the  energy  ellipsoid.  In  the  case  of 
n-germanium  and  ^-silicon  the  constant-energy  surfaces  (near  the 
minima)  are  the  ellipsoids  of  revolution,  so  that  m,y  = m2  = mj, 
and  mn  = ni\\,  where  m±  and  m\\  are,  respectively,  the  transverse  and 
the  longitudinal  masses  of  the  effective  mass  tensor.  Making  use  of 
(6.12),  we  obtain  for  the  velocity  components 


1 de  hki  pi 

h dki  mt  mi 


(i  — 1,  2,  3), 


(6.13) 


where  the  quasi-momentum  p = /ik. 

Since  the  high-frequency  field  and  the  friction  force  F H are  small 
perturbations,  it  is  sufficient  to  consider  the  quasi-classical  motion 
equations  for  the  electron  in  a magnetic  field  H: 


d(hV) 

dt 

— — v X H. 

C 

(6.14) 

Making  use 

of  (6.13),  we  obtain 

dvi 

dt  ~ 

-7^3+T 

V3H2, 

dv  2 

m * dt  ~ 

-7^i  + 7 

ViHz, 

dvs 

-7^+7 

viHi, 

(6.14a) 

where  Hr  = H ax,  H2  = Haz,  Hz  = Ha3  are  the  projections  of  the 
magnetic  field  on  the  coordinate’axes,  and  a1}  a,,  a3  are  the  respective 
direction  cosines. 
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Assuming  that  the  electron  velocity  is  v oc  exp  (—icat),  i.e., 
making 

Vi  = v10e~ia>t,  v2  = v20e~i(i>t,  v3  = v33e~M,  (6.15) 

we  obtain,  substituting  (6.15)  into  (6.14a), 

— icm1<nv1Q  + eH3v2  0 — eH2v  30  = 0, 

eH3  v10  + icm2cov20  — eHxv30  = 0,  ^ 

eH2v  io  — eHxv20  — icm3  a>v30  = 0. 


This  system  of  algebraic  homogeneous  linear  equations  in  the 
unknown  amplitudes  y10,  v20,  v30  has  a nonzero  solution  only  if  the 
determinant  of  the  system  (6.16)  is  equal  to  zero  [6.13,  p.  258,  Theo- 
rem 3].  Equating  the  determinant  of  (6.16)  to  zero,  we  obtain  the 
third-degree  characteristic  equation  for  co,  whose  roots  are 

co  = 0 (6.17) 

and 

co2  = co2oc2  + co2a2  + cola2  s co§,  (6.17a) 

where 


co. 


eH 


Y 


7YI<2JYI% 


co2  = 


CO, 


eH 


c y'  mxm2 


(6.17b) 


The  frequency  co  = 0 (6.17)  corresponds  to  the  electron’s  motion 
along  the  magnetic  field;  the  frequency  co  = coc  (6.17a)  is  the  cyclo- 
tron frequency  corresponding  to  the  electron’s  motion  in  a plane  per- 
pendicular to  the  magnetic  field.  If  the  magnetic  field  coincides,  for 
example,  with  the  first  axis,  then  ax  = 1,  a2  = a3  = 0,  and  co0  = cox. 
Determining  the  cyclotron  frequency  (from  the  condition  of  maximum 
absorption  in  the  resonator)  for  different  orientations  of^the  magnetic 
field  with  respect  to  the  crystal,  i.e.,  for  different  ax,  a2,  and  a3, 
we  can  determine  cox,  co2  and  co3,  i.e.,  the  components  of  the  effective 
mass  tensor  mx,  m2,  and  m3. 

As  was  pointed  out  earlier,  constant-energy  surfaces  for  n-germa- 
nium  and  n-silicon  are  ellipsoids  of  revolution,  so  that  m1  = m2  = rrij_ 
and  m3  = m\\.  If  the  magnetic  field  makes  an  angle  0 with  the  third 
axis,  then  a2  = cos2  0,  a\  + a\  = 1 — a2  = sin2  0,  and  it  follows 
from  (6.17a)  that 


cos2  0 


sin20  "I 


(6.18) 


Measuring  coc  for  different  0,  we  can  find  m1  and  m\\.  Since  there 
are  several  equivalent  energy  minima  in  the  k-space,  the  experimen- 
tal absorption  curves  have  numerous  peaks  corresponding  to  differ- 
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ent  minima.  We  can  introduce  the  cyclotron  effective  mass  m*, 
making 

o>c  = eH/m*c.  (6.19) 

Then  in  the  case  of  (6.18) 


/ 1 \ 2 cos2  6 | sin2  6 

\ m*  ) m $ m ’ 


(6.20) 


i.e.,  m*  depends  not  only  on  m±  and  but  also  on  the  angle  0, 
which  defines  the  direction  of  the  magnetic  field. 

6.6.4  Derive  the  general  expression  for  the  cyclotron  effective 
mass  m*,  valid  for  an  arbitrary  dispersion  law  for  the  electrons  (holes), 
that  would  enable  the  energy  e vs  k dependence  for  such  particles  to 
be  determined  from  the  cyclotron  resonance  experiments.  Our  equa- 
tions, in  particular,  will  be  valid  for  p-germanium  and  p-silicon  for 
which  e (k)  takes  the  form  (4.15.4)  making,  strictly  speaking,  the 
introduction  of  the  effective  mass  tensor  impossible. 

Consider  the  motion  of  an  electron  or  a hole  with  an  arbitrary 
dispersion  law  s (k)  in  a uniform  magnetic  field  H.  The  quasi-classical 
equations  of  motions  are  in  this  case  of  the  form 

4-<*k)  = 7 vxH,  (6.21) 

v = -j-Vk8(k),  (6.21a) 

where  e is  now  the  algebraic  value  of  the  charge  and  Vk  = gradk. 

If  H points  in  the  direction  of  the  z axis,  then 


n 


dkz  e 

dt  c 


V X H2  = 0, 


and  therefore 

kz  = const.  (6.22) 

On  the  other  hand,  from  (6.21)  and  (6.21a)  we  have 

-TT1  = v“s!r  = ',TvxH  = 0' 

whence 

e (k)  = const.  (6.23) 

This  means  that  the  motion  of  the  charge  in  the^k-space  follows  a 
curve  resulting  from  the  intersection  of  a constant-energy  surface 
(6.23)  and  a plane  (6.22). 


6.6  CYCLOTRON  (DIAMAGNETIC)  RESONANCE  377 


Form  the  projection  of  both  sides  of  equation  (6.21)  in  the  k-space 
on  the  plane  kz  = const.: 


. dl  £ yt 

h-  = -v±H, 


<6-24> 

where  dl  is  an  element  of  the  “trajectory”  of  motion  in  the  k-space,  and 

(6.24a) 


v±  = V v\  + v% 

is  the  projection  of  the  velocity  on  a plane  normal  to  the  direction  of 
the  magnetic  field  (i.e.,  to  the  z axis). 

If  the  trajectory  in  the  k-space  is  closed,  the  period  of  revolution 
of  the  charge  is 


T c = 


he 


7 . •*’*'  .L  u't' 

dt=-m§—' 


dl 


(6.25) 


if  dt  is  substituted  from  (6.24). 

On  the  other  hand,  the  cross-sectional  area  bounded  by  the  closed 
trajectory  is 


'=H 


dkxdky. 


(6.26) 


Perform  in  the  double  integral  the  transformation  from  the  differen- 
tials dkx,  dky  to  dl  and  dkL\  dkx  is  an  elementjof  the  normal  to  dl 
in  the  plane  kz  = const.  From  the  general  equation  (6.21a)  we  have 

1 56  (6.27) 


x h dkL' 

whence 

,,  1 de 

dk  j.  =-z , 

x hv± 


Hence 


or 


h 


as 

de 


=4-- 


Substituting  this  into  (6.25),  we  obtain 

rp  h*c  dS 
1 c~~eH~~de  • 


(6.27a) 


(6.28) 


(6.28a) 


(6.29) 


Since  the  cyclotron  frequency  is  ©c  = 2n/Tc,  the  cyclotron  effec- 
tive mass  (6.19)  is 
h*  dS 
2 n de  ‘ 


mt  = - 


(6.30) 
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Measuring  to*  at  different  orientations  of  the  magnetic  field  with 
respect  to  the  crystal,  we  can,  in  principle,  reconstruct  the  shape  of 
the  surface  e (k)  = const.  If  the  dispersion  law  e (k)  is  specified  in  an 
analytical  form  but  contains  some  unknown  parameters,  as,  for 
example,  in  cases  (6.12)  or  (4.15.4),  then  (6.30)  can  be  used  for 
the  experimental  determination  of  such  parameters.  By  way  of  an 
example,  consider  a simple  case  in  which  constant-energy  surfaces 
are  spheres,  so  that 

e = ^2A2/2to*,  (6.31) 

where  to*  is  the  scalar  effective  mass.  In  this  case 

5 = n*i  = Ji(A;2-fcl)  = jl(^^-A:2).  (6.31a) 

Substituting  this  into  (6.30),  we  obtain 

m*c  = to*,  (6.32) 

which  agrees  with  (6.1a).  Expression  (6.20)  can  be  obtained  from  (6.30) 
just  as  easily.  In  the  case  of  a complex  constant-energy  surface  e (k)  = 
= const,  (other  than  a sphere  or  an  ellipsoid)  the  derivative  dS/ds 
generally  depends  on  kz,  so  that  to * ( kz ).  Since  the  crystal  contains 
electrons  with  different  k'z s,  m%  corresponding  to  the  maximum  of 
the  cyclotron  absorption  curve  will  be  m%  ( kz ),  where  kz  w kxw 
« ky,  their  order  of  magnitude  following  from  the  condition  e « 
« k0T. 

6.6.5  At  temperatures  low  enough  to  satisfy  inequality  (5.33) 
only  magnetic  oscillators  with  small  quantum  numbers  N will  be 
excited,  and  for  this  reason  the  quasi-classical  description  of  the 
particle’s  motion  (6.21)  cannot  be  correct.  Making,  as  before,  cdc  = 
= 1.5  X 1011  rad/s  and  taking  into  account  that  2 n*H  = hi oc,  we 
obtain  for  (5.33) 

T < 1 K.  (6.33) 

Hence,  at  liquid  helium  temperatures  at  which  the  cyclotron 
resonance  experiments  are  usually  conducted  we  find  ourselves  close 
tolthe  limits  of  applicability  of  the  quasi-classical  theory. 

From  a quantum  mechanics  point  of  view,  the  cyclotron  reso- 
nance should  be  regarded  as  electron  (hole)  transitions  from  one  quan- 
tum orbit  to  another,  caused  by  the  high-frequency  field.  It  can 
easily  be  shown  that  in  this  case  only  transitions  accompanied  by  the 
variation  of  the  quantum  number  of  the  magnetic  oscillator  A N = 
= ±1  are  possible.  From  this  point  of  view  it  is  natural  to  apply  the 
term  diamagnetic  resonance  to  this  phenomenon. 

In  the  quantum  mechanics  theory  the  cyclotron  resonance  fre- 
quency (Do  is  determined  by  the  difference  of  adjacent  terms  % {N  + 

1)  — % ( N ) « hml.  In  the  case,  when  the  constant^energy  surfaces 
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are  spheres,  it  follows  from  (5.19)  that  oic  = 2 \i*Hlh  = eH/m*c  = 
= coc,  i.e.,  is  independent  of  the  quantum  number  N coinciding  with 
the  classical  cyclotron  frequency  determined  from  equation  (6.29). 
Both  frequencies  coincide  also  in  the  case  when  the  constant-energy 
surfaces  are  ellipsoids.  Hence,  in  these  cases  equation  (6.29)  is  valid 
in  the  entire  temperature  range. 

For  more  complex  constant-energy  surfaces,  as  for  instance  in 
p- Ge,  the  difference  % (N  + 1)  — % ( N ) depends  on  the  level’s 
number  N,  and  ©c  coincides  with  coc  (6.29)  only  for  large  values  of 
the  quantum  numbers  N. 

The  quantum  mechanics  theory  of  the  diamagnetic  (cyclotron) 
resonance  is  discussed  in  [6.14]. 


6.7.  Metal-Semiconductor  Contact.  Rectification 

6.7.1  Consider  an  impurity  semiconductor  of  the  electron  type 
the  dissociation  energy  of  whose  donors  is  eD  <C  k0T,  so  that  they 
are  practically  all  ionized.  If  the  semiconductor  is  brought  in  contact 
with  a metal,  the  potential11  of  its  surface  in  contact  with  the  metal 


Fig.  6.5 

will,  as  the  result  of  a redistribution  of  the  semiconductor’s  electrons, 
coincide  with  the  potential  of  the  metal  surface.  Since  the  semicon- 
ductor and  the  metal  freely  exchange  electrons  and  are  in  a state  of 
statistical  equilibrium,  their  chemical  potentials  coincide.  The  work 
junction  of  an  electron  in  a metal  is  known  to  be  equal  to  the  differ- 
ence between  the  electron’s  potential  energy  in  a vacuum  and  its 
chemical  potential  inside  the  body.  If  the  work  function  of  the  metal 
wm  exceeds  that  of  the  semiconductor  ws,  the  potential  in  the  contact 
layer  of  the  semiconductor  will  increase,  and  the  energy  bands  will 
be  deflected,  as  shown  in  Fig.  6.5.  The  potential  on  the  surface  of  the 

11  In  the  following  we,  for  the  sake  of  brevity,  use  the  term  potential  for  the 
electron’s  potential  energy  V = — etp,  where  <p  is  the  electrostatic  potential. 
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semiconductor  (metal)  will  be  V0  = wm  — wa  > 0,  if  the  potential 
energy  of  the  free  electrons  inside  the  semiconductor  is  assumed  to 
be  zero,  i.e.,  if  all  the  energies  are  measured  from  the  bottom  edge  of 
the  semiconductor’s  conduction  band.  In  the  case  being  considered 
the  free  electron  concentration  in  the  bulk  of  the  semiconductor  will 
be  higher  than  in  the  contact  layer,  which  we  shall  term  barrier 
(exhaustion)  layer.  If  wm  < ws , the  potential  will  be  F0  < 0,  i.e., 
it  will  be  below  the  bottom  edge  of  the  semiconductor’s  conduction 
band,  so  that  the  energy  bands  close  to  the  semiconductor’s  surface 
will  be  deflected  in  the  direction  opposite  to  that  shown  in  Fig.  6.5. 
The  electron  concentration  in  the  bulk  of  the  semiconductor  will 
be  lower  than  in  the  contact  layer,  and  we  shall  use  the  term  anti- 
exhaustion layer  to  describe  it. 

In  the  first  case  (wm  > w3),  depicted  in  Fig.  6.5,  the  electrostatic 
potential  at  the  surface  is  obviously  qp0  = — 0;  in  the  second 

case  ( wm  < ws)  — (p0  > 0.  It  is  also  obvious  that  for  a hole-type 
semiconductor  the  first  case  results  in  the  formation  of  an  anti-ex- 
haustion layer,  and  the  second  case  results  in  the  formation  of  a 
barrier  layer. 

Since  the  connection  of  a small  resistance  (of  the  anti-exhaustion 
layer)  in  series  with  a circuit  does  not  cause  any  appreciable  effects, 
we  shall  in  the  future  be  interested  only  in  the  barrier  layers  which, 
as  we  shall  see,  possess  rectification  properties. 

The  potential  of  the  barrier  layer  V satisfies  the  Poisson  equation 

V2V  = ^ep,  (7.1) 

where  e is  the  dielectric  constant,  and  p is  the  electric  charge  density. 
If  we  assume  that  all  quantities  depend  only  on  the  x coordinate  nor- 
mal to  the  semiconductor’s  surface,  we  have 


1 H d*V 
J dx 2 


4lte2 

e 


1 

[rcD— n(x)], 


(7.2) 


where  nD  and  n (x)  are  the  concentrations  of  the  positively  charged 
(ionized)  donors  and  of  the  free  electrons,  respectively.  It  follows 
from  the  consideration  of  electrical  neutrality  that  inside  the  semi- 
conductor n (x)  = n]=  nD.  The  electron  concentration  in  the  barrier 
layer,  in  accordance  with  the  Boltzmann  law,  is 

»(*)  = nexp(-^-). 

Introducing  the  dimensionless  potential 

1T1  — V(x) 


(7.3) 
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and  the  characteristic  Debye  length  ( radius ) 

7 1 /~ 

D—  V lne*n  * 

write  (7.2)  in  the  form 
d2®  1 


dx 2 


[l  — e-ot*)]. 


(7.4a) 

(7.4b) 


The  last  equation  contains  the  single  parameter  ZD;  therefore,  from 
considerations  of  dimensionality,  it  follows  that  the  thickness  of  the 
barrier  layer  should  be  of  the  order  of  lD.  The  Debye  length  lD  plays 
the  obvious  part  of  the  screening  radius  of  the  potential  (of  the  charge). 

If,  for  example,  O (x)  <C  1,  i.e.,  if  V (x)  <^k0T  (this  case  is  rarely 
encountered  in  practice),  then  expanding  the  exponent  in  (7.4b) 
into  a series,  we  obtain 


d2V 
dx 2 


lb 


V. 


(7.5) 


Taking  into  account  that  V (0)  = F0  and  V (oo)  = 0,  we  obtain 


V (x)  = V0e~x/‘D, 


(7.6) 


i.e.,  lD  is  the  length  on  which  the  potential  (the  charge)  decreases  e 
times. 

For  T = 300  K,  n = 1018  cm-3  and  e = 16  (Ge)  the  Debye  length 
is  ZD  = 4 X 10-6  cm,  i.e.,  many  times  greater  than  the  lattice  param- 
eter. For  normal  metals  ZD  is  of  the  order  of  the  lattice  parameter, 
so  that,  strictly  speaking,  this  concept  cannot  be  introduced  in  this 
case. 

6.7.2  The  electric  current  density  in  the  presence  of  an  electric 
field  Ex  and  a concentration  gradient  of  free  electrons  is 

/_«*,  + (-.)  (-2)  *£>.),  (7.7) 


where  D is  the  diffusion  coefficient.  The  specific  conductivity  is 

a = en  (x)  p,  (7.7a) 

where  p is  the  electron  mobility  (6.6b),  which  we  shall  consider  in 
greater  detail  in  Chapter  9. 

The  term  for  current  <jEx  in  expression  (7.7)  is  field-induced 
and  for  current  ( — e)  ( — D is  diffusion  current. 

The  total  current  in  conditions  of  statistical  equilibrium  is  always 
zero.  This  means,  for  example,  that  in  the  barrier  layer  the  field- 
induced  current  is  compensated  by  the  diffusion  current.12  From  (7.7) 


12  This  case  is  considered  in  greater  detail  in  Section  6.7.3. 
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and  (7.7a)  we  obtain  in  this  case 

+ = o,  (7.8) 


where  — —■  has  been  substituted  for  Ex.  Integrating  (7.8),  we  obtain 

n (z)  = new/0,  (7.9) 

since  n (x)  = n at  <p  = 0.  On  the  other  hand,  in  accordance  with 
the  Boltzmann  distribution  for  a nondegeneratej electron  gas, 

«(*)  = «„  exp  ( — =nexP-07.  (7.10) 


Comparing  (7.9)  with  (7.10),  we  arrive  at  ihe^Einstein  relation 
connecting  the  mobility  and  the  diffusion  coefficient 


(7.H) 


6.7.3  Consider  now  the  phenomena  which  take  place  when  an 
electric  current  flows  through  the  barrier  layer.  The  electrons  moving 
in  the  semiconductor  collide  with  the  phonons  (lattice  vibrations), 
impurity  centers  and  with  other  imperfections  of  the  crystal  lattice. 
Such  collisions  result  in  drastic  changes  in  the  direction  of  motion 
of  the  electrons.  We  can  introduce  the  concept  of  the  mean  free  path  l 
for  a conduction  electron;  it  is  understood  to,be  the  mean  path  trav- 
eled between  successive  collisions.13  Obviously,  1=  vx,  where  v is 
the  mean  velocity  and  x is  the  mean  free  time  of  the  electron  (see 
Section  6.6.1). 

When  considering  the  flow  of  current  through  the  barrier  layer, 
we  should  distinguish  between  two  cases:  the  first,  when  the  elec- 
tron’s mean  free  path  greatly  exceeds  the  barrier  layer  width,  and 
second,  when  the  reverse  is  true.  Because  of  the  great  resistance 
of  the  barrier  layer  depleted  of  the  charge  carriers,  practically  all 
the  potential  difference  U falls  across  it.  In  the  first  case  (Bathe’s 
diode  rectification  theory;  1942),  when  the  electron’s  mean  free  path 
is  large,  the  calculation  of  the  electron  flux  falling  on  the  surface 
{x  = 0)  of  the  semiconductor  out  of  its  inner  region  is  quite  simple. 
The  number  of  electrons  in  the  semiconductor  with  speeds  lying  in 
the  intervals  vx,  vx  -f  dvx,  vy,  vy  + dvy  and  vz,  vz  + dvz,  passing 
through  a square  centimeter  of  its  surface  normal  to  the  x axis  per 
one  second,  is 


dn  = n 


m*  (v%+v*  + vl) 
2koT 


) vxdvxdvydvz. 


(7.12) 


18  The  concept  of  the  mean  free  path  will  be  rigorously  defined  in  the  next 
chapter  from  the  kinetic  equation. 
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where  n is  the  electron  concentration  in  the  semiconductor’s  bulk 

[6.1,  p.  63]. 

To  find  the  electron  flux  reaching  the  semiconductor’s  surface 
(at  x = 0)  we  must  integrate  (7.12)  with  respect  to  vy  and  vz  from 
— oo  to  +co  and  with  respect  to  vx  from  the  value  determined  by 
the  equation 


m* v%!2  = F0  — eU  = — e (<p0  + U)  > 0 


(7.13) 


to  vx  = oo. 

Here  U is  the  variation  of  cp0  at  x = 0 due  to  the  voltage  across 
the  barrier  layer.  Indeed,  if  | vx  | is  less  than  the  value  obtained 
from  (7.13),  then  an  electron  with  such  a velocity  will  be  unable  to 
negotiate  the  potential  barrier  of  the  barrier  layer  and  reach  the 
semiconductor’s  surface. 

Hence,  the  electron  flux  from  the  semiconductor  to  the  metal  is 


n / m*  \3/2  (•  / m*v%  ^ 

e = J y*exP(-w)^ 

1/2  (V0-  eU)/m* 


X 


J J “p  ( 


m*  (vl  + vl) 

2kjf 


) dv 


ydVz 


1 ( V0  \ eU  r.  eU 

= T nvT  exp  ( exp  ^ = <?0  exp  ^ , 


(7.14> 


where  vT  =(^^)1/2  is  the  mean  thermal  velocity  of  the  electrons, 
nvT  is  the  electron  flux  density  in  the  bulk  of  the  semiconductors,  and 
(^n  = ( Jr ) nv  exp  ( — ^ is  the  density  of  the  electron  flux  crossing 

Uie  metal-semiconductor  boundary  at  x = 0 for  U = 0. 

The  integrals  with  respect  to  vy  and  vz  can  be  calculated  by  equation 
(2.6.1);  the  calculation  of  the  integral  with  respect  to  vx  can  be  per- 
formed quite  easily  if  we  introduce  a new  integration  variable  t = vx 
with  the  aid  of  the  transformation  vxdvx  = 1/2  dvx.  Since  in  equilib- 
rium the  resultant  electron  flux  crossing  the  boundary  at  x = 0 is 
zero,  and  since  the  potential  U applied  to  the  barrier  layer  does  not 
ulTect  the  state  of  the  electrons  in  the  metal,  the  electron  flux  from 
I he  metal  to  the  semiconductor  is  always  equal  to  @0. 

If  U > 0,  i.e. , the  metal  serves  as  the  positive  electrode  and  the 
semiconductor  as  the  negative,  the  height  of  the  barrier  V0  is  de- 
creased, so  that  Q>Q0.  The  resultant  electron  flux  flows  from  the  se- 
miconductor to  the  metal,  the  direction  of  the  electric  current  being: 
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■opposite.  If  we  agree  to  regard  this  current  as  positive,  then  its 
value  will  be 

/ = *(£>-&)  = /o  (exp  ^gr-l),  (7.15) 

where  /0  = eQ0. 

This  direction  of  the  applied  voltage  is  termed  forward,  the  same 
term  that  is  used  for  the  current.  For  U < 0,  when  the  metal  serves 

as  the  negative  electrode,  the  poten- 
tial barrier  at  the  semiconductor-metal 
boundary  rises,  and  the  resultant  elec- 
tron flux  flows  from  the  metal  to  the 
semiconductor.  In  this  case  the  electric 
current  is  determined  by  the  same  ex- 
pression (7.15),  which  now  yields  for 
it  a negative  value. 

In  this  case  we  speak  of  the  reverse 
direction  of  the  voltage  and  use  the 
term  reverse , or  back,  current. 

Figure  6.6  is  a schematic  representa- 
tion of  the  volt  ampere  characteristic  of  a diode  rectifier,  which  satis- 
fies (7.15). 

For  U < 0,  as  ] U | is  increased,  the  reverse  current  tends  to  satu- 

k T 

ration  (— /„).  For  positive  U 2>  the  current  rises  exponentially 

however,  only  as  long  as  £7  <;  | <p0  |,  i.e.,  as  long  as  the  barrier  layer 
still  exists.  For  U close  to  | cp0  | the  resistance  of  the  barrier  drops  so 
drastically  that  a substantial  part  of  the  applied  voltage  drops  in 
the  semiconductor’s  bulk.  Expression  (7.15),  which  takes  no  account 
of  this  effect,  is  no  longer  applicable  for  such  voltages. 

Consider  now  the  so-called  diffusion  theory  of  rectification  (Davy- 
dov, Schottky,  Pekar,  1939)  applicable  in  the  case  when  the  elec- 
tron’s mean  free  path  l is  much  less  than  the  barrier  layer  width  ZD. 
In  this  case  the  expression  for  the  current  is  (7.7).  In  addition,  we 
must  assume  that  on  the  metal-semiconductor  boundary 

<P  (0)  = To  + U.  (7.16) 


From  (7.7)  we  have 


dn  (x) 
dx 


e 

~kj 


d<\ p 


dx 


n (x) 


\xk$T 


= 0, 


(7.17) 


where  we  made  use  of  the  Einstein  relation  (7.11). 

The  distribution  of  the  electrostatic  potential  cp  (#),  is,  of  course, 
determined  by  the  concentration  distribution  n (x).  However,  for- 
mally we  can  consider  (7.17)  as  a first-order  linear  differential  equa- 
tion for  the  unknown  function  n (x),  assuming  -^-to  be  a specified 
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function  of  x.  The  solution  of  (7.17)  is  of  the  form  [6.15,  § 1,  i.  6] 

oo 

n(^)  = reexp-^I__i_  j exp  [cp  {x)  — cp  (£)]  dg,  (7.18) 

* 

where  the  single  integration  constant  has  been  chosen  so  as  to  satisfy 
the  boundary  condition  n (oo)  = n (n  is  the  constant  concentration  in 
the  semiconductor’s  bulk).  The  solution  (7.18)  can  be  checked  by 
direct  substitution  into  (7.17).  When  differentiating  the  integral 
in  (7.18)  with  respect  to  x we  should  keep  in  mind  that  both  the  in- 
tegrand and  the  lower  integration  limit  depend  on  x [6.15,  § 8, 
i.  83]. 

Apply  now  the  solution  (7.18)  to  the  semiconductor’s  surface  at 
x = 0.  Then 

m\  ecpn  eU 

n0  = n(0)  = n exp  exp 

oo 

exp^r[cp(°)-(p©]^,  (7.19) 

o 

where  we  made  use  of  (7.16). 

Since  in  the  case  being  considered  each  of  the  electron  fluxes— 
from  the  metal  to  the  semiconductor  and  the  reverse  one — are  much 
greater  than  the  resultant  flux  (1/e)  /,  the  electron  concentration  at 
the  boundary  x = 0 remains  almost  equal  to  its  equilibrium 
value,  i.e. , 


n0  = n exp  . (7.20) 

Solving  (7.19)  with  respect  to  / and  making  use  of  (7.20),  we  obtain 

where 

.■  n0\lk0T 

Jo  — — ® 

j exp -^r[(p(°)  — (p(i)]  d% 
o 

As  we  shall  see  below,  the  integral  that  determines  j0  depends  little 
on  U,  and  because  of  that  the  relation  between  / and  U in  the  diffusion 
theory  of  rectification  (7.21)  takes  the  same  form  as  in  the  diode 
theory  (7.15).  Inside  the  barrier  layer  the  electrostatic  potential 
'I1  ( x ) is  negative,  being  maximum  in  magnitude  at  £ = 0;  therefore, 
tlie  exponent  in  the  integral  (7.21a)  is  negative  and  rapidly  grows 
in  magnitude  with  the  increase  in  £.  This  makes  it  possible  to  calcu- 


(7.21) 

(7.21a) 
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late  the  integral  by  expanding  cp  (£)  into  a series  in  | and  retaining 
only  the  linear  terms: 

<P(D  = <P(0)+(f)0l-«>(0)+(f)ol:  (7.22) 

Then 


j exp  {-^J-  [q>  (0)  — q)©]}  d\ 


Substituting  (7.23)  into  (7.21a),  we  obtain 
7o  = en„p(g)o, 


(7.23) 


(7.24) 


the  field-induced  current  at  the  semiconductor’s  boundary.  The  weak 
dependence  of  ) on  U in  (7.21)  can  be  neglected  as  compared 

with  the  exponential  term.  In  this  case  (7.21)  is  similar  to  (7.15). 

Hence,  in  the  case  of  the  diffusion  rectification  theory,  too,  the 
volt-ampere  characteristic  retains  the  shape  depicted  in  Fig.  6.6; 
however,  in  this  case  the  current  j0  for  a barrier  of  equal  height  cp0 
is  much  less. 

The  formation  of  a barrier  layer  at  the  semiconductor’s  surface  is 
not  always  due  to  the  difference  in  work  functions  of  the  metal  and 
the  semiconductor.  In  a variety  of  cases  the  barrier  layer  is  formed 
because  electrons  localized  on  surface  levels  (Section  5.2.3),  charge 
the  semiconductor’s  surface.  In  this  case  the  surface  barrier  F0  is 
independent  of  the  nature  of  the  metal  contact  (J.  Bardeen,  1947). 

In  numerous  cases  important  for  technical  applications  the  barrier 
layer  is  of  chemical  origin  (oxide  films,  shellac,  etc.).  The  rectifica- 
tion theory  for  this  case  (N.  F.  Mott)  is  similar  to  the  one  presented 
above. 


6.8.  Properties  of  p-n  Junctions 

6.8.1  In  the  preceding  section  we  studied  the  electrical 
properties  of  the  metal-semiconductor  contact.  It  would  seem  ap- 
propriate now  to  consider  the  contact  between  two  semiconductors, 
for  example,  of  different  conductivity  types — the  electron  and  the 
hole  type.  The  contact  between  an  n-  and  a p-type  semiconductor 
can  be  realized  in  its  most  unmitigated  form  if  two  adjacent  regions, 
one  of  the  electron-type  conductivity  and  the  other  of  the  hole-type 
conductivity,  are  created  inside  the  same  crystal.  The  boundary 
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between  the  p and  re  regions  inside  a semiconductor  is  termed  a p-n 
junction. 

Most  semiconductor  radio  devices  employ  p-n  junctions  in  germa- 
nium or  silicon.  The  technology  of  manufacturing  such  devices, 
which  we  shall  not  stop  to  deal  with,  has  reached  a high  degree  of 
perfection. 

Consider  an  ideal  p-n  junction  in  Ge:  the  acceptor  concentration, 
for  instance,  of  indium  atoms  to  the  left  of  the  plane  x = 0 is  con- 
stant and  equal  to  reA;  to  the  right  of  x = 0 there  is  a constant  donor 
concentration  (for  instance,  of  antimony  atoms)  equal  to  reD.  At  tem- 
peratures not  too  low  all  impurities  are  ionized,  so  that  in  the 
bulk  of  the  left  p-region  the  hole  concentration  is  pp  « reA,  and  in 
the  bulk  of  the  right  re-region  the  concentration  of  conduction  elec- 
trons is  ren  « reD.  The  mobile  holes  diffuse  from  the  left  p-region 
to  the  right  re-region;  vice  versa,  the  conduction  electrons  will  cross 
the  plane  x = 0 from  the  right  to  the  left.  As  a result  a diffuse  layer 
of  a negative  charge  is  formed  to  the  left  of  x = 0,  and  a layer  of 
a positive  charge  is  formed  to  the  right  of  x = 0.  The  double  layer 
thus  formed  results  in  a potential  jump  that  prevents  any  further 
hole  flux  from  the  left  to  the  right  and  electron  flux  from  the  right 
to  the  left. 

In  addition  to  impurity  conductivity,  germanium  exhibits  some 
intrinsic  conductivity.  Let  np  be  the  equilibrium  concentration  of 
electrons  in  the  bulk  of  the  p-region  and  pn  the  equilibrium  concen- 
tration of  holes  in  the  bulk  of  the  re-region.  At  any  point  of  the  p-n 
junction  being  considered  here  the  electron  and  hole  concentrations 
satisfy  the  relation  (2.20): 

rep  = ref,  (8.1) 

where  re£  is  the  intrinsic  carrier  concentration.  It  follows  from  (8.1) 
that 

log  p — log  nt  = log  re£  — log  re.  (8.1a) 

Figure  6.7  is  a representation  on  a logarithmic  scale  of  the  electron 
and  hole  concentrations  in  a p-n  junction.  We  see  the  curves  log  p (x) 
and  log  re  (x)  to  be  symmetrical  about  the  straight  line  log  re;,  this 
is  a direct  result  of  (8.1a).  The  planes  xp  and  xn  define  the  bound- 
aries of  the  double  layer  or  of  rapid  variation  of  the  potential  in 
the  p-n  junction.  In  all  practical  cases  np  <C  pP  and  pn  <Cn„.14 
If,  for  example,15  reA  = Pp  = 1016  and  reD  = ren  = 1014,  then  it 
follows  from  (8.1)  that 

n?  n? 

np  = -A  « 1010,  p„--i«  10‘2, 

rp  nn 

14  Therefore  we  make  pp  = nA  and  nn  = nD  . 

15  Here  and  below  the  concentrations  are  given  in  cmA  i 
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since  in  germanium  at  room  temperature  nt  1013  cm-3.  As  in  the 
case  of  the  barrier  layer,  we  can  write  for  the  p-n  junction  the  Pois- 
son equation  (7.2)  that  can  be  solved  in  certain  limiting  cases.  Again 
denoting  the  electrostatic  potential  by  cp  ( x ) and  putting  in  the  bulk 


log  of  concentrations 

f>-type  semiconductor  A n-type  semiconductor 


Fig.  6.7 


of  the  re-region  cp  (+°°)  = 
tribution 

ecp  ( x ) 


P (z)  = Pn  exp  ( 
re  (x)  = ren  exp  ( - 


k0T 
ecp  (x) 
k«T 


o, 


')• 

)• 


we  obtain  from  the  Boltzmann  dis- 

(8.2) 

(8.2a) 


If  cp  ( — oo)  = cp0,  the  potential  jump  across  the  p-n  junction  is 


q>o=  - log  l0g^- 

e 8 Pn  e Bn  n 


(8.3) 


At  room  temperature  and  for  the  concentrations  cited  above 
q>0  = —0.026 -log  104  = —0.24  V.  (8.3a) 


Since  we  have  been  considering  a p-n  junction  in  the  state  of  sta- 
tistical equilibrium,  the  level  of  the  chemical  potential  £ in  both 
p-  and  re-regions  should  be  identical.  Figure  6.8  depicts  the 
electron’s  potential  energy  V (x)  = — ecp  (x)  in  the  p-n  junction. 
The  dimensions  of  the  region  of  substantial  variation  of  the  poten- 
tial (xn  — xp ) are  of  the  order  of  the  Debye  length  /D. 

6.8.2  Consider  now  the  current  through  the  p-n  junction  and 
demonstrate  that  the  latter  exhibits  rectifying  properties.16  Retaining 
the  potential  of  the  re-region  at  the  zero  level  (for  example,  earthing 
it),  apply  a positive  electrostatic  potential  V to  the  p-region.  Since 


16  For  the  sake  of  simplicity,  we  consider  the  case  when  nA  = rep,  and,  ac- 
cordingly, xn  — | xp  |. 
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the  resistance  of  the  p-n  junction  itself  is  relatively  high,  we  shall 
assume  the  entire  potential  difference  U to  be  applied  to  the  region 
(xn  — xp ).  A positive  potential  U reduces  the  jump  of  the  negative- 
potential  qp0  (8.3)  and  causes  an  additional  hole  flux  to  flow  from  the 
p-region,  which  on  entering  the  n-region  gradually  recombines  with 
the  electrons,  so  that  the  hole  concentration  drops  to  its  equilibrium 
value  pn.  A similar  situation  is  observed  for  electrons  that  move  in> 


Fig.  6.8 

the  n-region  in  the  direction  opposite  to  the  holes  and  enter  the  p- 
region.  As  a result,  a purely  hole  current  in  the  p-region  changes  to 
a purely  electron  current  in  the  n-region.  In  the  stationary  case  the- 
sum  of  both  currents  jp  + jn  should  be  constant  at  all  points  of  the 
p-n  junction.  The  penetration  of  minority  charge  carriers  into  a semi- 
conductor (of  holes  into  an  n-type  semiconductor  and  of  electrons  into 
n p-type  semiconductor)  is  termed  carrier  injection.  Most  semiconductor 
devices  operate  on  the  principle  of  carrier  injection. 

In  the  case  under  consideration,  when  the  holes  in  the  p-region 
and  the  electrons  in  the  n-regions  move  in  opposite  directions,  the 
resistance  of  the  p-n  junction  falls  just  as  it  did  when  electrons  were- 
flowing  from  the  semiconductor  to  the  metal  (Sec.  6.7).  Hence,  the 
current  will  grow  more  rapidly  than  stipulated  by  the  linear  Ohm’s 
low,  i.  e.,  this  will  be  the  forward  direction  U > 0. 

We  shall  consider  the  forward  current  in  conditions  of  a low  recom- 
bination rate  of  minority  carriers,  when  they}  penetrate  deep  into 
the  semiconductor  (W.  Shockley).  To  be  more  precise,  the  transitional 
region  in  which  the  current  jp  is  replaced  by  the  current  /„  is  much 
wider  than  the  p-n  junction  “width”  xn  — xp.  This  means  that  the 
current  components  at  points  xn  and  xp  are  jn  ( xp ) = jn  ( xn ) and 
jP  ( xp ) = jp  (xn).  For  nn  = pp,  jn  = jp.  At  U = 0 in  the  state  of 
equilibrium 

n(xp)  = np  = n„exp-g-  (<p0<0), 


(8.4) 


390  6.  PROPERTIES  OF  SOLIDS 


since  the  electron  density  obeys  the  Boltzmann  law  (8.2a).  At  U > 0 
the  electron  flux  from  the  n-  to  the  p-region  exceeds  the  electron  flux 
flowing  in  the  opposite  direction,  but  the  difference  between  the  fluxes 
remains  small  in(comparison  to  each  of  them,  and  because  of  that  the 
Boltzmann  law  is  still  approximately  valid  for  the  carrier  concen- 
tration distribution: 


n (xp)  = nn  exp  e^TeU  = np  exp  -0r . (8.4a) 

Hence,  if  the  voltage  is  U > 0,  i.e.,  is  applied  in  the  forward  direc- 
tion, the  electron  concentration  at  the  boundary  xp  will  rise  in  accor- 
dance with  (8.4a),  and  they  will  diffuse  into  the  bulk  of  the  p-region, 
gradually  recombining  with  the  holes. 

The  electron  currents  in  cross  sections  xp  and  xn  are,  according  to 
<7.7), 

in(Xp)  = e[iinn(xp)Ex  + Dn?£],  (8.5) 


7 


in  {Xn)  = eWnn  (*n)  Ex+Dn^^, 


(8.5a) 


where  all  the  quantities  in  the  right-hand  sides  of  (8.5)  and  (8.5a) 
refer  to  the  respective  cross  sections  xp  and  xn. 

In  the  n-region,  where  the  electron  concentration  is  high,  even 
a weak  electric  field  Ex  will  cause  a large  conductivity  current,  so 

that  the  diffusion  current  can  be 
neglected,  and  /n  (xn)  « e\innnEx. 


However,  if 
then 


exp 


g(<Po+T)~1 
k0T  J 

and  for 


<1, 

this 


The  electron 
section  x-\-  dx  is  Dn 


flux  entering 
dn  (x-\ -dx) 
dx  ’ 


< 1, 

"■n 

reason  the  conductivity  current  in 
in  (xp)  is  small  as  compared  with 
= in  (^  n ) ■ Hence,  j n {Xp ) 

« jn  (xn),  and  the  current  jn  (xp) 
is  practically  a diffusion  current. 

Calculate  the  diffusion  electron 
current  in  the  cross  section  xp. 
Consider  first  the  electron  balance 
in  the  layer  dx  shown  in  Fig.  6.9. 
the  layer  dx  through  the  cross 

where  Dn  is  the  diffusion  coefficient, 

dn  {x) 


and  the  electron  flux  flowing  out  of  the  cross  section  x is  Dn 
Therefore  in  the  stationary  case 


dx 


D , 


dn  (x-\-dx) 
dx 


dt 


dn  (x) 
dx 


(ynp  — g)  dx. 


n 
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where  g is  the  number  of  electrons  (holes)  generated  in  cubic  centi- 
meter per  second  as  the  result  of  thermal  excitation,  and  ynp  is  the 
number  of  electrons  annihilated  in  cubic  centimeter  per  second  as 
the  result  of  their  recombination  with  holes  (y  is  the  volume  recom- 
bination coefficient);  g is  the  same  everywhere  in  the  p-n  junction; 
in  the  bulk  of  the  p-region  the  generation  and  recombination  fully 
compensate  each  other.  Therefore, 

g = YupPp- 

At  x « xp  the  hole  concentration  is  p « pp.  Since 

dn(xA-dx)  dn  (x)  , d2n  (x)  ^ 

di  ~ dx  UX' 

it  follows  from  (*)  that 
°n  dx,  = YPP  In  (x)  — np\ 


or 


d2n  (x) 
dx2 

wliere 


X2 


[ n (x)—  Bp], 


Xn  = l/  — 
n V Y Pp 


(8.6) 


(8.6a) 


is  the  diffusion  length  for  the  electrons  in  the  p-region. 

In  the  transient  case  in  the  absence  of  a current  the  electron  anni- 
hilation rate  — (^t)  1S  ProPorti°nal  to  the  deviation  of  the  electron 
concentration  n from  its  equilibrium  value17: 
dn  n np 


dt 


wliere  xn  is  the  lifetime  of  the  electrons  in  the  p-region. 
On  the  other  hand, 


-^p  = YnPn  — g = YPP(n—np). 
Comparing  (8.7)  with  (8.8),  we  obtain 
Ci  = 1/VPp. 
but  then 

Xn  = V DnTn. 


(8.7) 

(8.8) 
(8.9) 

(8.10) 


17  At  any  rate,  for  small  deviations  of  concentration  from  its  equilibrium 
value  nn. 


:t,  -01137 
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Now  we  can  formulate  the  condition  of  low  recombination  or  deep 
injection,  used  by  us: 

^n»Up  1-  (8.11) 

The  solution  of  (8.6)  that  satisfies  the  boundary  condition  n ( — oo)  = 
= np  is  of  the  form 

n(x)  = np  + Cexp-^— , (8.12) 

oC-  n 


where  C is  the  integration  constant. 

The  electron  flux  through  the  cross  section  xp  from  right  to  left  is 


n dn  (x) 
Un  dx 


£ n 


Cex/%n 


— 2-[n(Xp)  — np], 
Jj  n 


(8.13) 


therefore,  the  current  is 

pD 

ln{xv)  = -~r^[n(xp)  — np].  (8.14) 

n 


In  statistical  equilibrium  n (xp)  = np,  and  the  current  jn  = 0. 
A rise  in  the  electrostatic  potential  at  point  xp  by  the  amount  U 
reduces  the  potential  energy  of  an  electron  by  — eU  and  increases 
the  electron  concentration  in  accordance  with  (8.4a).  It  follows  from 
(8.14)  and  (8.4a)  that 


in  ( xp ) 


eDnrij 


T eU 

Lexpv- 


(8.15) 


From  similar  considerations  we  obtain 


jp  (Xn) 


eDpPn 


eU  4 1 


(8.16) 


As  we  have  pointed  out  above,  jp  (xn) » jp  ( xp ),  therefore,  the  total 
forward  current  is 


/ = Jn  (zP)  + jP  (zP)  - j o [ecC/AoT  — 1], 

where 

. eDnnp  ( eDpPn 

Jo  </?  I CJ?  • 

n p 


(8.17) 

(8.17a) 


For  U < 0 (8.17)  determines  the  reverse  current.  It  will  be  seen  from 
(8.17)  that  the  volt-ampere  characteristic  of  a p-n  junction  is  of 
the  same  type  as  in  the  case  of  barrier  layer  rectification  (see  Fig.  6.6). 

The  assumptions  made  in  the  p-n  junction  rectification  theory  are 
well  founded  in  the  case  of  germanium,  the  proof  of  this  being  the 
agreement  of  the  theory  with  the  experiment  depicted  in  Fig.  6.10. 
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We  are  not  in  a position  to  deal  here  with  numerous  semiconductor 
devices  whose  operation  is  based  on  the  p-n  junctions:  transistors, 
tunnel  diodes,  p-n  junction  photocells,  phototransistors,  semicon- 


Idg.  6.10 

doctor  lasers,  etc.  This  extensive  field  of  semiconductor  electronics 
lias  grown  into  a separate  discipline,  and  the  study  of  it  requires  spe- 
cialized literature.18 


6.9.  Generation  and  Recombination  of  Charge  Carriers. 

Quasi-Fermi  Levels 

6.9.1  When  we  considered  the  properties  of  a semiconductor  in 
i lie  state  of  statistical  equilibrium  (see  Sec.  6.2),  we  pointed  out  that 
I hey  are  independent  of  the  mechanism  of  the  interaction  of  charge 
carriers  with  one  another  and  with  the  lattice.  However,  the  inter- 
action mechanism  becomes  essential  when  nonequilibrium  pro- 
perl  ies,  specifically  the  free  charge  transport  phenomena,  begin  to 
lie  considered. 

In  intrinsic  semiconductors  free  from  impurity  centres  the  free 
electrons  and  holes  appear  as  the  result  of  electron  transitions  from  the 
valence  band  to  the  conduction  band.  Such  generation  of  electron- 
hole  pairs  can  be  caused  by  thermal  excitation  of  electrons  in  the 


18  A sound  treatment  of  the  subject  can  be  found  in  [6.16]. 
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valence  band  or  by  the  absorption  by  them  of  electromagnetic  radia- 
tion supplied  by  an  external  source,  or  by  the  absorption  of  the  energy 
of  conduction  electrons  accelerated  in  a strong  electric  field,  etc. 
The  annihilation  of  such  electron-hole  pairs  takes  place  as  the  result  of 
the  recombination  of  free  electrons  with  holes.  Such  processes  of  direct 
recombination  of  the  electron  and  the  hole  via  the  forbidden  band 
are  complicated  by  the  circumstance  that  a comparatively  high 
energy  of  the  order  of  the  forbidden  bandwidth  eG  has  to  be  liberated 
in  the  process.  This  energy  can  be  emitted  in  the  form  of  a photon  of 
the  frequency  o)s  » eG/h  (a  radiative  transition)  or  in  the  form  of 
numerous  phonons  with  the  energies  of  the  order  of  hmq  k^T  <C 
<C  eG  (a  nonradiative  transition ),  the  latter  process  being  far  less 
probable  than  the  former. 

The  processes  of  direct  recombination  may  also  involve  a third 
free  particle  (an  electron  or  a hole).  In  this  triple  collision  tho 
energy  eG  liberated  in  the  recombination  process  is  transmitted 
in  the  form  of  kinetic  energy  to  the  third  particle.  This  phenomenon 
is  similar  to  the  Auger  process  (P.  Auger)  in  an  isolated  atom  [6.17, 
p.  299],  and  for  this  reason  it  became  known  as  the  Auger 
recombination. 

Finally,  a recombination  process  can  simultaneously  involve  a pho- 
ton and  a phonon  (the  latter  usually  affects  only  the  momentum 
of  a free  particle).  Such  indirect  transitions  will  be  considered  in 
more  detail  when  we  deal  with  the  absorption  of  light  by  semiconduc- 
tors (Sec.  7.3).  The  variation  of  the  number  of  free  electrons  (holes) 
per  cubic  centimetre  per  second  as  a result  of  direct  recombination 
(without  a third  particle  being  involved)  is  obviously  proportional 
to  the  rate  of  electron-hole  collisions,  and  the  latter  in  turn  is  pro- 
portional to  their  concentrations  n and  p.  Hence, 


= ynp  — g 


(9.1) 


Here  y is  the  volume  recombination  coefficient  with  the  dimensional- 
ity cm3  s-1,  g is  the  electron-hole  pair  generation  rate  per  cubic  cen- 
timeter as  a result  of  the  thermal  excitation  of  electrons  in  the  valence 
band.19 

In  the  state  of  statistical  equilibrium  of  the  semiconductor  n = n0, 
p = p o and  yn0p0  — g = 0,  i.e. , the  thermal  generation  rate  is 

g = Y«oPo>  (9-2) 


19  The  right-hand  side  of  (9.1)  could  be  supplemented  by  the  term  describing 
the  generation  of  electron-hole  pairs,  for  example,  as  a result  of  absorption  of 
light. 
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this,  of  course,  being  true  in  the  nonequilibrium  case  as  well.  Hence, 
(9.1)  takes  the  form 

— (fr),.  = v(rap  — noPo)-  (9-3) 

In  Sec.  5.2  we  mentioned  shallow  and  deep  impurity  levels  in 
germanium  and  in  silicon.  Deep  impurity  levels  can  substantially 
facilitate  the  process  of  recombination  of  a free  electron  with  a hole, 
since  the  transition  of  an  electron  (a  hole)  to  a deep  impurity  level 
results  in  the  liberation  of  lower  energy  than  in  the  case  of  the  direct 
band-to-band  recombination.  Such  indirect  (step)  recombination 
can,  for  example,  be  imagined  as  follows:  a deep  donor  level  traps 
a free  electron  and  then  the  neutral  donor  traps  a hole;  the  result  is 
Ihe  recombination  of  an  electron  with  a hole.  It  should  be  pointed 
out  that  the  probability  of  a multiphonon  electron  (hole)  transition 
to  an  impurity  level  is  much  greater  than  that  of  multiphonon  ra- 
diation in  the  course  of  direct  recombination  (this  is  due  to  the  de- 
formation of  the  lattice  near  an  impurity  centre). 

An  equation  for  the  recombination  rate  similar  to  (9.3)  can  be 
written  for  indirect  recombination.  If  the  semiconductor  contains, 
for  example,  donors,  the  number  of  free  electrons  trapped  by  donors 
per  unit  time  is  proportional  to  the  electron  concentration  and  to 
l lie  concentration  of  vacant  (positively  charged)  donors;  the  recom- 
bination rate  of  electrons  trapped  by  donors  with  holes  is  proportion- 
al to  the  concentration  of  occupied  (neutral)  donors  and  to  the  hole 
concentration. 

Indirect  recombination  can  take  place  via  several  trapping  levels 
on  impurity  centres  as  well  as  with  the  participation  of  a third  par- 
ticle (Auger  processes). 

All  such  cases,  which  we  are  unable  to  discuss  here,  have  been 
extensively  studied  both  experimentally  and  theoretically  (e.g.,  see 
I (> . 16,  Chap.  6]  and  [6.18,  Chaps.  5 and  6]). 

6.9.2  If  the  electron  and  hole  concentrations  are  not  equilibrium 
concentrations,  in  the  majority  of  cases  we  can  consider  the  electrons 
and  the  holes  to  be  in  statistical  equilibrium.  This  is  due  to  the  fact 
that  the  characteristic  time  between  collisions  for  charge  carriers 
in  each  band  is  of  the  order  of  10~12  s,  while  the  average  time  for 
recombination  processes  varies  in  the  wide  range  from  10-3  to  10-11  s. 
Thus,  the  electrons  (holes)  inside  the  band  reach  equilibrium  much 
<1  nicker  than  they  recombine. 

If  a semiconductor  is  in  statistical  equilibrium,  the  distribution 
functions  for  electrons  (2.1)  and  for  holes  (2.14)  depend  on  a single 
parameter,  the  chemical  potential  £. 

When  electrons  in  the  conduction  band  and  holes  in  the  valence 
band  are  separately  in  statistical  equilibrium,  we  can  introduce  dif- 
ferent chemical  potentials:  £n  for  the  electrons  and  £p  for  the  holes 
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(these  potentials  are  called  the  quasi-Fermi  levels).  Then  the  expres- 
sions for  the  nonequilibrium  concentrations  of  electrons  and  holes 
in  the  nondegenerate  case  will  be 


n = 
P = 


(2nmnk0T)3/2  Sn 
in3H3  p k0r  ’ 

(2  nmpk0T)V2  ^ , e G-Kp 

/t.31-,3  eXP  l k.T 


(9.4) 

(9.4a) 


In  equilibrium  the  concentrations  are  obviously  n = n0,  p = p0, 
and  the  quasi-Fermi  levels  coincide  with  the  equilibrium  chemical 
potential,  i.e.,  = £.  Vice  versa,  the  greater  the  difference 

between  the  concentrations  and  their  equilibrium  values  the  more  £„ 
and  deviate  from  £.  Indeed,  it  follows  from  (9.4),  (9.4a),  (2.15b), 
and  (2.15c)  that 


ln  — l = KT  In- 


c — t,p  = k0T\n 


Pa 


(9.5) 


Consider  now  the  situation  when  an  electric  field  is  applied  to  a 
semiconductor  with  nonequilibrium  carrier  concentrations,  so  that 
electron  and  hole  currents  flow  in  it. 

If  the  field  E = — grad  <t>  applied  to  the  conductor  at  a specified 
point  r is  much  less  than  the  crystal  field,  i.e.,  much  less  than  several 
hundred  thousand  volts  per  centimeter,  then  the  energy  band  struc- 
ture of  the  semiconductor  will  remain  intact,  with  the  band  edges 
acquiring  in  the  electric  field  E an  equal  slope  leaving  the  forbidden 
bandwidth  unaltered,  so  that  grad  eG  = 0. 

The  conduction  electron’s  energy  at  point  r in  the  electric  field 
E = — grad  d>  (r),  where  O (r)  is  the  electrostatic  potential,  is 
ek  — eCD  (r),  (where  ek  is  the  “kinetic”  energy  of  the  electron,  which 
depends  on  the  wave  vector  k).  Similarly,  the  hole’s  energy  is  ek-  + 
+ edb  (r),  where  the  hole’s  kinetic  energy  ek'  < 0.  For  a standard 
band 

eh  = (^2/2mn)  k2,  and  = — (h2/2mp)  k'2.  (9.6) 


If  we  substitute  now  total  energies  that  include  potential  ener- 
gies in  the  field  (r)  for  the  kinetic  energies  in  (2.1)  and  (2.14), 
expressions  (9.4)  and  (9.4a)  will  assume  the  form 


n (r) 


(■ 2nmnkJ)V 2 Cn(r)+e(D(r) 

4it  3h3  P k0T 


(9.7) 


P(r) 


(2nmpk0T)3/2  , eG  + £p  (r)  + e<fi  (r) 

4i iW  6XP  I kj 


(9.7a) 


It  is  obvious  that  if  in  the  general  case  the  electron  n (r)  and  hole 
p (r)  concentrations  are  the  functions  of  the  coordinates,  the  quasi- 
Fermi  levels  are  also  the  functions  of  the  coordinates. 
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In  the  three-dimensional  case  the  combined  conductivity  and  diffu- 


sion currents  of  electrons  and  holes  are,  according  to  (7.7), 

jn  = en\in E + k0T\in  grad  n,  (9.8) 

jp  = <?pppE  — k0Tp,p  grad  p,  (9.8a) 

where  we  made  use  of  the  Einstein  relation  (7.11),  and  |xn  and  pp 
are  the  electron  and  hole  mobilities.  Find  grad  n (r)  and  grad  p (r) 
from  (9.7)  and  (9.7a);  take  into  account  that  grad  O = — E.  Then 
from  (9.8)  and  (9.8a),  we  obtain 

jn  = npn  grad  £n,  (9.9) 

jP  = Pf*p  grad  £p.  (9.9a) 


Hence,  the  gradient  of  the  quasi-Fermi  level  accounts  for  both 
the  current  due  to  the  gradient  of  electrostatic  potential  (conductivity 
current)  and  the  current  due  to  the  concentration  gradient 
(diffusion  current). 


7.  Optical  Phenomena  in  Semiconductors 


7.1.  Kramers-  Kronig  Dispersion  Relations 

7.1.1  In  this  section  we  shall  discuss  certain  problems  of  optics 
of  isotropic  media  from  the  viewpoint  of  classical  electrodynamics. 
The  electric  induction  vector  in  an  optically  isotropic  medium  (for 
instance,  in  a cubic  crystal)  in  a static  or  in  a slowly  varying  elec- 
tromagnetic field  is 

D = eE  = E + 4jtP,  (1.1) 

where  E is  the  average  electric  field  intensity  in  the  medium,  P 
is  the  polarization  vector,  and  e is  the  dielectric  permittivity  (dielec- 
tric constant). 

Relation  (1.1)  is  based  on  the  assumptions  of  the  medium’s  iso- 
tropy, linear  relationship  between  D and  E,  localization  and  syn- 
chronism in  the  sense  that  D (r,  t)  is  a function  of  E (r,  t)  at  the  same 
point  in  space  and  at  the  same  moment  of  time.  If  the  relationship 
between  D (r,  t)  and  E (r,  t ) is  not  of  a localized  and  synchronous 
nature,  this  is  referred  to  as  dispersion  in  space  and  time.  We  shall 
demonstrate  how  the  relationship  between  D and  E changes  in  a 
rapidly  varying  electromagnetic  field,  when  the  latter  condition — 
that  of  synchronism — is  violated.  We  shall  further  investigate  wheth- 
er or  not  the  condition  of  localized  interaction  can  remain  valid  in  a 
rapidly  varying  electromagnetic  field,  i.e.,  whether  or  not  the  space 
periodicity  can  in  this  case  greatly  exceed  the  dimensions  of  the  atomic 
structure  of  the  lattice.  The  term  rapidly  varying  electromagnetic 
field  will  be  used  in  the  sense  that  the  field’s  frequency  co  > ioP, 
the  polarization  frequency  of  the  medium  (1/©P  » tp  is  the  po- 
larization time).  The  maximum  frequency  connected  with  the  redis- 
tribution of  atomic  electrons  is  of  the  order  of  caP  « vja,  where  zx, 
is  the  velocity  of  motion  of  atomic  electrons  and  a is  the  atomic  di- 
mension. The  maximum  wavelength  of  the  electromagnetic  field 

corresponding  to  a>  = zoP  is  X = — « — - a a,  since  the  veloc- 

wP  i>a 

ity  ua  is  at  least  two  orders  of  magnitude  lower  than  the  velocity 
of  light  c.  Hence,  in  the  case  of  rapidly  varying  electromagnetic 
fields  with  a frequency  co  coP,  the  wavelength  X can  still 
exceed  the  atomic  dimensions.  This  makes  it  possible  to  apply 
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macroscopic  equations  of  electrodynamics,  i.e.,  to  use  the  localized; 
description  of  phenomena.1 

The  considerations  presented  below  refer  both  to  dielectrics  and 
to  semiconductors  and  metals. 

If  we  assume  that  the  relationship  between  D and  E is  linear,  as 
in  (1.1),  but  the  frequency  of  the  electromagnetic  field  is  so  high, 
that  the  value  of  D (t)  is  determined  not  solely  by  the  value  of  E (t)- 
at  the  same  instant  of  time  but  also  by  preceding  values  E (t')  ( — oo  <C 
< t’  t),  we  obtain 

t 

D(f)  = E(f)+  j f(t-t')E(t’)  dt'.  (1.2> 

— oo 

Here  / (t)  is  a function  determined  only  by  the  properties  of  the- 
medium.  As  we  shall  see  below,  it  is  convenient  to  separate  the  term 
F (t)  on  the  right-hand  side  of  (1.2).  The  fact  that  D ( t ) is  determined 
by  the  values  of  E (T)  at  preceding  instants  of  time  agrees  with  the- 
rausality  principle. 

The  integral  on  the  right-hand  side  of  (1.2)  can  be  written  in  the 
form 


\ / (t  — t')  E (t’)  dt',  (1.2a). 

if  we  make  an  additional  assumption  that  / ( t — t')  = 0 for  t'  > t.. 

Let  us  go  over  to  the  Fourier  representation  of  the  functions  D (<),. 
F (t),  and  / ( t ): 


oo 


D(£)=^t  j D (to)  e~ia>t  dco, 

— oo 

(1.3), 

oo 

E^  = 2T  I E (co)  d(o, 

— oo 

(1.3a). 

oo 

/ (l)  = 2^"  [ / ((0)e-iat  dco. 

(1.3b> 

ere  it  is  presumed  that  for  t > 0 the  function  / ( t ) 
use  transformations  are  of  the  form 

= 0.  The  in- 

CO 

D (co)  = f D (t)  ei(0i  dt, 

(l-4> 

I hose  for  E (co)  and  / (to)  being  similar. 

1 It  should  be  noted  that  close  to  the  exciton  absorption  fringe  and  when* 
A ■ a we  have  to  take  into  account  dispersion  in  space. 
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Substituting  (1.3),  (1.3a),  (1.3b)  into  (1.2),  we  obtain 

oo  oo 

5^-  [ D (co)  e~ib>t  d(o=  2^-  [ E (co)  e~i<at  da 

— oo  —OO 

OO  OO  oo 

-f-  f d?  ^ dco  j du>' f (io)  E (co')  e~ib> 

— oo  — oo  — oo 

Since 

oc 

^ \ dt'ei  *’  = 6 (co— co'), 

— oo 

it  follows  that 

oc 

( (D(co) — [1  +/ (co)]  E (oo)}  e~iat  dco  — 0. 

— oo 

Since  the  integral  must  be  zero  for  all  values  of  t,  it  follows  that 
D (co)  = e (co)  E (co),  (1.5) 

where 

oo 

e (co)  = 1 — j—  / (co)  = 1-4-  ^ / (t)  ei(at  dt.  (1.5a) 

o 

We  see  from  (1.5)  that  in  the  case  of  a rapidly  varying  electromagnet- 
ic field  the  connection  between  the  Fourier  components  of  the  elec- 
tric induction  D,  of  the  field  intensity  E and  the  dielectric  permit- 
tivity e is  the  same  as  in  the  stationary  case  (1.1). 

The  term  frequency  dispersion  of  the  dielectric  permittivity  e (co) 
means  its  frequency  dependence. 

Since  / ( t ) is  a real  function,  it  follows  from  (1.5a)  that  e (co)  is  a 
complex  function,  i.e., 

e (co)  — Ej  (co)  + ie2  (co),  (1.6) 

where  ex  (co)  is  its  real  and  e2  (co)  its  imaginary  parts. 

It  follows  from  (1.5a)  that  the  change  of  sign  of  co  transforms  e (co) 
into  e*  (co),  i.e.,  Ej  ( — co)  -f-  is2  ( — co)  = Ej  (co)  — ie2  (co),  whence 

Et  (— co)  = Ei  (co),  e2  (— co)  = — e2  (co).  (1.6a) 

Hence,  the  real  part  of  the  dielectric  permittivity  is  an  even  func- 
tion of  co,  and  the  imaginary  part  is  an  odd  function  of  co.  As  we  shall 
.•see  below,  the  relationship  of  Ej  (co)  and  e2  (co)  to  the  optical  con- 
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stants  of  a medium  — the  refractive  index  and  the  absorption  coef- 
ficient— is  a simple  one. 

Important  relations  exist  between  e:  (co)  and  s2  (co)  (see  Appen- 
dix 19): 


e2(co)  = 


1 

_L  e*  (*)  dx  - 

2 

f xe2  ( x ) 

Jt 

J x — (0 

n 

T x2 — (O2 

— oo 

0 

co 

OO 

1 

f Kl(x)-1  dx 

2(1)  8! 

n 

”T*  U X 

J X — CO 

JI  J X2  — 

dx , 


(1.7) 


(1.7a) 


termed  Kramers- Kronig  dispersion  relations  (1927).  The  integrals  in 
(1.7)  and  (1.7a)  should  be  interpreted  in  the  sense  of  their  principal 
value  [7.1,  i.  26]. 

The  deviation  of  relations  (1.7)  and  (1.7a)  is  based  fundamentally 
on  the  assumption  that  / (t  — t' ) = 0 for  t'  > t,  i. e. , on  the  cau- 
sality principle.  Relations  (1.7)  and  (1.7a)  can  be  used  to  process 
experimental  data,  since,  as  we  have  already  stated,  ex  (oo)  and  e2  (oo) 
are  directly  related  to  the  optical  constants  of  a medium:  its  refrac- 
tive index  and  absorption  coefficient  (see  below). 

It  follows  from  the  dispersional  relations  (1.7)  that  if  we  know 
(for  instance,  from  the  experiment)  the  e2  (co)  dependence  in  the 
entire  frequency  range,  we  can  find  the  dependence  ex  (co),  and  vice 
versa.  Of  course,  we  never  know  the  dependence  e2  (co)  in  the  entire 
frequency  range.  However,  if  we  are  interested  in  (co)  for  the  fre- 
quency co,  we  can  neglect  the  contribution  of  e2  (x)  for  the  values 
of  x greatly  differing  from  co.  The  shape  of  the  Ej  (co)  curve  at  the 
point  co  is  determined  by  the  values  of  e2  ( x ) for  x close  to  co.  This 
results  in  definite  relations  between  the  curves  (co)  and  e2  (co) 
in  the  vicinity  of  co.  Velicky  [7.2]  has  demonstrated  that 

peak  of  refractive  index  absorption  fringe,  (1.8) 

decline  of  refractive  index  absorption  peak.  (1.9) 

Such  correspondence  is  observed  in  experiments. 

7.1.2  J.  C.  Maxwell  has  demonstrated  that  the  dielectric  constant 
of  a medium  is  equal  to  the  square  of  its  refractive  index.  We 
showed  in  Section  7.1.1  that  with  dispersion  the  dielectric 
permittivity  becomes  complex-valued  and  we  pointed  out  that 
i Is  real  and  imaginary  parts  are  related  to  the  optical  characteristic 
of  the  medium. 

Introduce  the  complex-valued  refractive  index 

ii  — n -)-  ik.  (1.10) 

'To  establish  the  physical  meaning  of  its  real  part  n and  its  imagi- 
nary part  k,  assume  that  it  is  connected  with  the  complex-valued  di- 
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electric  permittivity  e (to)  by  the  Maxwell  relation 

e (to)  = ex  (co)  -f-  ie2  (co)  = n2  = n2  — A:2  + i-2nk.  (1.11) 

Hence 

gj  (co)  = ri2  — k\  (1.12) 

e2  (co)  = 2nk.  (1.12a) 

Consider  the  propagation  of  a plane  electromagnetic  wave  in  the 
direction  of  the  x axis  in  a medium  with  a complex-valued  dielectric 
permittivity  e.  As  we  shall  see,  in  this  case  the  wave  vector  x must 
also  be  complex-valued.  For  the  electric  field  of  the  wave  we  have 

E = E0  exp  i ( xx  — cot).  (1-13) 

Substituting  this  expression  into  the  wave  equation  [7.3,  Sec.  7.10, 
Eq.  (7.83)] 

V2E  = E 

with  a complex-valued  dielectric  constant  e,  we  obtain  x2  = (co/c)2e= 
= (co/c)2  n2,  or 

x — ~-n  = ~(n  + ik).  (1.13a) 

Substituting  this  value  of  x into  (1.13),  we  obtain 

E = E0ex p ( --^-x)  exp  [tco  *)],  (1.13b) 

where  c1  = c/n  is  the  velocity  of  light  in  the  medium.  We  see  the 
real  part  n of  the  complex-valued  refractive  index  to  be  the  usual 
refractive  index.  The  imaginary  part  k is  termed  extinction  coeffi- 
cient and  determines  the  absorption  in  the  medium  (the  amplitude 
of  the  electric  field  decreases  e « 2-718  times  for  x = c/oiA*)2. 

When  light  propagates  in  the  x direction  in  an  absorbing  medium, 
the  decrease  in  its  intensity  is  dl  (x)  = — al  dx,  where  a is  the 
absorption  coefficient,  whence 

I ( x ) = /0e_c“-  (1.14) 

Here  70  = I (0).  Since  / oc  £"2,  it  follows  from  (1.14)  and  (1.13b) 
that 

a = 2co  k/c.  (1.15) 


2 We  hope  the  reader  will  not  be  confused  by  the  use  here  of  the  conven- 
tional notation  n and  k for  the  refractive  index  and  the  extinction  coefficient, 
despite  the  fact  that  in  other  sections  of  the  book  it  is  used  for  the  free  carrier 
concentration  and  for  the  electron’s  wave  vector,  respectively. 
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It  follows  from  (1.12)  and  (1.12a)  that  for  absorption  e,  (co)  « n 2, 
and  it  is  determined  by  tlie  imaginary  part  of  the  dielectric 
permittivity  e2  (m). 

A method  often  used  for  experimental  determination  of  the  optical 
constants  n and  k is  the  measurement  of  the  reflection  of  light  from 
the  surface  of  a body.  For  normal  incidence  the  reflection  coefficient 
is  [7.3,  Sec.  7.1] 


n — 1 _ (n—l)2  + k2 

re  + 1 _ (re+l)2  + fc2  ' 


(1.16) 


For  low  absorption 


R 


(n  — l)2 

(«  + l)2 


(1.16a) 


and,  consequently,  by  measuring  the  reflection  coefficient  we  can 
find  the  refractive  index  n. 


7.2.  Interband  Absorption  of  Light  Involving 
Direct  Transitions 

7.2.1  Information  about  the  behaviour  of  electrons  in  atoms 
and  molecules  was  largely  obtained  as  the  result  of  spectroscopic 
studies. 

Until  recently  the  interpretation  of  the  results  of  spectroscopic 
studies  carried  out  for  solids,  specifically  for  semiconductors,  encoun- 
tered great  difficulties,  because  the  laws  governing  electron  motion 
in  solids  are  more  diversified  and  complicated  than  in  atoms. 

In  most  semiconductors  (germanium,  silicon,  indium  antimonide, 
gallium  antimonide,  lead  sulphides,  selenides  and  tellurides,  etc.) 
the  optical  absorption  exhibits  the  following  features:  as  long  as  the 
frequency  of  light  is  io  < &a!h,  where  eG  is  the  forbidden  bandwidth, 
the  absorption  is  very  small,  but  when  the  photon’s  energy  reaches 
the  value  Tito  ^ eG,  the  absorption  increases  rapidly  by  several  orders 
of  magnitude  because  the  photon  transmits  its  energy  to  the 
electrons  of  the  valence  band,  ejecting  them  to  the  conduction  band 
{Interband  absorption). 

The  study  of  the  interband  absorption  spectrum  near  the  threshold 
of  its  rapid  increase  (near  the  absorption  fringe3)  can  obviously  provide 
information  on  the  structure  of  the  electron’s  energy  spectrum  near 
I lie  top  edge  of  the  valence  band  and  the  bottom  edge  of  the  conduction 
hand;  this  information  is  of  essential  importance  for  the  deter- 
mination of  the  semiconductor’s  electrical  properties. 

3 The  wavelength  corresponding  to  the  absorption  fringe  for  sQ  = 1 eV  is 

= 2jt c/<oG  = 2nch/&G  = 10-4  cm  = 1 pm. 
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The  wave  vector  of  the  photon,  corresponding  to  the  absorption 
fringe,  is  usually  much  less  than  that  of  the  electron  (hole)  generated 
in  the  result  of  absorption.  Indeed,  the  photon’s  wave  vector  is 
x = 2itkG  = 105  cm,  and  the  electron’s  wave  vector  is  k = 

= y V (ha  — eG)j  its  order  of  magnitude  for  ha  — eG  « k0T 

and  T ~ 100°C  being  k « 107  cm. 

Hence,  in  the  case  of  a photon  absorption  by  an  electron  it  can 
be  assumed  that  x <C  k.  Since  the  absorption  of  a photon  by  an  elec- 
tron requires  not  only  the  energy  conservation  law,  but  also  the  wave 
vector  (quasi-momentum)  conservation  law  to  be  satisfied,  the  elec- 
tron’s wave  vector  k experiences  almost  no  change,  i.e.,  in  the 
course  of  the  transition  from  the  valence  to  the  conduction  band  the 
electron  moves  almost  to  the  same  point  of  the  Brillouin  zone 
(to  the  same  point  k).  These  are  the  so-called  direct  transitions. 

It  will  be  seen  from  Fig.  7.28 a that  the  maximum  of  the  valence 
band  of  germanium  is  located  in  the  centre  of  the  Brillouin  zone 
(k  = 0),  and  the  minimum  of  the  conduction  band — on  the  Brillouin 
zone’s  surface  at  point  L (see  Fig.  7.22,  kx  = ky  = k z — n /a). 

Experiment  shows  that  in  germanium  indirect  transitions  of  the 
valence  electron  from  the  centre  of  the  Brillouin  zone  to  the  point  L 
on  its  surface  can  be  observed  in  addition  to  the  direct  transitions. 

Such  a great  change  in  the  electron’s  wave  vector  is  possible  only 
if  the  absorption  of  a photon  is  accompanied  by  the  emission  or  the 
absorption  of  a phonon  with  a wave  vector  equal  to  q « ji la. 

Experiment  proves  that  the  frequency  dependence  of  the 
absorption  coefficient  in  some  semiconductors  is  affected  by  the 
Coulomb  interaction  of  the  electron  and  the  hole  generated  in  the 
act  of  photon  absorption. 

At  frequencies  lower  than  the  frequency  corresponding  to  the 
absorption  fringe  it  is  possible  to  observe  the  absorption  of  light  by 
conduction  electrons,  involving  electron  transitions  inside  the  con- 
duction band.  It  should  be  kept  in  mind  that  a free  electron  in  the 
absence  of  interaction  with  the  imperfections  of  a regular  lattice 
cannot  completely  absorb  a photon.  Indeed,  the  energy  and  the 
momentum  conservation  laws  for  this  case  are  of  the  form4 


P2 

2m* 


h<»=-k*’ 


where  p = m*\  and  p'  = m*\'  are  the  electron’s  momenta  prior 
to  and  after  the  absorption  of  a photon  of  the  frequency  co,  m*  is  the 

electron’s  effective  mass,  c is  the  velocity  of  light,  and  (^r)  is  the 


4 For  simplicity,  ive  consider  here  a nonrelativistic  case  and  a standard  band . 
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photon’s  momentum.  Substituting  p'  from  the  second  equation  into 
the  first  equation,  we  obtain  for  the  cosine  of  the  angle  between  the- 

directions  of  p and  ( — ) 


cos  ft 


m*c 

P 


~1 


ha> 

2 m*c2 


m*c 

P 


c 

V 


>1, 


which  cannot  be  satisfied  for  any  angle  ■0. 

Therefore,  for  simple  bands  the  absorption  of  light  by  free  car- 
riers can  take  place  only  if  accompanied  by  the  simultaneous  emis- 
sion or  absorption  of  a photon  or  by  transmission  of  the  momentum 

10  an  impurity  atom. 

Important  information  on  semiconductors  can  be  gained  from  the 
study  of  the  absorption  of  light  in  them  in  the  presence  of  electric 
and  especially  magnetic  fields. 

7.2.2  The  electromagnetic  field  of  a light  wave  in  a vacuum  can 
be  described  with  the  aid  of  the  vector  potential  A (r,  t)  and  the 
scalar  potential  cp  (r,  t ) [7.3,  Secs.  7.4  and  7.6],  The  electromagnetic 
potentials  A (r,  t ) and  cp  (r,  t)  are  defined  to  within  a gradient  trans- 
formation, and  this  makes  it  possible  to  put  the  scalar  potential 
<p  (r,  t)  = 0;  then  the  electric  field  E (r,  t)  and  the  magnetic  field 

11  (r,  f)  will  be 


E = 


l dA 
c dt  ’ 


H = curl  A. 


(2.1> 

(2.2> 


We  can  also  enforce  the  Lorentz  condition 


div  A = 0 


(2.3) 


for  the  vector  potential  A (r,  t).  In  this  case  A (r,  t)  wTill  satisfy 
(lie  wave  equation. 

The  Hamiltonian  for  the  electron  with  the  charge  — e in  a periodic 
crystal  field  V (r)  takes  the  form  (6.5.12) 


<m.-- 


2m 


P + -^-A(r, 


0]2  + ^(r), 


(2.4) 


where  p = — ill's/.  Next 

[p+7-A]2  = p2  + y pA  + -fAp-f^-A2  = p2  + 

+ 2fAp  + -jA2,  (2.5) 

where  we  made  use  of  the  commutation  relations  [7.4,  § 24]  pA  = 
Ap  — ih  div  A and  condition  (2.3).  The  order  of  magnitude  of 
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the  ratio  of  the  third  term  to  the  second  on  the  right-hand  side  of 
•(2.5)  is 

= j/tes  y/2 

c p C op  0)p  \ c / 7 ' ' 

•where  we  made  use  of  (2.10);  S = | E0  |2  is  the  density  of  the 

light  flux  (Poynting’s  vector).  For  a powerful  light  flux  of  S = 
= 1 W/cm2  (this  is  ten  times  the  flux  of  solar  radiation  at  the  boun- 
•dary  of  the  atmosphere),  for  the  frequency  of  light  co  — 1014  s*1 
and  at  a normal  temperature  of  T « 300  K (for  which  the  average 
momentum  p « hk  » 10-20  g-cm-s_1)  the  ratio  (2.6)  is  of  the  order 
■of  1 0-4,  therefore  the  last  term  in  (2.5)  can  be  neglected. 

Hence,  the  perturbation  in  the  Hamiltonian  (2.4)  due  to  the  effect 
■of  the  light  wave  is 

3C  = — Ap  = — Av.  (2.7 ) 

me  r me  ' ’ 


For  a plane  monochromatic  wave  the  vector  potential  is 

A (r,  t)  = A 0e  exp  i (x-r  — at),  (2.8) 


where  A0  is  the  amplitude  (generally,  a complex-valued  one),  e 
is  a unit  vector,  co  and  x are  the  frequency  and  the  wave  vector  of 
the  electromagnetic  wave. 

The  electric  field  is,  according  to  (2.1), 


E = 


1 dA 
c dt 


(2.9) 


-so  that  the  polarization  vector  e points  in  the  direction  of  the  electric 
field.  The  amplitude  of  the  electric  field  is 


\E0 


(2.10) 


It  follows  from  (2.8)  and  (2.3)  that 

div  A = L40  exp  [ i (x-r  — of)]  (e-x)  = 0,  (2.11) 

i.e.,  x is  perpendicular  either  to  e or  E (the  electromagnetic  waves 
are  transverse  waves). 

To  express  the  modulus  of  the  vector  potential’s  amplitude  | A0  | 
in  terms  of  photon  energy  per  cubic  centimeter  NU co  (fico  is  the  pho- 
ton energy,  N is  the  number  of  photons  per  cubic  centimeter),  find 
the  real  values  of  the  fields5  making  the  vector  potential  equal  to 

A (r,  t)  = A0  exp  i (x-r  — cot)  + A*  exp  [ — i (x-r  — cot)] 

= 2 | A0\  cos  (x-r  — at),  (2.12) 

5 It  has  been  established  that  complex  field  values  cannot  be  used  directly 
in  expressions  quadratic  in  the  energy  density  [7.3,  p.  398]. 
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where,  without  loss  of  generality,  we  assume  A0  = A*  = M0|. 
The  real  value  of  the  electric  field  intensity  is 

E = — T~JT  = 2 ''A°\  sin(x-r  — ® t). 

For  nonmagnetic  optically  isotropic  jmedia  to  which  the  cubic  crys- 
tals (Ge,  Si,  InSb,  etc.)  belong  the  energy  density  of  the  electromag- 
netic wave  averaged  over  time  is 

4r  [«2^2  + ^]=^r  ^ = 4 (-^)2  1 4, 1 * sin*  (x-r-o it) 


where  n is  the  refractive  index  [7.3,  Sec.  7.2].  Here  we  made  use  of 
the  fact  that  in  a plane  harmonic  wave  the  average  electric  energy 
it2 E2  is  equal  to  the  average  magnetic  energy  H 2 and  that  sin2  (x-  r — 
— at)  = 1/2. 

Equating  the  expression  obtained  to  the  photons’  energy  density 
Nh co,  we  obtain 

\Aq\  = Y ZnNhalx,  (2.12a) 

Here  the  wave  number  x = co Iv,  where  the  phase  velocity  v = c/n. 
For  the  perturbation  energy  (2.7)  we  obtain 

$£’  = — 1^~  A0  exp  [ — i (oat  — x«r)  (e  -V),  (2.13) 

where  | A0  | is  given  by  (2.12a).6 

The  electron’s  state  in  the  conduction  and  the  valence  bands  is 
1 1 escribed  f by  the  Bloch  wave  function 

iKk(r)=exp  [ — sn  (k)  £ j unk  (r)  exp  ik  *r,  (2.14) 

wliere  n is  the  band  number,  k is  the  electron’s  reduced  wave  vector, 
r.„  (k)  is  the  electron’s  energy,  unk  (r)  is  a periodic  function  with 
the  period  of  the  lattice. 


6 Strictly  speaking,  we  should  have  used  in  (2.13)  for  A (r,  t)  the  real  binomi- 
al (2.12),  the  second  term  of  which,  proportional  to  exp  icoi,  takes  into  account 
photon  emission.  In  normal  waves,  when  the  number  of  electrons  excited  in  the 
act  of  interband  absorption  is  small,  this  process  can  be  neglected;  in  special 
cases  (lasers)  this  cannot  be  done. 


7-01137 
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The  matrix  element  of  the  perturbation  energy  (2.13)  for  the  tran- 
sition («j,  kx)  ->  (ra2,  k2),  connected  with  photon  absorption,  is 

{n2,  k2|®^  kj)  = J i)Jnxki 

= —^-A0  j d3r  {u*2k2  exp  [ — i (k2  — x)  -r]  e- Vw„lkl  exp  ikx  r} 

X exp^|-|-[en25(k2)  — eni  (k±)  — 

= <^12  exp  j-jp  [e„2  (k2)  — eni  (kx)  — /ico]  , (2.15) 

where  #12  is  the  time-independent  part  of  the  matrix  element. 

The  integrand  in  (2.15)  is 

[ . . . ] exp  t (...) = [u£,k2e  • V«„lkl  + i (e  • kx)  u*#k2unikl] 

X exp{i  (kj  + x — k2)-r}.  (2.16) 

Make  the  radius  vector  equal  to  r = am-)-r\  where  am  is  the  vector 
of  the  m-th  lattice  site.  Since  the  functions  nnk  (r)  are  periodic, 
the  integral  (2.15)  takes  the  form 

2 exp{i  (kt-f  x — k2)-am}  j [. . .]  exp{i  (kj  + x — k2)-r'}d3r'. 

m 

(2.17) 

Here  [...]  denotes  the  expression  in  the  square  brackets  of  (2.16), 
and  the  integration  with  respect  to  d3r'  is  performed  over  the  volume 
of  the  unit  cell  Q0.  It  follows  from  (A. 6. 4)  that 

2 exp[(ik1  + x — k2)-am]  = iV6o.kl+x-k2 

m 

V 1 

= ’QjJ-  ki+x-k2  = 5o,ki+x-k2-  (2.18) 

Here  6o,  kl  + x _ k2  is  the  Kronecker  delta,  N is  the  number  of  unit 
cells  of  the  volume  Q0  in  the  crystal’s  principal  region  V = 1cm3. 
In  (A. 6. 4)  we  made  the  reciprocal  lattice  vector  bg  = 0,  since  both  kx 
and  k2  lie  in  the  first  Brillouin  zone,  and  x <C  kx,  x <C  k2.  Equation 
(2.18)  expresses  the  wave  vector  (quasi-momentum)  conservation 
law  and,  since  x is  small,  reduces  to 

x « 0,  kx  = k2  = k.  (2.19) 

Condition  (2.19)  enables  us  to  make  the  exponent  in  (2.17)  equal  to 
unity;7  then  the  integral  of  the  second  term  in  [...]  is  zero  since  the 

7 This  corresponds  to  the  dipole  approximation  for  optical  transitions  in  an 
atom. 
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functions  and  u„2j  k2  are  orthogonal. 

Hence,  the  time-independent  matrix  element  eP12  in  (2.15)  is 

<^vc  = — j d3ru*u(r)e.V«vk(r)  = ^0-^-  (e-pcv),  (2.20) 

where  we  substituted  the  indices  v (valence  band)  and  c (conduction 
hand)  for  the  indices  n x and  n2,  made  k1=k2=k  and  dropped  the 
prime  at  the  integration  variable  r'.  Here  the  matrix  transition  ele- 
ment for  the  momentum  is 

Pc v = \ d3ru*k  (r)  V«vk  (r)  (2.20a) 

J 

Qo 

(the  factor  1/Q0  has  been  introduced  for  convenience). 

The  number  of  v -»-  c transitions  per  unit  time  per  unit  volume, 
for  which  the  energy  (ec  = eT  -f  Sco)  and  the  quasi-momentum  (or 
the  wave  vector)  (ki  = k2)  conservation  laws  are  satisfied,  is  (see 
(A. 20.10a)) 

#'VC  = -|L  j I^Ycl26[ec(k)-ev(k)-»ffl]-^d»A.  (2.21) 

Here  [2/(2ix)3]  d3k  is  the  number  of  electron  states  (with  the  account 
of  the  spin)  in  the  region  d3k;  the  integration  is  performed  over  dsk 
with  regard  to  the  energy  conservation  law.  We  assume  that  band  1 
(the  valence  band)  to  be  completely  filled  with  electrons  and  band  2 
(the  conduction  band)  to  be  completely  free;  such  an  assumption  is 
correct  if  k0T  <C  8q.  The  number  of  photons  absorbed  in  cubic 
centimetre  per  second  is  obviously  equal  to  the  number  of  transi- 
tions f/\c  (2.21).  If  a plane  light  wave  propagates  in  a semiconductor, 
the  density  of  the  photon  flux  (the  number  of  photons  per  cubic 
centimetre  per  second)  is  Nv  = Ncln,  when  N is  the  number  of  pho- 
tons in  cubic  centimetre,  and  the  phase  velocity  is  equal  to  the  light 
velocity  in  a vacuum  divided  by  the  refractive  index:  v = c/n. 

The  absorption  coefficient  due  to  direct  interband  transitions  is8 

a = ^mr  = T mw  5 d3*le  Pcvl2  S [sc  (k)  — ev(k)  — »©].  (2.22) 

We  use  the  value  of  | A0  |2  (2.12a)  and  make  the  photon’s  wave 
vector  x = w/v  = co nlc. 

Let  the  minimum  of  the  conduction  band  and  the  maximum  of  the 
valence  band  be  located  at  the  same  point  k0  in  the  Brillouin  zone. 
Such  an  energy-band  structure  is  peculiar  to  the  semiconductors 
I’ltTe,  PbSe  and  PbS.  The  points  of  the  corresponding  extrema  are 
located  along  the  (111)  axes  on  the  Brillouin  zone  boundaries  (see 
big.  4.22,  points  on  L). 


8 This  definition  obviously  coincides  with  (1.14). 
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If  the  constant-energy  surfaces  for  the  electron  and  the  hole  in 
the  vicinities  of  the  corresponding  extrema  are  ellipsoids  with  paral- 
lel axes  (which  is  also  true  for  the  aforementioned  semiconductors), 
then 


Mk)-«T(k,)— 


(&2  ^’02)2 


(&2  &02)2 


(fc3  a03>2  j ^ ^2.23) 
j.  (2.23a) 


(*»-* os)2 


mv3 


Here  the  axes  1,  2,  3 point  in  the  direction  of  the  ellipsoids’  prin- 
cipal axes,  mil  and  ml]  are  components  of  the  inverse  effective  mass 
tensors  for  the  electrons  in  the  conduction  band  and  for  the  holes 
in  the  valence  band.  The  argument  for  the  5-function  in  (2.22)  is 


e0  (k)  — ev  (k)  — ha>  = y £ 


h r (fci  — &oi) 2 , (fc2— fc02)2  , (k3  — fc08)2 


Pi  P2  p3  j 

— (tk o — e0),  (2.24) 

where 

e0  = e0  (k0)  — ev  (k0),  (2.24a) 

and  the  reduced  components  of  the  inverse  effective  mass  tensor  are 

1 1,1 


Pi  mct  ' mvi  ' 

For  values  of  k close  to  k0  we  have 

d 


e • Pc v (k)  = e • po v (ko)  + [ e • pc v (k)  ] (k  — k0). 


(2.24b) 


(2.25) 


If  e>pov  (k0)  =#=  0,  this  transition  is  termed  an  allowed  transition. 
Retaining  only  the  first  term  in  (2.25),  we  obtain  from  (2.22),  (2.24) 
and  (2.25) 


®al  = 


1 


it  m2cna> 


2 le  Pcv  (ko)  1 2 — 

ko 


-hi)2 


Pi 


■ ih  — hi)2  , 

i (ks  — kgg)2  \ 

Pa 

P3  / 

j — (£«  — s0)  | d ki  dkg  dk3 , 


where  2 is  the  sum  of  values  of  | e-pcv  (k0)  |2  for  all  points  cor- 

ko 

responding  to  the  Brillouin  zone  extrema  being  considered. 

Going  over  to  the  integration  variables  k[  = (kt  — kol)!]f  p(, 
we  obtain 


®al 


it  row2  !e-P°v(ko)l2/PiP2P3 
ko 


X j 6 jyft2/c'2 — (hco  — e0)  | 4xcfe' 2 dk‘ , 
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where  we  put  dk[  dk'2  dk'3  = 4ji k'2  dk' . Introducing  the  integration 
variable  x = ft2ft'2/ 2 and  making  use  of  the  6-function,  we  obtain 

a*i=4^ir  2 le-Pcv(k0)l2  V^3  (ftco-e o)1/2.  (2.26) 

ko 

It  is  obvious  that  for  ha  •<  e0,  i.e.,  below  the  absorption  fringe, 
aaj  is  zero. 

In  Section  7.4  we  shall  see  that  aal  is  determined  by  the  real  part 
of  the  conductivity  o which  is  isotropic  in  cubic  crystals,  and  for 
this  reason  2 | e-pcv  (k0)  |2  should  also  be  isotropic.  This  could  be 

ko 

checked  by  direct  calculation  which  takes  into  account  the  mutual 
orientation  of  the  (111)  axes  coinciding  with  the  directions  of  k0. 
The  isotropic  invariant  will,  however,  be  easily  seen  in  this  case  to  be 

2 |e.pcv  (k0)|2  = 4 p^+p^y+p^t  (2.26a) 

ko 


In  the  case  of  a standard  band  at  the  point  k0  = 0 (2.26)  takes 
the  form 


2e2 

ttal  nficn® 


le-PcvWl^p^co-eo)1'2, 


(2.26b) 


where  p = pj  = p2  = p3,  1/p  = l/mc  -f  l/mv,  and  e0  = ec  (0)  — 
■ ev  (0).  To  avoid  complicating  the  discussion,  consider  for  the 
forbidden  transitions  the  case  of  a standard  band  with  extrema  at 
I he  point  k0  = 0.  Fundamental  dependences  of  the  absorption  coef- 
ficient, specifically,  its  dependence  on  the  frequency  of  light,  obtained 
for  this  case  will  be  similar  to  those  obtained  in  the  case  of  a non- 
standard band. 

For  the  forbidden  transitions  e-pcv  (0)  = 0,  therefore,  the  expan- 
sion (2.25)  starts  from  the  second  term,  the  square  of  whose  modulus  is 


[e-Pcv  (0)]k 


dk  [e*Pcv 


(0)] 


\k2  cos2  ft. 


Here  ft  is  the  angle  between  the  vectors  [e-  pcvi(0)l  and  k.  The 

argument  for  the  6-function  in  (2.22)  in  the  case  of  a standard  band  is 
(/i2ft2/2p)  — (Ha  — e0). 

Substituting  the  above  expressions  in  (2.22)  and  putting  in  polar 
coordinates  d3k  = sin  ftrfft  d(fk2dk  (the  polar  axis  coincides  with 

I lie  vector  ~ [e-pcv  (0)1),  we  obtain 

= | i[e’Pcv 

X J (ft© — e0)j  k2cos2  ftsin  ftdft  dq>k2dk. 
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Integration  with  respect  to  the  angles  yields  4jx/3,  and  integration 
with  respect  to  k is  performed  exactly  in  the  same  way  as  in  the  pre- 
ceding case.  As  the  result,  we  obtain  for  the  coefficient 


2e2  / 2ji  \ 5/2  d f 2 

af°r  = l^r(*r)  ^r[e'Pev(0)]  (^co  e0) 


2/1  \ 5/2  I d 


3/2 


(2.27) 


Comparing  this  expression  with  (2.26),  we  see  that  in  the  case  of  al- 
lowed transitions  aa[  oc  (ft©  — e0)  1/2,  whereas  in  the  case  of  for- 
bidden transitions  afor  oc  (ft©  — e„)3/2;  in  the  latter  case  this  is 
due  to  the  appearance  of  an  additional  multiplier  ft2  in  the  integrand 
of  (2.22). 

It  follows  from  (1.12a)  and  (1.15)  that  the  imaginary  part  of  the 
dielectric  permittivity  is  e2(©)  = (tie/ w)a.  Substituting  herein 
the  values  (2.26)  or  (2.27)  instead  of  a,  we  obtain  the  expression  for 
e2  (©)  for  the  allowed  and  forbidden  interband  transitions,  which 
does  not  contain  the  refractive  index. 

Experiment  proves,  however,  the  dependence  of  the  absorption 
coefficient  on  the  frequency  of  light  © for  the  allowed  and  forbidden 
transitions  is  generally  of  a more  complex  character  than  stipulated 
by  (2.26)  or  (2.27).  As  has  been  established,  the  light  absorption  coef- 
ficient can  be  substantially  affected  by  the  Coulomb  interaction  of 
the  electron  and  the  hole  generated  in  the  act  of  absorption  of  a pho- 
ton, i.e.,  by  the  free  and  bound  exciton  states.  The  effect  of  the  elec- 
tron-hole interaction  on  light  absorption  in  direct  and  indirect  inter- 
band transitions  was  considered  by  R.  Elliot  [7.5]. 

7.2.3  In  Section  5.3.1  we  presented  an  elementary  theory  of 
excitons  of  large  radius. 

Suppose  the  exciton  was  generated  in  the  course  of  photon  absorp- 
tion by  an  electron  in  the  valence  band.  Since  the  photon’s  wave 
vector  x is  small,  the  wave  vector  conservation  law  in  the  case  of 
exciton  generation  reduces  to  the  requirement  that  the  wave  vectors 
of  the  electron  kn  and  the  hole  kp  be  equal  in  magnitude  and  opposite 
in  direction,  so  that  the  exciton’s  wave  vector  K = kn  + kp  « 0, 
therefore,  the  kinetic  energy  of  the  exciton  as  a whole  (5.36)  W = 0. 

We  see  the  total  exciton  energy  to  be  (5.3.5b) 

% = Go  e,  (2.28) 


where  we  denoted  the  difference  ec  (0)  — ev  (0)  = e0;  in  the  case 
of  direct  transitions  the  latter  may  differ  from  eg- 

The  Schrodinger  equation  which  describes  the  relative  motion  of 
an  electron  and  a hole  is  of  the  form  (5.3.5a) 

— IjT^  W — '^F(p  (r)  = e(P  W*  (2-29) 

Here  p is  the  reduced  mass  of  the  electron  and  hole,  and  the  static 
dielectric  constant  e0  has  been  assumed  to  be  equal  to  the  square  of 
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the  refractive  index  (e0  = n2).  This  equation  coincides  with  the 
equation  for  a hydrogen-like  atom  with  the  nuclear  charge  eln  and 
the  electron  mass  ft.  For  bound  states  of  the  exciton 

g = e0  + e = e0-^,  (2.30) 

where  the  principal  quantum  number  v = 1,  2,  3,  . . .,  and 

Sex  = pe4/2/t2re4.  (2.30a) 

In  addition  to  the  bound  states,  we  can  consider  the  free  states  of 
an  exciton,  for  whieh  the  corresponding  values  of  energy  s in  (2.29) 
are  positive.  The  solutions  of  (2.29)  for  s > 0 are  known  from  the 
theory  of  the  hydrogen-like  atom.  In  this  case  the  relative  state  of 
motion  of  the  generated  electron  and  hole  is  described  by  the  wave 

vector  | k | = 2pe,  where  p is  the  reduced  mass.  In  the  derivation 

of  (2.26)  and  (2.27)  we  assumed  that  the  electron  and  the  hole  movo 
independently  after  the  generation  and  each  of  them  is  described 
by  a plane  wave.  Actually,  when  the  correlation  of  their  motion  is 
taken  into  account,  the  absorption  coefficient  a increases  in  pro- 
portion to  the  increase  in  the  probability  density  of  the  state,  when 
the  electron  occupies  the  place  of  the  hole  (or  vice  versa,  the  hole 
occupies  the  place  of  the  electron),  as  compared  with  the  state  des- 
cribed by  a plane  wave. 

It  can  be  shown  [7.6,  p.  566]°  that  for  the  nonbound  states  the 
ratio  of  the  squared  modulus  of  the  wave  function  cp  (r)  at  the  zero 
point  to  the  squared  modulus  of  the  plane  wave  that  describes  free 
motion  is 


| q>  (0)| 2 nfS  exp  (3t[5) 

|i|>k  1 2 sinh  ii p * 

where 

R_  / 2p  \ 1/2  eex2  _ 1 
H ( /i2  / k kaB  * 

and  the  Bohr  radius  is 

aB  = h2n?l\x,e2. 


(2.31) 


(2.31a) 


(2.31b) 


It  appears  natural  (and  is  confirmed  by  Elliot’s  detailed  analysis 
of  the  problem)  that  the  weight  factor  | <p  (0)  |2/|  (i|>k)|2  (2.31)  should 
be  introduced  in  the  integrands  for  aai  and  af0r  to  account  for  the 
electron-hole  Coulomb  interaction. 


9 It  should  be  kept  in  mind  that  (136.11)  is  written  in  atomic  units  (aB  = 1). 
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Hence,  we  obtain  for  a standard  band 


Coul 

&al 


1 f 2 
31  m2cco 


|e-Pcv(0)|2  J («®-eo)] 

3X  31 

—exp  — r 

x4nk2^Bk £B * 

sinh  n— 


dft. 


Making  use,  as  in  the  preceding  case,  of  the  6-function  to  compute 
the  integral,  we  obtain  by  analogy  with  (2.26a) 


Coul 
'a 


where 


2Jle2 

nro2a>c 


mn  i 


e-Pcy  (0)1 


2‘/2 

fcex 


sinh  2 


(2.32) 


Z 


= Jt 


\/' 

V ha> 


(2.32a) 


Close  to  the  absorption  fringe  hi o — e0  <C  ecx,  i.e.,  z 1,  and  the 
effect  of  the  Coulomb  interaction  is  great.  In  the  limiting  case,  when 
h(n  — e0,  i.e.,  z ->oo,  the  absorption  coefficient  does  not  tend  to 
zero  as  doesaaJ  (2.26),  but  in(accordance  with  (2.32)  tends  to  the  value 


„Coul  4ne2 

®al  ~~  nmzca 


(■^-)3/2Ie.pcv  (0)  | 2 e, 


1/2 
ex  • 


(2.33) 


Far  from  the  absorption  fringe,  when  ha>  — e0  ;>  eex,  the  Coulomb 
interaction  is  less  important.  However,  even  in  the  case  of  relatively 
large  kinetic  energies  of  the  electron  and  the  hole,  for  instance,  for 
hm  — e0  = Ji2eex  fa  10eex,  i.e.,  z = 1,  the  Coulomb  interaction 
between  them  makes  aai  4.6  times  as  large: 

aai°ul/aai  = 2ze7sinh  z = 2e/sinh  1 = 4.6. 


Elliot  has  demonstrated  that  the  weight  factor  in  the  integral  for 
<Xa°ul  connected  with  forbidden  transitions  to  the  state  <p  (r)  is  equal 
to  | dy/dr  |2r=o.  Computation  similar  to  the  above  yields 


Coul 

«for 


2lte2 

3rcm2c(o 


I 2 [I  \5/2 

t h 2 ) 


-^[e-Pcv  (0)] 


■3/2 

fcex 


X 


(*+t) 


ez 

sinh  2 ' 


(2.34) 


Far  from  the  absorption  fringe,  when  hat  — e0  eex,  i.e.,  z <li 
(2.34)  reduces  to  (2.27).  Close  to  the  absorption  fringe,  when  hi o -a-  e0> 
i.e.,  z — voo,  we  obtain  from  (2.34) 


I.CO-EO 


4ne2 

3nm2ca> 


( 2 [i  \5/2 

\ & ) 


[e-Pcv  (0)j 


(2.35) 


Having  absorbed  a photon,  the  electron  and  hole  can  occupy  not 
only  states  with  a continuous  spectrum,  but  also  discrete  levels  of 
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the  bound  states  of  the  exciton.  There  will  be  separate  spectral  lines 
just  below  the  absorption  fringe  to  correspond  to  such  transitions. 
In  the  paper  cited  above  Elliot  has  shown  that  the  relative  intensities 
of  these  discrete  absorption  lines  for  allowed  transitions  are  pro- 
portional to  | cpv/m  (0)  I2)  where  <pVfm  (r)  is  the  wave  function  of  the- 
exciton’s  bound  state,  and  v,  Z,  m are  the  principal,  the  orbital  and 
the  magnetic  quantum  numbers  of  this  state. 

It  will  be  seen  from  the  expression  for  <pv;m  (r)  [7.6,  § 36,  Eq. 
(36.14)]  that  for  r = 0 only  the  s-states  with  Z = m = 0 differ  from 
zero,  and  that  in  this  case 


where  the  principal  quantum  number  is  v = 1,  2,  3,  ...,  and  the- 
Bohr  radius  aB  is  given  by  (2.31b). 

It  can  be  shown  that  in  this  case  the  absorption  coefficient  is 


r/eX  — 
aal  — 


8it 

cn 


e2s2X, 

fidftV3 


-J6](co  — (ov). 


(2.37) 


[7.7,  p.  547].  Here  s = 1/ ea/2p,  cov  is  the  frequency  corresponding 
(o  the  discrete  exciton  term  (2.30).  The  relative  intensity  of  discrete- 
absorption  lines  for  forbidden  transitions  is  proportional  to 
I <5<Pvim  (r)/dr  |2r=o. 

It  can  be  shown  that  for  a hydrogen-like  atom  this  quantity  is 
nonzero  only  for  the  p-states  (Z  = 1).  Representing  the  three  ortho- 
normalized  functions  of  the  p-state  in  the  form  X = xf  (r),  Y = 
= yf  (r),  and  Z = zf  (r),  we  obtain 


5<PvimI 

2 

dX  (0) , 

2 

I 

dY  (0) 

2 

i 

dZ  (0) 

^ dr 

r=0  ~ 

dx 

dy 

dz 

1 v2  — i 
3 na|j  v5  ’ 


(2.38)) 


where  the  principal  quantum  number  is  v = 2,  3,  ...  . 
The  absorption  coefficient  for  this  case  is  [7.7,  p.  548] 


ex| 16it  e2h&2 

af°r  gcre  m*2a|o) 


6 (to — (Dv). 


(2.39) 


Here  6 is  a dimensionless  constant  of  the  order  of  unity,  and  oiv  is 
used  in  the  sense  of  (2.37). 

7.2.4  The  calculation  of  the  matrix  element  #vc  (2.20)  presents 
considerable  difficulties,  since  usually  we  are  ignorant  about  the 
electron  wave  functions  in  the  valence  and  conduction  bands. 
However,  in  many  cases  we  need  only  establish  whether  the  integral 

cv  = e.  ij^k  (r)  pi]3vk  (r)  d3r,  (2.40) 


e-M, 
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to  which  the  matrix  element  &vc  = #i2  (2-15)  is  proportional,  has 
a nonzero  value. 

Since  the  transformation  of  the  operator  p = — — under  symmetry 

operations  is  the  same  as  that  of  r,  the  selection  rules  (Section  2.10) 
can  easily  be  applied  to  the  integral  (2.40).  It  can  also  be  shown  that 
integral  (2.40)  can  be  expressed  in  terms  of  the  system’s  dipole  mo- 
ment. Indeed,  the  operator  is 


1 - _ 1 dr 
m m dt 


±JL[rSe-m,), 


(2.41) 


where  we  used  by  the  expression  for  the  time  derivative  of  an  opera- 
tor [7.4,  §311;  here  $£  is  the  system’s  Hamiltonian. 

Substituting  (2.41)  into  (2.40),  we  obtain 

Mcv  = l^!r  2 (rciM'iv-3£cinv) 

1 

= = (2.42) 

We  made  use  of  the  fact  that 

Miv=  ( = %y  j i]3fij)vd3r  = gv5iv  (2.42a) 

and  similarly  a^a  = Mc^ci- 

Hence, 

e • Mov  = const  • J \)5ckre^vk^37',  (2.43) 

where  re  is  the  projection  of  the  position  vector  on  the  direction  of 
the  electric  field  e. 

We  see  that  #Vc  is  proportional  to  the  matrix  element  of  the  dipole 
transition  (2.43). 

The  selection  rules,  including  the  specific  case  of  a dipole  transi- 
tion in  a field  with  a symmetry  of  the  O group,  were  considered  in 
Section  2.10. 

Consider  the  selection  rules  for  a dipole  transition  in  the  centre  of 
the  Brillouin  zone  (k  = 0)  for  germanium  and  silicon.  Let  the  tran- 
sitions take  place  from  the  state  T'5  in  the  valence  band  (see  Fig.  4.27). 
In  a|field  of  cubic  symmetry  of  the  Oh  group  x,  y,  z belong  to  the  irre- 
ducible representation  T15  (see  Table  3.2).  Constructing,  in  accor- 
dance with  the  general  rule  (Section  2.10),  the  direct  product  T15  X 
x r;5  and  expanding  it  into  the  irreducible  representations  of  the  Oh 
group,  we  see  that  only  the  following  transitions  are  possible:  T'5  -<-*■ 
r15,  r;.  r25,  r;5  r;2,  r;5  — • r;,  other  transitions  from  r;5 

are  forbidden. 
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The  situation  is  more  complicated  in  bismuth  telluride,  where 
the  selection  rules  depend  on  the  polarization  of  the  electromagnetic 
wave.  The  wave  vector  group  for  point  k = 0 in  Bi2Te3  is  the  point 
group  ZJ3d  = D3  X Ct\  its  characters  are  given  in  Table  7.1.  It  can 


Table  7.1 


Vsv  X C/i 

E 

2 C3 

3/ oD 

J 

2JCS 

3(jp 

D3  X Oj* 

E 

2 C3 

3 C't 

J 

2JCa 

3 JCa 

Li 

1 

1 

1 

1 

1 

1 

l2 

1 

1 

-1 

1 

1 

-1 

2 

-1 

0 

2 

-1 

0 

L'i 

1 

1 

1 

-1 

-1 

-1 

l2 

1 

1 

-1 

-1 

-1 

1 

L\ 

2 

-1 

0 

-2 

1 

0 

easily  be  established  that  the  coordinate  z (parallel  to  the  crystal’s  c 
axis)  is  transformed  according  to  the  transformation  L',  and  the  coor- 
dinates x,  y — according  to  the  transformation  L'a.  Let  the  electric  field 
of  the  wave  point  be  in  the  direction  of  z,  then  Lx  ■*->■  L[  is  an  allowed 
transition  (indeed,  the  direct  product  L[  X Lx  contains  the  irreduc- 
ible representation  L').  If  the  electric  field  is  perpendicular  to  z, 
the  transition  Lx  *-*■  L[  will  easily  be  seen  to  be  forbidden,  but  the 
transition  Lx  ■*-*  L's  to  be  allowed. 

If  we  want  to  take  into  account  the  dependence  of  the  wave  func- 
tion on  the  spin,  we  must  consider  binary  groups  and  the  correspond- 
ing tables  of  characters.  The  appropriate  procedure  is  more  compli- 
cated, but  remains  identical  in  principle  [7.8,  p.  93], 


7.3.  Indirect  Interband  Transitions) 

7.3.1  The  shape1  of  the  energy  bands  of  some  semiconductors 
(Ge,  Si)  is  as  depicted  in  Fig.  4.28;  the  deepest  minimum  of  the  con- 
duction band  is  located  at  a point  that  does  not  coincide  with  the 
position  of  the  maximum  of  energy  in  the  valence  band  at  point  0 
corresponding  to  k = 0.  In  germanium,  the  minima  L in  the  conduc- 
tion band  are  located  on  the  Brillouin  zone  boundary  in  the  (111) 
direction,  and  on  silicon — on  the  A axis  in  the  (100)  direction.  To  be 
definite,  we  shall  in  the  future  consider  germanium. 

The  transition  of  an  electron  from  the  valence  band  (near  0)  to 
the  conduction  band  near  L as  a result  of  absorption  of  a light  quan- 
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turn  is  impossible.  Indeed,  let  1^  and  k2  be  the  wave  vectors  of  the' 
electron  in  the  initial  and  the  final  states,  respectively,  and  x be 
the  wave  vector  of  the  photon.  Then  it  follows  from  the  wave  vector 
(quasi-momentum)  conservation  law  that  k2  — kx  — x » k2  — 
— kx  « 0,  since  x <C  k2,  which  is  of  the  order  of  kr.  If  we  take 
into  account  that  kx  is  small,  we  see  that  the  wave  vector  conservation 
law  cannot  be  satisfied.  If,  however,  the  electron  simultaneously 
with  the  absorption  of  a photon  will  absorb  (emit)  a phonon  with 

the  wave  vector  q = ±(k2  — ka), 
then  the  wave  vector  conservation 
law  can  be  satisfied. 

Figure  7.1  depicts  the  energy 
bands  in  germanium  and  two  elec- 
tron transition  channels  imf  and  imf 
from  the  initial  state  i in  the  valence 
band  (close  to  k « 0)  to  the  final 
state  / in  the  conduction  band  (close 
to  point  L).  Along  imf  the  electron 
goes  over  from  the  initial  state  i 
to  the  intermediate  state  m by  ab- 
sorbing a photon  (the  direct  inter- 
band transition  was  discussed  in  Sec- 
tion 7.2)  and  then  to  the  final  state 
/ by  absorbing  (emitting)  a phonon 
with  the  wave  vector  q =±(k2  — 
— kj)  tn  ±kL.  Along  im'f  the  elec- 
tron with  the  wave  vector  k2  » 
« kL  from  the  valence  band  ab- 
sorbs a photon  and  goes  over  to  the 
Fig.  7.1  conduction  band  in  the  vicinity  of 

point  L,  and  then  another  electron 
with  the  wave  vector  k « 0 close  to  point  0 in  the  valence  band  ab- 
sorbs (emits)  a phonon  with  q = ±(k2  — kj)  and  occupies  a hole 
at  point  k2  « kL.  The  latter  process  can  be  imagined  as  taking 
place  with  a hole:  the  hole  in  the  conduction  band  absorbs  a phonon 
and  goes  over  from  the  state  / to  m'  (this  is  equivalent  to  the  electron 
transition  m -»-/);  next  the  hole  absorbs  a phonon  and  goes  over 
from  the  state  m'  to  i,  the  two  hole  transitions  being  equivalent  to 
the  transition  of  an  electron  from  i to  /.  Since  the  latter  course  im’f 
can  be  regarded  both  as  an  electron  or  a hole  transition,  it  is 
not  essential  whether  the  state  m'  is  free  or  occupied  by  an  elec- 
tron. 

Such  processes  involving  a simultaneous  absorption  of  a photon 
and  absorption  (emission)  of  a phonon  are  dealt  with  in  the  second 
approximation  of  the  quantum  mechanics  theory  of  transitions 
(see  A. 20. 18).  The  total  number  of  such  transitions  via  an  inter- 


7.3  INDIRECT  INTERBAND  TRANSITIONS  419 


mediate  state  m per  unit  time  per  unit  volume  is 


if  m 


\M^  [» 

(em  — 8;  — ^w)2 


8 (&f — Si  — h(x)  + H(Oq) . 


(3.1) 


Here  the  subscripts  i,  f and  m denote  the  initial,  final,  and 
intermediate  states,  M^ot  is  the  matrix  element  of  the  electron- 
photon  interaction  for  the  i transition,  Mm)on  is  the  matrix 
element  of  the  electron-phonon  interaction  for  the  /re  -v/  transition, 
ha>  is  the  photon’s  energy  and  h(oq  is  the  energy  of  the  phonon  with 
the  wave  vector  q. 

It  is  established  in  the  theory  of  quantum  transitions  that  the 
energy  conservation  law  has  to  be  satisfied  only  for  the  initial  i 
and  the  final  / states.  The  wave  vector  conservation  law  applies  in 
the  case  of  intermediate  transitions  as  well. 

We  can  to  a good  approximation  use  scalar  effective  masses  mc 
and  mv  to  describe  the  electrons  and  holes  in  germanium  and  in  sili- 
con in  the  centre  of  the  Brillouin  zone,  i.e.,  near  point  0 (k  = 0). 
Then  we  have  for  the  holes  near  the  energy  maximum  in  the  valence 
band 

8i  = ev(k)  = ev(0)  — -^-=ev(0)  — ev,  (3.2) 

and  for  the  electrons  near  the  energy  minimum  in  the  conduction  band 

= 8C  (k)  = ec  (0)  -f-  = ec  (0)  + s®.  (3.3) 

Here  ev  and  e“  are  “kinetic”  energies  of  the  holes  and  the  electrons, 
proportional  to  k 2. 

The  constant-energy  surfaces  for  electrons  in  germanium  in  the 
vicinity  of  L , i.e.,  of  the  absolute  minima,  are,  as  we  know  from 
Section  4.15,  ellipsoids  of  revolution  with  the  transverse  effective 
mass  mt  and  the  longitudinal  effective  mass  /re;.  The  electron  energy 
close  to  point  L is 

8/  = 8c  (k')  = ec  (kL)  + 4-  ( -£±*L  + M ) = ec  (kL)  + ec-  (3.4) 

Here  ec  is  the  “kinetic”  energy  of  the  electron  close  to  point  L,  which 
in  the  major  axes  is  a function  of  the  squares  of  the  rectangular  com- 
ponents of  the  wave  vector. 

The  summation  over  the  initial  state  i,  i.e.,  the  integration  with 
respect  to  k (or  ev),  is  at  the  same  time  the  summation  over  the  inter- 
mediate state  m,  since  the  wave  vector  k is  conserved  during  the 
i -*-m  transition. 
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Making  use  of  (3.2)-(3.4),  we  obtain  for  the  energy  differences  in  (3.1) 
em  — £i  — Rto  = ec  (k)  — ev  (k)  — ha>  = e0  + + ev  — fe(o. 

(3.5) 

Here  He o is  the  photon’s  energy  and  e0  = ec  (0)  — ev  (0)  is  the  for- 
bidden bandwidth  at  point  0 (for  the  direct  transition).  Next 

e f — et  — /ko=F  Saiq  = sc  (k)  — ev  (k)  — Ha  + Haq 

= ec  (kL)  -f  ec  — ev  (0)  + ev  — ha  =F  fttoq 

= eG  -)-  ec  -j-  ev  — Ha  q=  Haq.  (3.6) 

Here  is  the  phonon’s  energy  corresponding  to  its  absorption  or 

emission,  eG  = ec  (kj,)  — ev  (0)  is  the  forbidden  bandwidth  in  Ge; 
e0  — eG  is  temperature-dependent  and  is  equal  to  g0  — eG  « 
» (0.80  — 0.66)  eV  = 0.14  eV  at  300  K. 

For  MS,1;01  we  have,  according  to  (2.20), 

P«(k»=(^f  )’Vpc.(k)),  (3-7) 


where  p(  V (k)  is  equal  to  (2.20a),  and  1 A0  | is  equal  to  (2.12a).  For 
allowed  transitions  e-pcv(k)»  e-pcv  (0)  and  is  independent  of  k. 

When  we  study  the  interaction  of  the  electron  with  the  lattice 
vibrations  in  Chapter  8,  we  shall  see  that  the  square  of  the  matrix 
element  for  phonon  absorption  or  emission  (8.3.10),  (8.3.10a)  con- 
tains the  factor  Nq  and  Nq  -j-  1,  where  N<  is  Planck’s  function 
(3.11.10a): 


N„ 


exp 


KT 


(3.8) 


At  temperatures  above  the  Debye  temperature  ( k0T  ^>Haq) 

Nq*Nq  + 1 (3.8a) 

at  temperatures  T 0 

Nq  -v0,  fVq  + 1 -v  1 , (3.8b) 


i.e.,  the  probability  of  phonon  absorption  tends  to  zero  but  the  pro- 
bability of  phonon  emission  remains  finite. 

In  the  most  general  case  we  may  write 


Mfm°n  I2  = cf  (Nq  + 1/2  HF  1/2). 


(3.9) 


Here  j is  the  number  of  the  vibration  branch.  The  upper  sign  refers 
to  the  absorption  and  the  lower — to  the  emission  of  a phonon.  Expres- 
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sion  (3.9)  can  be  regarded  as  being  independent  of  q.  Indeed,  exper- 
imental data  on  the  vibrational  spectrum  of  germanium  indicate 
that  the  energy  ^coq  of  longitudinal  acoustic  waves  interacting  with 
the  electrons  varies  from  zero  (for  q = 0)  to  2.75  X 10-2  eV  (for 
q » kx,),  this  being  only  0.03  from  the  value  of  eG  = 0.7  eV,  and 
because  of  that  we  can  regard  the  square  of  the  matrix  element  (3.9) 
and  the  difference  (3.6)  as  being  independent  of  q and  make,  for  exam- 
ple, q = kL.10 

Consider  the  absorption  due  to  indirect  allowed  transitions  involv- 
ing the  emission  of  phonons  of  the  y'-th  vibration  branch. 

From  the  definition  of  the  absorption  coefficient  of  light  (2.22) 
we  obtain 

a“=4ll2-^l  e'P-  (0)  I2  Cg>L  (NkJ+l) 

X (top  j d%  (top  J d*k'  (em-6|-»t o)« 

X6(E/  — £j—  -f /j(0q)  + . . . . (3.10) 

Here  the  plus  sign  takes  into  account  the  similar  terms  connected 
with  the  interaction  with  other  vibration  branches  y,  as  well  as 
with  phonon  absorption  processes.  However,  it  should  be  kept  in 
mind,  as  we  intend  to  show  at  the  end  of  this  section,  that  there  are 
definite  selection  rules  for  the  matrix  elements  M^n,  so  that  not 
all  the  phonons  can  take  part  in  indirect  transitions. 

The  summation  over  the  initial  state  i in  (3.10)  and  the  final  state  / 
in  (3.1)  has  been  replaced  by  integration  with  respect  to  k and  k', 
respectively: 

(3-10a> 

i 


Here  we  made  use  of  (6.2.19a)  and  (6.2.22),  and  meff  = Nl/3  (i . 

Absorption  involving  indirect  transitions  is  much  weaker  (second 
approximation  of  the  perturbation  theory!)  than  the  absorption 
involving  direct  transitions,  and  for  this  reason  we  should  be  inter- 
ested in  (3.10)  only  in  the  vicinity  of  the  indirect  absorption  fringe: 
In  a « eG.  Since  e„  > eG,  and  since  we  are  interested  only  in 

10  Actually,  the  situation  is,  so  to  say,  some  ten  times  more  favourable, 
since  eG  should  be  compared  not  with  ha  (k^) — ha  (0)  but  only  with  the 
spread  in  the  values  of  q as  k approaches  point  L. 
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the  values  of  ha  slightly  exceeding  eG,  we  can  write  for  the  denomi- 
nator in  (3.10) 


(em  — — ha)2  = (e0  + eg  + ev  — ha)2 

As  a result,  (3.10)  acquires  the  form 


(e0  — ha)2. 


„indi . 

aal 


Bem 


co  (e0  — frco)2 

X vec  6[ec  + ev  + eG  + ^cDkL  — ftco]  deTdec+  . . .,  (3.11) 


where  is  a constant  corresponding  to  the  emission  of  a phonon 
of  the  ;-th  vibration  branch.  It  is  independent  of  to  but  depends  on 
the  temperature.  Making  use  of  the  8-function  in  (3.11)  for  the  inte- 
gration with  respect  to  ev,  we  obtain  for  the  double  integral  [7.9, 


equations  (2.261)  and  (2.262)] 

b 

( V ec(b—  ec)dec  = -^-h2, 

0 i 

(3.11a) 

u l 

where 

b = ha  — eG  — hakL, 

(3.11b) 

Taking  into  account  not  only  the  processes  of  phonon  emission  but  of 
absorption  as  well,  and  summing  over  different  vibration  branches 
7,  we  obtain,  making  use  of  (3.11a)  and  (3.11b), 


ind 
<*al  ■ 


Bern 


co  (e0  — Rco)2, 


(ha  — z’G  — haki)2 
, Bab 


co  (e0  — Tjcd)5 


(ha  - 


-ea  + haki)2. 


(3.12) 


For  forbidden  transitions  e-pcv  (k)  = [e-pcv  (k)]k=0k,  and  be- 

cause  of  that  the  square  of  the  matrix  element  M^ot  contains  an  addi- 
tional factor  k2.  The  presence  of  this  factor  in  the  integrand  in  (3.10) 
results  in  the  coefficient  of  light  absorption  aJSrb  containing  terms 
proportional  to  (ha  — eG  ± ^tokL)3. 

7.3.2  Exciton  states  affect  the  light  absorption  coefficient  aind  not 
only  in  the’case^of  direct  but  also  in  the  case  of  indirect  transitions. 
This  point  was  considered  by  R.  Elliott  [7.5]  cited  above.  The 
electron-hole  interaction  in  the  case  of  indirect  transitions,  same  as 
in  the  case  of  direct  transitions,  is  accounted  for  by  the  weight  factor 
determining  the  probability  of  the  location  of  the  electron  and  the 
hole  at  the  same  point  in  space  (Section  7.2.2).  We  shall  limit  our- 
selves to  the  presentation  of  the  results  obtained. 
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1 1 follows  from  (3.12)  that  if  the  exciton  states  are  not  taken  into 
account,  the  absorption  coefficient  for  indirect  transitions  is 
made  up  of  the  sum  of  terms  proportional  to  (fico  — eG  + /koq)2. 

1 1'  we  take  into  account  the  electron-hole  interaction  in  the  course  of 
a transition  followed  by  the  formation  of  an  unbound  state,  the 
result  is  the  change  in  the  exponent  in  the  terms  determining  aa1d 
from  2 to  3/2.  If  in  the  course  of  an  indirect  transition  a bound  elec- 
tron-hole (exciton)  state  is  formed  below  the  level  eG,  then  there  will 
be  absorption  with  a continuous  spectrum,  described  by  a sum  of 
I firms  with  an  exponent  1/2.  At  the  same  time  for  direct  transitions 
we  shall  in  this  case  obtain  a series  of  discrete  lines.  The  explanation 
for  the  continuous  absorption  spectrum  for  indirect  transitions  is 
I hat  a phonon  takes  part  in  the  process,  which  makes  possible  the 
transitions  to  any  point  of  the  exciton  band. 

Finally,  the  exponent  in  the  power  dependence  of  afSrb  on  the 
energy  Tua  — eG  =F  fitOk^  in  the  case  of  forbidden  indirect  transitions 
changes  from  3 to  5/2  above  eG  (nonbound  states)  and  to  3/2  below  eG 
(hound  states). 

7.3.3  Consider  the  application  of  the  group  theory  to  the  deriva- 
tion  of  selection  rules  for  indirect  transitions  in  germanium  in  which 
I lie  indirect  transitions  have  been  extensively  studied  in  experiment. 
The  conduction  band  of  germanium  is  known  to  consist  of  eight 
minima  (see  Section  4.15)  whose  centres  are  located  at  points  L 
on  the  Brillouin  zone  boundaries  (see  Fig.  4.22). 

Figure  4.28a  schematically  shows  the  energy  bands  in  germanium 
and  indicates  the  irreducible  representations  used  to  transform  the 
electron  wave  function  at  symmetrical  points  of  the  Brillouin  zone. 
Theoretical  and  experimental  studies  indicate  that  irreducible  rep- 
resentations corresponding  to  the  valence  and  the  conduction  bands 
nl.  point  k = 0 are  T'5  and  T'  of  the  Od  group.  The  wave  vector  group 
al  point  L (see  Fig.  4.22)  is  a subgroup  of  Oh  = Td  X Ct.  The 
vector  kj,  is  easily  seen  to  transform  into  itself  under  the  following 
elements  of  the  Td  group:  E , 2C3,  3av  which  constitute  the  group  C3V. 
Since  the  end  point  of  the  vector  kL  lies  on  the  Brillouin  zone  bound- 
ary, inversion  J transforms  it  into  an  equivalent  vector.  Hence, 
l lie  group  of  the  wave  vector  kL  is  the  group  D3d  = C3V  X C,  of 
eider  twelve  consisting  of  six  classes:  E , 2C3,  3ov,  /,  2 JC3,  3 Jov. 

We  have  represented  the  group  D3d  of  the  wave  vector  kL  as  a 
direct  product:  D3d  = C3V  X C This,  as  we  shall  see  below,  is 
convenient,  since  the  elements  of  the  group  Td  X C\  and,  consequently, 
l he  elements  of  its  subgroup  C3V  X C\  involving  inversion  J are 
fmm  Section  2.5.2  known  to  be  symmetry  operations  of  the  germa- 
nium lattice  only  if  they  are  accompanied  by  a nontrivial  transla- 

lion  a = (1,1,1).  Table  7.1  presents  the  characters  of  the  D3d 
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group  with  identical  symmetry  elements  corresponding  to  the  columns 
but  expressed  once  in  terms  of  D3  X C i and  the  second  time  in  terms 
of  C av  X Cj,  indeed,  J q y — E and  as  a result  dy  — J C 2 (it  should 
be  remembered  that  C'  _L  C3  and  ov  passes  through  the  C3  axis). 

It  follows  from  theory  and  from  experiment  that  the  irreduciblo 
representations  of  the  electron  wave  function  in  the  valence  band  and 
in  the  conduction  band  at  point  L are  L‘  and  Lu  respectivelv  (see 
Fig.  7.1). 

We  see  from  Fig.  7.1  that  in  germanium  indirect  transitions  via 
the  nearest  bands  through  the  channels,  imf  (T'25  — Lj)  and 
im'/ (T'5  ^>- L3  — >- Z^),  are  possible.  We  showed  in*  Section  7.2.3 
that  the  direct  transition  T'5  — *-r'  involving  the  absorption  of  a 
photon  is  an  allowed  transition.  It  can  just  as  easily  be  demonstrat- 
ed that  the  direct  transition  L'3  — L1  is  an  allowed  transition.  Hence, 
the  only  thing  that  remains  to  be  done  is  to  consider  the  selection 
rules  for  the  transitions  T'  — ► Lx  and  T's  — L',  involving  the  absorp- 
tion (emission)  of  a phonon  with  the  wave  vector  qL.  To  this  end, 
first  determine  the  irreducible  representations  that  transform  the 
normal  vibrations  of  the  germanium  lattice  at  point  L.  We  should 
proceed  as  suggested  in  Section  3.8.  First,  we  should  find  the  complete 
reducible  representation  corresponding  to  all  the  vibrational  degrees 
of  freedom  at  point  qL.  The  number  of  atoms  in  a unit  cell  of  ger- 
manium is  s = 2,  therefore,  the  dimension  of  this  complete  reducible 
representation  is  3s  = 3 X 2 = 6.  To  find  the  characters  of  this 
complete  representation  we  shall  make  use  of  equations  (3.8.13)- 
(3.8.15). 

As  was  noted  above,  the  elements  of  group  D3A  = C3V  X C i of 
the  wave  vector  qL,  involving  inversion  /,  must  be  accompanied  by 

a nontrivial  translation  a = -|-  (1,  1,  1).  Since  in  the  nontrivial 

translation  a there  is  no  atom  in  a unit  cell  that  retains  its  position 
( nCJ  = 0),  it  follows  from  (3.8.15)  that 

Xu  (/  | a)  = %u  (Jov  | a)  = x“  (Jcs  I «)  = 0. 

On  the  other  hand,  for  the  transformations  E and  C3,  nc  (<P)  = 2, 
therefore,  it  follows  from  (3.8.13)  that 

%u  (E  | 0 ) = ( 1 + 2 cos  0°)-2  = 6, 

xu  (c3  I 0)  = ( 1 + 2 cos  120°) -2  = 0. 

Finally,  for  the  transformation  av  we  obtain  from  (3.8.14)  (nS(0)  = 2) 

Xu  K I 0 ) = t (S  (0)  | 0)  = (-1  + 2 cos  0°)-2  = 2. 

Combining  these  results,  write  out  the  characters  of  the  complete 
representation  of  the  vibrations  at  point  L in  Table  7.2.  Expanding 
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Table  7.2 


C3V  X €\ 

E 

2 C3 

3 Jav 

/ 

2 JC3 

3av 

x“ 

6 

0 

0 

0 

0 

2 

Table  7.3 

E 

2 C3 

3 C't 

2 JCS 

3 JC’2 

T'z  X L{ 

1 

1 

—1 

—1 

—1 

1 

1 11  is  reducible  representation  in  the  irreducible  representations  of 
Table  7.1,  we  obtain 

lu  = Li  + La  + L2  + Lr  (3.13) 

Experimental  studies  of  neutron  scattering  in  germanium  have 
shown  that  the  following  types  of  phonons  correspond  to  the  normal 
vibrations  (3.13): 

Lx— longitudinal  optical  ( LO ) phonons, 

L3— transverse  acoustic  (TA)  phonons,  (3.14) 

L' — longitudinal  acoustic  (LA)  phonons, 

L'— transverse  optical  (TO)  phonons. 

Let  us  turn  now  to  the  selection  rules  for  the  matrix  element 
that  enters  (3.1).  Considering  the  transition  T'  — we  note  that 
the  matrix  element  for  this  transition  contains  under  the  integral 
sign  electron  functions  transformed  by  the  irreducible  representa- 
I ions  T'  and  Lu  oscillator  wave  functions  of  the  crystal’s  normal 
vibrations  and  the  operator  11  of  the  electron-phonon  interaction. 
The  integration  with  respect  to  the  oscillator  functions,  which  can 
be  performed  independently  of  the  integration  with  respect  to  the 
electron  coordinates,  results  in  selection  rules  (3.10.25),  (3.10.26) 
nccording  to  which  only  transitions  involving  the  emission  or  the 
absorption  of  a single  phonon  are  possible. 

It  can  be  snown  that  the  irreducible  representations  that  transform 
I lie  operator  11  are  the  same  as  those  that  transform  normal  coor- 
dinates, i.e.,  representations  (3.13).  We  shall, approach  the  problem 
from  a somewhat  different  point  of  view.  In  the  case  of  an  allowed 
transition  involving  the  emission  of  a phonon  the  initial  state  of  the 
system  consists  of  an  electron  described  by  a wave  function  with  a T' 
symmetry,  and  the  final  state  consists  of  an  electron  in  the  state  Lx 
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and  a phonon  whose  wave  function  must  have  the  same  symmetry  Fj. 
This  means  that  the  direct  product  of  T'  X Lx  by  one  of  the  irreduc- 
ible representations  (3.13)  must  contain  the  irreducible  represen- 
tation T2  or,  to  put  it  another  way,  the  direct  product  T2  X Lx  must 
contain  one  of  the  irreducible  representations  (3.13). 

The  characters  of  T'  corresponding  to  the  classes  of  the  group  Z)3d 
can  be  obtained  from  Table  3.2.  The  characters  of  the  direct  prod- 
uct T'  X Lx  are  given  in  Table  7.3.  Expanding  T'  X Lx  in  irre- 
ducible representations  of  the  Z)3d  group,  we  obtain 

r;  X Ly  = Lv  (3.15) 

as  can  easily  be  checked  with  the  aid  of  Table  7.1. 

Considering  the  second  channel,  we  obtain  in  precisely  the  same  way 

r;5  x L3  = L[  + l;  + 2 Lr  (3.16) 

Comparing  (3.15),  (3.16)  with  (3.13)  and  (3.14),  we  see  that  the  fol- 
lowing phonons  can  take  part  in  indirect  transitions: 

L'2 — longitudinal  acoustic  (LA)  phonon, 

2 L3 — transverse  optical  (TO)  phonon.  (3.17) 

The  transition  involving  the  LA -phonon  can  take  place  via  the  bands 
T'  or  L'3 , whereas  the  transition  involving  the  TO-phonon  can  take 
place  only  via  the  band  L'3.  The  factor  2 in  front  of  L'3  in  (3.16)  indi- 
cates that  there  are  two  linearly  independent  matrix  elements  deter- 
mining the  probability  of  this  transition.  At  the  same  time  transi- 
tions involving  the  emission  or  absorption  of  longitudinal  optical 
and  of  transverse  acoustic  phonons  are  forbidden  and  cannot  take 
part  in  the  process  considered  here,  no  matter  whether  we  consider 
transitions  via  the  bands  T2  and  L3  or  via  other  T and  L bands.  This 
follows  from  the  fact  that  the  product  of  the  representations  r25, 
Lx.  and  representation  corresponding  to  the  absorption  of  a photon 
(Section  7.2.3)  does  not  contain  the  representations  Ls  or  L2  that  are 
connected  with  the  absorption  of  phonons. 


7.4.  Absorption  of  Light  in  Semiconductors 
by  Free  Charge  Carriers 

At  frequencies  below  the  frequency  corresponding  to  the  interband 
absorption  edge  in  semiconductors  a weak  intraband  absorption  by 
free  carriers  can  be  observed. 

Consider  a simple  phenomenological  theory  of  light  absorption  by 
free  carriers. 
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We  shall  base  our  consideration  on  the  Maxwell  equations  [7.3, 
See.  7.1]  for  a homogeneous,  isotropic,  conducting,  and  nonmagnetic 
(|i  = 1)  medium: 


curlH  = -E- 

c 

curl  E = — - 

c 

div  E = 0, 
div  H = 0. 


(4.1a) 

(4.1b) 

(4.1c) 
(4- Id) 


Here  E and  H are  the  intensities  of  the  electric  and  magnetic 
fields,  e is  the  dielectric  constant  that  determines  the  induction  vec- 
lor  D = eE,  o is  the  conductivity  that  determines  the  current  j 
in  accordance  with  Ohm’s  law  (j  = oE).  There  are  no  free  charges 
in  the  right-hand  side  of  (4.1c). 

In  order  to  exclude  H from  (4.1a)  and  (4.1b),  take  the  curl  of  both 
sides  of  (4.1b)  and  the  time  derivative  of  both  sides  of  (4.1a).  Making 
use  of  the  identity  [7.10,  p.  59]  curl  curl  = grad  div  — V2  and  (4.1c), 
we  obtain 

VzE  = £e+-^£-E.  (4.2) 

for  a nonconducting  medium  (a  = 0)  this  equation  turns  into  the 
wave  equation. 

Equation  (4.2)  has  a particular  solution  in  the  form  of  a plane  wave 
with  a complex  wave  vector  y.  (1.13).  Substituting  (1.13)  into  (4.2), 
we  obtain 


to2  / . 4ita  . \ co2  ~ 

*2  = ^(e+—  *)=!!- e. 


lienee,  the  complex-valued  dielectric  permittivity 
e = n2  = (n  + ifc)2  = e U 


where  n = n -f  ik  is  the  complex-value  refractive  index. 

For  low  oi  the  imaginary^  part  of  e is  equal  to  4jio/co,  where  o is 
I lie  real  static  conductivity  independent  of  the  frequency  oi. 

We  shall  show  that  at  high  frequencies  oi  the  conductivity  begins 
lo  be  dependent  on  co  and  becomes  complex-valued.  As  we  saw 
in  Section  7.1.1,  free  carriers  interacting  only  with  an  electromagne- 
I ic  wave  cannot  absorb  light.  Express  the  effect  of  the  interaction 
id  free  carriers  with  lattice  imperfections  (thermal  vibrations,  impu- 
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rities,  etc.)  in  terms  of  the  relaxation  time  r,  as  it  was  done  in  Sec- 
tion 6.6.  In  (6.6.4)  make  the  magnetic  field  H = 0.  Then 
6 E y x 


x m*  1 — icDT  * 

The  current  density  along  the  x axis  is 

. ■ . . N0e2r  Ex 

]x  = oEx  = N0evx  = — — * — , 

x u m*  1 — hot  ’ 

where  N0  is  the  free  carriers’  concentration. 
Hence, 

~ 1 2 + icoT 


1- 


1 + co2t2  ’ 


where  a0  = N0e2x/m*  is  the  dc  conductivity. 
Substituting  (4.7)  into  (4.4),  we  obtain 


e = + ie2  = (re  + ik )2 

--=  e — 


4nan 


4jxa,, 


1 


1 + G)2T2 


1 + m2t2 


(4.r,) 


(4.6) 


(4.7) 


(4.8) 


Hence,  the  real  and  imaginary  parts  of  the  dielectric  permittivity 
are 


e t = re2  — k2  = e 


e2  = 2 nk  = 


4na0 

to 


4na0  cot 
co  1 + co2t2 


= e — — Im  a = e { 1 
co  V 

1 

1 + co2t2 


\ 

o§4-co2  r 


4it 

CO 


Re  o 


co§  + co2 


(4.9) 


(4.9a) 


Here  co0  = 1/t  is  the  frequency  of  collisions  with  lattice  imperfec- 
tions and  mp  = l/r4nJV0e2/sm*  is  the  plasma  frequency . 

It  follows  from  (4.9a)  and  (1.14)  that  the  absorption  coefficient  is 


a - - 


2co /c 
c 


4 n 


Rea 


4jtct0  1 
nc  1 -f-  co2t2  ’ 


(4.9b) 


i.e.,  a is  proportional  to  Re  o.  This  fact  was  already  discussed  in 
Section  6.6. 

It  follows  from  (4.9a),  (4.9b)  that  absorption  is  proportional  to  a0, 
i.e.,  to  the  free  carrier’s  concentration.  In  the  frequency  range  co2t2^>1 
(but,  of  course,  co  < o>g  — the  frequency  of  the  interband  absorption 
fringe)  the  coefficient  of  absorption  a oc  co-2  oc  A,2,  i.e.,  is  propor- 
tional to  the  square  of  the  wavelength.  This  has  been  substantiated 
by  experiment  on  re-type  germanium. 
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The  classical  theory  of  light  absorption  by  free  charge  carriers 
developed  above  is  valid  only  in  the  range  ha  < k0T  (or  ha  < 
< eF  — the  Fermi  energy  for  degenerate  semiconductors).  A con- 
sistent quantum  mechanics  theory  of  light  absorption  by  free  car- 
riers, based  on  the  second  approximation  of  the  theory  of  perturba- 
tions, was  developed  by  H.  Frohlich  and  formulated  by  H.  Y.  Fan 
el  al.  In  the  limiting  case  ^co  3>A;07,  for  a simple  band  and  for  scat- 
lering  by  phonons  of  the  acoustic  branch  the  quantum  theory  yields 
a oc  co-2  ( halk0T ) 1/2 . A review  of  theoretical  results  and  a compa- 
rison with  experimental  data  can  be  found  in  a paper  by  Fan  [7.11, 
(Tap.  9]. 

7.5.  Polaritons 

7.5.1  Consider  some  new  elementary  perturbations  in  a solid — 
n peculiar  hybrid  of  phonons  of  the  optical  branch  of  crystal  vibra- 
lions  with  photons  (quanta  of  the  electromagnetic  field).  Quasi- 
particles of  such  elementary  perturbations  became  known  as  polar- 
itons. 

In  Section  3.9  we  applied  a semiphenomenological  method  to  study 
long-wave  vibrations  of  the  optical  branch  of  an  ionic  cubic  crystal 
containing  two  oppositely  charged  ions  per  unit  cell.  The  classical 
equations  of  relative  motion  of  two  oppositely  charged  ions  are  of 
I lie  form  (3.9.31) 


Here  w = ]/  N0mr  s is  the  “normalized”  ion  displacement,  where  s 
is  the  displacement  of  the  positive  ion  with  respect  to  the  negative 
ion,  N0  is  the  number  of  cells  per  unit  volume  of  the  crystal,  mr 
is  the  reduced  mass  of  the  ions,  (o2  = — 4n/V0e Ae°o  + 2)  jg 

u mr  VmT 

frequency  of  mechanical  vibrations  of  the  ions,  where  x is  the  coef- 
ficient of  the  quasi-elastic  force  of  ionic  interaction,  e*  is  the  effec- 
live  charge  of  the  ions,  e0  and  e,*,  are  the  static  and  the  high-fre- 
quency dielectric  constants,  E is  the  average  electric  field  in  the 
crystal. 

According  to  (3.9.32),  the  polarization  vector  is 

p = o)0|/  ii^w  + ^=±E.  (5.2) 

Having  separated  the  displacement  w into  the  transverse  wt  and 
I lie  longitudinal  wi  (w  = wt  + wj)  (3.9.33),  we  have  shown  that 
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the  frequencies  of  the  transverse  and  longitudinal  vibrations  are, 
respectively,  (3,9.39)  and  (3.9.40) 


cot  = co0,  ©!  = co0  1/  . (5.3) 

9 fcoo 

7.5.2  To  construct  the  theory  of  polaritons  we  should  supple- 
ment the  equation  of  mechanical  vibrations  (5.1)  with  the  equations 
of  the  electromagnetic  field  [7.3,  Sec.  7.1] 


div  D = div  (E -)- 4jiP)  = 0,  (5.4) 

divH  = 0,  (5.5) 

curl  E = — y H,  (5.0) 

curl  H = -^-D  = -~  (E  + 4jxP).  (5-7) 


We  assume  that  the  medium  is  nonmagnetic  and  the  free  charges 
and  conductivity  currents  are  absent. 

In  Section  3.9  we  made  use  of  only  one  of  these  equations  (5.4), 
which  takes  no  account  of  the  time  lag.  Write 


w = w0 

P = Po 
E = E0 
H = H0 


X exp  x (k-r  — c ot) 


(5.8) 


where  w0,  P0,  E0  and  H0  are  generally  complex-valued  amplitudes. 
Substituting  (5.8)  into  (5.1),  (5.4)-(5.7),  we  obtain 


to2w_  «ow  -r  M0  y 043t  E, 

(5.9) 

k-(E  + 4jiP)  = 0, 

(5.10) 

k-H  = 0, 

(5.11) 

kxE  = -H, 

C 

(5.12) 

k x H=  — y (E  -f  4jtP). 

(5.13) 

In  contrast  to  the  electrostatic  case  (Section  3.9),  the  identity  E = 0 
is  impossible.  Indeed,  if  E = 0,  then  it  follows  from  (5.12)  that 
H = 0,  but  in  that  case  it  follows  from  (5.13)  that  P = 0 and, 
finally,  from  (5.2)  that  w = 0.  Hence  E = 0 corresponds  to  the 
trivial  case  when  E = H = P = w = 0. 
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It  follows  from  (5.9)  that 

(Oq  1 /~  e0 — Boo 


w 


tog  — to2 


1 


4it 


E. 


Substituting  this  into  (5.2),  we  obtain 

P f tOp g0  eoo  , £oo  t I P 

lo>S  — a.2  4n  4u  / 

Hence,  and  from  (5.10),  we  obtain 

(k  ' E)  { (02-M2  (£0  — £oo)  + Eooj  = 0. 


(5.14), 


(5.15). 


(5.16) 


Consider  two  cases.  In  the  first  the  expression  in  braces  in  (5.16)' 


is  zero,  i.e. , 

~^~r  (eo-eM)  + eoo  = 0,  (5.17) 


and  it  follows  from  (5.15)  that  E + 4jiP  = 0,  but  then  by  (5.13) 
k X H = 0,  which  together  with  (5.11)  yields  H = 0.  Now  it  fol- 
lows from  (5.12)  that  k X E = 0,  but  as  we  have  noted  above,. 
E =^=  0,  so  that  E ||  k.  Making  use  of  (5.14)  and  (5.15),  we  obtain 


w ||  P ||  E ||  k, 


(5.18V 


i.e.,  all  the  vibrating  vectors  are  longitudinal,  and  the  frequency,, 
as  determined  from  (5.17),  is 


co2  = 


(5.19)- 


Hence,  this  solution  coincides  with  the  electrostatic  solution  for 
longitudinal  vibrations  (3.9.42). 

In  the  second  case  in  (5.16)  k-E  = 0,  but  since  E ^4=  0,  it  fol- 
lows that  E _L  k.  Nowit  follows  from  (5.12)  that  k,  E,  H constitute 
in  the  order  as  written  here  a right-handed  orthogonal  system  of 
vectors,  and,  therefore, 

k-E  = -^//.  (5.20> 

T lie  vibrations  are  now  transverse,  since 

H _L  (E  ||  P ||  w)  _L  k,  (5.21V 

and  (5.11)  is  satisfied  automatically.  Substituting  (5.15)  and  (5.20). 
into  (5.13),  we  obtain  after  canceling  E 

c2k 2 cog 

(l)g  — (02 


(O' 


(e0 — 8oo)  -|-  Boo 


(5.22) 
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(here  we  took  into  account  that  k X H is  directed  opposite  to  E). 
Solving  this  quadratic  equation,  we  obtain 


2 80co|  4~  c2Ar2  ± Y (e0a>i;  + c2fc2)2 — 4eoo(o§c2fe2 

~~  2e00 


(5.23) 


i.e.,  two  dispersion  branches. 

Denote  the  branch  corresponding  to  the  plus  sign  in  front  of  the 
radical  by  co2  (k),  and  denote  the  branch  corresponding  to  the  minus 
sign  by  oi2  ( k ).  Then  we  obtain  from  (5.23)  for  A:  ^-0 

“i  (0)  = (-^2-)1/“co0  = o)I,  <o2  (k  -*■  0)  = — ^ k (5.24) 

V Eoo  ) y e0 

and  for  k — oo 


(o°)  = —7=  k,  co2(oo)  = a»0 

y £oo 


When  we  calculate  co2  (oo)  we  should  take  into  account  that  the 
term  c2k2  in  front  of  the  radical  cancels  with  ( c2k 2)2  under  the  radical 

sign,  and  for  this  reason  the  radi- 
cal should  be  calculated  to  within 
the  next  approximation  in  (c2&2)-1. 

Figure  7.2  shows  the  functions 
y = y (a;),  where  y — co/(o0  and 

x = k , ■ = ckl co0.  The  dashed 

O>0  ic  u 

straight  line  a whose  equation  is 
y = x (or  co  = ck)  corresponds  to 
the  propagation  of  light  in  a va- 
cuum. 

In  the  case  of  high  frequencies 
(A  -voo)  light  propagates  in  the 
medium  according  to  the  law 
0 2 4 6 8 y = x/y  e«x>,  i.e.,  (»  = (c/  ]/  ex)  k 

Fig.  7.2  [see  (5.24a)],  and  in  the  case  of 

low  frequencies  (k  -»-0)  according 
to  the  law  y = ar|/ e0,  i.e.,  to  = (c/]/  e0)  k [see  (5.24)].  The  propaga- 
tion of  light  in  the  medium  is  shown  in  Fig.  7.2  by  the  dashed  line  b. 
The  horizontal  dashed  lines  c and  d depict  longitudinal  and  trans- 
verse mechanical  vibrations  with  frequencies  coi  = (Co/e,*,)1/2  co„ 
and  cot  = ffl0.  The  solid  lines  c,  e,  / are  dispersion  curves  of  polari- 
tons  corresponding  to  the  solutions  (5.19)  and  (5.23). 

The  solid  straight  line  c corresponds  to  longitudinal  polaritons 
!(5.18),  (5.19)  of  purely  mechanical  origin.  The  branches  e and  / des- 
cribe transverse  polaritons  of  the  mixed  electromagnetic-mechanical 
type;  they  originate  from  the  hybridization  of  vibrations  correspond- 


7.6  FARADAY’S  ROTATION  KFFKCT  433 


ing  to  the  dashed  straight  lines  5,  c and  d.  K.  Huang  [7.12]  has 
calculated  the  mechanical  energy  of  the  transverse  polarilons  in 
branches  e and  / as  part  of  the  total  energy.  He  showed  that  for  the 
same  values  of  material  constants  for  which  the  graphs  in  Fig.  7.2 
have  been  calculated  part  of  the  mechanical  energy  in  the  lower 
branch  / grows  with  the  increase  in  x — ck/(i>0  from  30%  for  x — 0 
to  95%  fora:  = 6;  on  the  contrary,  part  of  the  mechanical  energy 
of  polaritons  in  the  upper  branch  e drops  with  an  increase  in  x from 
70%  for  x = 0 to  5%  for  x = 6. 

The  polariton  branch  e was  studied  in  experiment. 

There  are  other  hybrids  of  quanta  of  the  electromagnetic  photon 
field  with  excitations  of  solids,  for  instance,  with  excitons,  in  addi- 
tion to  the  elementary  excitations  discussed  above.  Such  quasi- 
particles, also  termed  polaritons,  have  been  observed  in  experiment. 
An  essential  contribution  to  this  theory  has  been  made  by  S.  I.  Pe- 
kar. 


7.6.  Faraday’s  Rotation  Effect 

7.6.1  In  1846  the  great  British  physicist  Michael  Faraday  dis- 
covered the  following  phenomenon.  When  a transparent  body  is 
placed  in  a strong  magnetic  field,  and  a plane  polarized  ray  of 
light  is  sent  through  it  in  the  direction  of  the  field,  the  polarization 
plane  of  the  ray  rotates  through  an  angle  proportional  to  the  inten- 
sity of  the  magnetic  field  and  to  the  path  traveled  by  the  ray  in  the 
magnetic  field. 

This  phenomenon  which  Faraday,  being  convinced  that  light  and 
electromagnetism  were  of  common  origin,  sought  to  discover  year 
after  year  became  an  important  milestone  on  the  road  to  electromag- 
netic theory  of  light.  For  semiconductors,  the  Faraday  effect  became 
in  some  cases  a convenient  tool  for  measuring  the  effective  mass  of 
charge  carriers. 

We  shall  consider  the  Faraday  effect  for  the  simplest  case  of  free 
charge  carriers  with  a scalar  effective  mass  m*. 

First  we  shall  have  to  generalize  the  theory  of  the  cyclotron 
resonance  discussed  in  Section  6.6.1.  Consider  this  time  not  a 
plane  polarized  wave  but  two  circularly  polarized  waves.  In  this 
case  equation  (6.6.3a)  assumes  the  form 

m*  ^ v + v j — — eE0e  exp  ( — iat)  — e-  v X H.  (6.1) 

Here  v is  the  velocity  of  the  electron,  t is  its  relaxation  time,  H 
is  the  intensity  of  a constant  magnetic  field  pointing  in  the  direction 
of  the  z axis,  E0  is  the  amplitude  of  the  high-frequency  electric 
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field,  — e is  the  electron  charge,  and  the  polarization  vector  is  e - 
= {1,  y,  0}11,  where  y = ±i  = cos  4y  ± i sin  4^  = exp  | +i  y j . 

In  (6.6.3a)  y = 0,  and  because  of  that  the  electric  field  had  only 
the  component  E = E 0 exp  ( — uof)  along  the  x axis.  In  the  case  of 
(6.1)  the  electric  field,  in  addition  to  the  component  E0  exp  ( — iioZ) 

along  the  x axis,  has  also  the  component  E0  exp  — i ^ <of  =F  y j along 

the  y axis.  It  is  established  in  elementary  optics  that  the  summation 
of  oscillations  with  equal  amplitudes  and  with  a phase  difference  of 
±jt/2,  one  oscillation  taking  place  along  the  x axis  and  the  other 
along  the  y axis,  results  in  a circularly  polarized  oscillation.  If  y — 
= +i,  we  speak  of  left-hand  polarization1'2 , and  if  y = — i,  of 
right-hand  polarization. 

Assume  that  v is  also  proportional  to  exp  ( — iat).  Find  the  pro- 
jections of  (6.1)  on  the  axes  x and  y (H  ||  z ): 

-^-(1  — i<ox)  vx=  —eE — e—  Hvy, 

~(i-mx)vy=—eEy  + -^Hvx.  (6.2) 


Solving  these  equations  for  vx,  we  obtain  for  the  current 


lx  = oE  = — eN0vx  = a0 


1 — (Io)  + -ytac)x 
(1  — icot)“  + co|t2 


E, 


(6.3) 


where  N0  is  the  concentration  of  free  electrons,  o0  ==  e2N0i/m*  is 
the  dc  conductivity  and  <oc  = eHlm*c  is  the  cyclotron  frequency. 

For  y = 0 (6.3)  coincides  with  (6.6.6).  Making  in  (6.3)  y = zti 
and  separating  the  real  part  from  the  imaginary  one,  we  obtain  for 
the  complex  conductivity 

= <?Re  + 

where  the  real  part  is 

1 -F  (tog  ± CO2)  T2 

CTRe  = a°  [l  + (a)2-co2)  t2]2 -j-4co2T2  ’ 


(6.4) 

(6.4a) 


and  the  imaginary  part  is 


*^Im  — 0-fl 


((0  + (Oc)  (<02  — <02)  T3  — ( (D  ± (Dc)  T 

[l  + (co2  — (02)  x2]2-|-4a)2'i2 


(6.4b) 


As  we  know  from  (4.9b),  the  absorption  coefficient  a is  proportional 
to  oRe,  i.e.,  to  the  real  part  of  the  conductivity.  If  cocx  >1  (and 


11  Note  that  e is  not  a unit  vector. 

12  In  the  case  of  left-hand  polarization  the  electric  vector  in  the  wave  rotates 
clockwise  if  we  look  in  the  direction  of  the  wave. 
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just  such  are  the  conditions  in  which  cyclotron  resonance  experi- 
ments are  carried  out),  it  follows  from  (6.4a)  that  at  resonance,  when 

to  Gl)  £ j 


aRe 


0O 

qo  ~ n 
4&)2-t2  ~ U 


for  7=  +i, 
for  7 = — i, 


(6.5a) 

(6.5b) 


since  the  upper  sign  in  (6.4a)  corresponds  to  7 = +i  and  the  lower, 
(07  = — i.  Hence,  the  absorption  peak  for  electrons  can  be  observed 
only  in  the  case  of  a left-hand  polarization.  The  holes  rotate  in  the 
direction  opposite  to  that  of  the  electrons,  and  because  of  that  for 
them  an  absorption  peak  can  be  observed  only  in  the  case  of  7 = — i, 
i.e.,  with  a right-hand  polarization. 

Hence,  if  we  know  the  direction  of  circular  polarization  of  a high- 
frequency  field,  we  can  establish  whether  electrons  or  holes  are  re- 
sponsible for  the  cyclotron  resonance. 

7.6.2  It  follows  from  (4.4)  that  the  square  of  the  complex-valued 
refractive  index  is 

n2  = (n  + ik)2  = e + i = e + i ~ (oRe  + ialm) 


4n  _ , , 4it 

= £ ^T0Im+t  — ORet 

(6.6) 

whence 

n2  — fc2  = e — ^(JIm, 

(6.6a) 

2nk=-^-°Ke- 

(6.6b) 

If  absorption  is  so  small  that  it  can  be  neglected  in  (6.6a),  then 

n = \/r  e-^0ira.  (6.7) 


If  we  have  two  rays  circularly  polarized  in  opposite  directions 
(7  = ±0.  there  are  two  different  values  afm  in  (6.4b)  to  correspond 
lo  them,  and  this  means  that  the  refractive  indices  (6.7)  of  these 
rays  are  also  different: 

»+=]/  (6.7a) 

,r  = j/e_i5.aim.  (6.7  b) 

A plane-polarized  wave  can  be  represented  as  a superposition  of 
two  waves  with  equal  amplitudes  circularly  polarized  in  opposite 
directions.  The  refractive  index  for  the  right-hand  wave  can  differ 
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from  the  refractive  index  for  the  left-hand  polarized  wave,  in  this 
case  their  phase  difference  will  change  as  the  waves  propagate  in  the 
medium. 

Denote  the  phases  of  both  circularly  polarized  waves  by 

(p  ± = ®(JLf£-i)-  (6-8> 

The  complex-valued  component  of  the  combined  electric,  field  of 
both  waves  along  the  x axis  is 

Ex  = E0(e^+e*-)  = 2E0e  2 C0SJP±_J£^  (6.9) 

which  can  be  easily  checked  if  exponential  functions  are  substituted 
for  the  cosine  on  the  right-hand  side. 

Since  the  phases  of  Ey  in  the  circularly  polarized  waves  are  tp+  + 

+ and  tp_ — y , it  follows  that 

. / , n \ . 1 JI  \ . T++<P- 

Ey  = E0(e^+  + 2']=2  E0e  2 cosf-^  + ^^t). 

(6.9a) 

If  the  angle  between  the  polarization  plane  and  the  x axis  is  0,  then 


tan  0 = 


Re{£y} 
Re { Ex ) 


sin 


<P+  — <P- 
2 


cos 


<p+— <p- 
2 


— tan 


<P+  — <P- 
2 


(6.10) 


where  Re  { Ey } and  Re  {-E1*}  are  the  real  parts  of  Ey  and  Ex.  In  (6.10) 
use  was  made  of  the  coincidence  of  the  real  parts  of  identical  complex- 
valued multipliers  on  the  right-hand  sides  of  (6.9)  and  (6.9a). 

The  magnitude  of  the  rotation  angle  of  the  polarization  plane  for 
a distance  z = d traveled  by  the  ray  in  the  magnetic  field  is,  accord- 
ing to  (6.10)  and  (6.8), 


0 = 


<P+-<P- 


tod  , . 

-(n*-n  ). 


2 2c 

It  follows  from  (6.7a),  (6.7b)  that 
(n+)*-(«-)*  = -^(oim-oU 


or 


n+  — n = (afm  — afm), 

CDtt 


(6.11) 


(6.12) 


where  n = -r  (n+  + n~). 
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The  usual  frequency  range  used  to  determine  the  effective  mass  m* 
with  the  aid  of  the  Faraday  effect  is  w > coc,  1/x.  For  this  case  we 
obtain  from  (6.4b) 

CTfm  — ajm  = a0-|^- , (6.13) 

where  we  must  substitute  the  values  a„  = e2N0x/m*  and  coc  = 
= eH/m*c. 

From  (6.11)-(6.13)  we  obtain  for  the  polarization-plane  rotation 
iingle 

Q — 2ne^N0Hd  (6.14) 

c2no)2m*2 

I’or  n we  can  take  the  medium’s  refractive  index  in  the  absence  of 
I lie  magnetic  held. 

An  important  point  to  note  is  that  (6.14)  is  independent  of  t, 
i.e.,  of  the  scattering  mechanism.  It  is  valid  also  in  the  case  coct  <C  1, 
wlien  the  cyclotron  resonance  method  is  inapplicable.  Specifically, 

I his  makes  it  possible  to  measure  the  effective  mass  m*  at  room  tem- 
perature. Equation  (6.14)  can  be  generalized  for  the  cases  of  complex 
band  patterns  and  for  different  types  of  charge  carriers;  of  course, 
in  such  cases  it  yields  only  average  effective  mass  values. 

The  Faraday  effect  was  observed  and  the  results  quantitatively 
compared  with  the  results  of  other  experiments  with  numerous  semi- 
conductors: Ge,  n-InSb,  AlSb,  GaP,  GaAs,  InAs,  etc.13 

7.7.  Theory  of  Interband  Absorption  of  Light  in  a 
Quantizing  Magnetic  Field 

7.7.1  In  Section  7.2  we  discussed  the  absorption  of  light  due  to- 
il irect  interband  transitions.  For  direct  allowed  transitions  the  ab- 
sorption coefficient  aai  is  determined  by  (2.26). 

Consider  now  the  theory  of  interband  transitions  in  a semiconduc- 
tor with  a standard  band  placed  in  a strong  (quantizing)  magnetic 
I'lrld. 

In  Section  6.5.3  we  considered  the  motion  of  an  electron  with  a 
scalar  effective  mass  m*  in  a quantizing  magnetic  field  (L.  D.  Lan- 
dau, 1930)  and  showed  that  its  wave  function  is 

^Nkukt(x , y,  z)  = fN{x  — x0).  (7.1) 

Here  cpN  (. x — £„)  is  the  oscillator  function  for  the  equilibrium  posi- 
tion x0  = — (hcleH)ky,  N is  the  oscillator’s  quantum  number.  For  the 
sake  of  simplicity  we  assume  that  the  linear  dimensions  of  the  crystal 


13 

I 7.13, 


For  a review  of  experimental  results  with  a detailed  bibliography  see 
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in  all  three  directions  are  equal  to  unity.  The  energy  eigenvalues 
corresponding  to  the  eigenfunction  (7.1)  are 

h2k2 

= + (7.2) 

Here  p*  = eh/2m*c  is  the  “effective”  Bohr  magneton.  At  the  same 
time  2 \i*H  = /icoc,  where  coc  = eHim*c  is  the  cyclotron  frequency. 
The  energy  eigenvalues  (7.2)  are  degenerate  with  respect  to  the 
.quantum  number  ky. 

J.  M.  Luttinger  and  VV.  Kohn  (1955)  have  demonstrated  that 
Hie  wave  function  of  an  electron  in  the  periodic  field  of  a crystal 
placed  in  a quantizing  magnetic  field  in  the  first  approximation, 
i.e. , with  no  account  taken  of  the  interaction  with  other  bands,  is 

Y ( x , y,  z)  = un o (r)  F Kkyht  (x,  y,  z),  (7.3) 

where  un0  (r)  is  the  Bloch  electron  function  unk  (r)  eik  r at  point 
k = 0 (the  liand  is  assumed  to  be  a simple  one  with  the  energy 
.minimum  at  point  k = 0). 

In  the  presence  of  the  field  of  a light  wave  and  an  external  magnetic 
.field  the  Hamiltonian  (2.4)  is 

^ = lHP  + TA°  + TA<r’  <)]2  + V(r),  (7.4) 

where  the  vector  potential  for  the  constant  magnetic  field  directed 
along  the  z axis  is  A0  = (0,  Hx,  0}  [see  (6.5.11)]. 

The  part  of  perturbation  in  (7.4),  as  in  (2.4),  is  played  by  the 
field  of  the  electromagnetic  wave  A (r,  t)  (2.8).  Proceeding  in  the 
.same  way  as  in  (2.5),  we  obtain  instead  of  (2.7)  the  perturbation 

<#'  = -^-A(r,  t)  [p  + -f-A°J.  (7.5) 

The  matrix  element  of  this  perturbation  between  the  wave  functions 
.(7.3)  for  the  valence  band  and  the  conduction  band  is 

,fpv0  = <YC  | Si'  | ¥v>  = ( u*0F*-Si'uv0Fv  d3r.  (7.6) 

Here  Yc  and  Yv  are  wave  functions  (7.3)  for  the  conduction  and 
the  valence  bands,  v ==  {A,  ky,  kz } are  electron  quantum  numbers 
in  the  quantizing  magnetic  field. 

The  integrand  in  (7.6)  contains  the  functions  u*0  (r)  and  uv0  (r) 
rapidly  varying  inside  the  crystal  cell  Q0  and  slowly  varying  factors 
Tv  (r)  and  Fv  (r).  Beplace  the  integral  in  (7.6)  over  the  crystals’  princ 
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ipal  region  V = ZQ0  {V  = 1 cm3)  with  the  sum  of  integrals  over 
the  volumes  of  the  crystal  cells  Q0: 

^vo  = f Uc*o F*.  A • ( p + -L  A°  ) uy0Fv  d3r 

v 

= ~ j «-[(A. puvo)  FV  + (A- p Fv)  ur0 
v 

+ 7A- A°uv0Fv]  d3r  = 2 {^v'^v 

2 

X j uJ0(A.puvo)  d3r  + (F$'A.-pFY) 

X j u*0uY0  d3r  -f — ^-A-A°^FV  j n?0uTO  dsrj . (7.7) 

Here  we  took  the  slowly  varying  functions  out  of  the  integrals 
over  the  unit  cells  £20. 

Because  of  the  orthogonality  of  the  functions  uc0  and  uY0,  the 
last  two  terms  in  the  braces  in  (7.7)  vanish,  and 


^vc  = 2 Wvfio  • J u*°  77-  A • P“vo  d3r 

z Q„ 

= [ ^ Mr  .-i-  j uc*0  ~ A ■ puv0  d3r,  (7.8) 

V °£20 

where  we  have  replaced  the  summation  over  z with  the  integration 
over  the  volume  V. 

Making  A equal  to  (2.8),  p — — ihv  and  assuming  that  the 
photon’s  wave  vector  x = 0,  as  in  Section  7.2,  we  obtain,  using  (7.1) 

^vc  = -^-M0(e-pov)  j e^v-Wdy  j e^^dz 

X j <J>N'  (x  — x'0)  9n  (x  — x0)  dx,  (7  -9) 


where  pcv  is  given  by  (2.20a). 

The  integral  over  the  region  Ly  = 1 cm  is 


j ei{kv-kv)v  dy  = 
0 


if  ky  ky  | 

if 


i. o. , is  the  Kronecker  delta.  A similar  result  can  be  obtained  for 
I lie  integral  with  respect  to  dz.  Since  the  oscillator  functions  (x  — 
x0)  are  orthonormalized,  and  a:'  = x0  (because  ky  = ky),  the 


:u— 01137 
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last  integral  in  (7.9)  is  equal  to  8NN*.  Accordingly,  we  obtain  instead 
of  (7.9) 

^vc~  mc  Ag  (e  • Pcv)  ^hvk'v^kzk^NN’'  (7 .9a) 


To  calculate  the  rate  of  transitions  per  unit  volume,  caused  by  the 
perturbation  Si'  (7.5)  we  must,  when  calculating  Wy c>  sum  (in- 
tegrate) both  over  the  initial  and  the  final  states,  i.e.,  over  the  quan- 
tum states  v = {N,  kv,  k z}  and  v'  ==  {N' , k'y,  kz).  Equation  (7.9a) 
makes  it  possible  to  reduce  this  double  summation  to  the  summation 
over  N,  fcy,  kz. 

Hence,  we  obtain  by  analogy  with  (2.21) 


<W‘  vc  = 2 l^vd26(ec -eT-ft») 

= I A,  I2 1 e-P„  (0)  I*  S J ^ 

N 

r*  h2k2 

6 [^<o  — eG — (27V + 1)  (1,  H—^\, 


X 


(7.10) 


where  the  inverse  reduced  effective  mass  is  l/mr  = l/mc  -f-  l/mVr 
and  the  “reduced  effective  Bohr  magneton”  is  fir  = eh/2mTc.  In  the 
argument  of  the  8-function  we  put  N'  = N (since  k’y  = kv ) and 

K = k z> 

Since  kv  = — -^-a:0,  and  0 ^ 1,  the  integration  with  respect 

to  ky  yields 

j dkv  = ^T-  (7-11) 

Next 

which  can  easily  be  checked  if  £ = Wk\l2mz  is  substituted  for  the 
integration  variable  kz. 

The  light  absorption  coefficient  aH  is  equal  to  the  transition  rate 
Wrc  (7-10)  divided  by  the  photon  flux  Nv  = Nc/n .u  Substituting 


14  Here  N is  the  number  of  photons  per  cubic  centimeter. 
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into  (7.10)  (2.12a)  for  A0  and  making  use  of  (7.11)  and  (7.12),  we 
obtain 

l e'Pcv  <°>  l2  (t)3/2M^  2 

N 

X[ha-EG-(2N  + l)yLrH]--l/z.  (7.13) 

The  sum  over  N in  (7.13)  embraces  all  values  of  N for  which  the 
values  of  the  expression  in  the  square  brackets  are  nonnegative. 
The  values  of  co,  N and  H for  which  this  expression  is  zero  deter- 
mine the  singular  points  of  the  absorption  coefficient  aH.  These  points 
correspond  to  the  condition 

Soimax  — eG  = (2 N + 1)  \itH,  (7-14) 


where  comax  is  the  frequency  of  light  corresponding  to  maximum 
absorption.  Of  course,  in  actual  fact  the  ahsomtinn  coefficient  aH 
does  not  become  infinite  at  such 
points,  since  there  are  several  factors  w 
(for  instance,  the  interaction  of 
the  electrons  with  the  lattice  vibra- 
tions) that  “smear”  the  infinite 
peaks.  Such  finite  peaks  (oscillations) 
of  aH  are  observed  in  experiment. 

It  is  seen  from  (7.14)  that  for  a 
specified  N the  frequency  of  light 
o)max  depends  linearly  on  the  mag- 
netic field  H.  Figure  7.3  depicts 
the  frequency  of  light  <omax  vs 
magnetic  field  H dependences  for 
different  TV's.  Any  vertical  straight 
line  H = const,  intersects  the 
rays  for  different  N's  and  there- 
by determines  the  values  of  comax 
corresponding  to  the  absorption  peaks  for  a specified  H.  The  points 
of  intersection  of  a horizontal  straight  line  to  = const,  determine 
for  a given  comax  the  values  of  the  magnetic  field  H corresponding 
to  the  absorption  peaks. 

The  picture  observed  in  experiment  is  frequently  a more  compli- 
cated one:  the  absorption  curve  contains  not  only  peaks  but  steps 
as  well,  because,  in  addition  to  the  direct  allowed  transitions  con- 
sidered above,  there  is  a possibility  of  indirect  transitions  involving 
phonons  and  forbidden  transitions  that  behave  differently  depending 
on  whether  e ||  H or  e 1 H [e  is  the  polarization  vector  in  (2.8)]. 

Consider  briefly  indirect  transitions.  In  the  case  of  indirect  transi- 
tions we  must  sum  in  (3.1)  separately  over  N and  over  N'  and  inte- 
grate with  respect  to  ky  and  k'v\  kz  and  % [in  this  case  equation 


29* 
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(7.9a)  does  not  hold,  since  a phonon  with  its  own  wave  vector  q 
takes  part  in  the  interaction].  Double  integration  with  respect 
to  ky  and  k'v  yields,  according  to  (7.11),  the  factor  ( eHIhc )2.  Omit- 
ting the  constant  factor,  we  obtain 

“tad*  (4)2S  J { dktdk'z6 

NN' 

X [ (2 N'  + 1)  ixcH  + + eG  + (2 N + 1)  pYH 

h^k2  n 

+ (7-15) 

In  comparison  with  (7.10),  an  additional  term  =j=/j(Dq,  connected 
with  the  absorption  (upper  sign)  or  the  emission  (lower  sign)  of 
a phonon,  appears  in  the  argument  of  the  6-function. 

Introduce  the  variables  (h2kl/2my)  = x 2,  (h2k’z2/2mc)  = y2,  and 
x2  + y2  = r2.  Then  the  double  integral  in  (7.15)  will  be  propor- 
tional to 
00 

j d (r2)  6 [r2  — (ha  ± haq  — eG)  — (27V  + 1)  nvH  — (2N'  + 1)  p.c H], 

° (7.15a) 

where  we  made  use  of  the  fact  that  dkzdk'z  oc  dx  dyocr  dr  = -^  d ( r 2). 
It  follows  from  the  properties  of  the  6-function  that 

|«(x-a)&-ew-{j  (7.16) 

The  step  function  0 is  used  in  mathematics  alongside  the  6-function. 
Eventually,  we  can  write  for  (7.15) 

atadoc(l§')22  — e0 

NN' 

-(2N  + l)\ivff-(2N'  + l)YicH].  (7.17) 

Consider  the  dependence  of  a ind  on  the  photon’s  energy  ha  in 
the  case  of  a constant  magnetic  field.  Choose  the  term  with  N = 
= TV'  = 0 in  the  sum  (7.17).  For  small  ha,  as  long  as  the  argument 
of  the  function  0 ( u ) is  negative,  0 ( u ) = 0.  Suppose  that,  as  ha 
increases,  the  argument  of  the  function  0 ( u ) turns  zero  at  point  1 
ih  Fig.  7.4.  Then  for  greater  values  of  ha  the  function  0 (u)  = 1, 
and  a^d  makes  the  jump  depicted  in  the  figure.  At  point  2 the  argu- 
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ment  of  the  function  0 ( u ) for  another  term,  for  example,  for  N = 1, 
N'  = 0,  turns  zero,  and  a second  step  appears  on  the  graph  of  a^. 
Since  pv  ¥=  Fc>  and  the  phonon  energy  H(x>q  is  different  vibration 
branches  and  can  enter  the  argument  of  0 ( u ) either  with  a plus  or 
a minus  sign,  the  steps  on  the  graph  of  form  an  irregular  pat- 
tern as  shown  in  Fig.  7.4.  The 
direct  forbidden  transitions,  which 
shall  not  be  discussed  here,  intro- 
duce an  additional  complication 
into  the  picture  of  light  absorption 
in  semiconductors  in  a magnetic 
field. 

7,7.2  New  useful  information 
can  be  gained  from  the  study  of 
light  absorption  in  crossed  electric 
and  magnetic  fields  (A.  G.  Aro- 
nov,  1963). 

Let  the  magnetic  field  H point  in 
the  direction  of  the  z axis  and  let  the 
electric  field  E point  in  the  direction 
of  the  x axis.  Choose  the  vector  potential,  as  was  done  in  Section 
6.5.3  in  the  form  A = {0,  Hx,  0}. 

The  Schrodinger  equation  for  an  electron  with  the  effective  mass 
mc  and  the  charge  — e in  the  conduction  band  is  of  the  form 

MF  (r)  = ecF  (r),  (7.18) 

where  the  Hamiltonian  is 


92  | 1 { 

2mc  dx2  ' 2m  c V 


2mc 


eEx. 


(7.18a) 


Here  the  potential  energy  of  the  electron  in  the  electric  field  is 
— (— e)  Ex  = eEx. 

Since  the  Hamiltonian  S£  does  not  contain  y and  z in  an  explicit 
form,  we  must  search  for  the  solution  of  (7.18),  as  we  have  done 
in  Section  6.5.3,  in  the  form 

F (x,  y,  z)  = <p  (*)  eiihvv+h*z\  (7.19) 

Operating  with  the  Hamiltonian  Si  on  (7.19)  and  canceling  the 
exponential  factor,  we  obtain 


h2 

d2  «P  (x)  . 

r t / eH  \ 

2 mc 

dx2  ~r 

. 2 mc  \ c } 

A*(ft5+*S)n  . , 


(7.20) 
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This  expression  can  be  reduced  to  the  form 

— + T TOc0)®  (x  — XJ2V  (*)  + W°V  (x)  ’ (7-21) 


where  (ac,  a:c  and  mc  are  constants  independent  of  x.  Comparing 
the  coefficients  of  x 2,  a:1,  x°  = 1 in  (7.20)  and  (7.21),  we  obtain 


©c 


eH 
mcc  ’ 


£c  = — 


gg*2 
ftcoc  ’ 


(7.21a) 

(7.21b) 


wc  = 


2mc 


X2eEky 


mcc2  ( E \2 

2 • 


(7.21c) 


Here  o)c  is  the  cyclotron  frequency  for  the  conduction  electron  with 
the  mass  mc,  and  ft  = (ft/mco:>c)1/2  = (hc/eH)1/2  is  the  magnetic 
length.  The  Schrodinger  equation  for  <p  (a:)  takes  the  form 

— 177  d*dJ*X)  ~ T WcCD°  (x  ~~  *c)2  9 ^ = (8c  — 9 (7-22) 

which  is  similar  to  (6.5.18). 

Hence,  the  energy  eigenvalues  are 


8C  = 8 (0)  -f-  ( 2N  -f- 1)  He H + wc 

= ec  (0)  + (2W+ 1)  - - WeEkv  - ^ ( -J- ) ' 2 , (7.23) 


where  ec  (0)  is  the  energy  level  corresponding  to  the  bottom  edge 
of  the  conduction  band,  pc  = eft/2 mcc  is  the  effective  Bohr  magneton 
of  the  electron,  and  N = 0,  1,  2 is  the  oscillator’s  quantum  number. 
We  see  that  in  crossed  electric  and  magnetic  fields  the  energy  eigen- 
values ec  depend  on  ky , i.e.,  the  degeneracy  with  respect  to  ky 
that  existed  in  the  case  of  the  magnetic  field  is  removed. 

The  eigenfunctions  of  (7.22)  are 


<P(z)  = <Pn  (x  — xc) 


(7.24) 


i.e.,  are  of  the  same  form  (6.5.19a)  as  in  the  case  of  the  magnetic 
field  acting  alone  [the  value  of  xc  (7.21b)  is,  of  course,  different]; 
H N are  Hermite  polynomials. 

To  calculate  the  light  absorption  coefficient  aH/E  due  to  direct 
allowed  transitions  in  crossed  electric  and  magnetic  fields,  we 
should,  in  compliance  with  (7.9),  additionally  know  the  wave  func- 
tions (7.19)  and  the  energy  eigenvalues  (7.23)  for  the  holes  in  the 
valence  band. 
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Instead  of  (7.21a)-(7.21c);  we  obtain  for  holes  with  the  charge  -j-e 
and  the  effective  mass  my 


wr  = 


eH 
mv c ' 


Xy  — h2k'y  ■ 


eEK* 


wy  = 


h*k'a 

2 ftty 


WeEky ^(4)  , 


(7.25a) 

(7.25b) 

(7.25c) 


where  we  have  substituted  e for  — e and  my  for  me.  For  the  energy 
eigenvalues  of  the  hole  we  obtain  instead  of  (7.23) 

e v = ev  (0)  — (2 N'  + 1)  pv#  — wy 

= ty((^(2N'  + l){xyH- - - KeEKy  + -2^L ( 4 ) * . 

(7.26) 

Here  pv  = eh/2myc  is  the  effective  Bohr  magneton  for  the  hole. 
The  hole’s  energy  is  measured  in  the  negative  direction  down  from 
the  top  edge  of  the  valence  band  eT  (0).  We  could  instead  consider 
the  electron  state  in  the  valence  band  with  a negative  effective 
mass  — my  and  obtain  the  same  expression  (7.26)  for  ev.  The  matrix 
element  Vo  (7-9)  will  now  be 


<^rc  = Aq  (e-pov  (0))  8kyk’y Skzk’z  j <Pn  (*  — xe)  q>jw  (x  — xy)  dx. 

— OO 

(7.27) 

We  see  that,  as  is  the  case  of  (7.9),  ky  = k'y,  kz  = k'z,  but  now 
xc  =£  xy  (since  mc  =t=  my).  Since  the  centres  of  gravity  of  the  oscil- 
lator functions  xc  and  xy  no  longer  coincide,  they  will  not  be  mu- 
tually orthogonal,  i.e.,  the  integral  generally  is  not  equal  to  zero 
for  N N'. 

To  calculate  it,  we  can  use  the  equation  [7.9,  p.  838,  equation  7.377] 

00 

1 (x  + y)  Hn  ( x + z)  dx  = 2n  Yh  m\  zn~mX^m  ( — 2 yz), 

— oo 

(7.28) 

where  m ^ n,  and  are  the  generalized  Laguerre  polynomials 

17.14,  p.  100].  Transform  the  integral  in  (7.27)  making  (x  — xc)!%  = 
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= | — a and  choose  a such  that  the  term  in  the  exponent  linear 
in  | vanishes.  In  this  case  the  integral  in  (7.27)  becomes 


-«p  [— v* 

xXpN'[2  (^i)2],  (7.29) 


where  N'  ^LN  (when  N'  >*  N,  we  must  interchange  N with  N'  and  xy 
with  xc);  Xn~N'  (u)  are  polynomials  of  degree  N'  in  u,  the  first 
of  them  being  equal  to 

%l(u)  = 1,  %pt(u)  = l + p — u, 

Xl(u)  = ±[(l  + p)  (2  + p)-2(2  + p)u  + u*]. 


Now  we  can  write  ^vc  (7.27)  in  the  form 

®™=-k * <••*»  <°»  V,8v:^” 

2rt, 

where 

iv — (roc+?nv)cX£ 

7 — 2k  — 2kH  ‘ 


The  argument  for  the  6-function  entering  W TC  (7-10)  is 

h*k2 

ec— 8V—  Sco  = eG+  (21V + 1)  jac#  + (21V'  + 1)  + 


( mc-\-mv ) c2 
2 


t-sr-*-. 


(7.30) 

(7.30a) 


(7.31) 


where  we  made  use  of  the  fact  that  ky  = ky  and  kz  = k'z.  Next, 
proceeding  in  the  same  way  as  in  Section  7.7.1,  we  obtain  for  the 
absorption  coefficient  due  to  direct  allowed  transitions  in  crossed 
electric  and  magnetic  fields  * 

“"/‘-■srstI  e-p=v<0)  i2(^f-)3'2  (M/).-* 

X S ji22jv  [iV' !]2  Y2<iv— iv')  [X%7n'  (2y2)]2 

IVIV' 

X[/uo  — eG  — (2N  + 1)  \icH-(2N'+l)  pvH+  + ™v)  ^ -§T  j-  1/3 

(7.32) 


where  N’^.N. 
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Note  the  principal  features  of  light  absorption  in  crossed  electric 
and  magnetic  fields: 

a)  there  are  no  selection  rules  for  the  quantum  numbers  of  the  mag- 
netic oscillators  N and  N',  i.e. , in  principle,  transitions  can  take  place 
between  any  Landau  sublevels  in  the  valence  and  conduction  bands; 

b)  <xh/e  decreases  exponentially  with  the  increase  in  the  electric 
field.  At  strong  fields  olh/e  x £’2(JV'+JV))e_PE‘.  This  sets  a limita- 
tion on  the  magnitude  of  the  maximum  electric  field  at  which  absorp- 
tion can  still  be  observed:  £max=  hH/(mc  + my)  cX  (y2  ~ 1); 

c)  the  displacement  of  the  absorption  peak  in  the  electric  field 
for  allowed  transitions  at  E = 0 (N  = N')  is  Aftoo  = ( mc  + mT)x 
X c2E2/2H2.  Measuring  this  displacement,  we  can  find  the- 
sum  of  the  effective  masses  mc  + my.  Since  the  relative  effective 
mass  mT=mcmv/(mc  mv)  can  be  found  from  the  measurements  of 
aH  (7.14),  the  combined  measurements  of  a h/e  and  of  aH  make 
it  possible  to  determine  mc  and  mv  individually,  another  method 
of  finding  these  masses  is  from  the  frequencies  of  transitions  be- 
tween the  levels  N N' . 

The  effective  masses  mc  and  my  can  also  be  found  from  the  differ- 
ences of  frequencies  of  transitions  that  are  forbidden  at  E = 0 
but  allowed  in  a nonzero  electric  field. 


7.8.  Absorption  of  Light  in  Semiconductors  in  a Homogeneous 
Electric  Field  (Franz- Keldysh  Effect) 

7.8.1  In  1958  W.  Franz  and  L.  V.  Keldysh  independently 
published  the  results  of  their  studies  of  light  absorption  in  a semi- 
conductor placed  in  a homogeneous  electric  field. 

The  problem  can  be  solved  in  accordance  with  the  general  proce- 
dure discussed  in  Section  7.7.  We  shall  consider  a semiconductor 
with  a simple  band  and  assume  that  the  electron  in  the  conduction 
band  is  described  by  a scalar  effective  mass  mc  and  that  in  the 
valence  band  by  a negative  effective  mass  — my. 

For  the  function  F Nh^k^  in  (7.3)  we  must  now  take  a stationary 
wave  function  of  a free  electron  in  a homogeneous  electric  field  E. 

It  will  be  evident  from  arguments  to  be  presented  below  that  the 
quantum  mechanics  problem  about  the  motion  of  a free  electron 
in  a homogeneous  electric  field  can  easier  be  solved  not  in  the  x- 
representation  but  in  the  p-representation.  This  simply  means  that 
in  the  Schrodinger  equation  we  should  consider  as  operators  not  the 
momentum  components  (px  = — ihd/dx,  etc.)  but  the  coordinates 
( x = ihd/dpx,  etc.).  In  this  case  the  stationary  wave  functions  F 
will  depend  not  on  x,  y,  z but  on  px,  pv,  pz  [7.4,  § 13].  If  the  electric 
field  E points  in  the  direction  of  the  x axis,  the  potential  energy 
of  an  electron  with  the  charge  — e will  be  — ( — e)  Ex  = eEx.  The^ 


->448  7.  OPTICAL  PHENOMENA  IN  SEMICONDUCTORS 

'Schrodinger  equation  for  an  electron  of  mass  mc  in  the  conduction 
band  in  a field  E |]  x takes  in  the  p-representation  the  form 

[D 2 p 2 _1_  p2  A 

2mc  +eEiH-^]  F°{p*'  pV'  PJ  = E°F°(P"  Py>  P*)‘  (8-1) 

Here  Fc  ( px , py,  pz)  is  the  electron  wave  function  in  the  p-represen- 
tation and  ec  is  its  energy  eigenvalue. 

It  follows  from  (8.1)  that  in  the  p-representation  the  wave  func- 
tion satisfies  a first-order  differential  equation,  whereas  in  the  z-rep- 
resentation  it  satisfies  a second-order  differential  equation,  which 
-complicates  the  mathematics  of  the  problem  [7.6,  §24], 

Making 

Fc  (Px,  Py,  Pz)  = (Px)  <Pc  (Py)  Xc  (Pz),  (8.2) 

^substituting  this  expression  into  (8.1)  and  dividing  both  sides  of 
the  equation  by  Fc(px,  py,  pz),  we  obtain 


The  first  term  in  the  parentheses  depends  only  on  px,  the  second  only 
•on  py,  and  the  third  only  on  pz.  Since  their  sum  is  constant  and  equal 
to  ec,  each  term  is  also  constant.  To  satisfy  this  condition  make  py— 
= pyB  and  pz  = Pzc,  where  pyc  and  pzC  are  eigenvalues  of  the 
■momentum  components  along  the  y and  the  z axes.  Then  we  obtain, 
■instead  of  (8.3), 


i { px  . 1 2 \ 1 .0 

dpx  heE  \ 2 mc  K 2 mc  P±c)  Tc 

(8.4) 

where  p\c  = p|c  + p|c. 

The  wave  function  (8.2)  is 

Fc  ( Px , Py,  P z)  = (Px)  S PyPyc  A?  zP  ZC, 

(8.5) 

where  6„  „ and  §„  T,  are  Kronecker’s  deltas  (we  assume  that  the 

pUpy c pzpzc  v 

crystal  is  finite,  so  that  py  and  pz  assume  quasi-discrete  values). 

The  solution  of  the  first  order  linear  differential  equation  (8.4) 
is  of  the  form  [7.15,  p.  23] 

P*  -a 

(px)  = C exp  {-^jj  | (^-ec+2^Pic)dp;} 


(8.6) 
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Find  the  factor  C from  the  condition  that  the  function  ij)c  ( px ) is 
normalized  to  a 6-function  of  energy: 

oo 

j (px.  Sc)  \J5C  (Px,  eo)  dpx  = 5 (e0  — Sc).  (8.7) 

— oo 

Substituting  (8.6)  into  the  left-hand  side  of  (8.7),  we  obtain 

oo 

||C|2  j exP  {~Ke¥  (ec  — 8°)  P*\  dp* 

— oo 

OO 

= | C |2  (heE)  j exp{i(ec  — 8c)  £}  ^£  = \ C |2  (2nheE)  6(ec  — Sc). 

— OO 

Here  we  made  use  of  the  standard  definition  of  the  6-function  [7.6, 
§ 15,  Eq.  (15.7)].  Comparing  this  with  (8.7),  we  see  that 

C = i/V2nheE.  (8.8) 

For  an  electron  in  the  valence  band  we  must  solve  an  equation 
similar  to  (8.3),  substituting  in  it  —my  for  mc  and  ev  + eG  for 
ec  (eG  is  the  forbidden  bandwidth);  the  aim  of  the  latter  operation 
is  to  reckon  the  energy  in  the  valence  and  the  conduction  bands 
from  a common  level. 

Then 

Fr  (Px I Pyi  Pz)  = 1l5v  (Px ) ^PyPyy^PzPzy'  (8-9) 

where 

^ (P*)  = C exp  { - + ( ev  + eG  + p\y  ) px]  } . 

(8.10) 

The  value  of  the  normalization  constant  C in  (8.10)  is  the  same  as 
in  (8.8).  Now  calculate  the  matrix  element  (Fc  | Fv>  that  enters 
#TC  (7.8).  We  have 

(Fc  I Fy>=  2 ^PyPy^>PzPZ<^PyPy^PZVZY 

pypz 

X ]CP  j dpKexp{--^-[-^-+(8v-8c  + eG+2^-pic 

— oo 

+ 177^)  PX]}.  (8.H) 
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Here  ji  is  the  reduced  mass: 


1 


mc 


1 

TTly 


(8.11a) 


Summation  over  py  and  pz  yields  6Pycpyv6 PzcPzy  = SPlcP±v.  Sub- 
stitute a new  integration  variable  for  px  and  make 
px  = (2pheE)V3u.  (8.12) 


Then  we  shall  obtain  instead  of  (8.11) 

(Fc  \Fy)  = - \fElv  4-  j exp[-i  (-y-+*u)]dB,  (8.13) 

— oo 

where  the  frequency 

ajt  = (eE)2/3/(2lxh)1/3,  (8.13a) 

and 

* = !^[ev  + ec  + eG+  2^  p2±c+  2^7  (8*13b) 
Since 


j exp  [ — i (-^“+  xu)  J du  = j {exp  i ("^“+  xu ) 

— oo  0 

oo 

+ exp  ^ — i +a;ujj|dw  = 2j  cos  + dur 

o' 

it  follows  that 


(8.14) 


where  the  Airy  junction  [7.16,  p.  508,  Equation  (5)1 

oo 

Ai  (x)  = -i-  j cos  (-y-+  xu)  du.  (8.14a) 

o 

By  analogy  with  (7.8), 

^tc  = A0  (e  • pCT  (0))  ( F c | Fy) 

= -^-A,(e-P.T(0))«,lcPj.,1^-AIM,  (8.15) 

where  we  made  use  of  (8.14).  The  presence  of  the  function  6P±vPlc 
reduces  the  calculation  of  7FVc  (7.10)  to  the  summation  (integration) 
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only  over  px c = p±v  = p _l,  8v  and  ®c-  Hence,  the  coefficient  of 


absorption  in 

the 

electric  field  is 

1! 

2n 

h 

n 

~Nc 

2 l^ve 

| 2 8 (ec  — ev 

— ha) 

,ec  ’Vi 

_ 2ji 

n 

ei  1 A 12  1 

p.n  (0\  |2 

1 

h 

Nc  m2c 2 101  1 

“ Pcv  1 

(haE)2 

xj 

> 

CO 

rt3 

dzc  2 

? 2np±dp± 
J (2nh)2 

Ai2  (x)  6 (ec 

— 8y  — 

where  the  factor  2 in  front  of  the  last  integral  takes  into  account 
the  electron’s  spin. 

When  integrating  with  respect  to  ev,  in  x we  make  ev  = ec  — ha 
and  obtain  from  (8.13b) 


x 


_1 i_ 

ha>E  2(i 


Pi 


COq — 


(8.16a) 


For  an  electric  field  of  3000  V/cm  and  2p  = 10~27  g the  frequency 
aE  = 3 X 1012  s-1.  In  (8.16)  ®g  = eG/^  is  the  frequency  correspond- 
ing to  the  forbidden  bandwidth;  for  eG  » 1 eV,  wG  « 1015  s-1, 
i.e.,  coG  is  two  or  three  orders  of  magnitude  higher  than  aE- 
For  a specimen  of  the  length  L x — 1 cm  in  the  x direction  the 
energy  ec  for  a fixed  value  of  px  varies  from  ec  (0)  to  ec  ( Lx ) = 
= ec  (0)  + eELx  = ec  (0)  + eE;  therefore,  the  integration  with 
respect  to  ec  yields  the  factor 

Ec<L*> 

f dzc  = eE.  (8.16b) 

ec<0) 


Introducing  with  the  aid  of  (8.16a)  the  integration  variable  x instead 
of  px  and  substituting  (2.12a)  for  A0,  we  obtain  from  (8.16) 


aE  = R(haE)l/2n  j A i2(x)dx, 

i 


where 


(8.17) 


R 


2e2 

m2cn(i) 


■PcV(°)|2(^) 


3/2 


(8.17a) 


and 


t-'st0r-  (8-17b> 

The  factor  following  R in  (8.17)  takes  into  account  the  dependence 
of  aE  on  the  electric  field  (via  coE  oc  E2/s). 
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7.8.2  Consider  the  expression  for  aE  (8.17)  in  the  two  limit 
ing  cases. 

In  the  first  case  p > 0 (co  < coG)  and  p >1.  In  this  case  only 
large  positive  values  of  x are  essential  in  the  integral  (8.17),  and 
for  this  reason  we  can  use  the  asymptotic  expansion  [7.16,  p.  511, 
Eq.  (20)] 

Ai  {x)  ~ Tjbr x"1/4 exp  ( ” i xVi)  t1  - • • • ] • <8-1H> 


For  x 1 the  expression  in  the  square  brackets  can  be  equated 
to  unity.  Next  substituting  (8.18)  into  the  integral  of  (8.17)  and 
integrating  by  parts,  we  obtain 
00 

J x -1/a  exp  ( — 3:3/2 ) dx 

i 


co 


Integrating  the  integral  on  the  right-hand  side  by  parts,  we  can  easily 
show  that  it  is~ps/3  times  smaller  than  the  first  term.  Neglecting 
it,  we  obtain 

a e = R (£cob)1/2  -gjj-  exp  ( — y Ps/2)  • (8.19) 

We  see  that  in  this  case 

aE  oc  exp  [ — y (<Bg"^<°)8/8]  (8.19a) 


where 


7 


4 Y 2 |ifi 
3e 


is  a constant  independent  both  of  the  frequency 


to  and  of  the  electric  field. 

In  the  second  case  [3  < 0 (co  > <nG)  and  | p | 1.  The  asymp- 

totic expansions  of  the  Airy  functions  for  large  negative  values  of 
x = — g (g  1)  are  of  the  form  [7.16,  p.  508,  Eq.  (13)] 


Ai(-|): 


t-1/4 


W‘  ['Mt^+t) 

- 4-  ^ <=o^  {4  + ^- ) ] . 


(8.20) 


Since  for  p < 0,  a:  in  the  integral  of  (8.17)  takes  on  both  the  positive 
and  negative  values  including  zero,  it  is  impossible  to  apply 
equations  (8.18)  and  (8.20)  directly. 
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Derive  an  expression  that  could  be  used  in  this  case.  The  Airy 
function  satisfies  the  differential  equation  [7.6,  § 24,  Eq.  (24.3)1 

*£M=xAi(x).  (8.21). 


Multiplying  both  sides  of  the  equation  by  2d  Ai  ( x)/dx  = 2Ai',  we- 
obtain 

[Ai'2]'  = * [Ai2]'.  (8.22)< 

Integrating  both  sides  of  this  equation  from  0 to  |5  = — | and  cal- 
culating the  integral  on  the  right-hand  side  by  parts,  we  obtain 
-6 

- j Ai2  (x)  dx  = |Ai2  ( - g)  + [ Ai'  ( - 1)]2.  (8.23)* 

0 


If  we  make  ft  = — we  obtain  for  the  integral  in  (8.17) 

oo  0 OO  — 5 

[ Ai 2(x)dx  = j Ai2  (x)  dx  -f-  ^ Ai 2(x)dx  = — ^ Ai z(x)dx 
-%  A o o 

OO  00 


dx  = |Ai2(-g)  + [Ai'(-|)]2+ 


5 


0 


Ai2  (x)  dx. 


(8.24> 


For  | 1 make  use  of  the  asymptotic  expansion  (8.20).  Then  we- 

obtain  in  the  lowest  approximation 

EAi*  ( — i)  + [ Ai'  ( — DP  = 4 I1'1  sin*  ( 1 5*  + -i ) 

+i.i‘,w  (-P)1'1 

<8-25>' 

Substituting  this  into  (8.24),  we  obtain  for  (8.17) 

OO 

aE  = R [ (J*a>  — eG)1/a  + (^®e)  1/2  J Ai2  (x)  dx  j . (8.26)< 

o 

For  an  electric  field  E -*■  0 we  obtain 


aE=0  = R (hi o — eG)  V2; 


this  coincides  with  (2.26b). 

7.8.3  The  exponential  form  of  the  absorption  coefficient  aE- 
(8.19a)  can  be  understood  from  physical  considerations. 
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When  a homogeneous  electric  field  much  weaker  than  the  atomic 
lattice  fields  is  applied  to  a semiconductor,  the  electron’s  energy 
bands  become  inclined  as  shown  in  Fig.  7.5,  where  the  electron’s 
energy  e is  along  the  vertical  axis.  An  electron  with  a constant  energy 
can  move  in  the  valence  band  between  the  points  A and  B bouncing 

off  the  band  edges  (we  ignoro 
the  fact  that  the  valence  band  is 
filled  with  electrons  obeying  the 
Pauli  principle).  However,  sinco 
the  electron  possesses  wavo 
properties,  it  can  tunnel  through 
the  forbidden  band  BC  and  pen- 
etrate the  conduction  band  CD. 
The  term  for  this  phenomenon 
is  internal  field  emission  or  the 
Zener  effect. 

The  probability  of  tunneling 
decreases  exponentially  with  tho 
increase  in  the  bandwidth  BC\ 
increase  in  the  forbidden  band- 
width eG  or  of  a decrease  in  the  electric  field  E.  Calculation  yields 
for  the  tunneling  probability 

e3/2 

W (B C)  oc  exp  ^ — c-l— )>  (8.27) 

where  c is  a constant  dependent  on  the  effective  masses  mc  and  mv. 
Expression  (8.27)  is  similar  to  (8.19a)  for  a£.  If  co  > ioG,  the  newly 
generated  electron  and  hole  in  the  course  of  their  motion  are  reflected 
by  the  barrier  established  by  the  electric  field.  The  interference  of 
the  reflected  and  the  incident  waves  results  in  the  oscillations  of 
the  absorption  coefficient. 

The  account  of  the  Coulomb  interaction  of  electrons  and  holes 
changes  the  quantitative  pattern  of  light  absorption  but  does  not 
change  the  qualitative  picture  of  the  phenomenon  (I. A.  Merkulov, 
V.I.  Perel,  1973).  Thus,  if  to  < coG,  the  exponential  nature  of  the 
dependence  (8.19)  remains  unaltered,  but  the  coefficient  in  front 
of  p3/2  in  the  exponent  changes  to  a new  one,  and  an  important  ad- 
ditional factor  appears  in  front  of  the  exponent.  The  former  is  due 
to  a change  in  the  shape  of  the  barrier,  and  the  latter  is  due  to  tho 
change,  resulting  from  the  Coulomb  interaction,  in  the  proba- 
bility of  locating  the  electron  and  the  hole  at  a specified  point. 

When  the  electron-hole  Coulomb  interaction  results  in  a bound 
state,  an  exciton,  a line  spectrum  appears  in  the  absorption 
coefficient  at  a frequency  close  to  the  exciton  generation  thresh- 
old. In  an  electric  field  those  lines  exhibit  the  Stark  effect  similar 


Fig.  7.5 

this  increase  is  the  result  of  an 
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to  the  Stark  effect  in  the  hydrogen  atom;  moreover,  the  width  of  the 
lines  becomes  finite  and  equal  to  the  inverse  exciton  ionization  prob- 
ability for  the  given  state  (I.  A.  Merkulov,  1974;  A.  G.  Aronov, 
A.  S.  Ioselevich,  1977). 

The  light  absorption  coefficient  which  takes  account  of  the  elec- 
tron-hole interaction  can  also  be  calculated  for  the  case  when  ® > 
> coo  (A.  G.  Aronov,  A.  S.  Ioselevich,  1977). 

If  we  compare  the  results  of  Section  7.7.2  with  those  of  the  Franz- 
Keldysh  theory,  we  may  ask  how  the  results  can  be  matched  when 
the  magnetic  field  tends  to  zero.  It  will  be  seen  from  (7.31)  that  for 

H — ► 0 the  shift  in  the  absorption  fringe  equal  to  (mc+mv)c  ^ j 

->  oo.  Obviously,  for  H ->  0 the  conditions  of  the  applicability 
of  the  equations  obtained  in  Section  7.8.2  no  longer  hold. 

It  can  be  shown  that  the  theory  developed  in  Section  7.7.2  is 
valid,  provided  that 

(-§-)' «e0l  (8.28) 

or 

E/H  <C  s/c,  (8.28a) 

where  the  velocity  s = \Z~  — . As  long  as  inequality  (8.28) 

is  satisfied,  the  character  of  electron  and  hole  motion  remains  finite. 
The  Landau  quantization  remains  in  force.  When  this  inequality 
is  violated,  the  electron  and  hole  move  infinitely,  there  is  no  Landau 
quantization,  and  the  Franz-Keldysh  effect  in  a transverse  magnetic 
field  takes  place  (A.  G.  Aronov,  G.  E.  Pikus,  1965). 
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8.  Kinetic  Equation  and  Relaxation 

Time  of  Conduction  Electrons  in  Crystals 


8.1.  Transport  Phenomena  and  Boltzmann  Equation 


8.1.1  In  the  first  five  sections  of  Chapter  6 we  considered 
the  thermal  and  magnetic  properties  of  semiconductors  and  metals 
due  to  free  electrons  and  holes  in  the  state  of  statistical  (thermo- 
dynamical) equilibrium.  As  was  already  noted  above,  an  essential 
distinction  of  systems  in  a state  of  statistical  equilibrium  is  the  in- 
dependence of  their  properties  of  the  interaction  mechanism  in  the 
system. 

Of  great  theoretical  and  practical  interest,  in  addition  to  the  study 
of  such  equilibrium  states,  is  the  study  of  nonequilibrium  con- 
duction electrons  (holes)  moving  in  a crystal  under  the  effect  of 
applied  external  fields:  the  electric,  the  magnetic,  and  the 
temperature  field.  Such  processes  involving  the  transport  of 
electrons  and  holes  are  termed  transport  phenomena  or  kinetic  effects. 

In  cases,  when  the  quantities  that  describe  the  transport  phe 
nomenon — the  current  density,  the  heat  flux,  the  electric  field  inten 
sity,  etc.— are  independent  of  time,  the  process  is  termed  stationary. 
For  a stationary  current  to  flow  in  the  presence  of  an  electric  field 
that  accelerates  the  electrons,  the  conduction  electrons  must  col 
lide  (must  be  scattered)  with  some  lattice  inhomogeneities  (atomic 
vibrations  or  crystal  defects)  and  lose  energy  gained  in  the  electric 
field.  As  we  shall  see  below,  in  the  majority  of  cases  the  electron 
collisions  (scattering)  can  be  regarded  as  elastic,  and  the  electrical 
resistance  will  be  determined  by  the  average  rate  of  variation  of  the 
component  of  the  electron’s  momentum  (velocity)  in  the  direction  of 
the  electric  field  in  the  result  of  scattering. 

An  important  property  of  the  nonequilibrium  processes  is  their 
strong  dependence  on  the  interaction  mechanism  in  the  system,  in 
our  case  it  is  the  conduction  electron’s  interaction  with  the  lattice 


vibrations  and  with  crystal  defects. 

In  Chapter  6 we  learned  that  the  electrons  in  a state  of  thermo- 


dynamical equilibrium  in  the  classical  case  are  described  by  the 

(y \ 

kY  ) ' 


where  the  total  energy  is  % = -y  + *?/.  (x,  y,  z ) U ( x , y,  z ) is 
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the  potential  energy  which  we  usually  equated  to  zero].  Similarly, 
for  the  electrons  in  a nonequilibrium  state  we  can  introduce  a non- 
equilibrium  distribution  function 

/ ( vx,  vy,  vz,  x,  y,  z,  t)  dvx  dvy  dvz  dx  dy  dz  = / (v,  r,  t)  d3v  d3 r 

(1.1 

giving  the  number  of  electrons  with  speeds  lying  inside  the  intervals 
vx,  vx  + dvx,  etc.1  at  the  instant  t in  the  volume  d3r  = dx  dy  dz 
nt  point  r. 

It  is  possible  to  describe  the  electrons  by  simultaneously  specifying 
their  coordinates  and  velocities  (conjugate  momenta)  only  insofar 
ns  their  motion  obeys  the  laws  of  classical  mechanics. 

Knowing  the  function  / (v,  r,  t ),  we  can  calculate  the  current 
density  at  point  r at  the  instant  t.  Figure  8.1  depicts  an  area  of 
1 cm2  perpendicular  to  the  plane  of  the  figure  and  to  the  x axis  and 
n cylinder  of  the  height  vx  dt  constructed  on  this  area.  The  number 
of  v-electrons  inside  the  cylinder  is  / (v,  r,  t)  d3vvx  dt.  All  these 
electrons  in  the  timedt  will  travel  a distance  vx  dt  in  the  x direction 
and,  therefore,  will  cross  the  area.  The  total  number  of  all  the  elec- 
trons crossing  the  area  in  the  time  dt  is 

+ Cc 

dt  j j j f (v,  r.  t)  vxdvx  dVy  dvz, 

— oo 

if  we  take  into  account  both  the  electrons  crossing  the  area  from 
left  to  right  and  from  right  to  left.  Since  the  charge  of  each  elec- 
tron is  — e,  the  current  density  in  the  x direction  will  be 

+oo 

L=  —e^^f  {\,T,t)vxdvxdVydvz.  (1.2) 

— no 

Write  the  nonequilibrium  distribution  function  in  the  form 
/ (v,  r,  t)  = f0  (%)  + U (v,  r,  t).  (1.3) 

Since  /0  (i)  is  an  even  function  of  vx  (depends  on  u|),  the  integral 
(1.2)  of  /0  (g)  vx  with  respect  to  dvx  is  zero,  and  (1.2)  yields 

+ 0O 

ix=  — e j jj  fi  (v,  r,  t)vxdvxdvvdvz.  (1.2a) 

— oo 

The  principal  problem  in  the  theory  of  kinetic  phenomena  is  the 
determination  of  the  nonequilibrium  distribution  function  / (v,  r,  t). 


1 We  shall  use  the  term  v-electrons  for  such  electrons. 
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8.1.2  Deduce  an  equation  for  the  function  / (v,  r,  t).  Consider 
the  variation  of  the  number  of  v-electrons  in  the  time  dt  moving 
in  the  usual  (geometrical)  space.  Figure  8.2  depicts  an  element 
of  volume  d3 r = dx  dy  dz.  Consider  the  variation  of  the  number 
of  v-electrons  due  to  the  arrival  of  electrons  through  the  left  face 
dy  dz  and  to  the  exit  of  electrons  through  the  right  face  dy  dz  (we 


assume  that  vx  > 0).  The  number  of  v-electrons  entering  through 
the  left  face  in  the  time  dt  is  / (v,  x,  y,  z,  t)Xd3v  dy  dzvx  dt.  Tho 
number  of  v-electrons  leaving  in  the  time  dt  through  the  right  face 
is  / (v,  x -f-  dx,  y,  z,  t)  d3v  dy  dzvx  dt.  The  increase  in  the  number 
of  v-electrons  in  the  volume  d3 r in  the  result  of  this  process  is 

/(v,  x,  y,  z,  t)  d3v  dy  dzvx  dt  — / (v,  x-\-dx,  y,  z,  t)  d3v  dy  dzvx  dt 
= — vx{f  (v,  x 4-  dx,  y,  z,t ) — f (v,  x,  y,  z,  f)}  dy  dz  d3v  dt 

= — vx  -d-  dx  dy  dz  d3v  dt. 

The  increase  in  the  number  of  v-electrons  in  the  volume  d? r due 
to  the  motion  of  the  electrons  through  all  six  faces  of  the  volume 
d3r  is 

- (p*|r  + w¥-f£  + ®z-|r)  d3vd3rdt=  —(\‘Wrf)d3\d3rdt 

= — v dsv  d3r  dt.  (1.4) 

In  a similar  way  we  can  consider  the  variation  of  the  number  of 
v-electrons  in  the  volume  d3v  = dvx  dvy  dvz  due  to  their  “motion" 

in  the  v-space  with  the  “velocities”  vx,  vy,  vz.  The  increase  in  the 
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number  of  v-electrons  moving  in  the  v-space  is 

— (v  • Vv/)  d3v  d3r  dt  = — v ‘-~d3\  d3r  dt 

= — -^(F-Vvf)d3vd3rdf,  (1.4a) 

since  the  acceleration  v = 3- = — F (r,  t),  where  F (r,  t)  is  the 

at  m v ' v ' 

force  acting  on  the  electron  at  point  r at  the  instant  t. 

An  additional  variation  in  the  number  of  v-electrons  is  the  result 

of  their  collisions  with  the  lattice  vibrations  (phonons)  and  with 

crystal  defects.  Every  collision  of  a v-electron  removes  it  from  the 

volume  d3\,  because  it  results  in  a drastic  change  in  its  velocity. 

In  the  following  we  shall  consider  only  the  elastic  collisions  that 

result  only  in  the  change  in  the  direction  of  the  velocity,  but  not 

in  its  magnitude,  so  that  if  the  velocity  after  the  collision  is  v', 

it  means  that  v'  = v. 

Let  W (v,  v')  d3v'dt  be  the  probability  for  an  electron  with  the 
velocity  v to  experience  an  elastic  scattering  in  the  time  dt  and 
turn  into  a v'-electron.  In  principle,  the  probability  W (v,  v')  can 
be  a function  of  r and  t. 

The  total  number  of  v-electrons  vanishing  in  the  time  dt  as  a re- 
sult of  collisions  is 

- { [/  (v,  r,  t)  d3v  d3rW  (v,  v')  dt]  d3v' , 

V' 

where  the  integration  is  performed  over  all  values  of  v'. 

On  the  other  hand,  the  number  of  v-electrons  will  increase  as 
a result  of  transformations  of  various  v'-electrons  into  v-electrons 
caused  by  collisions  (in  the  same  volume  d3r).  This  increase  in  the 
number  of  v-electrons  in  the  time  dt  is 

J [/  (v',  r,  t ) d3rW  (v',  v)  d3v  d£]  d3v’, 

V' 

where  the  integration  is  performed  over  all  values  of  v'. 

The  eventual  increase  in  the  number  of  v-electrons  in  the  time 
dt  caused  by  collisions  is 

d3vd3rdtj  [/(v',  r,  t)  W (v',  v)  — / (v,  r,  t)  W (v,  v')]  <2V.  (1.4b) 

V ' 

On  the  other  hand,  the  increase  in  the  number  of  v-electrons  in  the 
time  dt  is 

/ (v,  r,  t + dt)  d3v  d3r  — / (v,  r,  t)  d3vd3r  = -|f  d3vd3r  dt. 


(1.5) 
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Equating  (1.5)  with  the  sum  of  (1.4),  (1.4a)  and  (1.4b),  we  obtain 
-|f=-(v-V,/)-  -i(FVvf) 

+ j {/(v',r,  t)W  — (v,v')}dV.  (1.0) 

The  equation  is  called  the  Boltzmann  kinetic  equation. 

The  so-called  field  term 

(§),=  -N-V.«-^(F-Vv/)  (1-7) 

determines  the  rate  of  variation  of  the  distribution  function  / as 
the  result  of  continuous  motion  of  the  electrons  in  the  r-  and  the 
v-spaces,  and  the  collision  term 

(If  )c  = J {/  (v',  r,  t)  W (v',  v)  — / (v,  r,  t)  VF  (v,  v')}  dV  (1.7a) 

determines  the  rate  of  variation  of  / as  the  result  of  collisions  (scat- 
tering) of  the  electrons. 

In  the  stationary  case 

!=(!),+ (-&)„=0  i1-8) 

or 

Wr/  + -|-F.Vv/  = j{/(v',r)IE(v',v) 

— /(v,  r)  W (v,  v')}  d3v'.  (1.8a) 

Since  the  right-hand  side  of  (1.8a)  contains  the  integral  of  an 
unknown  function  / (v'),  the  Boltzmann  kinetic  equation  is  an  in- 
tegro-differential  equation.  Of  course,  in  order  to  solve  it,  we  should 
know  the  force  F and  the  transition  probability  W (v,  v'). 

8.1.3  In  the  case  of  equilibrium  the  distribution  / = f0  (g)  =» 

= exp  where  the  total  energy  % = e + ‘U,  i.e.,  is  equal 

to  the  sum  of  the  kinetic  energy  e = mv2/2  and  the  potential  energy 
U (r).  In  this  case  the  left-hand  side  of  equation  (1.8a)  vanishes. 
Indeed, 

v*  V,/0  (e  + Wj  = -j^-f0\  ■(  Vr^/)  = ~p-  f0  (v  • F), 

and 

F * Vv/o (e  + ?/)  = -|-F‘-^f-/o=  — ^r/o(vF)- 
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Hence, 

( If  )c  = j {/o  (S')  W (v\  v)  -/„  (g)  W (v,  v')}  dV 

= /„(«)  j{W(v',v)-W(v,v')}rfV-0,  (1.9) 

since  g = . The  integral  can  be  equal  to  zero  for  an  arbitrary  v 

only  if 

W (v,  v')  = W (v',  v).  (1.10) 

The  last  equation  is  a corollary  of  the  general  principle  of  detailed 
equilibrium  that  stipulates  the  equality  of  the  probabilities  of 
the  direct  and  the  reciprocal  processes.  In  quantum  mechanics 
equation  (1.10)  is  a direct  corollary  of  its  laws. 

If  the  only  force  acting  on  the  electrons  is  the  electric  field  E 
pointing  in  the  direction  of  the  x axis,  the  correction  to  the  distribu- 
tion function,  as  will  be  demonstrated  below,  can  be  represented 
in  the  form2 

a-11) 

where  % (®)  is  a function  of  the  energy  e — ~ (v%  -f-  v\  + vfj. 

Substituting  (1.11)  into  (1.7a),  assuming  that  the  collisions  are 
elastic  (e'  = e)  and  taking  into  account  equality  (1.10),  we  obtain 

(#)„=■ j u-12) 

Since  we  assume  that  the  electron  scattering  is  of  the  elastic  type, 
it  follows  that 

W (v,  v')  = W0  (v,  0)  8 (i7  — i/),  (1.12a) 

where  8 (v  — v')  accounts  for  the  fact  that  v = v' , and  0 is  the 
angle  between  the  directions  of  the  velocities  v and  v'. 

Choosing  v as  the  polar  axis  in  the  velocity  space  v',  as  depicted 
in  Fig.  8.3,  we  obtain 


d3v'  = i/2  sin  0 d0  d<I>  = i/2  dQ , (1.12b) 

where  0 and  T>  are  the  polar  and  the  azimuthal  angles  determining 
the  direction  of  the  vector  v',  and  dQ  = sin  0 dQ  dO  is  the  solid 

a I.e.,  in  the  form  of  a product  of  some  function  of  the  energy  e by  vx\  the 

Ci  X 

multiplier  ( — ^ ) is  written  out  separately  for  convenience  in  future  calcula- 
tions. 
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angle  in  the  direction  of  v'.  The  x axis  coincides  in  the  direction 
with  the  electric  field  E.  We  have 

v'x  = v'  cos  a = v cos  a,  vx  = v cos  ft.  (1.12c) 

It  is  established  in  spherical  trigonometry  that  [8.1] 

cos  a = cos  ft  cos  0 + sin  ft  sin  0 cos  ®.  (1.12d) 

Substituting  (1.12a)-(1.12d)  into  (1.12),  we  obtain 

(lf)c=~M  W(Q)(i-cosQ)d&,  (1.13) 

where  W (0)  dQ  = v2W0  ( v , 0)  dQ  is  the  probability  of  elastic 
scattering  of  an  electron  with  the  velocity  v into  the  solid  angle  dQ 
in  the  time  of  1 s. 

Since  the  dimensionality  of  the  integral  in  (1.12)  is  (time)-1, 

we  can  introduce  the  relaxation  time 
r making 

i-=  j W(0)(1  — cos0)dQ.  (1.13a) 

The  relaxation  time  is  a function  sole- 
ly of  the  electron’s  velocity  v (or  of 
its  energy  e)  and  of  the  scattering 
machanism.  It  follows  from  (1.13) 
and  (1.13a)  that 

(£).  — 4— <‘-M> 

We  can  grasp  the  physical  meaning 
of  relaxation  time  if  we  consider 
the  process  of  the  establishment  of 
statistical  equilibrium  in  a homogeneous  system  in  which,  in  the 
absence  of  forces  acting  on  it,  the  velocity  distribution  at  the 
initial  instant  t = 0 was  not  an  equilibrium  one.  Making  Vr/  = 0 
and  F = 0,  we  have  as  a result  of  expressions  (1.6),  (1.7a),  (1.14) 

(IL\  a/  f~fo 

\ at  )o  dt  t • 

Integrating  the  last  equality,  we^ obtain 

(/  - /o)  = (/  - /oW**-  d.l4a) 

We  see  that  t is  the  time  following  the  removal  of  the  external 
field  in  which  the  difference  (/  — /„)  decreases  e times.  Since  a system 
approaches  equilibrium  as  the  result  of  electron  collisions  (with 
lattice  vibrations  and  crystal  defects),  several  collisions  being 
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enough  for  the  electrons  to  reach  the  equilibrium  state,  the  order 
of  magnitude  of  the  relaxation  time  is  that  of  the  electron’s  free 
transit  time.  We  define  the  electron’s  mean  free  path  as 

l = V T.  (1.15) 

As  we  shall  see  below,  in  many  cases  of  practical  interest  the 
correction  to  the  equilibrium  distribution  function  /x  <c  fo,  and 
because  of  that  we  can  with  an  accuracy  up  to  the  first  order  of 
magnitude  in  f1  substitute  for  / on  the  left-hand  side  of  equa- 


Fig.  8.4 


tion  (1.8a)  the  equilibrium  function  /„.  If  the  electric  field  acts  alone,, 
we  have  from  (1.8a)  and  (1.14) 

f ^±E-p-x=  -eE-j^rXvx.  (1.16) 

1 1 m dvx  k0T  x ' ' 

Hence,  if  we  know  the  relaxation  time  t,  we  can  use  equation  (1.2a 
to  find  the  current  density.  At  the  same  time  we  see  that  /x,  indeed 
is  of  the  form  (1.11),  where  % (e)  = —eEx  (v). 

8.1.4  Calculate  the  relaxation  time  from  equation  (1.13a)  for 
electrons  (holes)  colliding  with  (scattered  by)  impurity  ions  uni- 
formly distributed  throughout  the  semiconductor’s  volume.  Consid- 
er the  motion  of  a hole  in  the  Coulomb  field  of  a donor 


cU(r)  = ^7  (1.17) 

in  accordance  with  the  laws  of  classical  mechanics.  Here  e is  the 
elementary  charge,  e0  is  the  dielectric  constant. 

It  can  be  demonstrated  [8.2,  p.  331]  that  the  hole  moves  along 
n hyperbola,  and  that  its  impact  parameter  is 


b 


8®  mvi 


(1.18) 


where  6 is  the  hole  scattering  angle  (Fig.  8.4).  Expression  (1.18) 
is  also  valid  for  the  case  of  an  electron  scattered  by  a donor,  when? 
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the  potential  energy  of  attraction  is  equal  to  (1.17)  with  a minus 
sign.  Of  course,  in  this  case  the  motion  takes  place  along  a hyperbola 

only  if  the  electron  total  energy  + <U  (r)  > 03. 

The  differential  effective  cross  section  a (0)  is  by  definition 


ct  (0)  dQ  = 


number  of  electrons  deflected  by  angle  0 into 

solid  angle  dQ 

number  of  electrons  striking  1 cm2  in  the  * 
same  time 


(1.19) 


Its  dimensionality  is  that  of  an  area  (cm2). 

All  particles  moving  parallel  to  the  x axis  and  striking  the 
ring  of  area  2 nb  db  are  deflected  by  an  angle  0 inside  the  solid  angle 
■dQ  = 2n  sin  0 dQ,  where  the  relation  between  | db  | and  d0  follows 
from  (1.18). 

It  follows  from  (1.19)  that 

a (0)  2 n sin  0 dQ  = 2nb  | db  |.  (1.19a) 


From  (1.18)  we  have 


db-- 


2e0mvi 


■dQ. 


sina 


(1.18a) 


From  expressions  (1.19a), 
Rutherford  equation 


a 


—*—) 
2s0mv2  ) 


2 


(1.18)  and  (1.18a),  we  obtain  the 


(1.20) 


used  by  him  in  his  studies  of  the  scattering  of  a-particles  by  the 
nuclei  of  heavy  elements. 

Define  the  integral  cross  section  as 
n 

<J=  j a(Q)dQ  = 2u  j a(0)sin0d0,  (1.21) 

o 


i.e.,  as  the  total  number  of  scattered  particles  per  unit  flux  density 
of  incident  particles. 

It  can  easily  be  demonstrated  that  the  integral  cross  section  a 
for  a Coulomb  field,  when  the  differential  cross  section  is  of  tho 
form  (1.20),  is  infinite.  This  is  a specific  property  of  the  Coulomb 
potential  (1.17)  and  is  due  to  its  slow  decrease  with  distance. 
Establish  the  relationship  between  cr  (0)  and  the  probability 


3 The  right-hand  branch  of  the  hyperbola  in  Fig.  8.4  depicts  the  trajectory 
•of  a hole,  and  the  left-hand  branch  depicts  the  trajectory  of  an  electron. 
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W (v,  v'),  which,  in  the  case  of  elastic  scattering  depends  on  the 
angle  0 between  the  velocities  v and  v'  and  on  their  magnitudes. 

Let  the  volume  V contain  a Coulomb  centre  and  N electrons 
moving  in  all  directions  with  velocities  v.  The  electron  flux  striking 
this  centre  in  the  time  of  1 s will  be  ( N/V ) v (we  choose  for  the  elec- 
trons moving  in  each  direction  an  area  of  1 cm2  perpendicular  to 
their  direction  of  motion).  The  total  number  of  electrons  scattered 
in  the  time  of  1 s by  the  angle  from  0 to  0 + c/0  is  (N/V)  va  (0)  dQ. 

On  the  other  hand,  this  number  is  equal  to  NW  (0)  dQ.  Hence, 

W (0)  = va  (0)/F.  (1.22) 

We  can  easily  check  that  the  dimensionality  on  the  right-hand 
side  is  s-1. 

Substituting  (1.22)  into  (1.13a)  and  making  use  of  the  equality 
dQ'  = 2ji  sin  0 </0,  we  obtain 

i.=i£L  f a(0)(l  — cos 0)sin0d0.  (1.23) 

If  the  volume  contains  Nt  independently  scattering  ions,  then 

~ - = 2nvtij  jcr(0)(l  — cos  0)  sin  0 c/0,  (1.23a) 


where  rij  = N:/V  is  the  concentration  of  the  ions. 

If  expression  (1.20)  is  substituted  for  a (0),  the  integral  for  the 
lower  limit  0 = 0 diverges  logarithmically,  this  (as  in  the  case  of 
the  divergence  of  the  integral  cross  section  a)  is  the  result  of 
a slow  decrease  in  the  Coulomb  potential  with  distance.  The 
divergence  of  expression  (1.23a)  can  be  eliminated  if  we  find  a way 
to  take  into  account  the  field  established  by  the  other  conduction  elec- 
trons that  screen  the  ionic  fields  and  cut  off  the  effect  of  the  Coulomb 
potential.  From  this  point  of  view  it  seems  natural  to  limit  the 
sphere  of  action  of  each  scattering  centre  to  one-half  the  average 
distance  between  the  ions.  Then  the  maximum  impact  parameter 
will  be  bmstx  = 1/2  njl/3,  and  the  minimum  scattering  angle  0min 
will  be  found  from  equation  (1.18): 


cot 


0mln 

2 “ 2 nj{3e* 


It  follows  from  expressions  (1.23a)  and  (1.20)  that 


— = 2nvnj  ( e%  a )2  f 
x 1 V 2 80mua  / J 


(1 — cos0)sin0d0 
sin4  (0/2) 


wmln 


(1.24) 
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Substituting  2sin2  (0/2)  for  1 — cos  0 and  2sin  (0/2)  cos  0/2  for 
sin  0 and  making  use  of  equality  (1.24),  we  obtain 

>•*{*  + [ (‘-*J 

This  expression  for  the  relaxation  time  t due  to  the  scattering  of 
charge  carriers  by  the  impurity  ions  is  often  termed  the  Conwell- 
Weisskopf  equation  (1946). 

Since  the  logarithm  in  (1.25)  is  a slowly  varying  function  of  v, 
the  relaxation  time  is  practically  equal  to 

T oc  vs  oc  e3/2.  (1.25a) 

Making  use  of  expressions  (1.25)  and  (1.16),  we  can  from  equation 
(1.2a)  calculate  the  current  density  and  hence  the  conductivity. 


8.2.  Kinetic  Equation  for  Electrons  in  a Crystal 


8.2.1  In  the  preceding  paragraph  the  motion  of  the  electrons  was 
assumed  to  obey  the  laws  of  classical  mechanics;  accordingly, 
their  state  was  described  in  the  r-  and  v-spaces,  and  the  equation 
was  used 


— = — F 

dt  m 


(2.1) 


The  last  equation  is  also  true  in  the  quasi-classical  approximation 
if  the  electron  energy  e = h2k2/2m*  = m*v2/ 2,  where  m*  is  the 
effective  mass  and  v = hk/m*. 

Hence,  if  the  electron  energy  e (k)  is  in  the  above  form,  all  the 
equations  of  the  preceding  section  will  be  applicable  when  we  substi- 
tute m*  for  m. 

In  the  case  of  an  arbitrary  dispersion  law  e (k),  the  electron’s 
velocity  in  the  crystal  (4.3.32),  is 

v-4- We  00  = 4-2^  (2.2) 


and  not  hk/m*,  therefore  the  question  arises,  what  form  will  the 
kinetic  equation  (1.8a)  take  in  this  case? 

In  the  quasi-classical  case  a trajectory  can  be  attributed  to  the 
electron  along  which  it  moves  with  the  velocity  (2.2).  The  electron’s 
wave  vector  k which  describes  its  quantum  state,  in  the  quasi- 
classical  approximation  satisfies  equation  (4.3.35): 

d k 1 ^ 

dt  ~ h F* 


(2.3) 
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Considering  the  electrons  in  the  r-  and  k-spaces,  introduce  the 
distribution  function  / (k,  r,  t ) such  that 

(2.4) 

would  be  equal  to  the  number  of  electrons  per  unit  volume  with 
wave  vector  components  kx,  kx  + dkx,  etc.  ( d3k  = dkx  dky  dkz)  at 
the  instant  t at  point  r. 

In  the  state  of  statistical  equilibrium  (6.2.1) 

/ = /0(e)  = (eV  + i)-i,  (2.5) 

where  e is  a specified  function  of  k. 

Since  now  instead  of  equation  (2.1)  we  have  (2.3),  the  kinetic 
equation  (1.8a),  for  the  case  of  an  electric  E and  a magnetic  H field 
acting  on  the  electron,  will  take  the  form 

v-V,/-_l(E  + ±[vxHl).V,,/-(§)c,  (2.6) 

where  v is  determined  by  expression  (2.2).  The  collision  term  ( dfldt)c 
can  be  expressed  in  a form  similar  to  that  in  the  preceding  sec- 
tion. Let  W (k,  k')  be  the  probability  that  an  electron  will  go 
from  state  k to  state  k'  in  the  time  of  1 s.  Then  we  have  by  analogy 
with  (1.7a) 

(-|f)o=  k>/(k')  [1  — /(k)] 

k' 

— W (k,  k')  / (k)  [1  — / (k')]>,  (2.7) 

where  we  took  into  account  the  Pauli  principle,  i.e.,  the  probability 
of  the  transition  k k'  was  supposed  to  be  proportional  to  [1  — 
— / (k')l  (the  probability  of  the  state  k'  to  be  unoccupied). 

It  follows  from  the  principle  of  detailed  equilibrium  that  in 
conditions  of  statistical  equilibrium  the  electron  flux  k — k'  should 
be  equal  to  the  reverse  flux,  i.e., 

W (k\  k)  /„  (O  [1  - /o  (e)l  = W (k,  k')  f0  (e)  [1  - /„  (e')l. 

Making  use  of  the  Fermi  distribution  function  in  explicit  form,  we 
obtain 

W (k\  k)  ee/ft°r  = W (k,  k')  e*’'koT.  (2.7a) 

In  the  case  of  elastic  scattering  s = e',  and 


W (k',  k)  = W (k,  k'). 


(2.7b) 
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In  this  case 

(if ) c = 2 (k'  > k)  / (k') - w (k , k')  / (t)} 

k' 

= 2^(k-k'){/(k')-/(k)},  (2.8) 

k' 

i.e.,  the  collision  term  coincides  with  one  that  ignores  the  Pauli 
principle  because  the  inclusion  of  the  Pauli  principle  results  in 
identical  increases  in  the  numbers  of  electrons  going  from  state  k 
to  k'  and  in  the  reverse  direction  from  state  k'  to  k. 

As  we  shall  see  in  Section  9.2,  the  nonequilibrium  distribution 
function  can  be  represented  in  the  form 

/ (k)  = /„  (e)  + /,  (k)  = /0  (e)  — 4k  % (e)  ■ • k,  (2.9) 

where  % (e)  is  an  unknown  vector  function  of  the  electron  energy4  e. 

It  will  be  demonstrated  that  the  nonequilibrium  additional  term 
is  of  the  form 

/1(k)=-^X(e).k  (2.9a) 

in  the  presence  of  both  electric  and  magnetic  fields  and  of  a tem- 
perature gradient,  provided  the  energy  e oc  ft2,  and  t depends  only 
on  e. 

Since  in  the  case  of  elastic  scattering  e'  = e,  it  follows  that 

= [l--£]=A(k)4^,  (2.10) 

where  kx  is  the  projection  of  k on  the  vector  % and  Aft-/  = ftx  — ftx. 
From  (2.8)  and  (2.10)  we  obtain 

(lf)e=-^<k>  S IV(k,  k')[l-£].  (2.11) 

k'  X 


Introduce  the  relaxation  time  t,  making 


1 

T(k) 


2 W[k,  k')[l 


(2.12) 


4 The  multiplier  df0ldB,  which  depends  only  on  the  energy  e,  has  been  intro- 
duced for  convenience  of  calculations.  ' 
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Then  (2.11)  can  be  written  in  the  form 
/JM  _ M k)  _ f-fo 

\ dt  I C T T 


(2.11a) 


If  the  electron’s  constant-energy  surfaces  e (k)  = const,  are  not 
spheres  but  ellipsoids,  then,  strictly  speaking,  we  should  take  into 
account  the  anisotropy  of  electron  scattering,  and  in  this  case  the 
relaxation  time  r,  provided  it  can  be  introduced,  will  no  longer  be 
a scalar  but  will  turn  into  a rank  2 tensor  [8.3],  [8.4]. 

In  cases  of  complex  laws  of  dispersion  of  the  energy  e (k),  for 
example,  such  as  operate  in  the  cases  of  holes  in  p-Ge  and  p-Si 
(Fig.  4.15a  and  b ),  the  relaxation  time  cannot  be  rigorously  intro- 
duced at  all,  and  this  makes  the  theory  of  kinetic  phenomena  ex- 
tremely complicated. 

8.2.2  In  the  following  chapter  we  shall  use  the  kinetic  equation 
(2.6)  to  consider  various  transport  phenomena  in  the  general  case 
in  the  presence  of  electric  and  magnetic  fields  and  of  a temperature 
gradient.  Here  we  shall,  for  the  purpose  of  illustration,  calculate 
the  conductivity  in  the  presence  of  only  the  electric  field  E. 

If  only  the  electric  field  E is  present,  we  obtain  from  (2.6)  and 
(2.11a)  with  an  accuracy  up  to  the  first  order  of  magnitude  in 
/i  °c  E,  f = /0 

<2J3> 

Making  use  of  (2.2),  we  obtain  from  (2.13) 

/1(k)  = cT(k)-^(V-E).  (2.13a) 


The  electric  current  density  is,  by  analogy  with  (1.2),  equal  to 

j = - 4P-  j v^(k)  d3k=  ~ 4^  J vfl  (k)  d3k 

= --^r  J T (k)  -fr  v(v-E)d»A,  (2.14) 

since  the  current  corresponding  to  the  equilibrium  function  f0  is 
zero.  Introducing  the  suffixes  i and  l to  denote  the  components  of 
v and  E in  a rectangular  coordinate  frame,  we  obtain 

U=  — £r  j x (k)  -§r  2 v‘Ei  d3k=  S °nEi-  (2.i4a) 

i i 

The  electric  conductivity  tensor 

Gli  *=  ~ t T (k)  -W  VlVi  d*k' 

where  as  a function  of  k is  determined  by  {2.2). 


(2.14b> 
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It  can  easily  be  demonstrated  that  if  the  relaxation  time  x de- 
pends only  on  the  magnitude  of  | k |,  the  conductivity  tensor  (2.14b) 
reduces  to  a scalar. 


8.3.  Scattering  of  Electrons  by  Acoustic  Lattice  Vibrations 

8.3.1  We  have  seen  that  the  stationary  state  of  the  electron  in 
a periodic  crystal  field  is  characterized  by  a time-independent 
velocity  (2.2).  Since  the  electron  carries  a charge  — e,  in  the  absence 
of  any  electric  field  there  will  be  an  undamped  current  corresponding 
to  this  velocity.  The  resistance  of  an  ideal  crystal  may  be  said 
to  be  zero.  A finite  resistance  of  a crystal  connected  with  a finite 
relaxation  time  t or  with  a mean  free  path  l = v t is  due  to  various 
deviations  of  the  crystal  field  from  strict  periodicity.  One  of  the 
major  causes  of  violations  of  crystal  field  periodicity  are  thermal 
lattice  vibrations  discussed  in  Chapter  3. 

Now  we  shall  calculate  the  relaxation  time  connected  with  the 
scattering  of  conduction  electrons  by  thermal  vibrations  in  a 
simple  monoatomic  cubic  lattice. 

8.3.2  Employ  Bloch’s  hypothesis  of  deformable  ions  (1928)  to 
determine  the  variation  (perturbation)  of  the  electron’s  potential 
energy  in  a periodic  field  V (r)  due  to  atomic  vibrations. 

Assume  that  every  point  of  the  crystal  r is  “displaced”  in  the  course 
of  atomic  vibrations  in  accordance  with  equation  (3.6.27)  in  which  r 
is  substituted  for  an.  In  other  words  the  “displacement”  of  any  point 
of  interatomic  space  is  regarded  as  an  interpolation  between  the 
values  of  displacements  of  the  surrounding  atoms.  Such  interpola- 
tion is  the  more  legitimate  (in  the  succeeding  applications)  the 
closer  the  vibration  phases  of  the  neighbouring  atoms,  i.e.,  the 
greater  the  wavelength  of  the  acoustic  wave. 

In  accordance  with  the  aforesaid,  we  write 

u=y=2  eqj{aqieiq->'4-a*ie-ii-r},  (3.1) 

where  we  introduce  the  notation  e«  (q)  = eaj  and  a}  (q)  = aQ/. 
According  to  (3.6.2) 

eq;eqr  = 8}j'.  (3.2) 

The  essence  of  the  hypothesis  of  deformable  ions  is  the  assumption 
that  the  potential  energy  of  the  electron  at  point  rt  which  prior  to 
the  crystal’s  deformation  was  V (r),  after  the  deformation  moves 
to  point  r + u,  where  the  pre-deformation  potential  energy  was 
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V (r  + u).  Hence,  the  variation  of  the  electron’s  potential  energy 
at  point  r + u in  the  linear  approximation  in  u is5 

<U  = AF  = V (r)  — V (r  + u)  = -(grad  7-u).  (3.3) 

We  have  expanded  the  function  V (r  + u)  in  a series  in  the  dis- 
placement u ( ux , uy,  uz)  and  have  retained  only  the  first  term  in 
the  expansion.  Expression  (3.1)  can  be  substituted  for  u into  (3.3). 

In  order  to  determine  the  relaxation  time  from  equation  (2.12), 
we  must  know  the  transition  probability  W (k,  k'),  which  we  shall 
calculate  with  the  aid  of  Dirac’s  theory  of  quantum  transitions 
(see  Appendix  20). 

Consider  a system  consisting  of  an  electron  in  a periodic  field 
and  of  normal  lattice  vibrations.  The  system’s  wave  function  in 
the  zeroth  approximation,  i.e.,  without  the  interaction  (3.3)  being 
taken  into  account,  is  equal  to  the  product  of  Bloch’s  wave  function 
of  the  electron  in  an  ideal  crystal  (4.3.5)  and  the  wave  functions 
of  the  oscillators  (3.10.4b),  i.e., 

n «*>«- Aj- w «,t" n 'iXjKW.  (M) 

qi  ' 

where  N = G3  is  the  number  of  atoms  in  the  principal  region.  Thanks 
to  the  presence  of  the  factor  TV-1/2  in  Bloch’s  function, 

j |«k(r)|2d3r0=l,  (3.4a) 

where  the  integration  is  performed  over  the  volume  of  the  crystal’s 
elementary  cell  (4.3.6). 

Expand  the  perturbed  wave  function  Tf  (t)  in  the  closed  system8 
of  unperturbed  functions  (3.4): 

W(t)=  V a( k\  N'qj,  «)f^. 

k'iVqj 

X exp  | + [ efi-  + 2 (2Vqi  + i/2)  ^(oqj]  1 1 , (3.5) 

qi 

where  a (k;,  Nqj,  t)  are  unknown  coefficients  of  the  expansion7,  and 

8k' + 2 (■^qj  + -2-)  ^(l)qi:=^k',  Nqi  (3.5a) 

qi 

8 This  quantity  coincides  with  the  linear  approximation  in  u for  the  varia- 
tion of  the  electron’s  potential  energy  at  point  r. 

6 Strictly  speaking,  a closed  system  of  electron  wave  functions  includes 
states  belonging  to  other  energy  bands,  as  well;  however,  the  “admixture”  of  such 
states  in  the  processes  being  considered  here  is  almost  nonexistent. 

7 The  exponential  multipliers  have  been  written  out  separately  in  (3.5)  for 
the  sake  of  convenience. 
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is  the  energy  of  the  unperturbed  system  equal  to  the  sum  of  the 
electron  energy  and  the  energies  of  all  normal  vibrations.  If  at 
the  initial  instant  t = 0 the  electron  was  in  the  state  k,  and  the 
normal  vibrations  were  characterized  by  their  quantum  numbers  Nq}, 
then 


a( k',  N 'qj,  0)  = 


{ 


1 for  k'  = k and  Nqj  = Nqj, 
0 in  all  other  cases. 


(3.6) 


From  the  general  theory  we  obtain  [8.5,  Sec.  29] 


ih 


da  (k\  N'qj,  t) 


dt 


<k',  iVqjl  AV’|k,  Nqj) 


X exp  {-jf  [<v  — ek  + 2 (N'v  — -Nqi)  fofqi  ] *} , (3.7) 

qi 

where  the  matrix  element  for  the  transition  from  state  k,  NqJ  to 
state  k',  Nqj  caused  by  the  perturbation  (3.3)  is  equal  to 

<k',  TVqj ] ATX | k,  Nqj)  = J X-^V^Nqj  d*r  n dQqj.  (3.7a) 

!.qi 

Here  the  integration  is  performed  with  respect  to  the  three  electron 
coordinates  d3r  over  the  crystal’s  principal  region  and  with  respect 

to  3 N normal  coordinates  [J  dQqj  of  lattice  vibrations.  The  exponent 

q i 

of  expression  (3.7)  contains  the  difference  between  the  energies 
of  the  final  and  the  initial  states  of  the  system. 

The  calculation  of  the  matrix  element  (3.7a)  is  rather  laborious 
and  is  presented  in  Appendix  21.  It  can  be  demonstrated  that  the 
electron  interacts  only  with  one  longitudinal  vibration  branch  for 
which  eqj-  is  parallel  to  q8.  Calculation  shows  the  matrix  element 
(3.7a)  to  be  nonzero,  i.e.,  the  transitions  k,  7Vq/— >-  k',  N'qj  to  be 
possible,  only  in  two  cases: 

1)  the  electron’s  wave  vector  and  its  energy  in  the  final  state  are 
equal  to 

k'  = k + q and  ek-  = ek  + hwq,  (3.8) 

the  number  of  q-phonons  in  the  final  state  being 
Nq  = Nq  — 1 ; (3.8a) 

2)  the  electron’s  wave  vector  and  its  energy  are  equal  to 

k'  = k — q,  ek/  = ek  — frwq;  (3.9) 

and 


Nq  = Nq  + 1. 


(3.9a) 


8 For  the  sake  of  simplicity,  the  polarization  index  j will  be  omitted  in  the 
future. 
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The  first  process  will  naturally  be  interpreted  as  the  absorption 
of  a phonon  by  the  electron,  and  the  second  as  the  emission  of  a pho- 
non by  the  electron,  with  quasi-momentum  and  energy  conservation 
laws  being  observed  both  in  the  acts  of  phonon  emission  and  absorp- 
tion. In  the  first  case  the  matrix  element  (3.7a)  is  equal  to9 


2 i Cq  hNq 

3 YN  V 21tfcog  ’ 

in  the  second  case 

2 1 Cg  i/ HNq+\) 
‘ 3 Y~N  * 2 Maiq 

Here 

<?  = £ f I Srad  uh\2d3r0 


(3.10) 

(3.10a) 

(3.10h) 


and  the  integration  is  performed  over  the  volume  of  the  crystal’s 
elementary  cell.  The  constant  C with  the  dimensionality  of  energy 
characterizes  the  intensity  of  the  electron’s  interaction  with  lattice 
vibrations.  In  order  to  assess  the  order  of  magnitude  of  C,  make 
| grad  uh  | « uh/a,  where  a is  the  lattice  parameter  and  obtain 
for  the  order  of  magnitude  of  C 

c~  (£?)  J 

where  use  was  made  of  (3.4a).  For  a « 10~8  cm  C « 5 eV,  i.e.,  is 
of  the  order  of  magnitude  of  bonding  energy.  According  to  the 
general  theory  (Appendix  20),  the  probability  of  transition  per  1 s is 

W{ k,  k')  = W (k,  k ±q) 

= ^- |<k',  Aq|AF|k,  lVq)|26(ek/  — en^F^coq).  (3.11) 


In  the  case  of  phonon  absorption 
W+  (k,  q)  = w ( q ) (ek+q  — ek  — Haq), 

and  in  the  case  of  emission 

W~  (k,  q)  = w ( q ) {Nq  + 1)  6 (ek_q  — ek  + fccoq), 
where 

, , 4*  C*q* 

9 N 


(3.11a) 

(3.11b) 

(3.11c) 


9 The  additional  multiplier  as  compared  with  (A. 21 .3),  stems  from 

expression  (3.1)  for  u. 
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In  accordance  with  (1.22),  the  transition  probability  is  inversely 
proportional  to  the  crystal’s  volume  (to  the  number  of  atoms  in  the 
principal  region).  The  delta-function  6 (ek±q  — ek  =F  ^u>q)  ex- 
presses the  energy  and  the  wave  vector  conservation  laws. 

In  order  to  calculate  the  relaxation  time  x due  to  the  scattering 
of  electrons  by  the  lattice  vibrations,  we  should  substitute  (3.11a) 
and  (3.11b)  into  equation  (2.12). 


8.4.  Relaxation  Time  of  Conduction  Electrons  in  an  Atomic 
Semiconductor  and  in  a Metal 


8.4.1  Calculate  the  relaxation  time  (mean  free  path)  of  the  conduc- 
tion electron  interacting  with  the  lattice  vibrations  in  an  atomic 
semiconductor.  As  we  shall  demonstrate  presently,  the  electron 
scattering  in  this  case  is  almost  elastic,  so  that  equation  (2.12)  can 
be  used  to  calculate  x. 

If  the  electron  energy  is  proportional  to  k 2,  i.e.,  if  ek  = h2k2/2m*, 
.and  if  the  frequency  of  longitudinal  acoustic  waves  is  ©qi  = v0q, 
where  v0  is  the  velocity  of  the  longitudinal  acoustic  waves,  then  it 
follows  from  the  conservation  laws  (3.8)  and  (3.9)  that 


h*  (k  ± q)a 
2 m* 


2m* 


± hv0q, 


(4.1) 


where  the  upper  sign  refers  to  the  case  of  phonon  absorption  and 
the  lower,  to  the  case  of  phonon  emission.  Hence, 

q =p[2k  cos  v + v0,  (4.1a) 


where  •O'  is  the  angle  between  the  vectors  k and  q. 

Assess  the  order  of  magnitude  of  the  ratio  of  the  second  addend 
to  the  first  on  the  right-hand  side  of  expression  (4.1a): 

m*v0  _ m* v0  _ m*v0  —j/~  Tcr  (AAb) 

hk  P ~ Y m*k0T  r T * 

where  the  average  thermal  value  of  the  quasi-momentum  p = Hk 
has  been  substituted  for  the  quasi-momentum  itself,  and  the  critical 
temperature  Tct  = m*v2a/k0.  Making  m*  = 10~27  g,  v0  = 2 X 
,X  105  cm/s,  we  obtain  Tcrtt  1 K;  therefore,  in  the  entire  temperaturo 
range  'AT  >1  K we  can  neglect  the  second  addend  and  write 

q = zjp2k  cos  O'.  (4.1c) 

Hence,  it  follows  from  the  conservation  laws  that  the  electrons 
absorb  and  emit  phonons  with  q » k. 

It  follows  from  expression  (4.1)  . that 

5min  = 0,  <7max  — 2ft- 


(4. Id) 
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Since  the  average  value  of  k for  electrons  at  room  temperature 
is  of  the  order  of  107  cm-1,  and  the  maximum  value  of  the  wave 
vector  q,  according  to  Debye’s  theory  (3.11.13),  is  equal  to  q0  — 
= (6n2/Q0)1/3  « 10®  cm-1,  it  follows  that  qmax  C q0.  The  electrons 
interact  only  with  longwave  phonons,  and  because  of  this,  the  linear 
dispersion  law  (co  = v0q)  is  true. 

Neglecting  the  second  addend  in  (4.1a)  means  obviously  neglecting 
the  phonon’s  energy  in  (4.1),  i.e.,  the  circumstance  that  the  scatter- 
ing is  not  perfectly  elastic.  In  the  case  of  elastic  scattering  the  6- 
functions  in  (3.11a)  and  (3.11b)  take  the  form 

6(ek±q-ek)  = 6 (±-^  cosfl  + -g£)  6 (^-  + cost)) , 

(4.2) 

where  we  made  use  of  the  property  6 (a  ± bx)  — yfi 
[8.5,  p.  56]. 

We  can  now  compute  the  relaxation  time  x from  equation  (2.12). 
When  an  electron  is  scattered  by  lattice  vibrations, 

k!  = k + q,  (4.3) 

where  the  upper  sign  corresponds  to  the  absorption  and  the  lower 
sign  corresponds  to  the  emission  of  a phonon.  We  have  from  (2.12) 
and  (4.3) 

4-=-2  WMk,  q)^+2^-(k>  q)-^,  (4-4) 

q q 

where  the  first  sum  on  the  right-hand  side  takes  into  account  the 

absorption  and  the  second  the  emission  of  phonons.  We  have  re- 
placed the  summation  over  k'  in  (2.12)  with  the  summation  ever  q 
for  a specified  k.  jjf  • , 

Replace  the  summation  over  q by  integration  over  the  q-space 
in  spherical  coordinates  with  the  polar  axis  coinciding  in  diiection 
with  k: 

^max  Ji  2jt 

2~ 5 — jgjjjr  J fsinfld#J  d . (4.5) 

1 Imln  0 0 

Figure  8.5  depicts  the  vectors  k,  q and  / and  the  angles  between  them 
It  is  an  established  fact  that  [8.1,  Chap.  I] 


cos  a = cos  ■&  cos  p + sin  ■fi  sin  cos  <p. 


(4.6) 
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Since  gx  = q cos  a,  and  kx  = k cos  |3,  the  inverse  relaxation 
time  is 


(2ji)3  h2k2 


max 

j q*dq  J 


®mln 


n 2it 

sin  $ d$  J d(p 


X {“>(?)  Nqb  (^+cos$)-^|—  w(q)  (Ng  + 1)  6 

1 2k  / cos  p J 

Only  cos  a depends  on  cp;  therefore, 

2 ;t 

j cos  a dcp  = 2n  cos  ft  cos  (5. 


(4.7) 


(4.8) 


Integrating  with  respect  to  sin  ft  dft  = — d cos  ft  and  making  use 
of  the  8-functions  in  the  first  and  second  addends  in  the  braces 
in  (4.7),  we  obtain 


?mai 

®F-jSr  J + 

?mln 


(4.9) 


since  gmln  and  qm ax  for  the  processes  of  phonon  absorption  and 

emission  are  identical. 

In  order  to  be  able  to  use  the  proba- 
bilities (3.11)  in  (4.4),  we  must  make 
some  assumptions  about  the  numbers 
occupying  the  phonons  Nq.  As  we  shall 
see,  in  most  cases  in  the  processes  involv- 
ing electron  transport  the  phonon  dis- 
tribution deviates  little  from  the  distri- 
bution corresponding  to  thermodynami- 
cal equilibrium  and  described  by 
Planck’s  equation  (3.11.10a).  We  shall 
learn  in  the  next  chapter  that  in  the 
presence  of  a temperature  gradient, 
when  considering  electron  kinetic  pheno- 
mena, we  have  sometimes  to  take  into 
account  the  deviation  of  the  phonon  distribution  function  from 
its  equilibrium  value  (“phonon  drag”  effects). 

Hence,  we  make 


Fig.  8.5 


N q — (Ng)e q 


exp 


hv0q 

knT 


(4.10) 
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Taking  into  account  (4. Id),  we  see  that  the  power  of  the  exponent  is 
hv0q  ^ hv0k  v0p  Co  / m.*kgT 


V 


< 1. 


(4.10a) 


k0T  k0T  k0T  k0T  V T 

Therefore,  (4.10)  can  be  expanded  into  a series,  and  we  obtain 


{Nn) 


g/eq 


<W,+  1> 


eq  - 


k0T 

hvaq 


(4.10b) 


Substituting  this  value  of  Nq  and  w ( q ) from  (3.11c)  into  (4.9), 
we  obtain  after  elementary  integration  with  respect  to  q in  the 
limits  (4.1d) 

9n  Mvffi3  1 9n  Mv^h*  1 , , . , , 

r — ~4~  Q0C2m*k0T  T ~ 4 y 2 fl0C2m*3/2fc0r  ~yi  V4-11! 


or 


t = — — — hL_  (4.11a) 

Aye 

where 

9n  Mv\h 3 , h 

T°h  - T Q0C2m*k0T  31  d 0 ~ y oh ' 

Note  that  the  relaxation  time  of  charge  carriers  in  atomic  semi- 
conductors t oc  7,-1e-1/2.  The  mean  free  path 


9 it  Mv\hS 

T Q0C2m*2k0T 


(4.12) 


is  independent  of  the  electron  energy, 

8.4.2  Consider  the  relaxation  time  of  conduction  electrons  in 
a metal.  It  will  be  demonstrated  in  the  following  chapter  that 
practically  the  only  electrons  taking  part  in  transport  phenomena 
in  a metal  are  those  with  the  energy  close  to  the  Fermi  energy  £0. 
The  wave  vector  corresponding  to  such  electrons  is 

k (lo)  = (^-)  108  cm-i,  (4.13) 


i.e.,  a vector  an  order  of  magnitude  greater  than  k for  semiconductors 
at  room  temperature.  Therefore  relation  (4.1b)  for  metals  takes  the 
form 


mS) 


<i 


(4.13a) 


for  all  temperatures.  Hence,  the  electrons  in  a metal,  same  as  in 
a semiconductor,  are  scattered  elastically.  The  same  expressions 
(3.11a)  and  (3.11b)  hold  for  the  transition  probability,  and  because 
of  this  the  relaxation  time  is  calculated  precisely  in  the  same  way 
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as  it  was  done  above.  However,  when  integrating  with  respect  to  q 
in  (4.9)  the  following  should  be  kept  in  mind.  As  we  have  seen  above, 
the  maximum  value  of  the  phonon  wave  vector  is,  according  to 
Debye  (3.11.13),  equal  to  q0  « 108  cm-1,  i.e.,  it  is  of  the  same  order 
as  k (So).  Therefore  the  following  two  cases  should  be  distinguished: 

(1)  k (S„)  < y and  (2)  k (£0)  > . In  the  former  which  is  realized 

in  metals  with  low  conduction  electron  concentrations  (semimetals), 
the  integration  with  respect  to  q should  be  performed  up  to  2k  (£0), 
so  that  the  relaxation  time  will  be  equal  to  (4.11).  In  the  latter 
which  is  usually  realized  in  good  metals,  the  integration  with 
respect  to  q should  be  performed  up  to  q0,  this  being  the  only  dif- 
ference from  the  procedure  developed  for  semiconductors.  According- 
ly, t for  a metal  can  be  obtained  from  expression  (4.11)  multiplied 
by  ( 2k)i  and  divided  by  gj.10  Hence,  for  metals  we  have 


QqMHqT, cfi\  | 

f Tc  \ 

i 2 y 2 Q0Mm*1l2k0Tc  , 

r_Is\ 

ji3  m*C 2 

l T J 

1 it3  h2c 2 1 

l T ) 

e3/2 


and 


4 '■-VI/ k0Tc 

it3  h2c2 


e 


2 


(4.14) 

(4.14a) 


Here  Tc  = hv0q0/k0  is  the  Debye  temperature  [we  have  introduced 
an  error  when  we  assumed  that  the  velocity  of  longitudinal  acous- 
tic waves  was  equal  to  their  average  velocity  (3.9.16)]. 

Assess  the  order  of  magnitude  of  the  ratio  of  mean  free  paths  of 
electrons  in  an  atomic  semiconductor  (4.11a)  and  a metal  (4.14a): 


^3 

im 


n2 

m*a 2 


K 2 

m*a 2 


(4.15) 


i.e.,  it  is  of  the  order  of  unity  (a  is  the  lattice  parameter  equal  to 
Q*/3).  Assess  the  mean  free  path  of  electrons  ls  « lm.  From  (4.12) 
we  have 


7 _ Mv%  fr2/m*a2  h2lm*a 2 
1 ~ C C k<,T 


(4.16) 


Since  Mv20  and  H2/m*a 2 are  of  the  order  of  the  bonding  energy  per 
atom,  the  first  and  second  multipliers  are  of  the  order  of  1 and 
the  third  multiplier  is  much  greater  than  1 ; therefore,  l a. 
In  real  atomic  semiconductors  l can  be  tens  of  times  and  in  the 
low  temperature  range  thousands  of  times  greater  than  the  lattice 
parameter  a.  From  the  point  of  view  of  classical  mechanics  the 
electron’s  mean  free  path  in  a crystal  should  be  of  the  order  of  mag- 


10 Jin], (4. 9)  the  integration  both  in  the  cases  of  a semiconductor  and  a metal 
is  performed  with  respect  to  g3. 
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nitude  of  the  lattice  parameter,  since  the  interatomic  distance  in 
a solid  is  of  the  order  of  atomic  dimensions.  Great  values  of  the 
mean  free  paths  of  electrons  following  from  the  theory  and  observed 
in  experiment  prove  that  the  motion  of  electrons  obeys  the  laws 
of  quantum  mechanics. 


8.5.  Theory  of  Deformation  Potential  in  Cubic  Crystals 
with  a Simple  Energy-Band  Structure 

8.5.1  A special  method  of  calculating  the  relaxation  time  of 
conduction  electrons  in  atomic  crystals  has  been  developed  and 
has  become  known  as  the  theory  of  deformation  potentials  (Bardeen 
and  Shockley,  1950).  The  results  obtained  with  the  aid  of  this- 
method  in  the  case  of  a simple  electron  energy-band  structure  coin- 
cide with  those  obtained  on  the  basis  of  the  hypothesis  of  deformable 
ions  (8.3)  or  of  Nordheim’s  hypothesis  of  rigid  ions  [8.6].  However, 
the  theory  of  deformation  potentials  boasts  of  several  advantages, 
the  most  important  of  which  is  the  simplicity  of  deduction  that 
makes  it  possible  to  extend  the  theory  to  more  complex  cases,  for 
example,  to  the  case  of  a complex  energy-band  structure  of  charge 
carriers.  We  shall  consider  the  theory  of  deformation  potentials  for 
a simple  cubic  monoatomic  crystal  with  a simplejjiband  structure  in 
which  the  energy  of  the  conduction  electron  is 

e = h2k2/2m*.  (5.1> 

For  a better  understanding  of  the  peculiarities  of  the  method  of 
deformation  potentials  consider  the  formation  of  energy  bands  in 
a crystal  as  isolated  atoms  are  brought  closer  together.  Imagine  the 
atoms  of  some  element  arranged  in  a “lattice”  corresponding  to  the 
type  of  lattice  peculiar  to  the  element  but  at  great  interatomic 
distances  a from  one  another. 

As  long  as  a greatly  exceeds  the  true  (equilibrium)  lattice  param- 
eter a0,  the  atoms  do  not  interact,  and  their  energy  spectra  remain 
discrete.  It  will  be  seen  from  Fig.  8.6a  that  for  a > 3a0  the  3s-  and 
the  3p-levels  of  sodium  are  practically  discrete.  As  a is  decreased, 
i.e.,  as  the  atoms  are  brought  closer  together,  the  atomic  energy 
levels,  because  of  interaction,  widen  into  energy  bands.  As  can  be 
seen  from  Fig.  8.6a,  at  a = 1.7a0  the  widened  3 p and  3s  terms  begin 
lo  overlap  forming  at  a = 1.7a0  the  sodium  metal’s  conduction 
band. 

Another  situation  occurs,  for  example,  in  the  case  of  the  diamond 
crystal.  The  discrete  2s-  and  2p-states  of  the  isolated  carbon  atom 
widen  as  a is  decreased,  and  for  a definite  value  of  a > a0  the  2s- 
nnd  the  2p-bands  overlap  (Fig.  8.6 .b).  However  calculation  shows 
that  as  the  carbon  atoms  are  brought  closer  together,  a hybridization 
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of  the  s-  and  p-states  sets  in  (due  to  the  formation  of  four  valence 
bonds  with  the  nearest  neighbors),  and  at  a = a0  the  allowed  bands 
•of  the  mixed  s-p  type  are  again  separated  by  a forbidden  band. 


Fig.  8.6 

It  will  be  seen  from  Fig.  8.6b  that  in  the  case  of  the  uniform  comp- 
ression of  the  crystal  resulting  in  a decrease  in  the  lattice  parameter 
■a  the  bottom  edge  of  the  conduction  band  shifts  upward  and  the 
top  edge  of  the  valence  band  shifts  downward,  thus  increasing  the 


Forbidden  band 


v 


Fig.  8.7 


width  of  the  forbidden  band.  Should  the  lattice  parameter  a0  cor- 
respond to  point  A , an  opposite  situation  would  set  in.  In  this 
respect  the  effect  of  compression  and  extension  can  be  substantially 
different  from  the  effect  of  the  external  electric  field  that  always 
displaces  the  edges  of  the  conduction  and  valence  bands  in  the 
same  direction.  Figure  8.7  depicts  the  pattern  of  wave-like 
variations  of  the  forbidden  bandwidth  accompanying  the  passage 
of  an  acoustic  compression  wave. 

In  the  approximation  of  a continuous  medium  the  state  of  a de- 
formed crystal  is  characterized  by  the  components  of  the  deformation 
(strain)  tensor 


e 


it 


1 / duj  . dui  \ 

2 \ dxi  ' dij  ) ’ 


(5.2) 
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where  xt  (xl  = x,  x2  = y,  x3  = z)  are  rectangular  coordinates  of 
the  point  of  the  continuous  medium,  and  ut  (i  = l,  2,  3)  are  rect- 
angular coordinates  of  the  projection  of  the  displacement  u (x1,  x2,  x3) 
of  the  point  of  the  continuous  medium  xlf  x2,  x3. 

In  the  general  case  the  position  of  the  bottom  edge  of  the  conduc- 
tion band  ?c  (of  the  upper  edge  of  the  valence  hand  ?v)  can  be 
regarded  as  a function  of  the  components  of  the  deformation  tensor 
£ij.  Expanding  %c  into  a series  in  s^-,  we  obtain 

?c  iei})  = ?c  (0)  + 2 aij&ij  = (0)  + + a12e12  4*  • • • (5-3) 

i,  i 

The  quantities  atj  and  e^-  are  functions  of  the  orientation  of  the 
coordinate  axes  xt  with  respect  to  crystallographic  axes.  Moreover, 
atJ  obviously  depend  on  the  type  of  crystal.  Place  the  origin  of 
our  rectangular  coordinate  frame  at  the  vertex  of  the  cube  of  the 
undeformed  crystal  cell  and  direct  the  coordinate  axes  along  the 
cube’s  edges.  The  nondiagonal  coefficients  an  ( i =^=  /)  in  the  case  of 
a crystal  of  cubic  symmetry  can  easily  be  shown  to  vanish.  Indeed, 
rotate  the  coordinate  frame  about  the  axis  x3  = z through  the  angle 
jt/2.  Then  we  have  in  the  new  (primed)  frame  x[  = x2,  x2  = —xlt 
and,  therefore,  in  accordance  with  (5.2),  e'2  = — e12.  Such  rotation 
of  the  coordinate  frame  does  not  change  the  coefficients  ai;-,  since 
the  crystal’s  orientation  remains  the  same  for  both  positions  of  the 
frame,  so  that  a'12  = a12.  Let  the  crystal’s  deformation  be  such  that 
only  the  tensor’s  component  e12  is  nonzero.  In  this  case  the  displace- 
ment of  the  conduction  band’s  edge  expressed  in  terms  of  both 
coordinate  frames  rotated  with  respect  to  each  other  will  be 


(e12)  — 8c  (0)  — %28l2  — ai2812 


%2e12) 


whence  a12  = 0.  In  the  same  way  it  can  be  demonstrated  that  all 
the  other  nondiagonal  coefficients  atj  are  zeros.  Since  in  a cubic 
crystal  the  axes  xu  x2 , x3  are  equivalent,  it  follows  that  an  = 
= a22  = a33  = and  we  obtain  from  (5.3) 

%C  (Bis)  = 8C  (0)  + ?!  A,  (5.4) 

where 


A — Sll  + S22  + s33 


du1 

dxt 


du2 

dx2 


du3 

dx3 


A-  dv 

= divu  = -r 


(5.4a) 


is  the  relative  variation  of  volume  at  the  given  point  [8.7,  Sec.  1], 
Bardeen  and  Shockley’s  theory  of  deformation  potentials  con- 
tains the  proof  that  the  scattering  of  electrons  by  lattice  vibrations 
can  be  described  not  in  terms  of  Bloch’s  wave  function,  but  in 
terms  of  a plane  wave,  provided  the  scattering  potential  (3.3)  is 
replaced  by  the  expression 

® = ii  A = Ij  div  u (r). 


(5.5) 
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We  shall  discover  the  constant  %x,  which  has  the  dimensionality 
of  energy  closely  related  to  the  interaction  constant  C determined 
in  (3.10b).11 

8.5.2  Determine  the  relaxation  time  by  making  use  of  the  scatte- 
ring potential  (5.5)  and  of  a plane  wave  to  describe  the  electron: 

Tpk(r)=y=-eik-r,  (5.0) 

where  V is  the  volume  of  the  crystal’s  principal  region. 

The  displacement  u-(r)  of  the  crystal’s  point  r in  the  continuous 
medium  approximation  is,  according  to  (3.1),  equal  to 


u(r)=T7=2  eQi{aqieiq'r  + <e_iq'r}-  (5-7> 

q.  j 

Here  N is  the  number  of  atoms  in  the  principal  region,  eq7-  aro 
orthonormal  polarization  vectors,  aqj  are  complex  normal  coordi- 
nates with  a harmonic  time-dependence  characterized  by  a frequency 
C0q j = v0Jq,  where  voj  is  the  velocity  of  acoustic  waves  with  the 
polarization  j.  Hence,  the  relative  variation  of  volume  is 

A = divu  = — =-2  (eqi-q){aqjeiqr  — (5.8> 
q 

Since  the  scattering  potential  (5.5)  is  proportional  to  A,  it  follows 
from  (5.8)  that  the  conduction  electrons  interact  only  with  longi- 
tudinal acoustic  waves  for  which  eq;-  ]|  q,  and  eq;-q  = q.  In  the  futuro 
we  shall  drop  the  polarization  suffix  / of  the  longitudinal  wave. 

In  order  to  determine  the  transition  probability  W (k,  k')  from 
equation  (3.11),  calculate  the  matrix  element  of  the  perturbation 
energy  (5.5)  on  the  electron  wave  functions  in  the  plane  wave  ap- 
proximation (5.6),  i.e.,  in  the  effective  mass  approximation  (5.1): 


^kk'  = <k'  \ <U  | k>=  j (r)  U (r)  ijjk  (r)  dx. 
v 

Making  use  of  (5.5)  and  (5.8),  we  obtain 


-^kk' 


l 


v 


gi(k-q— k')»r 


ei(k+q— k')»r  — 


(5.9) 


(5.10) 


11  M.  F.  Deigen  and  S.  I.  Pekar  simultaneously  and  independently  used 
expression  (5.4)  for  the  displacement  of  the  edge  of  the  conduction  band  in  their 
calculations  of  the  “condenson”  electron  state  in  a cubic  atomic  crystal.  Titeica 
in  1935  used  (5.5)  for  the  electron  scattering  potential  in  metals  in  his  calcula- 
tions of  galvanomagnetic  phenomena  in  strong  magnetic  fields.  The  achievement 
of  Bardeen  and  Shockley  is  that  they  laid  the  foundation  for  the  application  of 
the  theory  of  deformation  potentials  within  the  framework  of  the  effective  mas* 
method. 
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The  first  integral  in  braces  is  nonzero  and  equal  to  V only  if 

k + q = k',  (5.10a) 

and  the  second  only  if 

k - q = k'.  (5.10b) 

Case  (5.10a)  corresponds  to  the  process  in  which  the  electron 
absorbs  a phonon  with  the  wave  vector  q and  the  energy  /io)q,  and 
case  (5.10b)  corresponds  to  the  process  involving  phonon  emission. 

In  both  cases 

I Mkk'  |2=  I l2»  (5.H) 


since  | aq  |2  = | aq  |2. 

It  follows  from  (3.6.27)  that  the  energy  of  one  normal  vibration 
■corresponding  to  a longitudinal  acoustic  wave  is  equal  to  2o>||  aq  |2  = 
= 2 v\q2  | aq  |2,  where  v0  is  the  velocity  of  longitudinal  acoustic 
waves.  In  the  state  of  statistical  equilibrium  (in  the  temperature 
range  above  the  Debye  temperature) 

2vy  | aq  |2  = k0T,  (5.12) 

whence 

| aq  [2  = k0Tl2vy.  (5.12a) 

It  follows  from  (5.11)  and  (5.12a)  that 

I Mkk , |2  = %\k0Tl2NMv\.  (5.13) 

It  follows  from  (3.10)  and  (3.10a)  that  at  temperatures  above  the 
Debye  temperature 


<k\  tf;,!A7ik,  at„>= inf 


h k0T  _ 4 rC*k„T 
2Ma>q  h(0q  9 ‘IN  Mv\  ' 


(5.14) 


Here  we  took  into  account  that  Nq  Nq  + 1 = k0T/Haq,  and 
= voQ-  If  we  assume  that  the  squares  of  the  moduli  of  the 
matrix  elements  (5.13)  and  (5.14)  are  equal,  we  obtain 

%x  = 2/3C,  (5.15) 

where  the  constant  C is  determined  by  expression  (3.10b). 

The  transition  probability  (3.11)  that  enables  us  to  calculate 
the  electron’s  relaxation  time  x in  the  same  way  as  was  done 
in  8.4  follows  directly  from  (5.14).  The  relaxation  time  obtained 
in  this  way  will  obviously  coincide  with  expression  (4.11)  in  which 
it  remains  only  to  substitute  3/2  %x  for  C. 

Of  course,  the  above  argument  cannot  be  regarded  as  direct 
proof  of  relationship  (5.15),  because  it  follows  from  the  comparison 
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of  ultimate  results  of  calculations  based  on  different  physical  as- 
sumptions.  A direct  proof  of  relationship  (5.15)  based  on  the  quan- 
tum mechanics  theory  of  perturbations  for  a deformed  crystal 
is  presented  in  Appendix  22. 


8.6.  Scattering  of  Conduction  Electrons  by  Lattice  Vibrations 
in  Ionic  Crystals 

8.6.1  In  an  ionic  crystal  (provided  it  is  not  a piezoelectric  crystal) 
the  conduction  electron  (hole)  interacts  with  the  optical  vibrations 
much  more  intensely  than  with  the  acoustic  vibrations.  This  is 
because  in  an  ionic  crystal  optical  vibrations  are  accompanied  by 
the  appearance  in  each  crystal  cell  of  a dipole  electric  moment 
that  interacts  strongly  with  a conduction  electron  (a  hole). 

When  we  studied  weak  binding  polarons  (5.4.3),  we  calculated 
the  matrix  elements  of  the  electron’s  interaction  with  long-wave 
optical  vibrations  of  an  ionic  crystal  in  the  continuous  medium 
approximation.  We  have  seen  the  correction  to  the  electron  energy 
in  the  first  approximation  of  the  theory  of  perturbations  to  be  zero. 
Calculate  in  the  same  approximation  the  electron  scattering  on 
optical  vibrations  of  an  ionic  crystal.  It  follows  from  (5.4.46)  and 
(3.11)  that  the  probability  of  an  electron  transition  k k'  involving 
the  absorption  or  the  emission  of  an  optical  phonon  ha)l  is  equal  to 


W (k,  k')  = W (k,  k ± q)  = 

= I <Aq,  k'  | — e<D  I Nq,  k>  j 2 6 (sk. - ek  + ft©,)  = 

= w (?)  { J ^Kek±q  — ek  =f  hm),  (6.1) 

where 


w(q) 


4jl2e2<0;  1 
6*  ~qr' 


(6.1a) 


Here  the  upper  signs  (and  the  upper  line  in  the  braces)  correspond 
to  the  absorption,  and  the  lower  to  the  emission  of  a phonon.  The 
energy  conservation  law  is  expressed  by  the  6-function  in  (6.1). 
For  a conduction  electron  (a  hole)  characterized  by  an  effective 
mass  m*,  the  energy  conservation  law  takes  the  form 


h2  (k  ± q)2 
2m* 


h2k2 

2m* 


± hai, 


or 


h2q2 


± 


2h2kq 


2m* 


2m* 


cos  # -+-  hai  = 0. 


(6.2) 
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Here  ft  is  the  angle  between  the  wave  vectors  k and  q.  Solvings 
the  quadratic  equation  (6.2)  for  q,  we  obtain  two  roots 

ql  = — k cos  ft  ± Y k2  cos2  ft  + x2,  q^  — k cos  ft  ± ]/&2  cos2  ft  — x2, 

(6.3) 

where 


%2v.2l2m*  = h(i> 


(6.3a)- 


Consider  now  various  temperature  intervals. 

A.  High  temperatures:  k0T^>h(s>i  or  k^>x.  In  this  case 
under  the  root  in  (6.3)  can  be  neglected,  and  in  phonon  absorption 
and  emission,  we  have 

7min  = 0,  <7max  = 2 A.  (6-4) 

Next,  for  k0T  haji 

Aq  = <iVq>eq  = M-»l.  (6.5) 


Since  for  k0T  >>  ftco;  the  scattering  is  elastic,  the  relaxation  time- 
is  determined  by  equation  (4.9): 

®max 

I w(q)(2Nq+i)q3dq.  (6.6) 

®mln 


Substituting  herein  (6.1a),  (6.4)  and  (6.5),  we  obtain  for  the  relaxa- 
tion time  of  conduction  electrons  (holes)  in  ionic  crystals  at  high 
temperatures 


_ /2  h2e  1/2 

2 e2  (m*)1/2*0r  ' 


(6.7) 


Hence,  t oc  /e/f.  The  mean  free  path  of  an  electron  having  a ther- 
mal energy  e = m*v2/2  — S/2k0T  is 


l 


m*e 2 ‘ 


(6.7a) 


If  the  electron’s  effective  mass  m * is  equal  to  the  free  electron  mass  m, 
then  h2/me2  is  the  radius  of  the  Bohr  orbit,  and  the  mean  free  path  l 
is  of  the  order  of  the  lattice  parameter.  Expression  (6.7)  is  inappli- 
cable in  this  case,  it  can  be  applied  only  if  the  ratio  &*/m*  is 
greater. 

B.  Low  temperatures:  k0T  <C  TitOj  or  k <c  x.  In  this  case  practi- 
cally the  only  processes  taking  place  are  the  phonon  absorption 
processes,  and  in  accordance  with  (6.3),  we  have 


7mln  = Vk2  + Y.2  — k (ft  = 0),  gmax  = ~V  k2 "H2,  k (ft  = n).  (6.8) 
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At  low  temperatures  the  scattering  is  inelastic,  and,  therefore,  in 
general  the  relaxation  time  cannot  be  introduced  with  the  aid  of 
equation  (4.9).  However,  as  was  demonstrated  by  B.I.  Davydov 
and  I.M.  Shmushkevich  in  1940,  in  the  low-temperature  case  as 
well  the  relaxation  time  can  be  introduced,  provided  a correct 
■calculation  procedure  is  followed. 

Qualitatively  this  can  be  explained  as  follows.  At  low  tempera- 
tures, when  k0T  <C  the  absolute  majority  of  the  electrons  are 
able  only  to  absorb  the  phonons.  Such  absorption  of  a phonon  results 
in  the  electron  going  over  to  the  energy  interval  from  hu>i  to 
Such  an  electron  will  immediately  emit  a phonon,  because  the 
ratio  of  the  emission  probability  to  the  absorption  probability 

is  equal,  according  to  (6.1),  to » exp-^^>  1.  The  variation 

of  the  electron  energy  in  the  result  of  such  an  absorption  and  an 
almost  immediate  emission  of  a phonon  will  be  very  small  (only 
at  the  expense  of  the  co;  vs  g dependence),  but  the  variation  of  its 
wave  vector  will  be  substantial.  This  makes  it  possible  to  regard  the 
electron  scattering  in  a definite  sense  as  elastic  and  to  introduce 
the  relaxation  time. 

Calculate  the  relaxation  time  t by  using  equation  (4.4)  and  by 
taking  into  account  only  the  first  sum  corresponding  to  the  absorp- 
tion of  a phonon. 

The  8-function  in  W\t  k<  is  of  the  form 


1 CO" 

_ m*  § ( 

1 2m* 

2m* 

UJo  U 

m*  / 

tfikq  °l 

- + COS  ' 


Performing  operations  similar  to  those  that  led  to  expression  (4.9), 
we  obtain 


1 1 m*  C / , »r  92  — x2  ■>  j 

T=8^^T  ) w(q)Nq^—q*dq. 


(6.10) 


Substituting  herein  (6.1a)  and  (6.8)  and  taking  into  account  that 
•at  low  temperatures 


- (Aq)eq  - ^ « exp  ( ) , 

exp 


(6.11) 


we  obtain 


( h(£>i  \ 

\ k0T  ) 


£2p,*A:3 


{2k  Yk2- fx2  — xlog  V^+%2±]L\ 


(6.12) 
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Carrying  x2  out  of  the  braces  and  expanding  the  remaining  expres- 
sion into  a series  in  klv.  <c  1,  we  see  that  the  first  nonzero  member 
is  of  the  order  of  ( k/y, )3,  so  that  the  expression  in  the  braces  is  equal  to 

-|/c3x2.  (6.12a) 


From  (6.12)  and  (6.12a)  we  obtain  for  the  relaxation  time  of  the 
conduction  electron  (hole)  in  an  ionic  crystal  at  low  temperatures 


t 


3 /2 
2 


HH*  exp 


han 

k0T 


e2  (m*)1/2  (/no,)1/2’ 


(6.13) 


Hence,  t oc  exp  (hatilk^T)  and  is  independent  of  the  electron  energy. 
The  mean  free  path  of  an  electron  with  the  thermal  energy  e = 
= (m*v2i 2)  = 3/2k0T  is  equal  to 


l — TV 


3/6 

2 


1/2 


exp 


Tw>i 

~kj 


m*ei 


(6.13a) 


Here  h2im*e  is  the  radius  of  the  “effective”  Bohr  orbit.  Thanks  to 
(lie  great  value  of  the  multiplier  exp  ( hu)i/k0T ),  l is  much  larger 
Ilian  the  lattice  parameter,  and  expression  (6.13)  for  the  relaxation 
time  t is  in  general  applicable  in  the  low  temperature  range. 

8.6.2  In  piezoelectric  semiconductors  (Section  3.1.3),  for  instance 
in  zinc  blende  ZnS,  the  electron  scattering  by  acoustic  vibrations 
may  be  comparable  to  the  scattering  by  optical  vibrations  discussed 
in  Section  8.6.1.  This  is  because  in  piezoelectrics  long  acoustic 
waves  (that  produce  elastic  stresses)  are  accompanied  by  the 
electric  polarization  of  the  crystal. 

Meijer  and  Polder  [8.8]  were  the  first  to  consider  piezoelectric 
scattering  by  acoustic  vibrations.  We  shall  present  some  of  their 
results  in  a simplified  form  sufficient  for  the  determination  of  the 
dependence  of  the  electron’s  relaxation  time  t on  its  energy  e = 
= h2k2!2m*  and  on  the  temperature  T. 

Piezoelectric  crystals  are  ionic  lattices  without  an  inversion 
(symmetry)  centre.  It  follows  from  (3.6.4a)  that  the  displacements 
of  the  positive  and  negative  ions  (labels  k = 1,  2)  are  equal  in  the 
continuous  medium  approximation  to 


uh(r) 


1 

/ Nmh 


q.  i 


{e,h  (q)  aj  (q)  e*i-r  + e*ft  (q)  a?  (q) 


(6.14) 


where  the  summation  over  q is  performed  inside  one-half  of  the  Bril- 
louin  zone.  The  dipole  moment  appearing  in  a unit  cell  with  the 
volume  H0  as  the  result  of  vibration  is  equal  to  the  geometrical 
sum  of  the  ionic  displacements  multiplied  by  their  effective 
charges  ±e*. 


32-01137 
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As  we  shall  see,  only  the  long  acoustic  waves  for  which  the  vector  q 
may  be  assumed  to  be  the  same  for  both  ions  in  the  cell  will  be  of 
interest  to  us.  The  polarization  vector  P (r)  equal  to  the  dipole 
moment  per  unit  volume  can  be  written  in  the  form 


P(r) 


e*  1 y ' / eji  (q) 

V N . ' Y mi 
q,  3 


ej J—  ) a,  (q)  e‘1  • r + c.c. 

V > 


(6.1b) 


where  c.c.  denotes  a quantity  complex-conjugate  of  the  first  addend. 

The  polarization  (6.15)  results  in  a fixed  charge  distributed  in 
space  p = — div  P (r)  [8.9,  Sec.  2.2]  which  serves  as  a source  of 
an  electric  field  whose  potential  <t>  satisfies  the  Poisson  equation 


V2®  = — 4itp  = 4it  div  P (r) 

. 4 Tie*  1 ^ ' / e71 

Y n . ^ ' Y mi 

q,  3 


eJ2 

Y m2 


) 


ai r(q)  e*q-r4-c.c. 


(6-16) 


Adopting  a procedure  precisely  similar  to  that  used  for  solving 
equation  (5.4.41),  we  obtain 


y-  S (?i ‘^) a,}  (q)  etq‘r  + c.c., 

0 ' q.  i 

where  the  unit  vector  qj  = q/q  and  h;-  (q)  = 


(6.17) 

1 / pi)  e/2(q)  \ 

i v Y mi  Ymi 


The  difference  between  expressions  (6.17)  and  (5.4.42)  is  that 
in  the  case  of  long-wave  optical  vibrations  of  an  ionic  crystal  only 
the  longitudinal  wave  interacts  with  the  electron,  whereas  in  the 
case  of  acoustic  vibrations  of  a piezoelectric  crystal  generally  all 
three  vibration  branches  interact  with  the  electron  (h;  0 for 

all  /). 

The  perturbation  energy  corresponding  to  the  potential  (6.17) 
is  — eO. 

As  we  intend  to  demonstrate  now,  the  first  sum  in  (6.17)  that 
contains  the  multiplier  aj  (q)  exp  (iq-r)  describes  the  processes  of 
absorption  by  the  conduction  electron  of  a phonon  ha>qj,  therefore 
according  to  (3.11),  the  phonon  ha>qj  absorption,  probability  is 

Wj  (k,  k') 

— I <t',  Nqj  | — eO  1 k,  Nqj)  I2  6 (ek»  — ek  — hwq}) 


32n3e*2e2 

frQ%N 


<k',  N'q:j  I 2 (qihf)  aj  (q)  «*«-r 
q 


k,  Nq j) 


X 


X 6 (ek-  — ek  — hw qj) . 


(6.18) 
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Making  use  of  plane  waves  for  the  electron  wave  functions,  as  was 
done  in  (5.4.43),  we  obtain 

k'  = k + q.  (6.19) 

This  corresponds  to  the  process  of  absorption  by  an  electron  of 
a phonon  with  the  wave  vector  q.  Accordingly,  the  matrix  elements 
cij  (q)  will  be  nonzero  only  for  Nqi  = Nqj  — - 1,  in  which  case  they 
will  be  equal  to  (5.4.45): 

(Nqj  | a,j  (q)  | Nqj)  = y . (6.20) 

The  c.c.  member  in  (6.17)  that  contains  the  multiplier 
a*  (q)  exp  ( — iq-r)  describes  the  process  of  emission  by  an  electron 
of  a phonon  for  which 

k'  = k — q,  (6.19a) 

and 

(Nqj  \ aj  (q)  | N q;>  = Y *(yi} , (6.20a) 

if  Nqj  = Nqj  + 1. 

For  long-wave  acoustic  phonons  oiq^  = vqjq,  where  uq,-  is  the 
sound  velocity  that  depends  on  the  direction  of  the  vector  q. 
'1’he  electron-phonon  interaction  (at  all  f > 1 K)  is  an  elastic 
interaction  (see  Section  8.4),  the  6-function  in  (6.18)  is  equal  to  (4.2), 
and,  in  accordance  with  (4.10b), 

{N q j)eq  ^ {N q j -f-  1 )eq  — k0T/hvqjg.  (6.21) 


In  this  approximation  the  probability  of  phonon  emission  Wj 
is  equal  to  the  absorption  probability,  so  that  the  total  probability 
of  electron-phonon  interaction  Wj  = Wj  + Wj  = 2Wf.  From 
(4.2)-(4.7),  (6.18),  (6.20)  and  (6.21)  we  obtain  for  the  relaxation 
lime  for  which  the  /-th  branch  is  responsible 


* _V2W7(k,k  + q)£-=- 


.c-j 

q 

9max  it 


h3Q0k 2 


2n 


X j dq  jsin^d^  (^{[I^i|2il]A2i|6(^  + cos6)}, 
«mln  0 0 V 

(6.22) 

where  we  look  into  account  that  V/N  = Q0- 


490  8.  KINETIC  EQUATION 


General  considerations  and  concrete  calculations  performed  by 
Meijer  and  Polder  [8.8]  demonstrate  that  the  multiplier  j 

is  independent  of  the  magnitude  of  the  vector  q being  a function 
only  of  its  direction,  i.e.,  of  the  angles  ft  and  9.  To  simplify  expres- 
sion (6.12),  carry  the  value  of  averaged  over  the  direc- 

tions in  space  out  of  the  integral;  then  integration  with  respect 
to  <p  will  yield 

2n 

f — — 4r-  dtp  = 2ji  COS  '6, 

1 COS  P T ’ 

0 


and  integration  with  respect  to  If,  as  in  the  case  of  (4.7),  will  yield 
the  multiplier  q/2k.  Finally,  we  obtain  from  (6.22) 

2k  

1 ne*2e2m*k0T  f I <h • h >•  |2  "1  f , 2ne*2e2m*  f | • h#  | 2 I k0T 

~=  L — ^7 — J .)  g - „.fij  [— ^— J-r- 

(6.23) 

Until  the  multiplier  [ j ^as  6een  calculated,  expres- 

sion (6.23)  presents  interest  only  because  of  its  dependence  on  the 
temperature  T and  on  the  electron  energy  e = h2k2/2m*.  This 
dependence  is  obviously  the  same  for  all  three  acoustic  branches. 

3 

Since  1/Tac  = where  xac  is  the  relaxation  time  of  interaction 

1=1 

with  all  acoustic  branches,  it  follows  that 


1 T_  T 
iac  **  * ^ yi  ‘ 


(6.24) 


We  see  the  dependence  of  the  relaxation  time  xac  on  the  tempera- 
ture T and  on  the  electron  energy  e in  a piezoelectric  to  be  the  same 
as  that  for  the  electron’s  interaction  with  the  optical  vibrations 
in  ionic  crystals  of  the  NaCl  type  in  the  high-temperature  range  (6.7). 
In  the  paper  cited  above  Meijer  and  Polder  attempted  to  cal- 
culate q^  and  uq;-  by  employing  the  theory  of  elasticity  for  piezo- 
electrics. They  succeeded  in  expressing  the  values  of  those  quantities 
in  terms  of  elastic  constants  and  the  piezoelectric  modulus  only 
for  the  principal  crystallographic  directions  in  the  cubic  crystal 
(100),  (110)  and  (111),  using  those  values  for  the  approximate  calcu- 
lation of  the  relaxation  time  xac.  Substituting  the  numerical  values 


8.7  SCATTERING  BY  IMPURITY  ATOMS  491 


of  elastic  constants  and  of  the  piezoelectric  modulus  for  ZnS,  they 
obtained 

T— = 5.1  Xl010)/^,  (6.25) 

T-ac  T x 

where  x = e/k0T. 

The  inverse  relaxation  time  of  the  electron’s  interaction  with 
optical  vibrations  in  the  low-temperature  range  (6.13)  for  the  same 
material  is 

— = 5.2x  1013e-538/T.  (6.26) 

^op 

Table  8.1  shows  the  values  of  the  two  inverse  relaxation  times 
for  an  electron  with  e = 3k0T/2  at  different  temperatures.  We  wit- 
ness 1/Tac  to  reach  the  same  order  of  magnitude  as  1/top  at  a tem- 
perature of  125  K with  the  scattering  by  piezoacoustic  vibrations 
becoming  increasingly  predominant  as  the  temperature  is  decreased. 


Table  8.1 


TK 

— — x 1011,  s-1 
Tac 

r— x ion,  s-i 
op 

250 

6.6 

60 

200 

5.9 

53 

150 

5.1 

14 

125 

4.5 

7.0 

100 

4.2 

2.4 

75 

3.6 

0.39 

8.7.  Scattering  of  Conduction  Electrons  by  Charged  and 
Neutral  Impurity  Atoms 

8.7.1  At  the  end  of  Section  8.1  we  considered  from  the  point  of 
view  of  classical  mechanics  the  problem  of  charge  carrier  scattering 
by  the  impurity  ions.  We  took  the  Coulomb  potential  in  a medium 
with  the  dielectric  constant  e0  for  the  scattering  potential  (1.17). 
To  guarantee  the  convergence  of  the  integral  (1.23)  that  determines 
the  relaxation  time,  we  performed  the  integration  with  respect 
to  the  scattering  angle  6 from  9mjn  corresponding  to  the  maximum 

impact  parameter  5max  = y nj1/3,  where  rij  is  the  impurity  ion 

concentration.  It  was  pointed  out  that  such  a limitation  of  the 
impact  parameter  to  the  value  equal  to  one-half  of  the  average 
distance  between  neighbouring  impurity  ions  reflects  the  screening 
of  ionic  charges  by  carriers  of  opposite  sign.  Here  we  shall 
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present  a more  consistent  calculation  of  the  effect  of  such 
screening. 

Let  n be  the  average  (homogeneous)  concentration  of  free  electrons 
in  a crystal,  and  n (r)  their  concentration  in  the  impurity  ion’s 
field.  If  q>  is  the  potential  field  established  by  the  positive  ion  charge 
+e  placed  in  the  origin  and  by  the  negative  charge  of  excess  electrons 
— e (n'  — n ),  then  Poisson’s  equation  will  assume  the  form 

V2<p  = ^(n'-n),  (7.1) 

where  e0  is  the  dielectric  constant  and 

lim  q>  = e/e0r,  (7.1a) 

r-0 


since  a charge  +e  is  placed  in  the  origin. 
According  to  (6.2.5) 


(2m*k„T)3/2 
2 n2h3 


^ 1/2  (z), 


(7.2) 


where  & 2 (z)  is  the  Fermi  integral  (6.2.6)  with  the  index  1/2,  and 
z = yk0T  (£  is  the  chemical  potential).  For  a smoothly  varying 
field  q>  (Section  5.1)  the  electron  potential  energy  (— ecp)  adds  up 
with  its  energy  e = h2k2/2m*  in  its  distribution  function,  so  that 


^ = [exp(^-J)  + 1]_1- 


(7.3) 


The  latter  expression  is  equivalent  to  one  in  which  £ + ecp  is  substi- 
tuted for  £,  therefore 


n1 


(2m*k0T)3/2 
2 n2h3 


& 1/2  (z  + U), 


(7.4) 


where  u = eq>/k0T. 

If  ecp  <C  £ (which  is  not  always  true),  (7.4)  can  be  expanded  into 
a series  in  the  powers  of  u,  so  that  only  the  first  member  is  retained. 
Then 


n'  =n 


(2m*k0T)V2 


2 n2h3 


^1/2(2)  U 


(7.5) 


where 


*^1/2  (2)  - 


dffy  2 (2) 

dz 


Substituting  this  into  (7.1),  we  obtain 

V2<P 
where 


v2<p  = 


4/2  e2m*3/2  (kj)1/2 


Enh3 


& 


1/2  ( k0T  ) 


(7.6) 


Jl 


(7.6a) 
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The  solution  of  equation  (7.6)  possessing  the  property  of  spherical 
symmetry  and  satisfying  the  condition  (7.1a)  is  of  the  form 

<P  = TT<r'?r-  (7-6b) 

tQr 

We  can  check  this  directly  by  substituting  (7.6b)  into  (7.6),  taking 
into  account  that  in  the  spherically  symmetrical  case 


d_ 

dr 


akp\ 
dr  ) ’ 


For  r « 1 Iq  = r0  the  potential  cp,  in  accordance  with  (7.6b),  de- 
creases substantially  ( e times)  and  for  this  reason  r0  is  termed  the 
screening  radius. 

Find  r0  for  the  cases  of  weak  and  strong  degeneracies  of  free  elect- 
rons. 

A.  Nondegenerate  electrons  (Section  6.2.3). 

In  this  case 


JF\l2  (z)  = -^-  \ ez~xx1/2  dx  = ez , 
o 

e*  _ MkaT  _ 4n3nh3 

(2nm*k0T)3/3  ‘ 

It  follows  from  (7.6a)  and  (7.7)  that  the  screening  radius 


(7.7) 

(7.7a) 


'■»=!=/ wr  <7-8> 

coincides  with  the  Debye  radius  (6.7.4a). 

Writing  (7.8)  in  the  form 


ro i y W 

d V 4ne2le,0d  ’ 


(7.8a) 


where  d = n~1^  is  the  average  spacing  between  the  electrons,  we 
see  the  order  of  magnitude  of  r0/d  to  be  equal  to  the  square  root  of 
the  ratio  of  the  electron  thermal  energy  to  the  Coulomb  energy  of 
interaction  of  an  electron  pair  separated  by  a distance  d. 

B.  Degenerate  electrons  (Section  6.2.2). 

In  this  case 


J^)/2  (z)  = Z1/2  = 


nh 


3 n I1/2 


(2m*kaT)1/'1 


r(f) 


(7.9) 


Substituting  (7.9)  into  (7.6a),  we  obtain  for  the  screening  radius 


[ e0h* 

( n V 

L 4 m*e2 

l 3 n ) 

1/3  ,1/2 


(7.10) 


494  8.  KINETIC  EQUATION 


In  this  case  the  order  of  magnitude  of  the  screening  radius  is 
found  from  the  condition 

2 m*r%  (7-H) 

i.e.,  the  energy  of  an  electron  in  a region  whose  linear  dimensions 
are  r0  is  of  the  order  of  the  Coulomb  energy  of  interaction  of  elec- 
trons separated  by  a distance  d. 

8.7.2  According  to  (1.23a),  the  relaxation  time  is 


-^■  = 21X1;%  j o(0)(l — cos0)  sin  0 <70, 


(7.12) 


where  v is  the  electron’s  velocity,  o (0)  is  the  differential  scattering 
cross  section,  and  n,  is  the  impurity  ion  concentration. 

To  determine  a (0),  we  shall  make  use  of  Born’s  approximation 
[8.10,  § 108]  of  the  quantum  mechanics  theory  of  scattering. 
In  Born’s  method  the  electron  is  regarded  as  free,  and  the  scattering 
is  considered  to  be  a small  perturbation.  This  means  that  Born’s 
method  is  applicable  only  to  sufficiently  fast  electrons.  When  the 
free  electron  k is  scattered  by  a potential  of  the  type  (7.6b),  its 
wave  vector  changes  by  a value  of  the  order  of  q;  therefore,  Born’s 
method  is  applicable  only  when  q -C  k.  For  electrons  with  energies 
h2k2/2m*  ^ k0T  and  q determined  by  (7.8)  or  (7.10),  Born’s  method 
will  easily  be  seen  to  be  applicable  only  at  high  enough  temperatures. 

The  scattering  cross  section  of  the  potential  (7.6b)  can  easily 
be  demonstrated  to  be  equal  in  Born’s  approximation  to  [8.11, 
Chap.  9,  Problem  1] 


° (0)  = 


g2/e0 

m*v 2 (1  — cos  0)  -f 


h2q2 

2m* 


(7.13) 


For  </  = 0 the  potential  (7.6b)  reduces  to  a purely  Coulomb  poten- 
tial, and  the  cross  section  (7.13),  to  the  Rutherford  equation  (1.20). 
Substituting  (7.13)  into  (7.12)  and  introducing  a new  integration 
variable  t = cos  0 ( dt  — — sin  0 c70),  we  obtain  as  the  result  of 
elementary  integration 

_ egm*2c3  _ Y 2m*  ege3/2  17  UA 

2jlein[(t>  (t|)  ji einI(t>  (q)  ’ 

where  the  energy  e = m*2v2/ 2,  and 

^ (Tl)  = In  (1  + T])  — jqLj- , (7.14a) 

is  a slowly  varying  function  of  the  argument 


ip  = Am*2v2/h2q2  = 8m*elh2q2. 


(7.14b) 
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Since  O (q)  is  a slowly  varying  function,  we  can  consider  t oc  e3/2 
to  be  an  adequately  accurate  approximation,  as  in  the  case  of  the 
Conwell-Weisskopf  equation  (1.25). 

8.7.3  The  charge  carrier  scattering  by  neutral  impurity  atoms 
can  be  approximately  considered  as  the  scattering  of  slow  electrons 
of  mass  m*  by  the  hydrogen  atom  immersed  in  a medium  with  the 
dielectric  constant  eo  [8.12]. 

When  the  velocity  of  the  scattered  electrons  is  small,  the  scattering 
is  spherically  symmetrical  and  only  the  zero  phase  should  be  taken 
into  account  in  the  quantum  mechanics  equations  of  the  theory  of 
scattering.  Only  a numerical  calculation  of  the  cross  section  is. 
possible  if  we  want  to  calculate  the  effects  of  electron  exchange 
and  of  polarization  of  the  scattering  atom.  The  result  obtained  for 
the  relaxation  time  is 


T 


20e0ft3 
m*2e2  "0, 


(7.15), 


where  n0  is  the  concentration  of  neutral  impurity  atoms. 

Note  that  the  relaxation  time  for  the  scattering  by  neutral  impu- 
rities is  independent  of  the  energy.  As  will  be  demonstrated  below, 
this  is  tantamount  to  the  independence  of  the  charge  carrier  mobility 
of  the  temperature  (provided,  of  course,  n0  is  temperature-independ- 
ent). Scattering  by  neutral  atoms  can  be  demonstrated  to  be  com- 
parable in  some  cases  to  scattering  by  impurity  ions. 

8.7.4  Consider  the  problem  of  calculating  relaxation  time  t in: 
the  case  of  the  simultaneous  action  of  several  scattering  mechanisms. 

For  the  sake  of  definiteness,  suppose  that  the  probability  per 
unit  time  of  a conduction  electron  going  from  state  k to  state 
k'  as  the  result  of  its  interaction  with  the  acoustic  vibrations 
is  WL  (k,  k'),  and  the  probability  of  its  being  scattered  by 
impurity  ions  is  Wj  (k,  k').  If  both  processes  are  alternative,, 
the  total  scattering  probability  per  unit  time  will  be  W (k,  k')  = 
= (k,  k')  + Wt  (k,  k'). 

In  the  case  of  elastic  collisions  we  can  introduce  the  relaxation: 
lime  by  using  equation  (2.12): 


T 


= -2iW( k,  k') 

ft' 


Akx 

kx 


= WL(k,k') 


Akx 


2 wf  (k,  k')- 

ft' 


A 


= — + — . (7.16> 

t/  ' 


Hence,  in  the  case  of  simultaneous  action  of  several  scattering 
mechanisms  in  order  to  calculate  the  inverse  resultant  (effective) 
relaxation  time,  we  should  add  up  the  inverse  relaxation  times; 
corresponding  to  the  individual  scattering  mechanisms. 
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In  the  general  case 


i 


(7.17) 


where  Tt  is  the  relaxation  time  due  to  the  i-th  scattering  mechanism. 
In  all  the  cases  considered  in  this  chapter  the  relaxation  time  can 
Jbe  expressed  in  the  form 

t = x0er,  (7.18) 


where  the  power  r assumes  different  values  for  different  scattering 
mechanisms.  For  example,  in  the  case  of  scattering  by  acoustic 
vibrations  and  by  impurity  ions 

Tl  = We'1/2'  t'  = t°'e3/2’  (7-18a> 

l.e.,  r is  equal  to  — 1/2  and  3/2,  respectively. 

According  to  (7.16),  the  effective  relaxation  time  due  to  the 
combined  action  of  both  mechanisms  is 


_ Tor,To783/2 

Toz.  + To/  (^0 T)  s2 


(7.19) 


and  no  longer  exhibits  the  simple  form  (7.18). 

Note  that  if  some  scattering  mechanism  becomes  inactive,  its 
relaxation  time  r -a-  oo.  Hence,  if  the  scattering  by  impurity  ions 
is  negligible,  t0/  — ► oo,  and  it  follows  from  (7.19)  that 


9.  Kinetic  Processes 

(Transport  Phenomena)  in  Semiconductors 


9.1.  Introduction 

9.1.1  The  kinetic  processes,  or  transport  phenomena,  performed 
in  solids  by  electrons  and  holes  are  very  interesting  and  important 
both  from  a theoretical  and  practical  point  of  view. 

As  was  already  noted  in  Section  8.1,  the  kinetic  processes,  in 
contrast  to  the  states  of  statistical  equilibrium,  are  affected  by 
the  interaction  mechanisms  operating  in  the  system.  This  makes 
the  theory  of  kinetic  processes  more  complicated  and  less  reliable 
than  the  theory  of  equilibrium  systems.  However,  the  study  of 
kinetic  processes  makes  it  possible  to  clarify  the  interaction  mecha- 
nisms operating  in  a system  and  to  investigate  properties  that 
cannot  be  established  in  studies  of  equilibrium  systems. 

On  the  other  hand,  the  practical  uses  of  semiconductors  are  also 
based  on  the  utilization  of  their  electron  and  hole  currents  con- 
duction properties,  i.e.,  on  transport  phenomena.  In  modern 
devices  employing  semiconducting  materials  wide  use  is  made  not 
only  of  electric  fields,  but  also  of  magnetic  fields  and  temperature 
and  charge  carrier  concentration  gradients;  hence,  a practical 
need  arises  for  the  study  of  all  the  various  kinetic  processes:  of 
electric  and  heat  conductivities,  of  thermoelectric  and  galvano- 
magnetic  phenomena,  etc. 

Because  of  the  complex  nature  of  the  conditions  affecting  the 
course  of  kinetic  processes,  their  study  splits  up  into  a great 
variety  of  cases. 

First,  already  the  number  of  principal  kinetic  effects  is  great. 
To  enumerate  the  more  important:  electric  and  heat  conductivities, 
Ihermoelectric  power,  the  Thomson  and  Peltier  effects,  the  Hall 
effect,  the  magnetoresistive  effect,  the  longitudinal  and  transverse 
Nernst  effects. 

Second,  in  some  cases  we  come  up  against  several  types  of 
charge  carriers  (electrons,  holes,  heavy  and  light  holes). 

Third,  different  mechanisms  of  charge  carrier  scattering  have 
lo  be  taken  into  account:  atomic  lattice  vibrations,  ionized  and 
neutral  impurities,  ionic  lattice  vibrations,  etc. 
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Fourth,  we  have  to  distinguish  between  the  cases  in  which  the 
conduction  electrons  are  in  a degenerate  state  and  in  which  they  are 
in  a nondegenerate  state. 

Fifth,  a factor  of  great  importance  is  the  type  of  dependence 
of  the  electron  (hole)  energy  on  the  wave  vector  k;  the  constant 
energy  surfaces  may  turn  out  to  be  spheres,  ellipsoids,  corrugated 
surfaces  (Section  4.15). 

If  the  problem  of  the  nonequilibrium  phonon  distribution  “dragg- 
ing” conduction  electrons  in  thermoelectric  and  thermomagnetic 
phenomena  and  the  problem  of  “hot”  electrons  (in  strong  electric 
fields)  are  added  to  the  list,  the  total  number  of  different  cases  that 
can  be  considered  will  exceed  several  hundred.  It  is  not  only  im- 
possible to  consider  all  theoretically  feasible  cases  but  it  is  also 
useless.  The  evolution  of  semiconductor  physics  in  the  last  20  years 
has  established  the  fact  of  extreme  complexity  and  of  great  variety 
of  their  internal  structure,  and,  consequently,  it  is  a priori  useless 
to  try  to  describe  all  the  cases  that  are  known  at  present  or  may 
be  discovered  in  the  future. 

We  shall  adopt  the  following  procedure  in  treating  transport 
phenomena  in  semiconductors: 

(1)  nondegenerate  semiconductors  with  a simple  energy-band 
pattern; 

(2)  semiconductors  with  a simple  energy-band  pattern  in  the 
case  of  charge  carrier  degeneracy; 

(3)  semiconductors  of  the  germanium  type; 

(4)  semiconductors  with  a spherical  nonparabolical  energy  band 
(the  Kane  model); 

(5)  the  phonon  drag  effect; 

(6)  quantum  mechanics  theory  of  galvanomagnetic  and  thermo- 
magnetic phenomena. 

9.1.2  For  the  current  of  conduction  electrons  in  a semiconductor 
to  be  zero,  they  must  be  in  a state  of  thermodynamical  equilib- 
rium. To  this  end,  not  only  their  temperature  T should  be  everywhere 
the  same,  but  their  chemical  potential  Z*  = t,  — ecp  as  well,  where  t, 
is  the  so-called  electrochemical  potential  dependent  on  the  con- 
centration and  the  temperature  of  the  electrons  at  a specified  point 
in  the  semiconductor,  cp  ( x , y,  z)  is  the  electrostatic  potential  at 
the  same  point,  and  ( — ecp  is  the  electron  energy).1 

£ £* 

The  electron  current  appears  when  T or  -y  — 9=7"  vary  i»- 
the  semiconductor’s  volume.  In  the  stationary  case  the  electron 


1 The  equality  Z*  = const,  in  conditions  of  statistical  equilibrium  is  a cor- 
ollary of  general  postulates  of  physical  statistics  (see,  for  example,  [9.1,  p.  219]). 
Up  to  now  we  have  employed  the  electrochemical  potential  t,  under  the  term  of 
simply  chemical  potential  (for  instance,  in  Section  6.2),  and  this  practice  will 
be  continued. 
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current  in  an  isotropic  semiconductor  in  the  linear  approximation 
consists  obviously  of  members  proportional  to  VT  and  V (y — <p)> 
i.e.,  the  expression  for  the  dc  current  density  is 

j = <*V  (y  — <p)  — PVT.  (1.1) 

In  a homogeneous  semiconductor  in  isothermic  conditions  £ is  the 
same  throughout  its  volume,  and,  therefore,  V ^y  — <p  j = — V<P  = 

= E,  i.e.,  coincides  with  the  intensity  of  the  electrostatic  field  E. 
If  a nonhomogeneous  semiconductor  is  in  a state  of  statistical  equi- 
librium (s/T  = 0,  j = 0),  electric  fields  with  intensity  E = — V (£/e) 
are  established  in  it.  Relationship  (1.1)  is  of  a localized  character, 
i.e.,  all  the  quantities  in  (1.1)  are,  generally,  functions  of  the  coor- 
dinates of  the  chosen  point  r. 

In  addition  to  the  electric  current  density  j,  consider  the  density 
of  the  “kinetic”  or  thermal  energy  flux  q = w — ^cp  — -y ) j,  where 

we  subtracted  from  the  total  energy  flux  w the  part  connected  with 
the  “potential”  energy  carried  by  the  electron  flux.  In  the  linear 
approximation 

q = w_(q)-i.)  j = YV(-f-<p)-xVr.  (1.2) 

In  the  case  of  an  anisotropic  semiconductor  the  scalar  kinetic 
coefficients  o,  (5,  y,  x turn  into  rank  2 tensors,  and  (1.1)  and  (1.2) 
take  the  form 

/*=  2 (|-(p)-  S PiftVftT7, 

h ‘ k 

91  = 2 ViftV*  (t_<p)_2 

k h 


Here  the  suffixes  i,  k = 1,  2,  3 or  j,  k = x,  t/,  z.  The  coefficients 
in  (1.1a)  and  (1.2a)  satisfy  the  symmetry  relations  or  Onsager’s 
principle  [9.1,  Chap.  X,  § 6] 


®ih  Gkii 

(1.3) 

%ik  = ^ kii 

(1.4) 

y ih  = Tfihi- 

(1.5) 

If  the  semiconductor  is  placed  in  a magnetic  field,  the  kinetic  coef- 
ficients become  functions  of  the  magnetic  field  intensity  H.  The 


(1.1a) 

(1.2a) 
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relationships  (1.3)-(1.5)  are  generalized  to  cover  this  case  as  follows: 
Oik  (H)  = <Jki  ( — H),  (l-3n) 

xih  (H)  = xhi  (-H),  (1.4a) 

Yih  (H)  = nhi  ( — H).  (1.5a) 

The  relationship  (1.5a),  which  makes  it  possible  to  determine  the 
energy  flux  in  an  electric  field  instead  of  calculating  the  electric 
field  in  the  presence  of  a temperature  gradient,  is  especially  useful. 

In  the  case  of  the  charge  carriers’  motion  obeying  the  laws  of 
classical  mechanics  the  kinetic  coefficients  can  in  principle  be 
determined  from  the  kinetic  equation.  This  will  form  the  main 
subject  of  this  chapter. 

Note  that  the  Onsager  relations  (1.3a)-(1.5a)  are  also  valid  in 
the  case  of  the  quantum  mechanics  theory  of  transport  phenomena. 


9.2.  Determination  of  Nonequilibrium  Distribution 
Function  for  Conduction  Electrons  in  the  Case  of 
a Spherically  Symmetric  Band 


9.2.1  In  the  case  of  a spherically  symmetrical  energy  band  the 
electron  energy 

e = e (A:)  (2.1) 


depends  on  the  magnitude  of  the  wave  vector  k = | k |,  i.e. , on  the 
constant-energy  surface  of  the  sphere. 

In  this  case  the  electron’s  velocity  is 


J_  dejk)  _ J_  dz  ( k ) k_ 
h d k h dk  k 


u ( k ) k, 


(2.2) 


where 


u<*)=4- 


ds  ( k ) 
dk  ' 


(2.2a) 


Hence,  in  this  case  v ||  k. 

In  accordance  with  (8.2.9a)  make  the  nonequilibrium  distribution 
function  equal  to 

/ (k)  = /0(e)  + /1  (k),  with  ft  (k)  = — (e)  k,  (2.3) 

where  the  equilibrium  distribution  function  is 

to  (e)  = • (2.3a) 

exp^  + 1 

The  form  of  the  member  /,  (k)  in  (2.3)  will  be  dealt  with  below. 
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We  shall  determine  the  correction  (k)  from  the  kinetic  equa- 
tion (8.2.6)  and  (8.2.11a): 


vVr/-|(E  + i-vXH)  Vk/  = 


h (k) 

T(e)  ’ 


(2.4) 


i.e.,  in  the  relaxation  time  x (e)  approximation. 

If  we  are  interested  in  the  currents  proportional  to  E and  yT 
(linear  transport  phenomena),  the  correction  /x  (k)  should  also  be 
determined  in  the  linear  approximation  in  E and  yT.  To  this  end, 
we  must  substitute  / » f0  on  the  left-hand  side  of  equation  (2.4)., 

Hence, 

vr/«  vr/o  = 4r{irlv^-v^}’  M 


where  we  assume  that  local  thermodynamical  equilibrium  is  in 
force,  i.e.,  T = T (r)  and  £ = £ (r). 

On  the  other  hand, 

— (2.6) 

We  see  the  addend  containing  the  magnetic  field  on  the  left-hand 
side  of  (2.4)  vanishing  in  the  approximation  / fa  f0,  because  (v  X 
X H)-v  = 0.  Hence,  in  order  to  take  into  account  the  magnetic 
field  in  equation  (2.4),  we  must  calculate  ykf  in  the  next  approxi- 
mation: 

V»/=  Vnf/.-^zW  t] 

= (2.6a> 

Since 

v*(it)  = (tSl)v*1!-(4pl)s''-  <2'6b> 


it  follows  that  not  only  the  first  addend  in  (2.6a)  but  also  the 
second  one,  vanishes  when  multiplied  by  v X H. 

To  determine  the  third  addend  on  the  right-hand  side  of  (2.6a), 
calculate  the  kx  axis  component  of  yh  (%-k): 


-^(X-k)=-^(kxXx+kyXy+kzXz)  = Xx  + (fc 


= X x+(kx^~ 

= Xx  + ( kx 


de 

dXx 

de 


dkx 
+ k 


-k, 


9%y 


dXx  i 
* dkx 

de 

■k. 


-k 


dXy 


y dkx 
SXz  3e 


k z ) 
kz  dkx  ) 


y de  dkx  1 '~z  de 
&Xy  , , &Xz 


dkx 


y de 
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Hence 

Vk  (x  • ■ k)  = t + ( K ^ + kB  + kz  ) %y . (2.6c) 


Substituting  (2.5),  (2.6a)-(2.6c)  into  (2.4),  we  obtain 


d/o  f t — e 
de  l T 


Vr-Vb-eE--^-H  X 


,v. 

x (e)  V 3s  / u ( k ) *• 

(2.7) 


On  the  left-hand  side  we  made  use  of  the  cyclic  property  of  the  triple 
product  [9.2,  p.  214,  equation  (4)]:  (v  X H),X  = (HX][)'  v;  and  on 
the  right-hand  side  we  substituted  (2.3)  for  /x  (k)  making  k = v/u  ( k ). 
Expression  (2.7)  justifies  the  form  of  (2.3)  chosen  for  /x  (k).  Since 
v is  arbitrary,  it  follows  from  (2.7)  that  for  the  conduction  electrons 

Xn(e)=  — rn(e)un(k)  VT  + V (£  — eq>)  — ^-H  X Xn}  , (2.8) 


Here  9 (r)  is  the  electrostatic  potential  of  the  applied  electric  field 
E = — Vcp,  the  suffix  n here  and  below  means  that  the  corresponding 
quantities  refer  to  the  negative  charge  carriers — electrons. 

In  Section  6.2.4  we  saw  that  the  statistical  behavior  of  holes 
is  equivalent  to  that  of  electrons  if  the  holes  are  described  by  an 
energy  e'  and  a chemical  potential  £'  equal,  respectively,  to 


, _ n2k'2 

6 2mp  ’ 

s'  = -so  - e, 


(2.9) 

(2.9a) 


where  ee  is  the  forbidden  bandwidth.  Then  we  obtain  for  the  holes 
instead  of  (2.8) 

Xp  (e')=  — T„(e,)uJ,(fc'){e  +yG+^VT  — V(S  — g<p)  + -^-  Hxxp}, 

(2.10) 

where  for  the  positive  holes  the  sign  of  the  charge  has  been  changed 
as  compared  with  (2.8).  The  suffix  p indicates  that  the  corresponding 
quantities  characterize  positive  holes. 

For  (2.8)  and  (2.10)  to  determine  nonequilibrium  distribution 
functions  of  electrons  and  holes,  the  relaxation  times  rn  and  rp 
must  greatly  exceed  the  average  lifetime  of  the  electron  (hole) 
determined  by  recombination  processes. 
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When  the  magnetic  field  H = 0,  %n  and  %p  follow  directly  from 
(2.8)  and  (2.10);  when  H 0,  the  corresponding  equations  must 
be  solved  for  Xn  and  %p.  It  can  be  demonstrated  (Appendix  23) 
that  in  this  case 


%n  — 

vr+v(C-e<p)}  + -!1^  [h{-5=I  vr+v(S-e<p)}] 


X 


1+(jttl-h) 

«-•*>}”) 11 

,+(tt  h)2 


(2.11) 


and 


Xp  — Tpup 
i®2  +eG  + S 


X 


{®'+®g+S,V7._v  |£±££±5  vr_v  (g— ecp)}] 


!+(■ 


e%z yU 


PUP 


he 


H 


)■ 


+ 


/ erpup 
\ he  , 

>2o 

f 8'  + eG+S  Tlrr 

L T 

< 

S~i 

1 

■e. 

1“) 

1 H 

1+1 

[ eTpUp  h) 

he  ) 

I2 

(2.12) 


These  complicated  expressions,  as  we  shall  see  below,  can  be  sub- 
stantially simplified  in  particular  cases,  when  the  magnetic  field  H 
is  zero  or  weak  (the  precise  definition  of  a weak  magnetic  field  is 
given  below),  when  the  temperature  gradient  yT  = 0,  etc. 

In  the  case  of  a simple  electron  energy  band 


e = h2k?/2mn. 


(2.13) 


therefore,  in  accordance  with  (2.2a), 

1 Se  h 

Un  hk  dk  mn  ’ 


(2.13a) 


a similar  expression  for  up  being  valid  in  case  of  holes. 

9.2.2  Calculate  the  electric  current  of  nonequilibrium  electrons. 
It  follows  from  (7.2.14)  that  the  current  density  is 


in  = - -sr  J v/,  (k)  d% = j [ - - un  (ft)]  (Xb  • k)  k d»ft, 

(2.14) 


32- 01 137 
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where  we  made  use  of  (2.2)  and  (2.3);  here  is  equal  to  (2.11). 
The  integral  on  the  right-hand  side  of  (2.14)  is  equal  in  the  polar 
coordinates  (the  polar  axis  z ||  ^n)  to 

I [—  ~lk~Un  (*)]  Xnfccosd{i0A:sindcos(p 

+ ]'0A:  sin  ft  sin  <p  + k0ft  cos  d}  k 2 dk  sin  d rid  dcp. 

Here  i0,  j0,  k0  are  unit  vectors  pointing  in  the  direction  of  the 
axes  x,  y,  z.  Integration  of  the  first  and  second  addends  in  traces 
with  respect  to  <p  from  0 to  2n  yields  zero,  therefore,  the  integration 
with  respect  to  ip  and  d yields 
2n  n 

j dcp  j cos2  d sin  d dd  = . 

o o 

Hence,  we  obtain  for  (2.14) 

oo 

[-^tun(k)]xn(k)k*dk.  (2.15) 

o 

For  the  hole  current,  we  must  substitute  in  this  expression  e for  — e, 
the  equilibrium  distribution  function  for  holes,  for  /0,  and  %p  for 

%n  (2.12). 

The  energy  e and  un  (k)  for  electrons  in  the  case  of  a simple  energy 
band  are  equal  to  (2.13)  and  to  (2.13a),  respectively.  In  this 
case 


%n  — 


he 


Xn, 


(2.16) 


where  is  equal  to  (2.11);  then 

_ * 'TnPn  + Vn^HXPn-f  (H-P, 
X"  _ Ufu.T 


1 H 


with 

pn_-£=5-vr+v(i-<p) 


(2.17) 

(2.17a) 


and 

yn  = e/mnc.  (2.17b) 

Calculate  the  electric  current  set  up  by  the  “field”  %n  equal  to  (2.16). 
It  follows  from  (6.2.11a)  that  for  a nondegenerate  semiconductor 


a/o  - An3h3n  _E/f,0r 

58  (2ji  mnf/2  (kjf1 2 


(2.18) 
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Substituting  this  value  into  the  integral  (2.15),  introducing  in  it 
with  the  aid  of  (2.13)  a new  integration  variable  x = z!k0T  instead 
of  k,  and  making  use  of  (2.16),  we  obtain 


ne 2 4 

mn  3/jT 


j X*e  Xx3/2  dx. 
0 


(2.19) 


The  following  averaging  symbol  can  conveniently  be  introduced 

OO 

{lt)=jy=  j i*e~xx3/2dx.  (2.20) 

For  g = const,  in  accordance  with  (A. 7. 12),  we  obtain 

OO 

<g>  - 8 rh  J e~’xV‘  dx=*iy vr  ("§“)= g-  <2'20a) 

Hence,  the  current  density  is 


. ne- 

jn  — (%n)- 


(2.21) 


The  electric  current  carried  by  holes  is  calculated  in  a similar  way. 
If  we  were  to  introduce  for  the  holes  a vector  x*  connected  with 
Xp  (2.12)  by  the  relationship 


Xp  - 


he 


' Xv 


(2.22) 


we  would  obtain 

* TpPp-ypT2HxPp  + y2-r«(H.Pp)H 
Xp  l + (VpTpHF 

where 

PP=  -~+er+i  VT+V(i-V) 
and 

yp  = e/rripC. 


(2.23) 

(2.23a) 

(2.23b) 


Since  for  the  holes  the  integral  (2.15)  changes  its  sign,  but  the  rela- 
tionship between  %v  and  X*  (2.22)  does  not  contain  a minus  sign 
as  was  the  case  with  (2.16),  the  current  density 


ip 


ixV> 


.13* 


(2.24) 
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is  similar  to  (2.21).  The  total  current  carried  by  electrons  and  holes 
is 


j — 3n  “i~  jp 


ne 2 
mn 


<X5>4 


pe 2 
mp 


(it). 


(2.25) 


where  y*  and  y*  are  equal  to  (2.17)  and  to  (2.23),  respectively. 


9.3.  Electrical  Conductivity  of  Nondegenerate 

Semiconductors  with  a Simple  Energy-Band  Structure 


Consider  the  electric  current  in  a homogeneous  re-type  semicon- 
ductor in  the  absence  of  a temperature  gradient  and  of  a magnetic 
field  (vT  = 0,  v£  = 0,  H = 0).  In  this  case 

y*  = tP  = t ( — yep)  = tE,  (3.1) 

where  E is  the  electric  field  intensity.2 
It  follows  from  (2.21)  and  (3.1)  that 

j=-^<T>E  = <xE,  (3.2) 


where  a is  the  conductivity.  Hence,  and  from  (6.7.7a)  follows  the 
expression  for  the  electron  mobility 


U=  (T). 

r en  77i 


(3.3) 


If  the  relaxation  time  x is  independent  of  the  energy  e,  then  it  fol- 
lows from  (2.20a)  that 

p = ex/m.  (3.3a) 

If  we  were  to  introduce  the  average  carrier  drift  velocity  vdr  by 
the  definition 
j = crE  = erevdr, 

we  would  obtain  by  comparison  with  (3.3) 
p = v<it/E, 

i.e.,  the  mobility  would  he  numerically  equal  to  the  drift  velocity 
in  an  electric  field  E of  unit  intensity  (but  the  dimensionality  of 
mobility  does  not  coincide  with  that  of  velocity!). 

In  the  preceding  chapter  we  considered  several  electron 
scattering  mechanisms  in  crystals  for  which  the  relaxation  time 
was  of  the  type 

t = asr  - a ( k0T)Txr  = x0xT,  (3.4) 


2 To  simplify  notation  we  omit  the  suffix  n for  the  corresponding  quantities 
in  expressions  (3.1)-(3.6). 
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where  x = e/k0T  and  t0  = a ( k0T)r  is  independent  of  x.  It  follows 
from  (3.4),  (2.20)  and  from  Appendix  7,  i.2  that 

<T)  = T°77iTr('5'  + r)-  (3-4a) 

It  follows  from  (8.4.11),  (8.7.14),  (8.6.7),  (8.6.13)  that  for  electron 
scattering  by: 

(a)  acoustic  vibrations  x = aA  (k0T)~3/2x~^2-,  (3.5a) 

(b)  impurity  ions  x = a2  (k0T)3i2x3l2-,  (3.5b) 

(c)  optical  vibrations  in  ionic  crystals  at  temperatures  above  the 

Debye  temperature  x = aP  ( k0T)~1/2x1/ 2;  (3.5c) 


(d)  and  below  the  Debye  temperature 

x = a0Pexp  (-^-)  . (3.5d) 

The  dependence  of  the  relaxation  time  x on  T and  on  x = s/k0T 
in  the  region  of  effective  piezoelectric  scattering  is  the  same  as  in 
case  (c).  The  values  of  aA,  aT,  aP  and  a0P  can  be  determined 
by  comparing  expressions  (3.5a)-(3.5d)  with  corresponding 
expressions  in  Chapter  8. 

Substitute  (3.5a)-(3.5d)  into  (3.3).  Making  use  of  Appendix  7,  i.2, 
we  obtain 


(a) 

l1 

4 

_ 3 /n 

e 

m 

aA  rp-S/2 

{k0T)3'2 

(b) 

00 

II 

e 

m 

aj  ( k0T)3/ 2 oc  T3'2  , 

(c) 

8 

e 

aP  T-  1/2 

~3  YsT 

m 

(kj)*'2  ’ 

(d) 

e 

3 

x-- 

e 

3 

= — a0P 

(3.6a) 

(3.6b) 

(3.6c) 

(3.6d) 


In  the  case  of  several  scattering  mechanisms  acting  simultaneously, 
the  relaxation  time  to  be  substituted  into  (3.2)  is  determined  from 
equation  (8.7.17). 

Comparing  (8.4.11),  with  (3.6a),  we  obtain  for  the  mobility  due 
to  scattering  by  acoustic  vibrations 


p = 3 


Y n 
2 


ep v\h* 

C*m*bl2  ( k0T )3'2 


(3.7) 


where  the  crystal’s  density  is  p = Ml Q0.  Of  course,  p,  v0,  C and  m* 
all  depend  on  the  temperature,  but  this  dependence  is  a weak  one, 
and,  therefore,  mainly  p oc  T~ 3/2. 
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The  electric  current  carried  by  the  holes  is  calculated  from 
equation  (2.24).  The  total  current  is 

j = e (re|xn  + pjip)  E,  (3.8) 


where  n and  p are  the  electron  and  hole  concentrations,  and 
the  hole  mobility  (ip  due,  for  instance,  to  their  interaction  with 
acoustic  vibrations,  is  determined  from  expression  (3.7),  in  which 
the  interaction  constant  C and  the  effective  mass  m*  should  be 
taken  for  holes. 

A dependence  closely  resembling  (3.7)  is  observed  in  rc-Ge:  p,n  oc 
oc  T~166  (100°  < P;gC  280°).  However,  for  p-Ge,  oc  P~2-33  (in  the 
same  temperature  interval).  For  n-  and  p-type  silicon  oc 
oc  P-2-6  (300°  < P < 400°),  and  pp  oc  P-2-3  (150°  < P < 400°). 
Various  causes  are  responsible  for  such  deviations  from  the  theory, 
which  for  semiconductors  with  covalent  bonds  stipulates  the  law 
p,  oc  P~3/2:  additional  scattering  by  optical  lattice  vibrations, 
intervalley  transitions  of  scattered  electrons,  deviations  of  the 
band’s  shape  from  the  parabolic,  i.e.,  the  dependence  of  the  elec- 
tron’s effective  mass  on  its  energy. 

As  the  temperature  is  decreased,  the  impurity  ion  scattering,  which 
results  in  the  dependence  (3.6b):  p oc  T3/ 2 becomes  the  predominant 
scattering  mechanism.  The  transition  to  a T3/ 2 dependence  is  observed 
in  experiment,  for  instance,  in  n- Ge. 

In  some  cases  various  scattering  mechanisms  simultaneously 
play  a vital  part.  For  example,  the  mobility  due  to  the  interaction 
with  acoustic  vibrations  decreases  with  the  rise  in  temperature  as 
p-s/2,  whereas  the  mobility  due  to  impurity  ion  scattering  increases 
as  P3/2.  For  this  reason  in  the  high-  and  low-temperature  ranges 
we  can  neglect  the  impurity  ion  scattering  and  the  interaction 
with  the  acoustic  phonons,  respectively,  but  both  mechanisms  will 
be  vital  in  the  intermediate  range.  The  results  obtained  here 
are  valid  for  any  type  of  dependence  of  relaxation  time  x on  the 
energy,  therefore,  all  the  equations  above  remain  in  force,  if  the 
effective  value  (8.7.17)  is  substituted  for  t. 

The  relaxation  time  of  an  electron  interacting  simultaneously 
with  acoustic  vibrations  and  with  impurity  ions  is,  according  to 
(7.19),  equal  to 


3 \f  Jt  m* 
4 e 


1 *A 


z3/2 

z2  + P2  ’ 


(3.9) 


where,  as  before,  x = &/k0T,  p = V^aI^h  H'A  and  Pi  are  the 
mobilities  (3.6a)  and  (3.6b),  which  we  have  introduced  instead  of  aA 
and  dj.  Note  that  p2  oc  P-3. 
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It  follows  from  (3.3)  and  (3.9)  that  the  mobility 


i.e.,  that  it  is  determined  by  the  integral 


( 

o 


xze~x  dx 
x2+p2 


/(P) 


dependent  on  the  parameter  |3. 

It  can  be  demonstrated  that  [9.3] 

/ (p)  = 1 + p*  (Si  p sin  p + Ci  p cos  p), 


where 

Sip 


[*  sin  x , 

J 


Ci  p = — [ -22LZ-  dx 
3 


(3.10) 

I 


(3.11) 


(3.12) 

(3.12a) 


are  the  integral  sine  and  cosine.3 

Eventually  the  mobility  p (3.10)  can  be  represented  in  the  form 
of  a function  of  temperature  in  the  entire  temperature  range  from 
high  to  low  temperatures.  In  the  limiting  cases  px  -*■  oo  and 
pA  oo,  the  mobility  p,  in  accordance  with  (3.10),  is  equal  to 
p = pA  and  (A  = Pj,  respectively. 

The  effect  of  several  scattering  mechanisms  acting  at  a time  on 
other  kinetic  coefficients  (thermoelectric  power,  galvanomagnetic 
coefficients,  and  thermomagnetic  coefficients  are  discussed  below 
in  Sections  9.4,  9.5  and  9.6)  can  be  considered  in  a similar  way.  The 
integrals  appearing  in  such  calculations  are  presented  in  the 
appropriate  literature  [9.5]. 


9.4.  Thermoelectric  Phenomena  in  Nondegenerate 

Semiconductors  with  a Simple  Energy-Band  Structure 

9.4.1  In  the  presence  of  a temperature  gradient  yT  in  a semicon- 
ductor several  new  phenomena  take  place  in  it  known  as  thermo- 
electric phenomena.  Since  an  increase  in  temperature  is  accompanied 
by  an  increase  in  the  average  energy  and  frequently  also  in  the 
number  of  charge  carriers,  the  temperature  gradient  causes  a free 
charge  carrier  flux  to  flow  in  the  direction  of  — yT.  In  a broken 
circuit  in  the  stationary  state  the  current  density  is  everywhere  zero, 
which  means  that  the  resulting  electric  field  E establishes  at  each 
point  in  the  semiconductor  a current  that  compensates  the  carrier 
flux  proportional  to  yT.  The  electromotive  force  appearing  as  the 


3 The  tables  are  to  be  found,  for  example,  in  [9.4], 
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result  in  the  circuit  is  termed  thermoelectric  power  ( thermo-emf ). 
Since  both  the  electrons  and  the  holes  diffuse  in  the  semiconductor 
from  the  hot  end  to  the  cold  end,  the  thermoelectric  power  of  intrinsic 
semiconductors  is  generally  smaller  than  that  of  extrinsic  semicon- 
ductors. In  metals  the  electron  concentration  and  practically  also 
the  electron  energy  are  independent  of  the  temperature,  and  because 
of  that  the  thermoelectric  power  of  metals  is  smaller  than  this  of 
semiconductors. 

The  thermoelectric  power  between  points  (1)  and  (2)  cannot  be 
calculated  with  the  aid  of  a contour  integral  of  the  type 


(2) 

(2) 

| Esds=  — 

\ VS<P  dS  = (pi  — cp2, 

(4.1) 

d) 

J 

(i) 

where  <p  is  the  electrostatic  potential,  because  there  is  a temperature- 
dependent  contact  potential  difference  on  the  boundary  separating 
the  semiconductor  from  the  metal  contact.  Hence,  an  instrument 
will  additionally  measure  the  difference  between  the  contact  poten- 
tials of  points  (1)  and  (2),  each  of  which  are  at  different  temperatures. 
To  take  account  of  this  effect,  the  integration  should  be  performed 

not  with  respect  to  — V<p  as  in  (4.1),  but  with  respect  to  V ^ — cp ) , 


where  £ is  the  chemical  potential  of  the  free  charge  carriers.  Indeed, 

if  it  is  assumed  that  the  temper- 
atures of  the  semiconductor  and  of 
the  metal  at  the  place  of  contact 
are  equal  and  that  in  the  vicinity 
of  the  boundary  they  are  in  a state 
of  statistical  equilibrium,  then 
the  total  chemical  potential  (£  — 
— ecp),  which  includes  the  external 
field,  should  not  change  in  the  act  of 
crossing  the  contact.  The  curve  a 
in  Fig.  9.1  depicts  the  course  of 
the  electrostatic  potential  qp  in 
a circuit  consisting  of  the  semicon- 
ductor AB  and  of  the  metal  wires 
OA  and  BC,  the  voltage  drop  across 
which  is  almost  zero.  Since  the 
temperatures  of  the  contacts  A 
and  B (Tt  and  T2)  are  different, 
the  contact  potential  jumps  at  A and  B are  also  different,  and  because 
of  this  the  potential  difference  Vx  — V2  measured  by  a voltmeter 
will  not  be  equal  to  the  difference  cpx  — cp2  calculated  from  (4.1). 

Curve  b depicts  the  course  of  the  quantity  cp — ^/e  which  is  contin- 
uous at  points  A and  B.  Since,  on  the  other  hand,  £ remains  constant 
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along  each  of  the  sections  OA  and  BC,  the  difference  between  the- 
values  of  <p  — tje  at  points  A and  B is  equal  to  Fx  — V2  measured 
by  the  voltmeter. 

Besides  thermoelectric  power  there  are  two  other  thermoelectric 
phenomena  of  considerable  interest. 

In  the  presence  of  a temperature  gradient  in  a current-carrying 
conductor,  in  addition  to  Joule’s  heat  proportional  to  the  square 
of  the  current  j2,  Thomson  heat  proportional  to  (j-VT)  is  liberated 
(or  absorbed)  in  it. 

Finally,  the  flow  of  current  in  an  inhomogeneous  conductor  even 
in  the  absence  of  a temperature  gradient  is  accompanied  by  the 
liberation  or  the  absorption  of  heat  (Peltier  effect).  This  phenomenon 
takes  place,  for  example,  when  current  flows  through  a metal-semi- 
conductor contact. 

9.4.2  In  the  absence  of  a magnetic  field  (H  = 0)  and  in  the  pre- 
sence of  a temperature  gradient  (vT  =^=  0,  v£  0)  we  obtain  from 
(2.17) 

x;=t.>r„— t,  -tl  vr +t„v  (-£ — 'i') 

Hr[*-iy>-vr+*.v(-f-<r),  (4.2) 

where  x = s/k0T.  It  follows  from  (2.21)  that  the  electric  current 
due  to  nonequilibrium  carrier  distribution  (4.2)  is  equal  to 


• neZ  / *>-  ne 2 ( k0  T / \ £ 

mn  ^n>  - mn  {— [<V>  hT 

+ v (t_(P)  <Tn)}=wepn{-^-  (grB- 


<Tn>]  VT 

-*r)vr+v(4- 


(4.3> 


where  the  electron  mobility  p,n  follows  from  expression  (3.3)  and 

«-  = jgr  <4-3a> 


If  the  relaxation  time  xn  oc  er,  then 


r (r+7/2)  _ , 

r (r+5/2)  — ^ 2 


(4.3b)- 


Kor  the  four  scattering  mechanisms  (3.5)  the  values  of  gn  are: 

(a)  gn  = 2;  (b)  gn  = 4;  (c)  gn  = 3;  (d)  gn  = 2.5.  (4.4> 
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The  differential  thermoelectric  power  a is  defined  as  the  ratio 


(4-*)  I 


vri 


in  an  open  circuit;  from  (4.3)  we  obtain  for  jn  = 0 


(4-*) 


a = - 


ivri 


=4[g,+iog2(2"”;;,r),/2].  (4.5) 


where  £ is  taken  from  (6.2.15b)  and  h = 2nh.  Expression  (4.5) 
for  atomic  semiconductors  (with  gn  = 2)  was  first  obtained  by 
N.  L.  Pisarenko  in  1940. 

For  the  holes  we  obtain  from  (2.23) 


Xp=  — t, 


e'  + ep+S 

eT 


VT  + Tpv(|-cp). 


(4.6) 


Substituting  this  expression  into  (2.24),  we  obtain  for  the  hole  current 
jp=  -peiip  (*p  + VT’-V  (4-q>)},  (4.7) 

where  gp  is  similar  to  (4.3a). 

The  total  current  is 

i = in  + jp  = ne[xn  { V (4  - 9 ) + 4-  ( gn  — -£r  ) VT} 

+ PeVp  {V  (t-9)  -7-  (**  + hSt")  vr}-  (4-8) 


Making  the  total  current  j = 0,  we  obtain  for  the  differential  ther- 
moelectric power  of  an  intrinsic  semiconductor 


a- 


(4-) 


k o 


I vri 


e repn  + ppp  {nPn  [gn  kaT  ) 

-P^p(gp+J^L)} 


« n^n  + PPp 


{«Pn  [?n  + l0g 


2 (2 nmnk0T)3/2 


nh3 


]- 


-PHp(g,  + log2(2"y),,a)},  (4.9) 


where  — £ and  ep  + t are  taken  from  (6.2.15b),  (6.2.15c).  We  seo 
the  contributions  of  electrons  and  holes  to  be  of  opposite  signs; 
it  follows,  hence,  that  the  thermoelectric  power  of  an  intrinsic 
semiconductor  is,  generally,  less  than  that  of  an  extrinsic  one. 
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9.4.3  Let  us  calculate  the  density  of  the  energy  flux  transported 
by  the  electrons  and  holes: 

w = j /(in)(k)  {e  — ecp}  vn  -0- 

+ J /(iP)(A'){e'  + 6G  + ecp}vp^.  (4.10) 

The  suffixes  n and  p,  as  usual,  mark  the  quantities  relating  to  the 
electrons  and  holes.  The  expressions  in  the  brackets  in  (4.10)  take 
into  account  not  only  the  kinetic  energies  of  electrons  and  holes, 
but  also  their  potential  energies;  the  addend  eG  means  that  the 
hole’s  energy  e'  is  measured  not  from  the  bottom  edge  of  the  conduc- 
tion band,  but  from  the  top  edge  of  the  valence  band. 

The  w can  be  easily  calculated  from  the  nonequilibrium  parts 
of  the  distribution  functions  of  charge  carriers  in  the  flux  w together 
with  expressions  (4.2)  and  (4.6)  for  (s).  The  addends  in  the 
braces  of  (4.10)  that  are  independent  of  e and  e'  contribute  to  w 
components  proportional  to  jn  and  jp.  The  addends  e and  s'  require 
the  computation  of  integrals  with  respect  to  xx  and  xx2  of  the  type 
(2.20).  In  the  result  we  obtain4 

+ -g^ppp[V(S-e<p)-  S+e°+hk°T  vT),  (4.11) 

where  the  equation  for  jp  is  (4.7)  and 
h = (xx2}/{xx).  (4.11a) 

Substitute  herein  (and  into  jp)  V (S  — e<p)  from  (4.8).  Reducing 
the  obtained  addends  to  a common  denominator,  collecting  similar 
terms  associated  with  npn,  ppp,  and  their  products,  we  obtain  after 
lengthy  although  elementary  computations 

w=(<p— f)  j-nj-xvr,  (4.12) 


where  the  Peltier  coefficient  is 


n=Tjr-^T^;  W‘-0— 

and  the  heat  conductivity  coefficient  is 
x = (hg  — g2)  + ppp  (hg  — g2) 


k<>T 


)}• 

(4.12a) 


(eG+2 gW  (4  12b) 

raPn  + PPp  «T  ■ \ • 1 


4 We  make  the  assumption  that  gn  = gp  = g and  hn  = hp  = h which  is 
usually  true. 
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If  the  relaxation  time  x oc  er,  the  numerical  value  of  the  coef- 
ficient in  (4.12b)  is 

hg  — g2  = g(h  — g)  = r +y,  (4.12c) 


i.e.,  it  coincides  with  g from  (4.3b).  The  value  of  this  coefficient 
for  various  scattering  mechanisms  (3.5)  is  (4.4). 

It  follows  from  (4.12a)  and  (4.9)  that 

n = a T.  (4.13) 


This  is  the  so-called  Thomson  relation  which,  as  we  shall  demonstrate 
now,  is  a corollary  of  the  symmetry  of  the  kinetic  coefficients  (1.5) 
and  for  this  reason  its  validity  is  not  limited  to  the  case  of  the  spe- 
cific model  of  the  semiconductor  discussed  above. 

Making  in  (1.1)  the  current  j = 0,  we  obtain  for  the  differential 
thermoelectric  power  (4.5) 


a 


V 


(4.14) 


Substituting  — <f>)  from  (1.1)  into  (1.2), 

w-(»— f)j+-Jl  + (T  i-*)vr. 


we  obtain 


Comparing  this  expression  with  (4.12),  we  obtain  for  the  Peltier 
coefficient 

n = y/o.  (4.15) 

The  Thomson  relation  (4.13)  follows  immediately  from  (1.5)  written 
for  the  scalar  coefficients  y and  p satisfying  relations  (4.14)  and 
(4.15). 

It  follows  from  (4.12b)  that  in  the  case  of  bipolar  conductivity,  apart 
from  the  heat  transported  separately  by  electrons  and  holes,  a frac- 
tion of  the  heat  is  due  to  the  processes  of  generation — recombination 
of  electron-hole  pairs  [the  addend  proportional  to  np  in  (4.12b)]. 
In  this  case  heat  transport  takes  place  as  a result  of  the  liberation  of 
energy  in  the  process  of  recombination  of  electrons  and  holes  at  the 
cold  end,  where  their  equilibrium  concentrations  are  lower  than 
in  the  hot  part  of  the  semiconductor.  If  the  concentrations  and  the 
mobilities  of  electrons  and  holes  are  of  the  same  order  of  magnitude, 
and  if  8q  k0T,  then  the  heat  conductivity  due  to  electron-hole 
pairs  will  be  (ee/^0T)2  greater  than  the  heat  conductivity  of  elec- 
trons (holes). 
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In  semiconductors  the  heat  conductivity  of  the  crystal  lattice 
%0  is  frequently  of  the  same  order  as  the  heat  conductivity  due  to 
electrons  (holes).  In  this  case  the  member  — x0  V?  should  be  added 
to  the  right-hand  side  of  (4.12). 

To  obtain  some  interesting  results  from  (4.12),  let  us  take  the 
divergence  of  both  sides  of  (4.12)  and  take  into  account  that  in  the 
stationary  state  div  w = div  j = 0;  then 

div(-xvr)  = j-  (vn  + v(y-cp)) . 

(4.16) 

Here  we  made  use  of  the  identity 
div  (i|)a)  =i])  div  a -f-  a- V't>-  Applying  expres- 
sion (4.16)  to  an  infinitesimal  cylinder 
(Fig.  9.2)  with  bases  parallel  to  the  bound- 
ary separating  two  conductors  and  making 
use  of  Gauss’  theorem  and  of  an  integral 
transformation  of  the  gradient  [9.6,  Chap. 

II],  we  obtain 

-“dir),+M-3rh=(n--n^- 

(4.17) 

Here  n is  the  normal  to  the  boundary 
pointing  in  the  direction  of  the  second  semi- 
conductor; ] is  supposed  to  be  parallel  Fig.  9.2 
to  n. 

In  the  derivation  of  (4.17)  / and  ^ — cpj  on  the  boundary  should 
be  treated  as  continuous. 

fall  and  (3^)2  are  of  opposite  signs,  then  the  left-hand  side 

of  (4.17)  will  contain  the  sum  of  two  heat  fluxes  flowing  in  opposite 
directions  from  the  boundary  (or  to  the  boundary),  and  the  right-hand 
side  will  contain  the  amount  of  heat  liberated  (or  absorbed)  per  1 s 
per  1 cm2  of  the  boundary. 

In  the  case  of  a semiconductor-metal  contact  the  Peltier  coef- 
ficient of  the  latter  may  be  neglected. 

Hence,  the  expression  (nx  — n2)  j determines  the  liberation 
(absorption)  of  heat  per  1 s per  1 cm2  of  the  boundary  between  two 
conductors  when  a current  / flows  through  it. 

From  (4.8)  and  (4.12a)  we  obtain 


j = °v(-^-  — <p)  + ~y~ 


(4.18) 
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Substituting  V from  (4.18)  into  (4.16),  we  obtain 

div ( xVP)  = -^-  + j ( vn  — fV7’)=^  + TT  (Vfj),  (4.19) 

where  the  Thomson  coefficient  tt  can  with  the  aid  of  relationship  (4.13) 
be  represented  in  the  form 

^ = t4t(t)  = t- Sf-  <4-19”> 

It  follows  from  (4.19)  that  the  heat  liberated  per  1 s in  a unit 
volume  [left-hand  side  of  (4.19)]  is  equal  to  the  Joule  heat  j2/a, 
which  is  proportional  to  the  square  of  the  current  and  to  the  Thomson 
heat  xT  (vT’j)  proportional  to  the  current,  both  the  liberation  and 
the  absorption  of  the  Thomson  heat  are  possible,  depending  on 
the  mutual  orientation  of  yT  and  j.  The  heat  conductivity  coef- 
ficient for  an  extrinsic  ( n - or  p-type)  semiconductor  is 

y.  = n\n(hg  — g2)-^y~.  (4.20) 

The  ratio  of  the  heat  conductivity  x to  the  electrical  conductivity 
a = en\x  is 

$ = {hg-g*)(l±-)2T  = LT,  (4.21) 

i.e.,  it  is  proportional  to  the  absolute  temperature  T ( the  Wiede- 
mann-Franz  law).  In  the  case  of  a powerdependence  of  r on  the  energy 
(t  oc  er)  the  Lorenz  number  is 

L-(hg-g>)  (*-)2  = (,  + -§.)  (i)2.  (4.21,) 

For  various  scattering  mechanisms  the  factor  r + 5/2  in  the  Lorenz 
number  assumes  the  values  of  (4.4). 

Making  use  of  (4.12a),  we  can  easily  write  the  expression  for  the 
Peltier  coefficient  II  for  an  extrinsic  (electron-  or  hole-type)  semi- 
conductor. 

9.4.4  Thermoelectric  phenomena  create  the  technical  possibility 
of  a direct  conversion  of  thermal  energy  into  electrical  energy  (ther- 
moelectric power)  and  the  possibility  of  cooling  by  means  of  electric 
current  flowing  through  a contact  between  two  conductors  (Peltier 
effect). 

The  thermoelectric  power  of  metals  is  small  (at  best,  it  is  several 
ten  pV/deg),  and  for  this  reason  the  technical  uses  of  thermoelectric 
cells  as  effective  generators  of  thermoelectric  current  became  pos- 
sible, only  when  it  was  discovered  that  the  thermoelectric  power 
of  semiconductors  reaches  the  value  of  several  hundred  pV/deg. 

A.  F.  Ioffe  in  1929  was  the  first  to  point  out  the  prospects 
for  using  semiconductors  in  technical  thermoelectric  generators. 
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In  the  prewar  years  A.  F.  Ioffe  and  his  staff  succeeded  in  producing 
thermoelectric  cells  with  an  efficiency  of  3%. 

In  the  postwar  years  the  work  on  the  technical  uses  of  thermo- 
electricity continued  under  A.  F.  Ioffe’s  guidance  on  a wider  scale. 
At  present  such  work  is  in  progress  throughout  the  world,  but  espe- 
cially in  the  USSR,  the  USA  and  Great  Britain. 

We  do  not  intend  to  discuss  the  problems  of  the  technical  uses- 
of  thermoelectric  phenomena.  Readers  interested  in  the  problem, 
are  referred  to  appropriate  literature  [9.7],  [9.8],  and  [9.9]. 


9.5.  Galvanomagnetic  Phenomena  in  Nondegenerate 

Semiconductors  with  a Simple  Energy-Band  Structure 

The  term  galvanomagnetic  effects  applies  to  phenomena  involving 
currents  flowing  in  the  presence  of  an  electric  field  E and  a magnetic 
field  H. 

A theory  can  be  developed  for  an  arbitrary  magnetic  field,  but 
in  this  case  the  kinetic  coefficients  cannot  he  expressed  by  elementary 
functions.  For  this  reason  we  shall  consider  here  the  limiting  cases 
of  a weak  and  a strong  magnetic  field.  We  shall  call  a magnetic 
field  weak  if  the  dimensionless  parameter  in  (2.11),  (2.12)  (for  a sim- 
ple band,  when  u = film*)  is 

He  ^ c~  « 1 (S*1) 

Here  the  mobility  p.  « ex/m*,  where  x is  an  appropriately  averaged 
relaxation  time  (or  just  the  relaxation  time,  if  it  is  independent 
of  the  energy). 

The  criterion  (5.1)  can  be  expressed  in  a more  visual  way.  Since 
eHlcm*  = o)0  is  the  cyclotron  frequency  (6.6.1a),  vx  = l is  the 
mean  free  path,  and  cm*v/eH  — R is  the  radius  of  the  circular 
electron  orbit  in  a magnetic  field,  we  obtain 

o)ct=-^-<1.  (5.1a) 

Hence,  we  shall  regard  a magnetic  field  as  weak,  if  the  electron’s 
mean  free  path  l is  much  less  than  the  radius  of  its  circular  orbit 
in  the  magnetic  field,  or  if  the  free  transit  time  x is  much  less  than 
1/ co0  = Tj 2jt,  where  Tc  is  the  period  of  the  electron’s  revolution 
in  this  orbit. 

9.5.1  Consider  first  an  extrinsic  semiconductor  with  charge  car- 
riers of  one  type,  for  instance,  with  electrons.  To  simplify  notation. 
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we  omit  the  suffix  n everywhere  in  expressions  (5.2)-(5.18).  In  iso- 
thermic conditions 


P_v(|— t)=e. 

(5.2) 

as  in  the  case  of  (3.1). 

Let  the  magnetic  field  H be  perpendicular  to  the  electric  field  E, 
then  we  obtain,  in  accordance  with  (2.17), 

* tE+vt2HxE 
Z l + (yx  Hf  ‘ 

(5.3) 

Applying  the  magnetic  field  H in  the  direction  of  the  z axis,  and 
the  electric  field  in  the  xy  plane,  we  obtain  from  (5.3)  and  (2.21) 

jx  ajE  x a%Ey, 

jy  = a2Ex  + atEy, 

(5.4) 

where 

ne 2 / t \ 

di  ~ m \ 1-Hyrtf)2  / ’ 

(5.4a) 

(5.4b) 

The  Hall  effect  is  the  appearance  of  an  electric  field  perpendicular 
both  to  the  current  and  to  the  magnetic  field,  which  itself  is  perpen- 
dicular to  the  current.  If  the  current  flows  in  the  x-axis  direction  so 
that  jx  = j and  jy  = 0,  then  excluding  Ex  from  the  equations  (5.4), 
we  obtain 


Ey  = 


&2 

af  + al 


i = RHj, 


where  by  definition  R is  the  Hall  constant.  Hence, 


(5.5) 


R = 


CL  2 

(of  + «i)£T  • 


(5.5a) 


In  the  absence  of  a magnetic  field  the  current  j = aE  = E/p,  where 
o and  p are,  respectively,  the  conductivity  and  the  resistivity. 
When  a magnetic  field  H H z is  applied,  the  direction  of  the  current 
j ||  x no  longer  coincides  with  that  of  the  electric  field  E;  therefore, 
the  resistivity  in  the  magnetic  field  is  pH  = EJj  — EJjx.  The 
variation  of  resistivity  in  a magnetic  field  or  magnetoresistance  is 


P h — P Ap  _ %x  | ^ 

P P P/*  ix 


(5.6) 


Making  /„  = 0 in  equations  (5.4)  and  solving  them  for  Ex,  we  obtain 
from  (5.6) 

Ap  ggi 


P 


a\  + a\ 


1. 


(5.6a) 
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If  t is  independent  of  the  energy,  as  is  the  case,  for  example,  with 
ionic  semiconductors  in  the  low-temperature  range,  the  averaging 
symbol  ( > in  (5.4a)  and  (5.4b)  can  be  dropped.  It  can  easily  be 
demonstrated  that  in  this  case  in  any  magnetic  field 


R = — 1 IcenA 
Ap/p  = 0.  J 


(5.7) 


Consider  the  cases  of  weak  and  strong  magnetic  fields  dependent 
on  the  electron’s  energy. 

A.  Weak  magnetic  fields:  yxH  <C  1 [condition  (5.1)].  In  the  linear 
approximation  in  the  magnetic  field,  in  which  only  the  terms  of 
power  not  higher  than  the  first  are  retained  in  the  expansion  in  H , 
we  obtain 

«2=^r(vtf)<*>2-  (5.8) 


In  the  quadratic  approximation,  in  which  terms  of  the  order  of  IP 
are  retained,  we  have 


*1  = -IT  {<T>  - (yH)2  CC3)},  «,  = -£-  (V H)  <t*).  (5.9) 


We  obtain  from  (5.5a)  and  (5.6a)  in  the  linear  approximation  in  H 
for  R and  in  the  quadratic6  approximation  for  Ap/p  ( in  the  linear 

approximation  in  H — Oj 


r=  — 1 

(t)2  ecn  ’ 

Ap  _(  eH  y (t2)(t)— (-C2)2 

p \ me  J (x)2 


(5.10) 

(5.11) 


It  follows  immediately  from  those  expressions  that  R and  Ap/p 
for  an  energy-independent  t are  equal  to  expressions  (5.7). 

If  t is  a power  function  of  energy  (3.4),  we  can  easily  find  the 
numerical  coefficients  in  (5.10)  and  (5.11)  making  use  of  the  defi- 
nition (2.20).  For  various  scattering  mechanisms  (3.5)  we  obtain 


(a)  R = 


3it 

— • _^L  = j 

f eH  \ 2 t IL  r 

1 — — ' 1 

8 

ecn  ’ p ' 

l me  ) (k0T)s  L 

1 4 j 

_ 9«  f i n 1 ( ) 2 • 

~ 16  L1  4 J { c ) • 


(5.12a) 


5 When 
1 

a + bH 2 


calculating  Ap/p,  we  should  make  use  of  the  expansion 


1 


1 


a i +— m 

a 


34-01137 
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/ 1_  \ T}  olOK 

R= 512- 

X 120  [ ( 1 - 


1 

Ap  _ 

= («  )2^(W 

ecn  ’ 

P 

6615n 

15 ji  r.  6615n  "I  / fiH  \2 

8 L 1 32  768  J l c j ’ 

32  768 

)]- 

1 

Ap  _ 

/ eH  \2  Tflp  r 75n  "1 

l me  ) (k<>T)3  L1  256  J 

ecn  ’ 

P 

(d)  see  (5.7). 


We  expressed  the  ratios  Ap/p  in  terms  of  mobilities  (3.6a)-(3.6c)* 
We  see  that  in  weak  fields  Ap/p  oc  H2.  It  follows  from  (5.10)  that 


|/?|a  = |i?| nep  = j^-4- 


(5.13) 


where  a is  the  conductivity,  and  p is  the  mobility.  Hence,  in  the 
case  of  charge  carriers  of  one  type  we  can  find  their  concentration 
by  measuring  R and  their  mobility,  by  measuring  R and  cr. 

Introduce  the  concept  of  the  Hall  angle  0 between  the  directions 
of  the  current  j and  the  field  E: 

„„8«e=4L|  = |^|=wS.=  <S_^,  (5.(4) 


tan  0 » 0 = 
whence  0 « - 


<-t2) 

<t>*  e 


B.  Strong  magnetic  fields:  yxH  1.  Neglecting  unity  in  compari- 
son with  (yxH)2,  we  obtain  from  (5.4a),  (5.4b) 

ne 2 1 / 1 \ ne 2 1 /c  . 

ai  — —^T  <vm\  \T  / » a2~~^.  ^7T  • (5.15) 


ne2  1 / 1 \ ne 2 1 /c  . 

fll  — ~m~  (yH*)  \T / ’ a2~~m~~yH  ' (5.15) 

Here  ^ so  t^iat  ai  + a\  « a\-  We  obtain  from 

(5.5a)  and  (5.6a)  making  use  of  (5.15) 

R — —l/ecn  (5.16) 

<5-17> 

We  see  that  in  the  case  of  strong  magnetic  fields  the  Hall  constant 
is  independent  of  the  scattering  mechanism,  and  the  magnetoresist- 
ance Ap/p  reaches  saturation. 

For  various  scattering  mechanisms  (3.5)  we  have 

<a>  vH-lr-1' 

'•  ('It'1' 


(5.18) 
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Note  that  a magnetic  field  H applied  parallel  to  the  electric  field  E 
does  not  affect  transport  phenomena  in  a semiconductor  with  a 
standard  band. 

Indeed,  in  the  case  H ||  E (E  = P)  it  follows  from  (2.17)  that 


X 


* 


tE  -f-  yH3H2E  „ 

-+<W  =tE 


whence  the  magnetic  field  is  seen  not  to  affect  the  current. 

Hence,  in  this  case  there  is  no  Hall  effect  and  no  magnetoresistance. 
9.5.2  Consider  now  the  galvanomagnetic  effects  in  semiconductors 
with  a mixed  conductivity  involving  both  electrons  and  holes. 

In  isothermic  conditions  (vT  = 0)  Pn  and  Pp  are  equal  to  E. 
If  H is  as  before  perpendicular  to  E,  is  equal  to  (5.3) 


* T7iE  + VnTnH  X E 

Xn_  1 + (?nTnff)2  ’ 


(5.19) 


and  )(p,  following  (2.23),  is  equal  to 


X*v 


VpE — VpTpH  XE 
1 + (Y  pTp-^)2 


(5.19a) 


Here  yn  and  yp  are  equal,  respectively,  to  (2.17b)  and  (2.23b).  The 
electric  current  density  is  given  by  (2.25) 


j = jn  + jp  = 


ne 6 

HI  n 


(Xn)' 


pez 


(Xp)- 


(5.20) 


Applying  the  magnetic  field  H in  the  direction  of  the  z axis  and 
the  electric  field  in  the  xy  plane,  we  obtain  from  (5.20),  (5.19),  and 
(5.19a)  equations  (5.4)  in  which 


ne2  / 

°1_  ™n  \ 1 


+ (YnTn#)2 


>+-£<- 


1 + (YpH>^>2 


>• 


(5.21) 


l-l-fYn^n^)2 


T2 

P 


i-MYpVO2 


> 


(5.21a> 


We  can,  by  analogy  with  the  preceding  item,  consider  the  cases  of 
a weak  and  a strong  magnetic  fields. 

A.  Weak  magnetic  field  (y„r nH  <c  1 and  y pxpH  c 1).  Determin- 
ing ax,  a2  and  the  ratio  a2/(al  + al)  up  to  the  terms  of  the  first  power 
in  the  magnetic  field  H,  we  obtain  from  (5.5a)  for  the  Hall  constant 


R = 


n (X*  ) — p 

i K K n)  m 


. <*J> 

V 


(a\  + a\)H 


(5.22) 


34* 
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In  the  case  of  an  extrinsic  semiconductor  p = 0 (or  n = 0),  and 
(5.22)  reduces  to  (5.10). 

Making  use  of  (3.3),  we  can  express  R in  terms  of  the  mobilities 


R=  — 


ce 


nK 


<t2> 

<Tp>2 


P\?p 


(5.23) 


If,  for  example,  electrons  and  holes  are  scattered  by  acoustic  vibra- 
tions (3.5a),  then 


<**>  <Tp>  8 it 

<*n>2  _ Xp>2  _ 3 ’ 
and 


(5.23a) 


8n_ 

3 ce  (np„  + pp.p)2 


(5.23b) 


Since  in  an  intrinsic  semiconductor  n = p,  then 
n K-P-l 

Seen  (M.„  + Pp)2  * 


(5.23c) 


Hence,  it  follows  that  the  Hall  constant  is  small  if  pn  is  close 

to  fip. 

Since  the  magnetoresistance  Ap/p  in  the  approximation  linear 
In  the  magnetic  field  is  zero,  we  should  determine  ax  and  a2  and 
calculate  Ap/p  (5.6a)  in  the  approximation  quadratic  in  H,  and 
obtain  as  a result  of  rather  lengthy  although  elementary  computa- 
tions 


-j- = -sr  { ( ■ ^r) 2 (v^)2  [<*»>  <*a  - <*>•] 

+ (-^-)2  UYp#)2  <V  <t|>  — (xf,)2] 

+ (-££-)  (-^)l(7p^)2<T„X4)  + (Yn^)2<Tp><^>]}.  (5.24) 

Note  that  in  a weak  magnetic  field  Ap/p  oe  H 2.  For  an  extrinsic 
semiconductor  (p  = 0)  we  obtain  (5.11)  from  (5.24). 

Making  use  of  (3.3),  we  can  express  Ap/p  in  terms  of  mobilities 
p,„  and  |xp,  as  was  done  in  (5.23).  We  shall  not  write  down  the 
general  equation,  but  we  would  like  to  point  out  that  in  the  case  of 
scattering  by  acoustic  vibrations 


Ap 

P 


9lle 

16c2 


n_  (rcp~n  PPp)2  -| 

4 rapn  + ppp  ]' 


(5.25) 


For  an  extrinsic  semiconductor  (p  = 0,  a — en\Ln)  this  expression 
reduces  to  (5.12a). 
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B.  Strong  magnetic  field  (ynxnH  ^$>  1 and  ypxpH  1). 

In  this  case  the  appropriate  equations  should  be  expanded  in  the 
inverse  powers  of  the  magnetic  field  i/H.  In  the  1 IH2  approximation 
we  obtain  from  (5.21)  and  (5.21a) 


fl«  = nm»  -w(~h)  + PmP Sr  <17>  > (5-26> 

az  = (n  — p)jf.  (5.26a) 


If  n^p,  then  ^ 1 ’ therefore,  a2  + a2 

The  Hall  constant  (5.5a)  is 


R = 


a2 


1 


(af  + a|)i/  a2H  ec  (n — p) 

The  magnetoresistance  (5.6a)  is 

°[nm"  (S)+Pmp  <v>] 


Ap 

P 


oa  i 
°2 


e*  (n — p )2 


1, 


a 


2 

2* 


(5.27) 


(5.28) 


i.e.,  it  reaches  saturation.  For  p = 0 and  a = ( e2n/mJl ) (rn)  (5.28) 
reduces  to  (5.17). 

The  case  n = p merits  special  consideration.  It  would  appear 
at  first  glance  that  here  a2  = 0 (5.26a),  «x=£ 0 (5.26),  and  the 
Hall  constant  R = 0.  However,  in  the  i/H2 approximation  not  only 
a2  = 0,  but  (a\  + al)  H oc  i/H3  « 0,  as  well;  therefore  in  order 
to  determine  R we  have  to  compute  a„  and  (a\  + a2)  H with  an 
accuracy  up  to  1 IHS.  In  this  case 

a*  = — Sr  [ (Si)  - < (Sf)  ] • (5-29) 


Making  use  of  this  expression  for  a2  and  ax  from  (5.26),  we  obtain 
for  the  Hall  constant  in  the  i/H3  approximation 


a2  1 m‘<l/Tp-<<l/T«> 

(al  + a\)H  ecn  [mp  (\/xp)  + mn  <l/xn>]2  * 


(5.30) 


g 

Express  mn  and  mp  from  the  relationship  p = — <t>  in  terms  of 

the  mobilities  p„  and  pp.  If  the  scattering  laws  are  the  same  for 
electrons  and  holes,  <xn)  <l/xn)  = <tp)  (1/tp)  and  (xn>2  <1/t h)  = 
= <tp)2  <1/tp),  then 


(1  /*n>  1 1 — b 

(l/x„)2  ecn  1 + 6 ’ 


(5.30a) 


where  b = pp/pn.  If  xn  and  tp  are  independent  of  the  energy,  the 
numerical  coefficient  in  (5.30a)  will  be  equal  to  unity.  For  scattering 
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by  acoustic  vibrations  (1/Tn)  (1/Tn)2  = 45:rt/128.  The  magneto- 
resistance  (5.6a)  in  a strong  magnetic  field  for  n = p can  be  cal- 
culated in  the  t/H2  approximation  in  which  a2  = 0 and  ax  is  equal 
to  (5.26) 


Ap  ^ q 1 

p <*i 


off* 

c*n  [mn  <l/Tn)-[-rop  <1/tp>] 

1 

eH  \ 2 mn 


-(*) 


(xn)' 


<1p> 


mnWxn)  + mp{  1/Tp>  * 


(5.31) 


Here  we  neglected  unity  as  compared  with  the  first  addend  and 

made  <j  = ne2  <Tn>  + (tp>  1 . 

L^n  TUp  J 

Note  that  in  a strong  magnetic  field  for  n = p the  magneto- 
resistance Ap/p  oc  H2,  the  same  as  in  a weak  magnetic  field  (5.24).  If 
the  scattering  laws  are  the  same  for  electrons  and  holes,  we  can 
proceed  in  the  same  way,  as  when  we  derived  (5.30a)  from  (5.30), 
we  obtain 


Ap  __  1 f Y PnPp#  \2 

~~  <T„>(  1/Tn>  V C ) 


(5.31a) 


When  electrons  and  holes  are  scattered  by  acoustic  vibrations,  the 
numerical  coefficient  in  (5.31a)  is  9n/32. 


9.6.  Thermomagnetic  Phenomena  in  Nondegenerate 

Semiconductors  with  a Simple  Energy-Band  Structure 


9.6.1  If  in  addition  to  electric  and  magnetic  fields  there  is  also 
a 'temperature  gradient  in  a semiconductor,  transport  phenomena 
taking  place  in  it  will  be  called  thermomagnetic. 

Consider  first  an  extrinsic  semiconductor  with  carriers  of  one 
type,  for  example,  with  electrons.  In  this  case  it  follows  from  (2.17a) 
(the  suffix  n has  been  omitted  to  simplify  notation)  that 

P = -^V7’  + v(i--cp).  (6.1) 


If  jthe  magnetic  field  H is  perpendicular  to  the  vector  P,  we  obtain 
from  (2.17) 


* tP+yT2!!  X P 

' “ i-hyt/o2 


(6.2) 
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Apply  the  magnetic  field  H in  the  direction  of  the  z axis  and  the 

"vectors  vT  and  V qp)  in  the  xy  plane.  The  x and  y components 

of  the  current  will  be,  by  analogy  with  (5.4), 

3x  = a\ V*  ( 7 — 9 ) + bt VXT  — a2Vy  ( y ~ <P  ) — &2Vj,  7\ 

h = ( y - <P  ) + b2VxT  + a, Wv  ( f ■ - qp ) + &i  V„7\  (6 .3) 


where  a1  and  a2  are  determined  via  (5.4a)  and  (5.4b),  respectively, 
and 


t ne*  ( [(_7L)X  ir]T  ^ 

1 m \ 1 + (yt H)*  / ’ 

k0 


1 + (YT U)* 


/■ 


(6.3a) 

(6.3b) 


Here,  as  usual,  x = e/k0T. 

The  first  example  of  thermomagnetic  phenomena  to  be  considered 
here  will  be  the  N ernst-Ettingshausen  effect 6 consisting  in  the  appear- 
ance of  a transverse  electric  field  Vy(y — qp)  in  the  absence  of 

a current,  j — 0,  but  in  the  presence  of  a temperature  gradient, 
V*T  # 0.  Consider  first  the  isothermic  Nernst  effect  for  which 
VyT  = 0. 

Making  in  equations  (6.3)  jx  = jy  — yyT  = 0 and  excluding 
from  them  V*(y  — qp)  > we  obtain 

Vv(\-<f)=Ey  = - aib4+aat  V*T=-QHVXT,  (6.4) 


where  the  Nernst  constant  is 


V _ {al  + a\)H  • 


(6.4a) 


It  follows  from  the  expressions  for  the  coefficients  at  and  bt  (5.4a), 
(5.4b)  and  (6.3a),  (6.3b),  that  if  the  relaxation  time  t is  independent 
of  the  electron  energy  e,  then  Q = 0.  As  we  shall  see  below,  the 
sign  of  Q depends  on  the  type  of  the  t versus  energy  e dependence. 

Consider  now  the  Nernst  effect  in  weak  and  strong  magnetic 
fields. 


6 For  the  sake  of  brevity  in  the  future  it  will  be  termed  the  Nernst  effect. 
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A.  Weak  fields:  yxH  < 1.  In  an  approximation  linear  in  the 
magnetic  field  the  coefficients  ax  and  a2  are  given  by  equations  (5.8), 
and  the  coefficients  and  b2  are,  according  to  (6.3a),  (6.3b)  equal  to 


6i  = J?{(-7L)<Ta:>-^<T)}’ 


(6.5) 


whence 


/ \ _J_  (x)  (t2^)—  (t2)  <tj) 

\ e ) me  (x)2 


(6.6) 


If  t is  of  the  form  (3.4),  then  (see  Appendix  7) 


p. 


(6.6a) 


Now  we  can  determine  the  Nernst  constant  for  various  scattering 
mechanisms  (3.5): 


aA 


(*«r)3/2 


(b) 

(c) 


Q 

Q = 


945it 

128 


3/2 


3“  (*•)  * 


16c 

945n 
- 1024c 


15  n | 

( k°  1 

, e ap  45ji  , 

32  1 

l « J 

mc  ( k0T 256c  ' 

l « / 

(d)  Q = 0. 


(6.7a) 

(6.7b) 

(6.7c) 

(6.7d) 


The  sign  of  Q coincides  with  that  of  the  power  of  r in  (3.4).  There- 
fore, Q can  change  signs,  if,  as  the  temperature  changes,  one  scatter- 
ing mechanism  is  replaced  by  another. 

B.  Strong  fields:  yxH  1.  Neglecting  unity  as  compared  with 
(yxH)2,  we  obtain  from  (6.3a),  (6.3b) 

a-}-  <6-8> 

Substituting  (6.8)  and  (5.15)  into  (6.4a),  we  obtain  in  the  1 /H2 
approximation 

Note,  that  (3.4a)  leads  to  (£>  = 5/2. 


(6.9) 
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It  can  easily  be  demonstrated  that  in  the  case  of  electron  scatter- 
ing by  acoustic  vibrations  (3.5a) 

f) 4 / kB  \ me  ( k0T)3/ 2 i6  / k0  \ c 

V 3 Yn  \ e J eH*  aA  ~ 9n  \ e ) pH*  * ; 


(6.10) 


Q for  other  scattering  mechanisms  is  determined  in  a similar  way. 

Consider  now  the  variation  of  the  thermoelectric  power  in  a mag- 
netic field.  Making  again  in  equations  (6.3)  jx  — jy  = 0,  yyT  = 0,. 

but  this  time  excluding  — <pj,  we  obtain  for  the  differential 

thermoelectric  power  in  a magnetic  field 


0-1). 


I i 


(6.11) 


For  H = 0,  a2  = b2  = 0,  and  the  thermoelectric  power 

vU=(4){if— 5^}=“  (e-11") 

coincides  with  (4.5). 

It  can  easily  be  demonstrated  that  in  an  approximation  linear 
in  the  magnetic  field  the  variation  of  the  thermoelectric  power 
Aa  = «h  — a = 0.  Hence,  to  compute  Aa,  we  have  to  determine- 
b*  and  b2  in  an  approximation  quadratic  in  the  magnetic  field.  It 
follows  from  (6.3a),  (6.3b)  that 


-(Ttf)1 2[(A)  <T»*)-i<T»>]},  (6.12). 

bz  = ^-(yH){(^)  i<x*>}.  (6.12a) 

Making  use  of  the  footnote  on  p.  519,  we  obtain  from  (6.12),  (6.12a),. 
(5.9),  (6.11)  in  the  approximation  quadratic  in  the  magnetic  field 

Aa  = ( — ) (- {Hy '■  ^ ^ (Ta:>+ W W (t3j)-(t2)2  (tx) 

For  t independent  of  the  electron  energy  Aa  = 0 (this  can  also- 
be  demonstrated  for  the  case  of  an  arbitrary  magnetic  field). 

For  interaction  with  the  acoustic  vibrations 


1 (k0T)°  \ 

ko  \ ( P-H 


(6.14) 
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For  scattering  by  impurity  ions 

«-50.0(i)(I^-)!.  (6.15) 

It  is  worth  noting  that  in  the  case  (6.14)  Aa  rises  and  in  the  case 
*(6.15)  drops  with  an  increase  in  the  magnetic  field. 

In  the  case  of  strong  magnetic  fields,  when  unity  can  he  neglected 
in  comparison  with  (yxH)2,  the  coefficients  at  and  bt  are  determined 
via  (5.15)  and  (6.8),  respectively.  Substituting  these  values  into 
(6.11)  and  neglecting  the  quantities  1 IH*  in  comparison  with  1 IH% 
and  the  quantities  1//72  in  comparison  with  the  members  indepen- 
dent of  H , we  observe  a to  reach  saturation  as  H -*■  oo: 

(t-Kt-sM-  <6'16> 

The  most  interesting  characteristic  of  a«>  is  that  it  is  independent 
of  the  scattering  mechanism.  Hence,  and  from  (4.5),  we  obtain 

(6-17) 

The  maximum  variations  of  a in  the  cases  of  scattering  by  acoustic 
vibrations  and  by  impurity  ions  are,  respectively, 

= and  Aa=--|-(-^).  (6.17a) 

Find  additionally  the  variation  of  the  electron  heat  conductivity 
•in  a transverse  magnetic  field. 

The  thermal  energy  flux  is,  by  analogy  with  (4.10),  equal  to 

w = — eJL(X*(&-  ecp)>  = <p  <**> 

- IT  <X*e>  = <Pi  “ hT  {%*x) , (6.18) 

-where  %*  is  equal  to  (6.2);  here  we  made  use  of  the  fact  that  the 
-electron  flux  is  equal  to  j/( — e),  where  the  electric  current  j is  equal 
to  (2.21). 

If  the  temperature  gradient  is  directed  along  the  x axis,  then 
VyT  = 0;  but  because  of  the  magnetic  field  not  only  wx  but 
also  w y are  nonzero. 

Making  in  equations  (6.3)  jx  = j y = VyT  = 0,  we  can  find  from 
them  V* ^7 — <p)  and  Vy  — cpj  in  terms  of  VXT,  and  substitute 

-the  results  into  the  heat  flux  component  wx  which  then  will  be  pro- 
portional to  VkT.  The  ratio  wj( — S?XT)  is  equal  to  the  heat  con- 
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•cluctivity  coefficient  of  electrons  in  a magnetic  field  x ( H ).  In  cases 
of  weak  and  strong  magnetic  fields  the  heat  conductivity  can  be 
expressed  by  elementary  functions.  We  shall  not  write  out  these 
elementary,  but  lengthy  computations,  citing  only  the  result  for 
the  case  of  a weak  field,  when  the  relaxation  time  is  expressed  by 
(3.4): 


■where 

r (3r+l) 


9ji 


16 


0+4) 


(4r°  + 3r  + -§-) 


F3 


r* 


r 1 


(6.19) 
5 \-| 


0^11 
0+4)  J 

(6.19a) 


We  see  the  correction  to  the  heat  conductivity  in  a weak  magnetic 
field  to  be  proportional  to  IP. 

In  the  case  of  scattering  by  acoustic  vibrations  r = — 1/2,  and, 
therefore, 


x ( H ) - np 


2k\T 

e 


I1 


(6.19b) 


The  correction  is  equal  to  about  1.6  x (P)  for  other  scattering 

mechanisms  can  be  found  in  a similar  way. 

9.6.2  We  have  found  the  Hall  constant  R (5.5a),  the  magneto- 
resistance  Ap/p  (5.6a),  the  Nernst  constant  Q (6.4a),  the  variation 
of  the  thermoelectric  power  in  a magnetic  field  Aa  (6.13),  and  the 
heat  conductivity  coefficient  x ( H ) on  the  condition  that  yyT  = 0, 
i.e.,  when  the  temperature  in  the  transverse  direction  is  constant. 
The  appropriate  coefficients  for  this  case  have  been  called  isothermic. 
However,  in  some  cases  the  experimental  conditions  correspond 
rather  to  the  assumption  on  the  absence  of  a transverse  heat  flux 
wy  = 0;  the  coefficient  in  this  case  is  called  adiabatic. 

The  calculation  of  the  adiabatic  coefficients  should  be  based  on 
equations  (6.3)  and  equation  (6.18)  for 

u'y  = 0 = <p/y  — k0T  (x*£>*  (6.20) 


For  instance,  to  find  the  adiabatic  Hall  constant  i?a d we  should 
make  jx  = / , jy  = 0,  and  V*T =0;  next  we  should  express  V*  ( ~ — <P  ) 

and  VbT  in  terms  of  Vy  (-j  — <p)  from  equation  (6.20)  and  equation 
iy  — 0 (6.3).  Substituting  them  into  the  first  equation  (6.3)  with 
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jx  = /,  we  obtain  from  it  in  the  approximation  linear  in  the  mag- 
netic field 


-(-M 

Hi 


(6.21) 


where  a is  the  differential  thermoelectric  power  and  the  isothermic 
Hall  constant  Ris  is  equal  to  (5.5a).  If  the  term  — x0 \?T  connected 
with  lattice  heat  conductivity  is  added  to  the  heat  flux  w,  equation 
(6.21)  will,  as  can  easily  be  checked,  assume  the  form 


■^ad  = -Ris  I 1 


4 kB 


is 


1+-^ 


(6.21a) 


where  xe  is  the  electron  heat  conductivity  coefficient.  Making,  for 
instance,  for  tellurium  xe  = (2 h\T!e)  np,  n = 4 X 1016  cm-3,  p = 
= 103  cm2/V-s,  x0  = 4 x 10-3  cal/deg,  we  find  i?aa  to  be  0.4% 
greater  than  i?18,  i.e.,  the  correction  for  the  adiabatic  case  to  be 
small.  In  the  same  way  we  can  determine  the  adiabatic  Nernst  con- 
stant (wy  — 0,  s/yT  =/=  0).  For  a weak  magnetic  field  it  turns  out. 
to  be 


<?ad  = <? 


4 k0 


1+*L 


(6.22) 


i.e.,  the  correction  is  in  this  case  seven  times  as  great  as  in  the 
preceding  case. 

A similar  procedure  can  be  employed  to  calculate  the  adiabatic 
coefficients  of  other  galvano-  and  thermomagnetic  phenomena  both 
for  weak  and  strong  magnetic  fields. 

9.6.3  The  general  expressions  for  the  Hall  constant  R (5.5a),  the 
magnetoresistance  Ap/p  (5.6a),  the  Nernst  constant  Q (6.4a)  and 
the  thermoelectric  power  in  a magnetic  field  aH  (6.11)  are  valid  for  an 
arbitrary  magnetic  field.  Hence,  in  the  case  of  an  arbitrary  magnetic 
field  the  problem  reduces  to  the  computation  of  the  coefficients  al7 
a2>  &i  and  b2  from  the  general  equations  (5.4a),  (5.4b)  and  (6.3a), 
(6.3b).  The  calculation  of,  for  example,  the  coefficients  ax  and  a2 
from  (5.4a),  (5.4b)  in  the  case  of  scattering  by  acoustic  vibrations. 
(3.5a)  reduces  to  the  computation  of  the  integrals 


°°  _ °°  o,0 

f x2e~x  dx  C xi'ie~xdx 

J h-\-x  ’ J h-\-x 

f)  0 


(6.23) 
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functions  of  the  parameter 


h = 


T A 


(W 


( — ) 

\ me  } 


(6.23a) 


•which  itself  is  a function  of  the  magnetic  field  H and  of  the  tempe- 
rature T. 

The  integrals  (6.23)  can  be  expressed  in  terms  of  the  transcendental 
functions  of  h:  of  the  probability  integral  and  of  the  integral  expo- 
nential function.  We  can  also  easily  plot  a graph  of  the  integrals’ 
dependence  on  h from  numerical  data  (or  draw  up  a table).  Similar 
integrals  appear  also  in  the  computation  of  the  coefficients  and 
b2,  as  well  as  in  cases  of  other  scattering  mechanisms  [9.10].  If  we 
know  the  dependence  of  the  coefficients  at  and  bt  on  H and  T , we 
•can  determine  the  dependence  of  the  quantities  R,  Ap/p,  Q,  aH 
and  x ( H ) on  the  magnetic  field  and  the  temperature. 

9.6.4  For  mixed-conductivity  semiconductors  consider  only  the 
Nernst  effect  in  a weak  magnetic  field. 

In  the  approximation  linear  in  H the  coefficients  au  a2,  6X,  b2 
are,  according  to  (5.8)  and  (6.5),  equal  to: 


fli  = ^<T„>  + -Jn<Tp>,  (6.24a) 

mn  mp 

«2  = ^ (Vnff)  «) (Vpff)  <T|),  (6.24b) 

+ 6jS^<v].  (6-24c) 

+ -^(Yptf)[(-^)  + (6.24d) 


In  the  same  approximation  in  the  magnetic  field  the  Nernst  con- 
stant is 


X 


— ci^b<^ 

f ne 2 

(a\  + a\)H 

L mn 

/ 1 ne2  'l2,, 

ko  ) 

U mn  ) 

1-2 


+ ( ) 2 yp  ( T" ) <tp>  ~ <tp*>  <tp>1 

+ k)  ($)  h*  (v)  «^X^)  + <4)< 

+ (-7-)  «T^>.<Tp>-HTS>  <Tpa:)) 


-r^l  (Yn<Tn>  <Tp>  + Yj.<TP><Tn»]}. 


(6.25) 
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The  braces  in  this  expression  contain  three  addends  proportional 
to  n 2,  p 2 and  np,  respectively.  Making  the  hole  concentration  p = 0r 
we  obtain  from  (6.25)  expression  (6.6). 

If  the  dependence  of  xn  and  of  iv  on  the  energy  is  described  by 
a power  law  (3.4),  we  can,  making  use  of  (3.4a),  express  all  the  angle 
brackets  in  (6.25)  in  terms  of  the  T-function.  Next,  making  use  of 
(3.3),  we  can,  instead  of  elmn  and  e/mp,  introduce  the  corresponding 
mobilities  pn  and  pp.  To  avoid  making  the  discussion  too  extensive^ 
we  shall  present  the  result  only  for  the  case  of  electron  and  hole 
scattering  by  acoustic  vibrations 

7 

a __  3a  ffep  wp£  + PPP  eG  + -2-&0r  nPnPPp  (Pn  + M 1 

V Zee  l 2 (np.„  + pp.p)2  T (raPn  + PPp)2  -1  * 

(6.25a)> 


9.7.  Transport  Phenomena  in  Semiconductors  with  a Simple 
Energy  Band  in  the  Case  of  Arbitrary  Degeneracy 


9.7.1  Generalize  some  of  the  results  in  Sections  9. 3-9.6  for 
the  case  of  an  arbitrary  degeneracy  of  the  charge  carriers.  Sub- 
stitute in  the  expression  (2.15)  for  the  electron  current  density 
(2.13a)  for  un  and  (2.16)  for  %n  and  transform  the  integral  with  the 
aid  of  (2.13)  from  The  variable  k to  e.  Then7 


i- 8w  !n'*'  ]x'w(~7r)‘v*d‘- 

o 

Write  this  expression  in  the  form  of  (2.21) 

5 = -^<X*>, 


(7.1> 


(7-la) 


where  the  meaning  of  the  averaging  symbol  (.  . .)  this  time  is  as 
follows: 


<x*> = £372  j x*  (e)  ( j£~ ) *3/2  * = y J x* (x)  ( 


if)  xmdx~ 
(7.1b) 


Here  £0  is  the  Fermi  energy  (6.2.8a),  z0  = Z>Jk0T  and  x = zlk^T. 
In  the  case  of  arbitrary  degeneracy  the  equilibrium  distribution 


7 In  all  the  expressions  in  this  section  the  suffix  n will  be  omitted. 
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function  is 


fo 


1 


exp 


«-C 

k0T 


fl 


1 

ex~z-\- 1 » 


(7.1c) 


where  z = t,/k0T.  In  this  sense  (7.1b)  is  a generalization  of  expres- 
sion (2.19)  to  which  (7.1b)  reduces,  if  the  Boltzmann  distribution 
(6.2.11a)  is  substituted  for  /0. 

It  follows  from  (7.1b)  for  %*  = a = const,  that 

(a)  = a.  (7.1d)< 

We  can  easily  demonstrate  it,  if  we  calculate  the  integral  (7.1b) 
by  parts  and  make  use  of  the  normalizing  condition  (6.2.5).  If 
x depends  on  the  energy  e of  the  type  (3.4),  the  averaging  procedure- 
in  equality  (7.1a)  in  the,,  limiting  cases  of  weak  and  strong  mag- 


netic fields  always  reduces  to  the  averaging  of  the  energy  powers, 
i.e., 

oo 

(85>  = So3/2  j e*+s/2  (-■§*)*,  (7.2). 

0 
CO 

(xs)  = zoS/2  j ^+3/2  (--§-)  dx.  (7.2a). 

o 

If  k0T/t,0  <C  1)  (7.2)  in  the  first  (6-function)  and  second  approx- 
imations in  the  degree  of  degeneracy  is  equal,  respectively,  to 

<es>  = & (7.2b ). 

(«•>  = « {1  + ts(s+-5-)(tt)!}'  <7-2c)' 

where  we  made  use  of  equation  (A. 17. 5)  and  of  the  expression  for  t, 
(6.2.9). 

Integrating  (7.2a)  by  parts,  we  obtain 

<*s>  = zr3'2  (s  + s/2)  JF,+lh  (z),  (7.2d)> 


where  z = t,lk0T,  and  the  Fermi  integral  x/2  is  determined  by 

(6.2.6). 

The  energy  flux  density  can  be  obtained  from  (7.1)  if  the  total 
electron  energy  e — ecp,  where  tp  is  the  potential  of  the  electric 
field  acting  on  the  electrons,  is  substituted  for  its  charge  — e (under- 
the  integral  sign).  Hence,  the  energy  flux  density  is 

w=  _±i(X*(e  — ecp)>=  — <x*e>  + (pj.  (7.3> 

If  in  the  conditions  of  measurement  the  electric  current  is  zero,, 
w is  equal  to  the  first  term  on  the  right-hand  side  of  (7.3). 
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9.7.2  The  electric  current  in  the  absence  of  a temperature  gra- 
dient and  of  a magnetic  field  is  determined  from  (7.1a),  where 
-according  to  (3.1),  is  equal  to  tE.  Hence, 


(7.4) 


whence  the  conductivity 

ne 2 . . 

0 = — 5t<T). 

m*  ' 

If  t is  equal  to  (3.4),  then 
<t>  = a <er>  = a ( k0T)T  <. xT ). 


(7.5) 

(7.6) 


Making  use  of  (7. 2d),  we  obtain  in  the  case  of  arbitrary  degeneracy 


o 


2/2 

3n2 


earo1/a 

n3 


a (k0T)T+m 


(r  + 3/2 )JF r+l/2  (2), 


(7.7) 


where  2 = tJk0T  for  n = const,  is  determined  from  (6.2.5),  and  in 
the  presence  of  both  donors  and  acceptors,  from  (6.2.15). 

In  the  case  of  strong  degeneracy  (7.2b)  is  an  adequate  approxi- 
mation, and 

a = -£-*(&,),  M 

where  x (£„)  = f (e)  Is-to- 

It  will  be  seen  from  (7.1)  that  due  to  the  presence  in  the  integrand 
of  the  factor  ( — ^ j » 6 (e  — £0),  only  the  electrons  belonging  to 

the  layer  about  k0T  wide  near  the  Fermi  surface  e = £0  take  part 
in  the  current.  Indeed,  for  other  electrons  6 (e  — £0)  « 0.  For  this 
reason  the  concept  of  electron  mobility  \i  = o/ne  is  not  introduced 
in  the  case  of  degeneracy. 

9.7.3  The  expression  for  the  differential  thermoelectric  power 
•(4.5)  can  be  written  in  the  form 


If  t is  given  by  (3.4),  for  the  case  of  an  arbitrary  degeneracy 


»-(*){ 


(r+5/2)  ff>+3/2(*) 
(r+ 3/2)  2F r+ ^ 2 (z) 


(7.10) 


It  follows  immediately  from  (7.9)  that  in  the  first  approximation 
with  respect  to  degeneracy  a = 0.  Indeed,  the  first  term  in  the  braces 
of  (7.9)  in  the  6-function  approximation  is 

.■<xe>  t (C0)  So 
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and  therefore  cancels  with  the  second  term.  In  the  second  approxi- 
mation with  respect  to  degeneracy,  we  obtain,  making  use  of  (7. 2d) 
and  (6.2.9)8, 

-£('+i)  (*•)(£)•  <*•«> 

The  values  of  r are  different  for  different  scattering  mechanisms  (3.5). 
For  good  metals,  according  to  (8.4.14),  r = 3/2. 

It  will  be  seen  immediately  from  (7.11)  that  a for  metals  is  sub- 
stantially smaller  than  for  nondegenerate  semiconductors,  since 
in  the  case  of  a strong  degeneracy  an  additional  factor  ( k0T/t,0 ) 
appears  in  a,  equal  for  metals  at  room  temperatures  to  5 X 10-3. 

9.7.4  Substituting  (3.3),  (4.3a)  and  (4.11a)  into  (4.20),  we  obtain 
for  the  heat  conductivity  coefficient 


n 1 (t)  (tx2)—  (tx)2  n 1 (t)  (xe2)  — (xe>2 

ire  1 (x)  ~~T  (t) 


(7.12) 


It  can  easily  be  shown  in  the  same  way  as  it  has  been  done  for  a 
that  x in  the  first  approximation  with  respect  to  degeneracy  is  zero. 
For  t given  by  (3.4)  in  the  second  approximation  with  respect  to 
degeneracy  we  have 

x = if^7Ti  t(£o),  - (7.13) 


where  use  was  made  of  expansion  (7.2c).  Hence,  and  from  (7.8) 
follows  the  Wiedemann-Franz  law: 

x/cr  = LT,  (7.14) 

where  the  Lorenz  number  in  the  case  of  strong  degeneracy 

L = (7.14a) 


is  independent  of  the  scattering  mechanism. 

For  an  intermediate  degree  of  degeneracy  x can  be  expressed  by 
(7. 2d)  in  terms  of  the  Fermi  integrals.  In  the  general  case  the  Lorenz 
number  is 


(r  + 3/2)  (r  + 7/2)  ^rr+i/2^:r+5/2  — (r  + 5/2)2^2+3^2  / \ 2 

(r  + 3/2)2  ^2+3/2  “ VTJ 


(7.15) 


8 Here  and  below  we  use  the  expansion  (i<(  1) 

1 -4—  /ix^ 

~(i+^2)(i-&*2)~i+(°-fc)*a 

lo  within  the  quantities  of  the  order  of  x2. 


.'15-01137 
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9.7.5  Consider  the  principal  galvanomagnetic  phenomena.  Equa- 
tions (5.4),  (5.4a),  (5.4b)  are  valid  when  the  magnetic  field  is  per- 
pendicular to  the  vector  P = xE.  Of  course,  here  the  symbol  { ) 

must  be  understood  in  the  sense  of  the  averaging  procedure  (7.1b). 
Hence,  the  equations  for  the  Hall  constant  R and  for  the  magneto- 
resistance Ap/p  obtained  in  Section  9.5  for  the  cases  of  weak  and 
strong  magnetic  fields  remain  valid,  provided  ( ) is  the  symbol 

for  the  averaging  procedure  (7.1b). 

A.  Weak  fields:  yx/7  <c  1.  In  this  case  we  have,  according  to 
(5.10), 


(t2)  1 

(x)2  ecn  ‘ 


(7.16) 


In  the  first  approximation  with  respect  to  degeneracy 

<-t2)  (Co)  , 

<t>*  [x(S0)p 

therefore, 

R = —Mem.  (7.17) 


If  (3.4)  is  valid  and  degeneracy  is  intermediate,  the  factor  (x2)/(x>2 
can  be  expressed  in  terms  of  the  Fermi  integrals. 

The  magnetoresistance  is,  according  to  (5.11), 


Ap / eH  \ 

p \ me  ) 


i2  <X3)<X)  — (X2)2 
(X)2 


(7.18) 


and  vanishes  in  the  first  approximation.  This  agrees  with  the  general 
conception  that  the  magnetoresistance  appears  only  when  there  are 
groups  of  electrons  with  different  energies  and  different  scattering 
mechanisms. 

For  a power  dependence  of  the  relaxation  time  on  the  energy  (3.4) 
we  obtain  in  the  second  approximation  with  respect  to  degeneracy 

Ap/p  = Bo#2,  (7.19) 


where 


rex  (g0)  I2  ( k0T  \2 

L me  J V ?o  / 


(7.19a) 


In  the  case  of  intermediate  degeneracy  Ap/p  (7.18)  can  be  expressed 
in  terms  of  the  Fermi  integrals. 

Note  that  in  metals  in  the  cases  of  a weak  field  or  strong  degeneracy 
Ap/p  is  temperature-independent,  since  x (£0)  is  inversely  propor- 
tional to  the  temperature  (8.4.14). 
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B.  Strong  fields:  yiH  1.  For  strong  fields  the  Hall  constant  R 
is,  according  to  (5.16),  equal  to  (7.17),  no  matter  what  the  degree 
of  degeneracy  is.  According  to  (5.17),  the  magnetoresistance  is 
Ap 
P 


:<T>  <t)- 


1. 


(7.20) 


In  the  first  approximation  with  respect  to  degeneracy  Ap/p  = 0 
since  (t)  /— \ = 1.  When  (3.4)  is  valid  in  the  second  approximation 


with  respect  to  degeneracy,  we  obtain 

_Ap_ _Jt»_  2 ( k0T  \ 2 

P 3 { to  / ’ 


(7.21) 


i.e.,  saturation  for  H o o.  For  strong  fields  and  in  the  case  of 
strong  degeneracy  Ap/p  oc  T2. 

C.  Arbitrary  fields:  strong  degeneracy.  The  value  of  Ap/p  can  be 
calculated  for  an  arbitrary  magnetic  field.  In  the  second  approxima- 
tion with  respect  to  degeneracy 


Ap  B0H 2 

p — 1 + (RoH)2  ' 


(7.22) 


Here  B0  is  given  by  (7.19a),  and  R and  a are  the  Hall  constant  (7.17) 
and  the  conductivity  (7.8).  From  (7.22)  it  follows  for  strong  mag- 
netic fields  that 


Ap\  _ B„ 
p {Bo)2  ’ 


(7.22a) 


which  coincides  with  (7.21). 

The  experimental  data  on  magnetoresistance  of  metals  are  in 
poor  agreement  with  equation  (7.22).  For  very  weak  fields  Ap/p 
is,  indeed,  proportional  to  H2,  but  soon  the  increase  in  Ap/p  becomes 
proportional  to  H and  does  not  approach  real  saturation.  Moreover, 
the  values  of  B0  observed  in  experiment  are  several  orders  of  mag- 
nitude greater  than  theoretical  values.  The  temperature  dependence 
of  Ap/p  predicted  by  the  theory  is  not  confirmed  in  experiments. 
The  main  reason  for  such  discrepancies  lies,  probably,  in  the  complex 
electron  energy-band  pattern. 

I.  M.  Lifshitz  with  his  cow’orkers  [9.11]  has  developed  a theory 
of  galvanomagnetic  effects  in  metals,  which  takes  into  account  the 
complex  shape  of  the  Fermi  surface  (e  = £0).  He  has  demonstrated 
l he  close  interrelation  between  the  asymptotic  behaviour  of  the 
components  of  the  galvanomagnetic  tensor  in  strong  magnetic  fields 
and  the  topology  of  the  Fermi  surface,  the  factor  of  foremost  impor- 
lance  is  the  closed  or  open  nature  of  the  Fermi  surface,  i.e., 
whether  it  covers  continuously  the  entire  k-space  or  splits  up  into 
dosed  surfaces  repeated  in  the  reciprocal  lattice  space. 
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9.7.6  Out  of  the  thermomagnet ic  phenomena  we  shall  consider 
only  the  transverse  Nernst  effect.  The  general  form  of  equations  (6.3) 
and  the  expressions  for  the  coefficients  bx  and  6.,  (6.3a),  (6.3b)  remain 
unaltered  for  all  degrees  of  degeneracy  of  charge  carriers,  provided 
the  symbol  ( ) is  understood  as  the  averaging  procedure  (7.1b). 

This  means  that  we  can  use  (6.4a)  for  the  Nernst  constant  Q and  the 
expressions  for  the  cases  of  weak  and  strong  fields  derived  from  it. 

A.  Weak  fields:  yxH  <C  1.  It  follows  from  (6.6a)  that 

n — ( k o ) e (t)  (t2A  — (xa)  (tx)  „ 

V [ e ) me  (t>2  • (I.Zd) 


Hence,  it  follows  immediately  that  in  the  first  approximation  with 
respect  to  degeneracy  Q — 0.  This  reflects  the  general  principle, 
according  to  which  the  Nernst  effect  is  only  possible  if  there  are 
different  groups  of  electrons  with  different  scattering  mechanisms. 
Q is  also  zero  if  t is  independent  of  e.  In  case  (3.4)  in  the  second 
approximation  with  respect  to  degeneracy 


Q = 


r 


(7.24) 


where  we  made  use  of  expansion  (7.2c). 

Specifically,  it  follows  from  here  that  the  sign  of  the  effect,  as 
in  the  nondegenerate  case,  coincides  with  the  sign  of  r.  The  presence 
of  the  factor  k0Tit,0  makes  the  effect  a small  one.  In  the  range  of 
intermediate  degeneracies  Q can  be  expressed  in  terms  of  the  Fermi 
integrals. 

B.  Strong  fields:  yxH  >>  1.  It  will  be  seen  from  (6.9)  that  in  the 
first  approximation  with  respect  to  degeneracy  Q = 0.  In  the  second 
approximation  with  respect  to  degeneracy  in  the  case  of  a power 
dependence  of  the  relaxation  time  on  the  energy  (3.4),  we  obtain 


n — — mc 

V “ 3 \ e ) ex  (U)  H * 


(7.25) 


All  the  remarks  made  in  connection  with  (7.24)  are  appropriate 
for  this  expression. 

The  variation  of  the  thermoelectric  power  a in  a magnetic  field 
can  be  considered  in  exactly  the  same  way  as  in  the  preceding  case. 


9.8.  Transport  Phenomena  in  Silicon-  and  Germanium-Type 
Semiconductors 

9.8.1  To  begin  with,  consider  transport  phenomena  in  an  electron- 
type  semiconductor  in  which  the  energy  minimum  is  not  located 
in  the  centre  of  the  Brillouin  zone.  In  this  case  the  constant-energy 
surfaces  will  generally  have  the  shape  not  of  spheres,  but  of  ellip- 
soids. Near  the  energy,  minimum  the  dependence  of  the  electron’s 
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energy  e (kx,  ky,  kz)  on  the  wave  vector  components  will,  as  in  the 
case  of  a simple  band,  be  quadratic. 

As  we  saw  in  Section  4.15,  the  conduction  band  for  silicon 
has  six  energy  minima  symmetrically  arranged  at  points  on  the  A 
axes,  i. e. , in  the  directions  [100];  the  conduction  band  of  germanium 
has  eight  energy  minima  located  on  the  Brillouin  zone  boundary 
in  the  [111]  directions.  The  constant-energy  surfaces  e (k)  = const, 
near  these  minima  are  ellipsoids  of  revolution  (4.15.1).  Such  energy 
bands  became  known  as  multiellipsoid  or  multivalley  bands.  The 
complications  arising  from  the  existence  of  a multiellipsoid  energy- 
band  pattern  involve  not  only  a more  complex  form  of  the  kinetic 
coefficients,  but  also  the  transformation  of  the  relaxation  time  t,  if  it 
can  be  introduced  at  all,  from  a scalar  into  a tensor. 

However,  it  seems  likely  that  even  in  the  cases  of  an  intricate 
energy-band  pattern  the  electron  relaxation  time  can  be  treated  as 
an  energy-dependent  scalar.  In  this  section  we  intend  to  limit  our- 
selves to  this  approximation. 

Since  the  distance  between  the  equivalent  minima  in  the  k-space 
is  of  the  order  of  the  reciprocal  lattice  constant,  the  electron  in 
the  act  of  phonon  absorption  can  pass  from  the  region  of  one  minimum 
into  the  region  of  another  only  if  it  absorbs  a phonon  with  a wave 
vector  q « \la , where  a is  the  lattice  constant  (wave  vector  conser- 
vation law). 

At  low  temperatures  such  interellipsoid  transitions  will  be  com- 
paratively rare,  but  at  higher  temperatures  they  can,  as  was  demon- 
strated by  C.  Herring,  in  some  cases  explain  a more  pronounced 
dependence  of  mobility  on  the  temperature  (p  oc  T~n,  where  n > 
> 1.5).  The  theory  of  interellipsoid  transitions  is  as  yet  in  a rudi- 
mentary state,  and  for  this  reason  it  shall  not  be  discussed  here. 
In  the  case  of  intraellipsoid  electron  scattering  the  currents  belonging 
to  the  different  ellipsoids  add  up  independently. 

9.8.2  If  the  electron’s  energy  e is  measured  from  the  value  cor- 
responding to  one  of  the  equivalent  energy  minima,  and  the  electron’s 
wave  vector  k from  the  point  of  the  i-th  minimum  in  the  k-space, 
the  expression  for  e in  the  major  axes  of  the  i-th  energy  ellipsoid 
will  be 


a=l 


(8.1) 


where  ka  are  the  rectangular  coordinate  components  of  the  wave 
vector  k,  and  ma  are  the  components  of  the  effective  mass  tensor 
(4.15.1).  In  the  case  of  germanium  and  silicon,  pointing  the  z axis 
(a  = 3)  in  the  direction  of  the  ellipsoid’s  axis  of  rotation  and  mak- 
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ing  m3  = m\\  the  longitudinal  mass  and  making  m1  = m2  = mi  the 
transverse  mass,  we  obtain 


»» r fcf+fcj 

2 L m± 


(8.1a) 


It  will  now  be  convenient  to  introduce  the  variables 


iv 


a 


V 2^  ‘ 


in  which 

e = w\  + w\  + 


(8.2) 


(8.2a) 


The  components  of  the  electron’s  velocity  are 


V* 


1 3e 
h dka 


ma 


K =|/ 


(8.3) 


The  kinetic  equation  (8.2.6)  also  remains  valid  in  the  case  of  a 
complex  energy-band  pattern;  therefore, 


v-v,/-^{e+|vxh}.v1;=-I_A 


(8.4) 


Here,  as  has  already  been  stated  above,  we  assume  that  there  is 
an  energy-dependent  relaxation  time,  so  that  the  collision  term  is 


( df  \ _ f — f o 

V dt  )c  t (e) 


(8.4a) 


9.8.3  Consider  the  electric  conductivity  due  to  one  energy  ellipsoid 
in  the  presence  of  an  electric  field  only  (VT  = 0,  H = 0).  In  this 
case  the  kinetic  equation  (8.4)  takes  the  form: 

£1  E-Vk/  = /-/0.  (8.5) 

Make  the  nonequilibrium  distribution  function 

/ = /0  + f<10,-E  = /0+  S (8.6) 

n=i 

This  can  be  regarded  as  the  expansion  of  / into  a power  series  in 
the  electric  field  E ^ in  which  only  the  first-order  terms  have  been 
retained.  Since  the  nonequilibrium  correction  to  the  distribution 
function  is  a scalar,  f(10)  is  a vector,  i.e.,  /j^01  are  components  of 
a rank  1 tensor  (Appendix  11).  Substituting  (8.6)  into  (8.5)  and  drop- 
ping the  members  of  the  order  of  E 2,  we  obtain 

E - Vk/o  = E - f(10>, 


(8.7) 
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whence  (because  E is  arbitrary) 

i(1°,  = fVk/0. 

(8.8) 

Since  the  equilibrium  distribution  function  f0 
through  the  energy  e (k),  it  follows  that 

depends  on  k only 

VV.  = ^-Vk«=^Sv, 

(8.9) 

whence 

f<10>  = ex  (e)-^J- v, 

(8.10) 

or 

fll0)  = e t (8)  vn- 

(8.10a) 

The  electric  current  established  by  the  electrons  of  the  i-th  ellipsoid  is 


jd»  = -e  2 /v  = e2  2 (E'v) («)  ( — ?r) . (8.H) 

<k)  <k) 

since  the  equilibrium  distribution  function  f0  does  not  contribute 

to  the  current.  Here 

2— EtJ**  (8.Ha) 

(k) 

denotes  summation  (integration)  over  the  wave  vector  k.  A current 
component  is,  according  to  (8.11), 

) 2 2 (-it)  mA=2°%  (8-12) 

(k)  p P 

where 

o«p  = e2  2 T (e)  ( --Jr)  v*v»  (8.12a) 

(k) 

is  a component  of  the  electric  conductivity  tensor  of  the  i-th  ellip- 
soid. Since  va  oc  ka,  and  e is  an  even  function  of  ka,  aap  = 0 if 
a =/=  p,  i.e.,  the  electric  conductivity  tensor  is  diagonal  in  the  major 
axes  of  the  energy  ellipsoid.  Hence, 


(k)  (w) 


(8.12b) 
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where  the  summation  is  now  performed  over  w.  Taking  into 
account  the  isotropic  relationship  between  e and  wa  (8.2a),  we  can 
easily  demonstrate  that  summation  over  w reduces  to  the  summation 
over  e with  l/3e  being  substituted  for  Then 

2 *«(-!?-)'•  <8-12') 

(e) 

Making  use  of  the  expression  for  the  density  of  states  (6.2.22),  we 
obtain 


42  *<«)(--£) 


8 


2 Y 2 (mim2m3) 
3ji2  P 


f ’W(-f) 


e3/2  de 


re(l)  (t), 


(8.13) 


where  rc(,)  is  the  number  of  electrons  in  the  i-th  ellipsoid,  and  the 
symbol  ( ) is  a direct  generalization  of  (7.1b)  to  which  it  reduces, 

when  m1  = m2  = mz  = m.  Hence, 


CT 


(i) 

aa 


e2re<<> 

ma 


<T), 


(8.14) 


this  being  similar  to  (7.5). 

Choose  now  a rectangular  coordinate  system  with  the  axes  point- 
ing in  the  direction  of  the  edges  of  the  crystal’s  unit  cell.  The  com- 
ponents of  the  total  (of  all  the  ellipsoids)  electric  conductivity  tensor 
in  this  coordinate  system  will  be 

<^=2°$,  (8.15) 


where  o(^  are  the  components  of  tensor  (8.14),  transformed  to  the 
coordinate  system  connected  with  the  crystal’s  axes. 

In  a cubic  crystal  the  electric  conductivity  tensor  is  a scalar  a. 

Consider  now  the  simple  case  of  silicon  in  which  the  energy  minima 
are  arranged  along  the  (100)  directions.  The  axes  of  rotation  of 
the  energy  ellipsoids  (effective  masses  mu)  are  parallel  to  the  same 
directions. 

Hence,  in  the  case  of  silicon  the  major  axes  of  all  six  energy 
ellipsoids  are  parallel  to  the  coordinate  axes  coinciding  with  the 
cube’s  edges  of  a unit  cell.  It  follows  from  (8.15)  and  (8.14)  that 


a = axx  = 2 ——  <x)  + 4 — — <x>  = 


(8.16) 


where  the  electron  concentration  is 
n = 7Vcn(I)  — 6 


(8.16a) 
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(Nc  is  the  number  of  equivalent  minima),  and 


(8.16b) 


Making  use  of  the  equations  for  the  transformation  of  the  tensor 
components  (Appendix  11),  we  can  demonstrate  that  equations; 
(8.16a),  (8.16b)  are  also  valid  in  the  case  of  germanium,  when  the 
major  axes  of  the  energy  ellipsoids  are  not  parallel  to  the  cube’s 
edges. 

Note  that  (8.16b)  follows  from  the  requirement  that  1/m'  be  pro- 
portional to  the  scalar  invariant  of  the  inverse  effective  mass  tensor, 
i.e.,  to  its  trace  2 1 lma  (the  factor  1/3  is  obviously  needed  in  the 

a 

case  of  a scalar  effective  mass). 

The  mobility  is 


__  a e (t) 

en  m'  ’ 


(8.17) 


this  being  similar  to  (3.3). 

9.8.4  Consider  the  Hall  effect  in  a weak  magnetic  field.  To  this 
end  we  must  solve  the  kinetic  equation  (8.4)  (with  Vr / = 0)  to 
within  the  members  of  the  first  order  in  H.  Again  considering  an 
ellipsoid,  we  make  the  distribution  function  expressed  in  terms  of 
the  ellipsoid’s  major  axes 

f=f  o + I /a  ' X + I (8.18> 

a av 

where  /^v’  is  a rank  2 tensor  (in  this  case,  however,  the  correction 
proportional  to  H is  a scalar).  Substitute  (8.18)  into  the  left-hand 
and  the  right-hand  sides  of  the  kinetic  equation  (2.4) 

Al{ E + 4 v x H}Vk  (/o+S  $X  + 2 /nvXtfv 

U |AV 

= 241\+SA‘Vv.  (8.i9> 

a av 

In  accordance  with  the  aforesaid,  the  expression  (ex/fr)  EVa/o  cancels 
with  the  first  sum  on  the  right-hand  side. 

Since 
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it  follows  that  the  term  on  the  left-hand  side  linear  in  E and  H is 


f(vx  H)  -vk  {2  fV°%}  = £ v X H 2 E,Vk(er  ^ u,) 

H (A 

= £ T X H 2 E. { (r%)+r^Vtv.}.  (8.20) 


Since  t depends  only  on  e,  it  follows  that 


and  the  product  of  v X H by  the  first  term  in  the  braces  of  (8.20) 
is  zero.  On  the  other  hand,  according  to  (8.3), 

Vt^n  —~zrev  (8.21) 

m\X 

Here  is  a unit  vector  along  the  p axis.  Hence,  (8.20)  includes 
the  scalar  product 

(vx  H)  •eli  = vx  Hp,=  2 finav^a^v,  (8.22) 

av 


where  5tiaV  is  a symbol  equal  to  +1  when  pav  is  an  even  transmu- 
tation of  the  indices  1,  2,  3,  to  — 1 when  pav  is  an  odd  transmutation 
of  1,  2,  3,  and  zero  in  all  other  cases,  when  there  are  identical  indices 
among  pav.9 

Finally,  it  follows  from  (8.19)  that 


a/o 


de 


y s, 


V<X 


(iav 


eilh. 


liav 


■='2f$)EllHy 

|AV 


Comparing  the  coefficients  of  E^Hv,  we  obtain 


(8.23) 


pin 

J nv 


e2x2  df o 1 
c de  m ^ 


2 ^Wvya  — 
a 


e2t2 

c 


dft 

de 


L'nav1' 


(8.24) 


The  current  due  to  the  correction  (8.23)  to  the  distribution  function  is 
ft  - - e 2 2 ft"  vu } = ■ T 2 W.  2 ^ ■ 


(k) 


nv 


piva 


(k) 


(8.25) 


9 See  Appendix  24.  Some  authors  use  the  notation  e^av  for  6^,. 
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Expression  (8.25),  like  (8.12a),  is  nonzero  when  a = k.  In  this  case 
the  integration  with  respect  to  k can  be  reduced,  as  in  (8.12c), 
to  the  integration  with  respect  to  e.  As  a result,  we  obtain 

iil)  = - -r  2 W"'*1  <t2>  E»H*  = 2 (8.26) 

fiV  JiV 

where  the  symbol  ( > was  defined  in  (8.13),  and  the  rank  3 tensor 

<=-7«(i'(T2)-^  (8.26a) 

determines  the  additional  current  in  the  X-direction,  proportional 

to  E^Hv10.  With  no  account  taken  of  the  interellipsoid  transitions  the 

total  current  in  the  coordinate  system  connected  with  the  crystal’s 
axes  is 

/x  = 2A°=2^v^v,  (8-27) 

i ixv 

where 

®mv=24jiv  (8.27a) 

i 

and  al’iiv  are  the  components  of  tensor  (8.26a),  transformed  to  the 
coordinate  system  connected  with  the  crystal.  In  a cubic  crystal 
a cyclic  transmutation  of  the  indices  Xpv  does  not  change  ct?.Uv 
Besides,  it  seems  natural  to  suppose  that  in  a cubic  crystal  the  Hall 
current  should  be  proportional  to  E X H.  This  means  that 


(8.28) 

where  r|  is  a scalar  in  terms  of  which  all  the  27  components  of  the 
tensor  cr^uv  are  expressed.  It  follows  from  (8.28)  and  (8.27)  that 


j = tiE  X H. 

(8.29) 

Write  an  invariant  (scalar) 

2 0^v6xuv  = 2 Tl5xnv  = 6ll 

(8.30) 

X(iv  Xnv 

and  express  it  in  terms  of 

6ti = 2 2 41Uuav  = 22 

(8.30a) 

Xnv  i i Xjav 


Since  each  sum  belonging  to  the  i-th  ellipsoid  is  also  an  invariant, 
it  can  be  computed  in  any  coordinate  system,  including  that  of 

10  Of  course,  the  dimension  of  is  not  that  of  conductivity. 
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the  major  axes  of  the  tensor  ctxJv  Making  use  of  (8.26a),  we  obtain; 


2 ct$Ahv=  «(i>(T2>  2 


Xrv 


X|iv 


= — e—  n{l)  (x2)  2 


mXm\x 

1 


1 


1 


m1m2 


mim3 


^2^3  _ ' 


(8.30b> 


this  expression  being  identical  for  all  ellipsoids. 
From  (8.30a),  (8.30b)  we  obtain 


For  Ge  and  Si  (8.31a)  has  the  form 


(8.31) 

(8.31a) 

(8.31b) 


It  follows  from  (8.16)  and  (8.29)  that  the  total  current  is 
j = oE  + pE  X H.  (8.32) 


Making  use  of  the  definition  of  the  Hall  constant  R (5.5),  we  obtain 
from  (8.32)  in  the  approximation  linear  in  the  magnetic  field 


1 (t2)  / m'  \2 
ecn  (t)2  \ m"  / ’ 


(8.33) 


the  only  difference  from  (6.10)  being  the  presence  of  the  factor 
( m'/m ")2. 

9.8.5  Consider  the  magnetoconductivity  in  weak  magnetic  fields. 
With  this  in  view  we  expand  the  nonequilibrium  distribution  func- 
tion into  a series  in  the  magnetic  field  intensity  up  to  the  terms  of 
the  second  order  in  H: 


f = u + 2 fll0% + 2 /[AX# v -t  2 f{w%HvHP, 


\IV 


nvp 


(8.34) 


where  /[(vp  is  a rank  3 tensor. 

If  we  take  into  account  the  values  of  /(J0)  and  of  /ji'v’,  obviously 
we  must  substitute 


2 /lAXffv 


into  the  left-hand  side  of  the  kinetic  equation  and  obtain  a value 
proportional  to 


(v  X H).Vk/(R1v1)  = ~ ^ (v  x H)-Vk  (x2  ^ 2 W>«)  - 

a 


(8.35) 
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Carrying  out  transformations  similar  to  those  of  (8.20)-(8.22),  we 
obtain  from  the  kinetic  equation 

(8-36) 

pv  app  pvp 

whence 


Al  2)_ 

/nvp  — 


2 <W<WS  ^ 

ap 


mama. 


(8.37) 


Determine  now  the  current  from  the  i-th  ellipsoid  due  to  this  cor- 
rection to  the  distribution  function: 


,•(») 

7a 


2 41vXflrv^P  = 2 °{xlvPEnHvHP' 

nvp  |XVP 


(8.38) 


Here  a^vp  is  a rank  4 magnetoconductivity  tensor  with  3 X 3 X 
X 3 X 3 = 81  components.  Substituting  (8.36)  into  (8.38),  we  ob- 
tain 


°Apvp  ' 


c2  2 2 ^Uva^appX3  ( 

(k)  ap 


dfo  \ vm 
de  ) mamn  ‘ 


(8.39) 


As  in  the  preceding  cases,  integration  with  respect  to  k yields  zero 
if  P =/=  X.  We  can  again  change  the  integration  variables  from  k 
to  e and  make  use  of  definition  (8.13)  to  obtain 

(8.40) 

a 


Since  the  substitution  v p does  not  change  the  term  E^H^H p, 
it  will  be  convenient  to  rewrite  alpvp  in  the  sum  of  (8.38)  in  a sym- 
metrical form,  making 


(ol(ivp)sym  — V2  (^Apvp  ^Apvp)  • 


(8.41) 


In  this  case  there  will  be  one  product  E nHvH p corresponding  to  each 
of  the  coefficients  (a(4ivp)Sym- 

Below  we  shall  assume  such  symmetrization  terms  in  (8.38). 
Then  dropping  the  symbol  ( )sym,  we  obtain  instead  of  (8.40) 

<vp  = -^-w(i)<x3)M^Vp,  (8.42) 

where 

Afl(lvp=  2"  2 mam^mn  t^Wv^aAp  + $apP^aAv]  ■ (8.42a) 
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Hence,  we  obtain 

M'iu  = o, 


m<&ix  = m$vA  = 


1 

2 m1m2m3 


(8.43) 

(8.43a) 

(8.43b) 


The  coefficients  a[^Vp  take  into  account  the  variation  of  current, 
caused  by  the  variation  of  electrical  resistance  (magnetoresistance). 
It  follows  from  (8.42)  and  (8.43)  that  oxin  = 0,  i.e.,  that  the  mag- 
netoresistance  along  one  of  the  energy  ellipsoid’s  major  axes  is 
zero  when  the  magnetic  field  coincides  in  direction  with  the  current. 
This  is  a generalization  of  the  result  establishing  the  absence  of  the 
longitudinal  magnetoresistance  in  the  case  of  spherically  symmetric 
constant  energy  surfaces  (Section  9.5.1). 

The  different  nonzero  coefficients  for  germanium  and  sili- 

con are 


Mu  22  = 


Mu 3 3 = M 2233  = -V  , 


M\ §3H  = M 3*3  22  = 


1 


M{\1\2  = Mi313  = M(2323  : 


1 


2 m?\m 


_L 

(8.44) 


Of  course,  all  relationships  of  the  type  M[\l2  = M$xx  or  = 
= etc.  are  also  valid. 

In  silicon  and  germanium  the  totality  of  all  the  equivalent  mini- 
ma in  the  first  Brillouin  zone  obey  the  cubic  symmetry  of  the  crystals. 
We  distinguish  between  the  two  cases: 

A.  Six  energy  ellipsoids  are  arranged  along  the  (100)  directions 
(silicon). 

B.  Four  energy  ellipsoids  are  arranged  along  the  (111)  directions 
(germanium). 

Denote  by  (i  — 1,  2,  3)  the  axes  of  a rectangular  coordinate 
system,  pointing  along  the  unit  cell  cube’s  edges  and  by  ( i = 

= 1,  2,  3)  the  major  axes  of  one  of  the  energy  ellipsoids. 

In  the  case  A for  one  pair  of  ellipsoids  ||  xy,  g2  ||  x2 , |3  ||  x3, 
for  the  second  pair,  ||  xlt  £2  ||  x3,  |3  ||  x2  and  for  the  third, 

!l  II  ®3i  ?2  II  •*’25  53  II  **T 

If  the  currents  of  the  individual  ellipsoids  are  simply  added  up, 
then,  for  example, 

01122  = 2 a?.pvp  = 20^22  -f  20-H33  + 2a<33)22  = n ^1122, 


(8.45) 
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where  the  electron  concentration  is  n — Ncn(x\  Nc  = 6 is  the- 
number  of  equivalent  minima,  and 


M 1122  = UyT"  2 M.’livp  = y [MV  2 2 + M'l  3 3 + -^3*322  J 

i 


3 m^TOj 


(8.45a> 


All  the  other  nonzero  coefficients  Afxpvp  for  both  cases  A and  B' 
can  be  calculated  in  a similar  way.  In  case  B the  problem  becomes 
somewhat  more  difficult  because  the  major  axes  of  the  energy  ellip- 
soids are  not  parallel  to  the  cube’s  edges  of  the  unit  cell,  and  because 
of  this  in  order  to  determine  the  components  of  the  tensor  71/xpvp. 
in  terms  of  the  components  of  the  tensors  A/l^vp,  first  we  have 
to  transform  the  latter  to  the  coordinate  system  0 connected  with 
the  crystal  (see  Appendix  11). 

In  comparing  theory  with  experiment  it  appears  more  convenient, 
to  introduce  dimensionless  coefficients 


•pvp  - 


■MV 


pvp 


(8.46) 


dependent  only  on  the  ratio  of  the  effective  mass  tensor  components 
instead  of  the  quantities  A/lpvp-  Making  use  of  (8.16b),  (8.31b) 
and  (8.44),  we  can  easily  compile  Table  9.1.  The  components  of 
the  magnetoconductivity  tensor  tr^vp  *n  the  coordinate  system 
connected  with  the  crystal’s  axes  are 


*Xuvp 


= 2 


M) 

-’Xpvp 


= ^r(r3) 


2 w<i)^vP 


= yr<*3> 


l 


V p{iy 


N PXpvp 


<8-«> 


where  the  summation  is  performed  over  all  the  equivalent  minima 
in  the  Brillouin  zone.  Here  o and  p are  the  electric  conductivity 
and  the  mobility  for  H = 0 (8.16)  and  (8.17),  respectively.  Nc  is 
the  number  of  equivalent  minima  in  the  Brillouin  zone  and 

■I'Vpvp  = 2 ^Rvp.  (8.47a) 

i 

When  computing  Fj.mv P,  as  in  the  case  of  p.  we  must  trans- 
form the  components  of  the  tensors  Fxdvp  belonging  to  different 
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Table  9.1 

/rO) 

r 1122 

3 (m±  -f-  2m  ^ ) m ^ 
(m  n -f-  2m j^)2 

pH)  __  r(i) 
r 1 133  — r 2233 

3 (m±  +2m  j ) ra  j 
(m  ,|  + 2m±)2 

pH)  __  pH) 
r 331 1 r 3322 

3 (m^  -[-2m  u ) m^ 
(m  ||  +2 m^l2  m y 

p(i)  — p(i)  — z?(D 
" 1 21 2 "l  31  3 "2323 

3(m±  + 2m.  ||)m± 
2(m,+2rai)2 

minima  from  the  main  axes  of  the  energy  ellipsoids  to  a coordinate 
system  connected  with  the  crystal’s  axes.  In  case  A this  is  an  ele- 
mentary operation;  in  case  B we  must  compile  a table  of  directional 
cosines  between  the  main  axes  of  the  energy  ellipsoids  and  the  axes 
coinciding  with  the  cube’s  edges  of  the  unit  cell.  The  results  of  such 
computations  are  presented  in  Table  9.2. 

Write  the  electric  current  corresponding  to  the  tensor  component 
ff>.nvp  (8.47)  in  the  form 


(T3) 

(X)3 


X 


( m"  ) Fk^vp  X {°Ep 


(8.48) 


Here  the  first  dimensionless  multiplier  of  the  order  of  unity  reflects 
the  dependence  of  x on  the  energy  e,  if  t is  independent  of  e,  it  is 
equal  to  1.  The  second  dimensionless  multiplier  is  connected  only 
with  the  ratio  of  the  effective  mass  tensor  components  and  with 
the  shape  of  the  energy  ellipsoids  in  the  Brillouin  zone.  Finally,  the 
third  multiplier  is  equal  to  the  product  of  the  ohmic  current  aE ^ 
by  two  small  dimensionless  multipliers  proportional  to  the  magnetic 
held. 

It  will  be  seen  from  Table  9.2  that  generally  the  symmetrical  ten- 
sor a^i^vp  in  a cubic  crystal  is  described  by  three  independent 
quantities:  Omai,  (Tupp,  cij^p  and  The  current  corre- 

sponding to  this  tensor,  for  example  in  the  direction  of  axis  1,  is 
equal  to 

7i  = 2 = olinE,H\  + aliZZExHl  + o^E.H* 

nvp 

+ (0i2i2  4~  °i22i)  -f-  (cr1313  -f-  cr1331)  EgHiH 3.  (8.49) 

Writing  the  coefficients  in  a symmetrical  form  similar  to  (8.41) 
.and  using  the  same  notation  for  them,  we  obtain 

7l  = ffUl/l^l  4"~  °'n22^'l^2  4“  01133^1^s  4“  2ct12i2^2^i^2  4" 

+ 2o1313E3H1H3  (8.49a) 


36-011:17 


Table  9.2 


fHU 

*AllX.|i  FA|i(lA 

0 

(*+^H>+^+(=!)’J 

3(i+2vr) 

Zi_(2+ll-)2 

2f2+m“  )* 

\ m±  I 

»£-')*(*+>£) 

(>^)[^«Cy2J 

(•+^)[«+'=i+*(Si)2J 

m ,,  / m II  \ 2 

3 — - f 2 4 } 

mj_  ' ml  ' 

m ,|  / m u \ 2 

3-J-  2 + — ) 
m±  \ m±l 

6 ^-iL  ( 2 + — ) 2 

m±  \ mx / 

OkXvvla 

CT Aft  \\ll a = 0AlinA/0 

— (a  + b + c) 

— a — (i?o)2 

-T6+T(i?a)2 
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Denoting 

0*1111  = Y i &1212  = CT1313  = a>  2o1312  = 2CTJ3J3  = p,  (8.50) 
write  (8.49a)  in  the  form 

h = {H\  + H\  + HI)  + $H1  (E1H1  + E2H2  + E3H 3) 

+ yEJll  (8.51) 

where 

y = y'  — a — p.  (8.51a) 

It  follows  from  expression  (8.51)  that  the  density  of  the  appropriate 
current  is 

j = a.H2E  + p(E-H)  H + yF,  (8.52) 

where  the  vector  F is 

F EtH\,  E3Hl),  (8.52a) 

i.e.,  its  p-axis  component  is  E 
Taking  into  account  (8.32),  we  obtain  for  the  total  current 

j = oE  + t|E  X H + olIPE  + p (EH)  H + yF,  (8.53) 

i.e.,  the  current  is  characterized  by  five  constants  o,  i],  a,  P and  y. 
In  the  isotropic  case,  i.e.,  in  the  case  of  a spherical  constant-energy 
surface,  because  of  symmetry 

a = p and  y = 0.  (8.53a) 

The  general  form  of  (8.53)  with  indefinite  constants  a,  i],  a,  pr 
and  y can  be  obtained  for  cubic  crystals  solely  from  considerations 
of  symmetry.  Hence  it  follows  that  any  correct  electron  theory  for 
the  current  j in  the  H2  approximation  must  in  the  case  of  cubic  crys- 
tals lead  to  an  expression  of  the  form  (8.53). 

The  parameter  measured  in  the  experimental  studies  of  magneto- 
resistance is  not  the  dependence  of  the  current  j on  the  fields  E 
and  H,  but  the  voltage  (i.e.,  the  electric  field  E)  as  a function  of  j 
and  H;  therefore,  it  would  be  desirable  to  solve  expression  (8.53) 
for  E.  It  can,  however,  be  demonstrated  that  for  a cubic  crystal 
one  can,  as  in  the  case  of  (8.53),  obtain  the  expression 

E = pj  + gi  X H + aH2 j + b (j-H)  H + cL,  (8.54) 

where  p,  g,  b,  c are  constants  and  the  components  of  the  vector  L 
are  j \H\,  j2H\,  and  ]3H\,  solely  from  the  considerations  of  symmetry. 
The  composition  of  expressions  (8.53)  and  (8.54)  is  similar. 

Substituting  (8.54)  into  (8.53),  leaving  only  the  members  of  the 
order  not  exceeding  H 2 and  comparing  the  coefficients  in  front  of  j. 
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j X H,  H2 j,  (j-H)  and  L,  we  obtain  a simple  system  of  equations 
for  p,  g,  a,  b,  c whence 

1 T| 

P = — , «=- 

fc (P— riVo)  c_ I_ 

a ’ a ' 

In  the  absence  of  a magnetic  field,  the  electric  field  E coincides 
in  direction  with  the  current  j;  therefore,  the  conductivity  is  p = 
= I/0  = Elj.  In  the  presence  of  a magnetic  field,  when  E is  not 
parallel  to  j,  the  magnetoresistance  is  pH  = Ej/j  = (E-j)//2,  where 
Ej  is  the  projection  of  the  electric  field  on  the  direction  of  the  cur- 
rent. Making  use  of  (8.54),  we  obtain 

PH  = ^-  = P + P«^2  + P&ji-|^+Pc-7SL.  (8.56) 

Hence 

Ap  _ Ph  — P _ ajj2  _j_  6 ii iH j iH  j 3H s)* 

' (8.56a> 

The  quantities  a,  6,  c can  be  determined  from  experiment.  They 
are  connected  with  a,  t|  (or  R),  a,  (5,  y calculated  from  the  theory, 
as  demonstrated  above,  via  expression  (8.55).  The  ratios  o^vp/tf 
in  Table  9.2  are  expressed  in  terms  of  the  constants  a , b,  c and  R<y 
and  can  be  measured  in  experiment. 

It  follows  from  the  aforesaid  that  the  Hall  effect  and  magneto- 
resistance measurements  in  semiconductor  single  crystals  for  different 
current  and  magnetic  field  directions  provide  valuable  information 
on  the  effective  masses  of  charge  carriers  and  on  the  location  of 
constant-energy  surfaces  in  the  Brillouin  zone.  Such  experiments, 
carried  out  on  n-germanium  and  n-silicon  before  cyclotron  resonance 
in  them  had  been  studied,  resulted  in  a correct  picture  of  conduction 
electron  energy  spectra. 

As  was  remarked  above,  it  follows  from  (8.42)  and  (8.43)  that  if 
the  current  and  magnetic  field  are  parallel  to  an  energy  ellipsoid’s 
main  axis,  the  longitudinal  magnetoresistance  is  zero,  as  in  the 
case  of  spherical  constant-energy  surfaces.  Studies  of  longitudinal 
magnetoresistance  in  silicon  led  to  the  discovery  that  when  the 
current  and  the  magnetic  field  parallel  to  it  point  in  the  (100)  direc- 
tion, the  magnetoresistance  drops  almost  to  zero.  At  the  same 
time  the  investigation  of  longitudinal  magnetoresistance  in  ger- 
manium showed  that  there  is  no  such  direction  in  a crystal  in  which 
it  decreased  appreciably.  A conclusion  was  drawn  from  this  fact 
that  the  equivalent  minima  in  silicon  are  arranged  along  the  (100> 


(q  + tf/q) 


(8.55) 


36* 
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directions,  whereas  in  germanium  they  are  arranged  along  the  (111) 
directions. 

We  shall  not  consider  here  the  case  of  strong  magnetic  fields  for 
a multiellipsoid  model  discussed  in  special  literature  [9.12],  [9.131. 
We  would  only  like  to  point  out  that  in  strong  magnetic  fields  the 
Hall  constant  for  a multiellipsoid  model  is  also  equal  to 

R = — Mcen; 

as  in  all  cases  involving  the  isotropic  model  (5.16).  The  expla- 
nation is  that  in  strong  magnetic  fields  the  Hall  current  is  not  con- 
nected with  the  scattering  of  electrons,  but  is  determined  by  their 
free  drift  with  the  velocity  ( EIH ) c in  the  direction  perpendicular 
both  to  E and  H. 

9.8.6  In  order  to  determine  the  differential  thermoelectric  power, 
we  have  to  start  from  equation  (8.4)  in  which  we  must  make  H = 0. 
Then 

W,/-- !-EV,/=  -i=i.  (8.57) 

Up  to  members  linear  in  E = — Vq>  (<p  is  the  electrostatic  potential) 
and  in  S/T  f = /„  (e)  can  be  substituted  into  the  left-hand  side  of 
(8.57).  Then 

vr/»vr/0  = (— irH-^vr  + vc},  (8-58) 

since  in  the  presence  of  a temperature  gradient  both  T and  £ ( T ) 
are  temperature-dependent. 

Taking  into  account  (8.58)  and  (8.9),  we  obtain  from  (8.57) 

(— &)’[iFivr-ev(<p-4)]=-i=4L.  (8.59) 

The  electric  current  is 

J = — * S (/  — /o)  V 
(ft) 

= «2(— §HT<e>M±TLV7--*v(<p-4)]}v,  (8.60) 

(ft) 

where  the  summation  ^ (integration)  is  performed  over  the  wave 

(ft) 

vector  k.  For  the  current  j = 0,  we  obtain  from  (8.60) 

(ft) 

= e2  (--^He)(vv(<P-f))v.  (8.61) 

(ft) 
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If  yT  points  in  the  direction  of  the  p axis,  then  \S/T  = v^v^T, 
and  the  expression  on  the  left-hand  side  of  (8.61)  is  equal  to 

9fo  \ 
ds  ) 


7»Tk0  2 ( 

(k> 


e — t, 


= Vjk  o 


mji  3 


s 

(£) 


(-*) 


8—  £ 

T-7-^r-e 


mil  \ k0T  k0T  / ’ 


(8.62) 


where  we  made  use  of  the  considerations  discussed  above  when  we 
derived  expressions  (8.12b),  (8.12c)  and  (8.13).  The  vector  in  the 
right-hand  side  of  (8.61)  should  obviously  be  parallel  to  v^,  so  that 
the  right-hand  side  should  be  equal  to 


^V^cp-UlT). 


(8.63) 


It  follows  from  (8.62)  and  (8.63)  that  the  differential  thermoelec- 
tric power  is 


Vn 


a 


(*)t 


f <ie> 

w<*> 

kj  ] 

(8.64) 


We  see  that  the  first  member  in  the  braces  coincides  with  the 
result  obtained  for  the  isotropic  model  (spherical  constant-energy 
surfaces).  The  value  of  the  chemical  potential  is  equal  to 


£ , 4 n3h3n 

kJ  ~ n (2nk0T)3/z  (m1m2m3)1/2lVc  ’ 


(8.64a) 


in  accordance  with  (6.2.12b)  and  (6.2.22a). 

9.8.7  Finally  we  shall  deal  briefly  with  a simplified  theory  of 
transport  phenomena  in  semiconductors  of  the  p-germanium  type. 

In  Section  4.15  we  described  the  structure  of  the  valence  bands 
of  p-germanium  and  p-silicon.  The  most  important  point  about  it 
is  the  double  degeneracy  of  the  energy  spectrum  of  holes  for  b = 0 
and  the  ensuing  presence  of  two  kinds  of  holes:  the  heavy  and  the 
light.  It  was  pointed  out  that  on  isotropic  averaging  over  the  k-space 
the  hole  energy  becomes  proportional  to  | k |2.  The  ratio  of  scalar 
effective  masses  of  the  heavy  and  light  holes  in  germanium  is  m1/m2  = 
= 8.0. 

In  such  an  isotropic  approximation  for  the  energies  and  in  the 
assumption  that  the  relaxation  times  and  t2  of  the  heavy  and 
light  holes  depend  on  their  energies  we  can  easily  calculate  all  the 
kinetic  coefficients. 
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The  comparison  between  the  theory  and  experiment  demonstrates 
that  in  germanium  the  ratio  of  the  light  and  heavy  hole  mobil- 
ities is  approximately  equal  to  the  inverse  ratio  of  their  effective 
masses  [9.14] 


Pa/p-!  mxlm2  — 8.0. 


(8.65) 


Should  xx  and  t2  be  much  less  than  the  transition  times  from  the 
state  of  heavy  holes  to  the  state  of  light  holes  (we  shall  term  such 
transitions  interband),  we  could  calculate  the  relaxation  times  with 
the  aid  of  the  usual  method,  i.e.,  without  taking  into  account  the 
interband  transitions,  and  in  this  case,  according  to  (8.4.11),  we 

would  obtain  for  the  interaction  with  acoustic  vibrations  = 


= /2  . Here  we  assume  that  the  deformation  potential  constant 

%1  (8.5.15)  (or  the  interaction  constant  C)  is  the  same  for  both 
heavy  and  light  holes.  A possible  explanation  for  this  assumption 
is  that  %x,  according  to  (8.5.4),  is  equal  to  the  shift  of  the  valence 
band  edge  per  relative  variation  of  the  crystal’s  volume  caused  by 
uniform  compression.  Since  uniform  compression  does  not  remove 
the  degeneracy,  it  follows  that  %x  should  be  the  same  for  both 
types  of  holes. 

Making  use  of  the  usual  equation  for  the  mobility  (3.3),  we  obtain 
— = this  being  in  contradiction  with  (8.65).  This  demon- 

strates that  an  important  part  in  scattering  should  be  played  by 
interband  transitions.  It  follows  from  (8.65)  that  the  relaxation 
times  of  both  heavy  and  light  holes  should  be  equal. 

Determine  the  relaxation  time  of,  for  example,  the  heavy  holes; 
take  into  account  interband  transitions  and  make  the  simplify- 
ing assumption  that  the  transition  probability  in  the  act  of  scattering 
by  acoustic  vibrations  has  a simple  isotropic  form  (8.3.11a), 
(8.3.11b)  [9.15]  even  in  the  case  of  a degenerate  valence  band. 

Assuming  the  collisions  with  phonons  to  be  elastic,  substituting 
k0T/h(£>q  for  Nq  and  Nq  + 1 and  putting  for  the  acoustic  branch 
<£>q  = v0q  (u0  is  the  velocity  of  longitudinal  waves),  we  obtain  an 
equal  probability 


(t2> 


W (k,  k')  = W08  (ek.  - ek), 
where 

w inC*k0T 

0 QA/WSi'2 


(8.66) 

(8.66a) 


both  for  the  emission  and  for  the  absorption  of  a phonon, 
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Denote  the  distribution  functions  for  the  heavy  and  light 
holes  by  /j  (k)  and  /2  (k),  respectively.  Then  the  variation  of  fl 
due  to  collisions  will,  according  to  (8.2.8),  he  equal  to 

(4H  = - w°  2 tifi  (k)-fi  (k')i 6 fei  (k)  - ei  (k')i 

k' 

+ [/i  (k)  -h  (k')l  8 I8i  (k)  - e2  (k')l},  (8-67) 

where 

gi  (k)  = h2k2l2mu  e2  (k)  = h2k2l2m2  (8.67a) 

are  the  energies  of  the  heavy  and  light  holes. 

The  first  expression  in  square  brackets  in  (8.67)  accounts  for  the 
transitions  of  the  heavy  holes  to  the  heavy  hole  states  (from  state 
k to  state  k'),  and  the  second  expression  accounts  for  the  transitions 
of  the  heavy  holes  to  light  hole  states.  Make,  as  usual, 

fi  (k)  = fio  (e)  + gi  (e)-k, 

/2(k)  =/20(e)  + g2(e)-k.  (8.68) 


Substituting  (k)  into  the  first  expression  in  square  brackets  of 
(8.67)  and  integrating  with  respect  to  k',  we  obtain  a result  coin- 
ciding with  (Section  8.4) 


a/i_\di) 
dt  /e 


Wo  (2e)1/2 
n2h3 


™?/2(gi-k)  = 


(gfk) 


(8.69) 


where  xn  is  the  heavy  hole  relaxation  time  due  to  their  transitions 
inside  the  band. 

Note  that 


t-e 

/io(e)  = /2o(e)  = e*°T, 


(8.70) 


since  in  equilibrium  the  chemical  potentials  of  the  heavy  and  light 
holes  are  identical. 

Substituting  ft  (k)  and  /2  (k)  into  the  second  expression  in  square 
brackets  of  (8.67)  and  making  use  of  (8.70),  we  easily  see  that  the 
member  proportional  to  g2  (e)  k'  vanishes  as  a result  of  integration 
with  respect  to  k',  and,  therefore, 


W0(2b)1/2 

n2/z3 


k)  = 


(gi-k) 
Xl2  ’ 


(8.71) 


where  t12  is  the  relaxation  time  for  the  transition  of  the  heavy  holes 
to  the  light  hole  state.  Eventually  the  total  relaxation  time  of  the 
heavy  holes  is 


1 1,1 


Ti  Tn  Ti2 


W o (2e) 
n2h3 


1/2 


(8.72) 


558  9-  KINETIC  PROCESSES  IN  SEMICONDUCTORS 


A similar  calculation  for  the  light  holes  will  easily  be  seen  to 
yield  a result  for  the  inverse  relaxation  time  1/t2  coinciding  with 
(8.72). 

Hence,  our  approximation  of  isotropic  scattering  probability 
(8.66)  and  of  a spherical  constant-energy  surface  (8.67a)  results 
in  identical  relaxation  times  for  heavy  and  light  holes,  i.e., 

Tj  = t2,  (8.73) 

whence  (8.65)  follows  immediately. 

Conductivity  due  to  holes  of  both  types  is,  according  to  (3.3), 
equal  to 

° = ^r~  <Ti> + = nie^i  + n^2-  (8.74) 

th\  m 2 

Here  rii  and  fi;  are  concentrations  and  mobilities  of  the  light  and 
heavy  holes. 

In  order  to  find  the  Hall  constant  and  the  magnetoresistance 
make  use  of  equations  (5.4),  where  both  the  heavy  and  light  hole 
currents  determine  ax  and  a2: 


a i = 
0-2  = 


■<, 


nxei 

mt  Xl  + lViti-^)2 

<v,fl)  <r 


m i 


\ | n2e2  / \ 

m2  \l  + (y2X2ff)2  /' 


-\-(y2t2H)2 


>■ 

(8.75) 


Here  both  addends  in  a2  are  negative,  since,  as  before,  yj  = 

= — >0  and  y2=— >0,  and  a2  for  electrons  is  positive. 
mlc  m-2c 

Should  we  take  for  ax  and  a2  in  (8.75)  an  approximation  linear 
in  H,  we  would  obtain  from  equation  (5.5a)  for  the  Hall  constant 


1 

<*?>+( 

r ”2  \ (ja±\ 

K nx  ) \ m2  ) 

2 

<*l> 

cenx  j 

(Tl)  + 

ft) 

(JZLi1 

l m2  j 

) <^2> 

2 

(8.76) 


Assuming  the  energy  dependence  of  and  x2  to  be  determined  by 
expression  (3.5a)11,  we  can  easily  demonstrate  that 

<t2>=  nr  (■?)  ^2’  (8-77) 

where  (i  is  the  mobility. 


11  Although  germanium  is  a typical  atomic  crystal,  this  assumption  cannot 
be  regarded  as  a well-founded  one,  since  the  temperature  dependence  of  mobility 
does  not  obey  the  law  (6.9). 
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From  (8.76),  (8.77)  and  the  expression  for  mobility  (3.3),  we 
obtain 

P 3^  1 1 ~ (ra2^ral)  (Ps/p-l)2  / o 7(SoV 

8 cen-L  [l  + Cnj/^Hpj/Hi)]2  * ' ’ ' 

Making  use  of  the  quadratic  approximation  for  a2  and  a2  of  the  form 
(5.9),  we  can  calculate  the  magnetoresistance  in  weak  fields.  Assum- 
ing that  the  hole  relaxation  time  is  expressed  by  (3.5a),  we  obtain 
in  the  result  of  a similar  calculation 

_Ap_  = _9n_  ( Pi H ^rl-Kwg/ra^tPa/ii.!)3 
p 16  l c ) L l-t-(n*/»i)(i**/l*i) 


n / 1 4-  (rt2/ttl)  (P2^bl)2  \ ^ 

4 { l + (rc2/»i)(p.2/fii)  / _ 


(8.78) 


Making  the  concentration  of  light  holes  n2  = 0,  we  obtain  from 
(8.76a)  and  (8.78)  expressions  (5.12a)12. 

The  ratio  of  the  light  and  heavy  hole  mobilities  can  to  a good 
approximation  be  assumed  to  be  equal  to  the  inverse  ratio  of  their 
effective  masses  (8.65).  We  see  the  three  expressions  (8.74),  (8.76a) 
and  (8.78)  to  contain  three  unknowns  nv  pi  and  n2lnv 

That  is  why  measurements  of  conductivity,  Hall  effect  and  mag- 
netoresistance are,  generally,  adequate  for  the  determination  of 
the  concentrations  and  mobilities  of  the  light  and  heavy  holes. 

Actually,  experimental  data  and  theoretical  equations  used  for 
comparing  theory  with  experiment  [9.14]  are  not  limited  to  the 
case  of  weak  fields,  but  include  the  cases  of  strong  and  intermediate 
fields  as  well. 

It  turns  out  that  the  agreement  cetween  theory  and  experiment  is 
best  when  the  concentration  ratio  is  n2lnx  = 00.2;  this  is  in 
contradiction  with  the  data  on  effective  masses  obtained  from  cyclo- 
tron resonance  experiments,  since,  according  to  (6.2.12), 


_5l=  (TH)3/2  = ( 8,0)_3/2  = 0.04 


This  contradiction  is  probably  due  to  some  simplifying  assumptions 
employed  in  the  theory  and  to  the  questionable  assumption  about 
the  energy  dependence  of  the  relaxation  time  (see  footnote  11). 


9.9  Transport  Phenomena  in  Semiconductors 
with  a Spherical  Nonparabolic  Band 

9.9.1  Consider  transport  phenomena  in  semiconductors  with  charge 
carriers  of  a type  whose  energy  depends  on  the  magnitude  of  the 
wave  vector  | k | = k,  but  is  arbitrary  in  other  respects,  i.e.,  we 

12  Of  course,  the  same  result  can  be  obtained  if  we  make  the  heavy  hole 
concenration  % = 0,  but  to  do  this  one  should  transform  (8.76a)  and  (8.78). 
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are  dropping  the  assumption  that  the  energy  e is  a homogeneous 
quadratic  function  of  the  wave  vector  components  kx,  ky  and  kz. 
Such  a situation  may  occur  in  a semiconductor  with  a narrow  for- 
bidden band  and  is  realized,  for  example,  in  indium  antimonide 
<InSb). 

The  expression  for  the  electron  current  (2.15)13 

oo 

J=— 3HrJ  X(*)  (-^)u(k)k^dk  (9.1) 

o 

is  also  valid  in  the  case  of  a nonstandard  spherical  band.  Here, 
in  accordance  with  (2.2a) 

Consider  first  electric  conductivity  in  isothermic  conditions  (S/T  = 0) 
and  in  the  absence  of  a magnetic  field  ( H = 0).  In  this  case  it  follows 
from  (2.11)  that 

t(k)=-  eu  (k)  x (k)  E = (k)  E.  (9.1b) 


Substituting  (9.1a),  (9.1b)  into  (9.1),  we  obtain  for  the  conductivity 


Make 


3 n2li2 


.(( 


tt)  (!)’*<*) ^ 


(9.2) 


de  (k)  h2k 

dk  in  (e)  ’ 


(9.2a) 


where  m (e)  is  the  effective  mass  dependent  on  the  electron  energy  e. 
In  the  case  of  a standard  band  (2.13),  m (e)  = m. 

Substitute  (9.2a)  into  (9.2)  and  change  over  from  the  integration 
variable  k to  e: 


fe3  (e) 
m (e) 


d&. 


(9.3) 


For  conduction  electrons  in  InSb  the  energy  is,  according  to 
■(4.13.36b),  equal  to 

h2k2  , i , (eG  + 8P2A,2/3)1/2 
e = “or; — h w eG  4 n ■ 


13  We  omit  the  suffix  n. 
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Here  m0  is  the  electron  mass  in  vacuum,  P is  a constant  characteriz- 
ing the  “interaction”  between  the  valence  and  conduction  bands  equal 
to  (4.13.30b),  eq  is  the  forbidden  bandwidth.  In  the  above  expres- 
sion the  energy  e is  measured  from  the  top  edge  of  the  valence  band. 
In  the  future  it  will  be  more  convenient  to  measure  the  energy  from 
the  bottom  edge  of  the  valence  band;  to  this  end  we  must  substitute 
e + eq  for  e.  Then 


h2k2 

2m0 


8 P2k2 
3 


(9.4) 


For  Pk  < eg,  he.,  for  small  k,  the  root  can  be  expanded  into  a series. 
Then 

h2k2  . 2P2k2  h2k2  /n  c. 

e = ^7  + ^iT  = 2^W  (9>5) 


Here  m (0)  is  the  electron  effective  mass  at  the  bottom  of  the  con- 
duction band.  From  cyclotron  resonance  experiments  we  know  that 
m (0)  = 0.013  m0,  i.e.,  that  m (0)  <C  rn0.  In  this  approximation  we 
obtain  from  (9.4) 


e 


£g 

2 


2h2k2 
m (0)  Eg 


It  follows  hence,  that 


From  (9.2a)  and  (9.6)  we  obtain 
m(e)  = m (0)  (l  +-^-) . 


(9.6) 


(9.6a) 


(9.7) 


The  multiplier  (1  + 2e/eg)  on  the  right-hand  side  describes  the 
increase  in  m (e)  with  e for  eq  oo  m (s)  = m (0),  and  the  band 
becomes  parabolic  in  shape. 

Investigate  the  variation  of  the  relaxation  time  t (e)  in  the  case 
of  a nonstandard  band. 

Consider  the  relaxation  time  due  to  the  interaction  of  the  electron 
with  acoustic  vibrations.  It  was  estimated  that  in  the  case  of  a non- 
standard spherical  band  the  interaction  of  the  electrons  with  the 
acoustic  vibrations  is  also  almost  elastic.  This  means  that  the  part 
of  the  phonon  energy  hu>q  = hv0q  (v0  is  the  speed  of  sound)  in  the 
energy  conservation  law  can  be  neglected.  It  will  be  easily  seen  that 
in  this  case  (8. 4. Id),  0 ^ q ^ 2k. 
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Expression  (8.4.7)  assumes  the  form 
2k  n 2n 

~T= (SEjT  J j sin'&d^  j d(p{n?(9)iVg6[e((k  + q)2) 


o o 

- ' • <*> 1 tSf  — * («)  <*, + 1)  e [«  <k  - - e (k*)]  -HSt)  . 

(9.8> 

Here  geos  a and  /ccosp  are  projections  of  q and  k on  the  vec- 
tor x-  The  6-functions  are  obviously  equal  to 

6 [e  ((k  ± q)2)  — e (k2)] 

= 6 [e  {k2-\-q2  ± 2kqcos  ■&)  — e (k2)] 

= r , -i  6 ( cos  ^ i ) ’ (9  -9> 

2»  / 1.9.\  £”0. 


d(k*) 

where  +q!2k  are  the  roots  of  the  equation 
e (k2  + g2  ± 2 kq  cos  ■d)  — e ( k 2)  = 0 
or  of  the  equation 
k2  + g2  ± 2kq  cos  •§  — k2  = 0. 

Proceeding  in  the  same  way  as  we  did  in  Section  8.4,  we 
obtain 


8a2  fc2 


2 h 

V 1 j w(q)(2Nq+i)q*dq, 


(9.10) 


whence 

9a:  Mv\h  / de,  \ 1 

T — ~ Q0e2k0T  \~dk  )~k*- 


(9.11) 


In  the  case  of  a standard  band  this  immediately  reduces  to  (8.4.11). 
Substituting  (9.2a),  (9.7)  and  (9.6a)  into  (9.11),  we  obtain 

-1/2 


9a 


2 C2  [2m  (0)  A07’]3/2 


(w) 


-1/2 


0+-5-) 


1+ 


2e 

8g 


(9.12) 


Here  the  crystal’s  density  is  p ='M!Q0,  the  second  multiplier,  which 
depends  on  eo,  accounts  for  the  deviation  of  the  spherical  band  from 
the  parabolic  shape.  For  eG  oo  (9.12)  reduces  to  (8.4.11). 

Write  the  relaxation  time  (9.12)  in  the  form 


x 


= T0zr 


(1  + fteF 
1 + 2P*  ’ 


(9.13) 
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where  x = elk0T , p = k0TleG  is  a parameter  characterizing  the 
deviation  of  the  shape  of  the  band  from  parabolic,  and  r = — 1/2. 
It  can  easily  be  demonstrated  that  this  expression  for  the  relaxation 
time  is  also  applicable  in  the  case  of  other  scattering  mechanisms 
having  different  values  of  t0  and  r (3.5b)-(3.5d).  Making  use  of 
{9.13),  (9.6a)  and  (9.7),  we  obtain  for  the  conductivity  (9.3) 


a 


3n2 


[2m  (0)  k0T]V*  _ 
hsm  (0)  0 


J( 


df0  \ (*+p ^ 
dx  ) (l  + 2px)2 


(9.14) 


where  f0  = [1  + exp  ( x — z)]_1,  z = t,lk0T. 

The  coefficients  of  the  other  kinetic  effects  (the  thermoelectric, 
galvanomagnetic  and  thermomagnetic)  can  be  calculated  in  a similar 
way  [9.16,  Chap.  V],  These  coefficients  are  expressed  in  terms  of 
integrals  similar  to  (9.14)  and  are  of  the  form 


Jn.kiz,  P)=  j ( 

0 


dfo  \ xm(x+$x*)n  dx 
dx  > (1  + 2pz)fc 


(9.15) 


They  are  sometimes  called  generalized  or  biparametric  Fermi  inte- 
grals. For  P = 0 they  are  expressed  in  terms  of  the  Fermi  integrals 
{6.2.6).  Indeed, 

co  oo 

Jn.k(z,  0)=  - [ xm-n^dx=  - j xm^df0 
b o 

OO 

= — xm+n/o  |S°  (m  + n)  j /o  (x)  :rm+n-‘  dx 
0 

= (m-\-n)  JF m+n-i  (z).  (9.15a) 


The  tabulated  generalized  Fermi  integrals  (9.15)  for  parameters 
— 5 ^ z ^ 20  and  0 ^ p ^ 1 are  given  in  Appendix  J],  in  [9.16]. 

Express  the  electron  concentration  n in  terms  of  the  chemical 
potential  z = £/k0T  and  the  parameter  p = k0TleG 

n = 2 2/0(e)  = 2 j /„  (e)  5 U («0  & dk 

= TRrj  /.(«><*»-  jirj  (-t-)PW*-  (9.16) 


Substituting  herein  k (e)  from  (9.6a),  we  obtain 

»=  l2my 

_ [2m  (0)  *r0!r]3/*  /yO  , _ 

3n2^3  Js/2’  0 'z’  P'- 


(9.16a) 
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It  follows  hence  and  from  (9.15a)  that  for  a parabolic  band  (jl  = 0) 


n 


(2mk0T)3/2 

2n2h3 


*^~l/2  (z), 


(9.16b> 


this  coinciding  with  (6.2.5) 

In  the  case  of  a strongly  degenerate  semiconductor 
= 6 (e  — £);  therefore,  it  follows  from  (9.16)  that 

k (£)  = (3jt2n)1/3. 

Hence  and  from  (9.6)  it  follows  that 

r 8G  r i/TT  2h3CS^nf-P  1 

2 [1'  m (0)  eG  * 

Substituting  this  expression  into  (9.7),  we  obtain 

....  /ns  2A2  (3a2n)2/3 

m(t,)  = m (0)  ]/  1+  m\0)^  . 


— df0/de  = 

(9.17) 

(9.18) 
(9.19> 


It  follows  that  m (£)  in  indium  antimcnide  increases  almost 
four-fold,  when  the  concentration  n changes  from  1016  to  5 X 
X 1018  cm-3. 

A paper  by  J.  Kolodziejczak  [9.17]  contains  the  dependence  of 
mobility  alen  on  concentration  for  n-InSb,  which  in  the  case  of  a 
parabolic  band  does  not  exist  at  all. 

From  (9.18)  and  (9.19)  we  obtain  a simple  relationship  between 
the  Fermi  level  £ and  the  corresponding  effective  mass 


r eG  f rn  {Q 

^ ' 2 L m(0) 


(9.20) 


9.10  Phonon  Drag  Effect  in  Semiconductors 

9.10.1  In  all  the  preceding  paragraphs  of  this  chapter  we- 
assumed  the  phonons  to  be  in  a state  of  a statistical  equilibrium, 
i.e.,  the  phonon  occupancy  numbers  Aq  are  determined  by  Planck’s 
function  (8.4.10).  At  the  same  time  it  is  obvious  that  in  the 
presence  of  an  electric  current  and  electron  scattering  by  phonons 
the  directional  momenta  of  the  electrons  must  be  transmitted  to  the 
phonons,  and  because  of  this  their  distribution  cannot  remain  iso- 
tropic. 

This  circumstance  has  not  been  taken  into  account  in  the  preceding 
equations,  but  still  it  is  clear  that  the  reciprocal  effect  of  the  devi- 
ation of  the  phonon  distribution  from  its  equilibrium  value  on  the 
deviation  of  the  electron  distribution  from  its  equilibrium  value  is 
an  effect  of  the  second  order  and  can  practically  be  neglected.  How- 
ever, the  deviation  of  the  phonon  distribution  function  from  its 
equilibrium  value  can  be  the  result  of  a temperature  gradient  in 
the  crystal. 
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As  was  first  shown  by  L.  E.  Gurevich  (1945),  the  deviation  of  the 
phonon  distribution  from  its  equilibrium  value  caused  by  a tem- 
perature gradient  can  under  certain  conditions  play  a substantial 
part  in  thermoelectric  phenomena  in  metals.  This  effect  became 
known  as  phonon  drag. 

The  most  interesting  phenomena  involving  phonon  drag  are  observed 
in  semiconductors.  In  1953  H.  P.  R.  Frederikse  and  independently 
of  him  T.  H.  Geballe,  observed  a considerable  increase  in  the  thermo- 
electric power  a in  p-germanium  at  low  temperatures  not  predicted 
by  the  usual  theory. 

Herring  and  Frederikse  correctly  interpreted  this  phenomenon  as 
the  effect  of  phonon  drag  of  holes  in  germanium.  Indeed,  the  tem- 
perature gradient  causes  a flux  of  phonons  to  flow  from  the  hot  end 
of  the  specimen  to  the  cold  end.  This  flux  drags  charge  carriers  with 
it,  thereby  causing  an  increase  in  the  thermoelectric  current.  As 
we  shall  see  below,  for  a correct  estimate  of  the  magnitude  of  the 
drag  effect  we  have  to  take  into  account  that  due  to  the  conservation 
laws,  the  electrons  scattered  hy  acoustic  vibrations  can  interact 
only  with  phonons  whose  wave  vector  q is  of,  the  order  of  the 
electron  wave  vector  k.  For  this  reason  the  relaxation  time  of  phonons 
in  the  equations  for  phonon  drag  does  not  coincide  with  the 
relaxation  time  of  phonons  determined  from  lattice  heat  conductiv- 
ity. We  shall  consider  the  theory  of  the  phonon  drag  effect  in  semi- 
conductors with  one  type  of  charge  carriers  in  the  absence  of  degen- 
eracy and  on  the  assumption  of  a simple  energy-band  structure 
(2.13). 

9.10.2  The  quantitative  theory  of  the  phonon  drag  effect  is  based 
on  the  kinetic  equation.14  As  we  shall  see  below,  the  phonon  drag 
effect  is  in  a sense  connected  with  the  inelastic  character  of  electron 
scattering  by  acoustic  vibrations,  which  is  usually  ignored.  Hence, 
the  determination  of  (df/dl) c should  be  based  on  the  general  expres- 
sion (8.2.7) 

k)/(k')-W(k,  k')/(k)}.  (10.1) 

k' 

We  do  not  take  into  account  the  Pauli  principle,  since  we  consider 
electrons  in  a nondegenerate  state.  W (k,  k')  is  the  transition  pro- 
bability from  state  k to  state  k'. 

It  follows  from  the  wave  vector  conservation  law  for  electron- 
phonon  interaction  in  the  absence  of  interband  transitions  that 

k'  = k ± q.  (10.2) 


14  Here  we  follow  the  line  of  presentation  suggested  by  Yu.  N.  Obraztsov. 
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Here  the  plus  sign  corresponds  to  the  absorption  and  the  minus  sign 
corresponds  to  the  emission  of  a phonon.  Accordingly,  we  obtain 
four  addends  for  the  sum  (10.1) 

P^L^S^k  + q,  k)  / (k  + q)  + W+  (k  — q,  k)/(k-q) 
q 

-W+( k,  k -f  q)  / (k)  — W~  (k,  k-q)/(k)},  (10.il) 


-where  W*  and  W~  are  the  acoustic  phonon  absorption  and  emission 
probabilities,  so  that,  for  instance,  W~  (k  + q,  k)  is  the  probability 
of  the  transition  k + q ->-  k involving  the  emission  of  a phonon 
with  the  wave  vector  q. 

Making  use  of  (8.3.11a)-(8.3.11c),  write  (10.3)  in  the  form 

(-^-)c=2  w {/( k + q)  (A'q  + 1)  6(ek  — ek+q-f-/«oq) 

q 

+ / (k  — q)  yVq6(ek  — ek_q  — ^(oq) 

— / (k)  Arq6  (ek+q  — ek  — ha oq) 

— / (k)  (fVq  + 1)  6 (ek-q  — ek  + ^coq)}.  (1(M) 


Substituting  in  the  second  and  fourth  members  of  the  sum  — q 
for  q and  making  use  of  the  even  character  of  the  6-function,  wo 
obtain 

(-|f  )c=  S U;(9){[/(k  + q)(jVq  + l)  — /(k)  Wqjfitek+q  — 8k  — ft<,)q) 
q 

+ [/  (k  + q)  N- q — / (k)  (iV_q  + 1)]  6 (ek+q  — £k  + ^«Dq)}. 

(10.3) 

Up  to  now  we  have  always  assumed  the  phonon  distribution  In 
be  equilibrium  in  which  A_q  = Nq. 

Make  in  the  nonequilibrium  case 

Nq  = + Aq,  (10.(1) 

where  Nq‘  is  the  equilibrium  phonon  distribution  function. 

As  we  shall  demonstrate  now,  the  nonequilibrium  correction  In 
the  phonon  distribution  function  satisfies  the  condition 

Alq  = -ATJ.  (10.0a ) 


The  nonequilibrium  correction  Nq  can  be  determined  from  the 
equations 
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and 


( 


(10.7a) 


where  xph  (q)  is  the  relaxation  time  of  long-wave  longitudinal  acoustic 
phonons,  and  the  field  member  is 


(dNk 

\ at 


){=Vgr.vrAT. 


(10.7b) 


Here  vgr  is  the  group  velocity  of  long-wave  phonons  equal  to  v0  y , 
where  v0  is  the  velocity  of  the  longitudinal  sound  waves  and 


dN'°> 

~dT~ 


VT 


(10.7c) 


since  for  the  long-wave  phonons  Arq0> 
From  (10.7a)-(10.7c)  we  obtain 


(10.8) 


whence  follows  (10.6a). 

Herring’s  studies  of  the  heat  conductivity  of  crystals,  which  we 
are  unable  to  discuss  here,  have  shown  that  if  we  take  into 
account  the  elastic’  anisotropy  of  crystals  to  avoid  divergence  of 
heat  conductivity  for  q 0,  we  can  obtain  the  expression  for  the 
relaxation  time  of  longitudinal  long-wave  phonons  interacting  with 
other  phonons  in  crystals  of  cubic  symmetry 

rPb(q)  = i/AiT3q\  (10.9) 

If  the  elastic  anisotropy  is  taken  into  account,  the  consideration 
can  be  limited  to  three-phonon  collisions. 

Making  in  (10.5)  /(k)  and  Nq  equal  to  their  equilibrium  values, 
we  obtain  2 { } = 0.  Previously  it  has  always  been  assumed  that 

Af(1  = iVq‘,  but  that 

/ (k)  = f0  (ek)  + h (k),  (10.10) 

where  /x  (k)  =^=  0,  and  ( dfldt)c  has  been  determined,  which, 
when  the  relaxation  time  existed,  turned  out  to  be  proportional 
to  fi  (k).  Substituting  expressions  (10.10)  and  (10.6)  into  (10.5), 
we  obtain,  apart  from  the  usual  term  proportional  to  fx  (k),  an 
additional  term  due  to  Arq  =#=  0,  this  term  being  responsible  for  the 
phonon  drag  effect.  To  retain  the  same  order  of  magnitude  of  all  the 
lerms,  we  can  make  the  electron  distribution  functions  in  the  term 
responsible  for  the  phonon  drag  equal  to  their  equilibrium  values. 


17  — 01137 
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Hence,  the  collision  term  connected  with  the  phonon  drag  is 

(-Jf  )f  = 2 W(?)^q{[/o(ek+q)  — /o(8k)]6(ek+q  — 6k  — 

(q) 

— [/o  (8k+q  — /o  (8k)l  5 (8k+q  — 8k  + ( 10. 1 1) 

where  we  made  use  of  (10.6a).  If  we  were  to  ignore  the  fact  that  the 
scattering  is  inelastic,  i.e.,  drop  the  terms  frb)q  in  the  arguments 
of  the  6-functions,  we  would  obtain  zero  for  the  whole  expression. 
Because  of  this,  when  we  consider  phonon  drag,  we  must  take  into 
account  inelastic  effects  due  to  the  absorption  and  emission  of 
phonons. 

Since  the  change  in  the  electron  energy  following  the  absorption 
or  emission  of  a phonon  is  small,  it  follows  that 

/o(8k+q)  — fo  (ek)  = -fr  (£k+q  — 8k)’  (10.12) 

where  the  difference  ek+q  — ek  for  the  first  square  brackets  in  (10.11) 
is  equal  to  h(oq  and  for  the  second  it  is  equal  to  7zcoq.  As  a result,  we 
obtain 

( ■ If  )T  = S 2w  ■ N*  -§T  n - £*)’  (10-13> 

iq) 

Where  the  inelasticity  in  the  argument  of  the  6-function  in  the  sum 
(the  value  of  which  is  of  the  order  of  hcoq  = hv0q)  is  consistently 
ignored. 

Choosing  a polar  axis  coinciding  in  direction  with  k in  the  q-space 
and  replacing  summation  by  integration,  we  obtain 

9max  « 

(iir=w  1 9s 

9mln  0 

2 n 

X j dcp  |2ip  (q)  Nq  Hv0q8  (ek+q  — e*)  j , (10.14) 

o 

where  V is  the  volume  of  the  crystal’s  principal  region. 

Substituting  herein  (8.3.11c)  for  w (q)  and  (10.8)  for  iVq  and  inte- 
grating precisely  in  the  same  way  as  was  done  in  Section  8.4.1, 
we  obtain 

2ft 

it  (Sk-vr)  f *»<»>«**•  <10-15> 

where  Q0  = V/N  is  the  volume  of  a crystal  cell. 
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Expressing  C2  from  (8.4.11)  in  terms  of  the  relaxation  time  x 
due  to  the  electron’s  interaction  with  acoustic  vibrations  and  intro- 
ducing the  averaging  procedure  of  the  type 

2k 

?Ph  = -4^ r j Tph  (?)  ?3  dQ  (10.16) 

0 

we  obtain 


/ df  \Ph_  pjj 
\ dt  ) c T 


xph 

l' 


(10.17) 


In  case  (10.9) 

~ 1 

Tph  — 2AiT3k2  ~ AAim*T3e  ’ 


(10.18) 


where  e = H-k2/2m*  is  the  electron  energy. 

With  the  phonon  drag  effect  taken  into  account,  the  kinetic  equa- 
tion in  the  approximation  of  a scalar  effective  mass  assumes  the  form 


hk 

m* 


df  \Ph 


(10.19) 


where  hk/m*  — v is  the  electron’s  velocity,  F is  the  force  acting 
on  it,  and  ( df/dt)0  is  the  usual  collision  term  connected  with  the 
deviation  of  the  electron  distribution  function  / from  its  equilib- 
rium value. 

We  can  substitute  the  equilibrium  distribution  function  into  the 
left-hand  side  of  (10.19)  (with  the  exception  of  the  addend  propor- 
tional to  the  magnetic  field)  and  obtain,  by  analogy  with  (2.5), 


Vr/  = Vr/o  = VT  = [^  + -§-]  VT.  (10.20) 


Substituting  (10.17)  and  (10.20)  into  (10.19),  we  have 


df0  r e + m*c§(Tph/x')—  £ 
~dT  L T 


-§-](-5-^)  + iF-W 

/ df  \ _ _ f—fo 
\ dt  } c T ’ 


(10.21) 


where  x is  the  total  electron  relaxation  time,  which  may  be  due  not 
only  to  the  electron’s  interaction  with  acoustic  vibrations  but  also  to 
other  scattering  mechanisms,  such  as  scattering  by  impurity  ions, 
etc. 

It  will  be  seen  from  (10.21)  that  in  our  assumptions  the  inclusion 
of  the  phonon  drag  effect  reduces  to  the  inclusion  of  an  additional, 
energy-dependent  term  in  the  energy  sum  equal  to  m*i;2  (Tph/x'). 


37* 
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This  enables  the  additive  terms  in  the  kinetic  phenomena  re- 
sponsible for  the  phonon  drag  to  be  easily  identified. 

9.10.3  Determine  the  contribution  of  the  phonon  drag  to  the 
thermoelectric  power  and  the  Nernst  effect. 

It  will  be  seen  from  (4.2)  that  the  phonon  drag  determines  an 
additional  vector 


Zp'i  ““ 


feo 

e 


T 


m*vl 

kj 


(10.22) 


which,  according  to  (2.21),  results  in  an  additional  current 


. ne - . * . 

jph  — TT*-  (Xl>h) 


ne2  j k0  \ m*e§  / ^ph  \ 
m*  V e ) k0T  \ i'  / Vi 


(10.23) 


Hence,  and  from  (4.5)  it  follows  that  the  phonon  part  of  the  thermo- 
electric power  is 


aph  = 


m*v  jj  (1:'^ph/'t,) 

~kJ  (^) 


(10.24) 


If  the  sole  electron  scattering  mechanism  is  acoustic  vibrations, 
then  t = t',  and 


( k(,  \ m*v%  (Tph) 
aPb-\ 


(10.24a) 


It  follows  from  (10.18)  that  (Tph)  oc  71-4,  and  since  (t>  oc  71-3/2, 
we  obtain 

aph  oc  T~V\  (10.24b) 

i.e.,  it  rises  rapidly  with  the  fall  in  the  temperature. 

The  behaviour  of  ocph  in  the  case  of  other  scattering  mechanisms, 
when  t =#=  t',  can  be  studied  in  a similar  way. 

In  order  to  determine  the  part  played  by  the  phonon  drag  in  the 
Nernst  effect,  consider  the  structure  of  the  constant  Q (6.4a).  To 
be  definite,  take  the  case  of  a weak  magnetic  field,  in  which  the 
•coefficients  at  and  b-t  are  in  the  approximation  linear  in  H equal, 
respectively,  to  (5.8)  and  (6.5). 

In  accordance  with  the  aforesaid,  the  correction  m*vl  (t^/t') 
due  to  the  phonon  drag  is  an  additive  part  of  the  energy  6 in  bx 
and  b2,  since  those  coefficients  stand  in  front  of  (VaT  = 0!) 
in  (6.3).  Hence,  in  the  approximation  linear  in  H 

axb _ / fc„  \ m*v$  e 
a\H  \ e ) k0T  m*c 

<T>2 


X 


(10.25) 
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If  the  electrons  are  scattered  exclusively  by  longitudinal  vibra- 
tions, then  x = t',  and 


i*v§  e <t)(TphT)-(T2)(Tph) 
(T)2 


(10.25a) 


If  TPh  is  determined  by  expression  (10.18),  so  that  (Tph)  oc  T 


-4 


and  (t)  oc  then 

<?Ph  T-s, 


(10.25b) 


i.e.,  rises  rapidly  with  the  fall  in  temperature.  It  is  interesting 
to  note  that  if  rPh  oc  1 lq  (and  not  l/<?2),  then  @ph  = 0. 

It  follows  from  (10.24a),  (4.5),  (10.25a),  and  (6.6)  that  the  order 
of  magnitude  of  the  ratio 


Qvh'Q  ^ { tx ) £ 

“ph/a  ~ <t)  k0T  • 


(10.26) 


For  nondegenerate  semiconductors  ( — t,lk0T)  1;  therefore,  in 
them  the  phonon  drag  plays  a relatively  greater  part  in  the  Nernst 
effect  than  in  the  thermoelectric  power. 

The  phonon  drag  effect  in  thermomagnetic  phenomena  was  first 
experimentally  observed  in  hole-type  germanium  by  I.  V.  Moehan, 
Yu.  N.  Obraztsov,  and  T.  V.  Krylova  [9. 18]  and  independently 
of  them  by  Herring  and  Geballe  [9.19]. 

Here  we  presented  only  the  fundamentals  of  the  theory  of  phonon 
drag  of  electrons  in  semiconductors.  Several  circumstances  compli- 
cate the  phenomena  observed  in  experiment. 

First,  with  the  fall  in  temperature  the  phonon’s  mean  free 
path  lpb  = u0xph  [see  (10.18)]  increases  rapidly  and  becomes  com- 
parable to  the  linear  dimensions  L of  the  specimen  being  studied; 
then  rph  = Llv0  and  no  longer  depends  on  T and  q.  This  will  obvi- 
ously change  the  temperature  dependences  of  aPh  and  @ph  obtained 
above. 

Second,  we  assumed  that  it  was  possible  to  neglect  the  recip- 
rocal effect  of  the  free  electrons  on  the  nonequilibrium  (because 
of  the  presence  of  a temperature  gradient)  phonon  distribution  func- 
tion. If  there  is  a notable  reduction  in  the  phonon  heat  conductivity 
due  to  the  scattering  of  phonons  by  free  electrons,  the  phonon  dis- 
tribution function  becomes  less  nonequilibral,  and  the  phonon 
drag  effect  decreases.  This  phenomenon  is  observed  both,  when  the 
carrier  concentration  is  increased,  and  when  the  temperature  is 
reduced.  Because  of  this,  as  the  temperature  is  reduced,  the 
phonon  drag  exhibits  saturation. 

Third,  new  and  interesting  phenomena  are  observed  in  the 
studies  of  the  phonon  drag  effect  in  semiconductors  with  a complex 
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energy-band  pattern,  especially  of  the  p-germanium  type  in  which 
both  light  and  heavy  holes  are  present  [9.19]. 

All  these  subjects  are  to  be  found  in  specialized  literature,  in 
particular  in  [9.20], 

The  effect  of  the  phonon  drag  on  other  nonisothermic  phenomena 
is  calculated  in  a similar  fashion. 

9.11  Quantum  Mechanics  Theory  of  Galvano-  and 

Thermomagnetic  Phenomena  in  Semiconductors15 

Consider  first  the  problem  on  the  limits  of  validity  of  the  kinetic 
equation  used  in  this  chapter  for  calculating  the  kinetic  coefficients. 

We  shall  consider  two  factors  that  place  limitations  on  the  appli- 
cability of  the  kinetic  equation. 

The  lirst  involves  the  process  of  scattering  of  conduction  electrons, 
and  the  second  involves  the  quantization  of  electron  motion  in  a 
magnetic  field. 

9.11.1  It  follows  from  the  Heisenberg  principle  that  the  energy 
of  a conduction  electron  can  be  determined  up  to  Ae  > hi  At , where 
At  is  the  lifetime  of  the  electron’s  quasi-stationary  state,  which  is 
of  the  order  of  the  relaxation  time  t.  On  the  other  hand,  for  the 
kinetic  equation  to  be  applicable  the  uncertainty  in  the  electron’s 
energy  Ae  must  be  much  less  than  the  energy  interval  k0T  in  which 
the  distribution  function  / (k)  contained  in  the  kinetic  equation 
varies  appreciably.  Hence 

hi t < Ae  < k0T. 

This  yields  the  following  criterion  of  applicability  of  the  kinetic 
equation: 

t hlk0T.  (11.1) 

This  criterion  can  also  be  derived  from  other  considerations. 

The  essential  foundations  for  the  applicability  of  the  kinetic 
equation  are  those  discussed  in  Appendix  20.2.  The  transition 
probability  from  the  state  i to  the  state  / is  proportional  to  the  time  t 
and  is  given  by  (A. 20. 7).  The  function  of  (ntl  in  the  square  brackets 
of  this  expression  has  a sharp  maximum  the  half-width  of  which  is 
Aco  « 2k It  or,  in  energy  units,  %Aa>  = Ae  ^ hit.  Since  for  a suf- 
ficiently long  time  interval  t,  the  limit  of  the  expression  in  the  square 
brackets,  transforms  into  a 6-function  of  the  difference  in  the  energies 
of  the  final  and  initial  states  of  the  system,  the  quantity  Ae  « 
« hit  may  be  said  to  determine  the  degree  of  accuracy  with  which 


15  The  presentation  in  this  section  is  of  a more  concise  nature  than  in  other 
sections  of  the  book.  For  a more  detailed  acquaintance  with  the  problem  we 
recommend  the  book  [9.16.  Chaps.  VII  and  VIII].  See  also  [9.21], 
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the  energy  conservation  law  is  being  fulfilled.  In  this  sense,  the  rela- 
tionship A et  ^ h can  be  regarded  as  the  Heisenberg  uncertainty 
relation  for  the  energy  and  the  time. 

Since  the  time  of  measurement  t must  be  less  than  the  relaxation 
time  t,  and  Ae,  as  we  have  seen  above,  must  be  much  less  than  fc0r, 
we  arrive  again  at  the  criterion  of  applicability  of  the  kinetic  equa- 
tion (11.1). 

The  order  of  magnitude  of  the  average  energy  of  a conduction 
electron  with  the  effective  mass  m is  mv 2 = k0T,  where  v is  the 
average  electron  velocity,  the  corresponding  de  Broiglie  wave- 
length is  X = hhnv , and  the  mean  free  path  is  l = vx.  Making  use 
of  these  relations,  we  can  write  (11.1)  in  the  form 

7»X.  (11.2) 


For  a better  understanding  of  criterion  (11.2)  note  that  the  greater 
the  electron’s  mean  free  path  l,  the  weaker  is  its  interaction  with 
the  scattering  agent,  and  the  less  the,  de  Broglie  wavelength  X, 
the  greater  the  electron’s  speed  (energy). 

Since  the  electron’s  mobility  is  p = (elm)  (x)  (3.3),  criterion 
(1.1)  can  be  written  in  the  form 


p» 


eh 

mk0T  ' 


(11.3) 


Making  m = 10~27  g and  T = 300  K,  we  obtain  that  the  mobility 
at  room  temperature 

p 40  cm2/V  s.  (11.3a) 

The  kinetic  equation  cannot  be  used  to  describe  the  behavior  of 
charge  carriers  whose  mobility  is  less  than  that  on  the  right-hand 
side  of  (11.3a). 

Criterion  (11.1)  [or  the  equivalent  criteria  (11.2)  and  (11.3)]  is 
valid  in  the  case  of  nondegenerate  electrons.  It  can  be  shown  that 
in  the  case  of  degenerate  electrons  the  criterion  of  applicability 
of  the  kinetic  equation  for  kinetic  effects  operating  in  the  zeroth 
approximation  in  the  chemical  potential  £ [for  instance,  for  the 
electric  conductivity  (7.8)]  is  of  the  form 


-r  > hll. 


(11.4) 


It  is  not  quite  clear  what  form  the  criterion  of  applicability  of  the 
kinetic  equation  for  degenerate  electrons  should  take  in  the  case 
of  kinetic  effects  operating  only  in  the  k0Tlt,  approximation  [for 
instance,  in  the  case  of  thermoelectric  power  (7.11)] . 
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9.11.2  It  was  pointed  out  in  Section  9.5  that  if  the  dimensionless 
parameter  yxH  » \iH/c  1,  the  magnetic  field  is  called  strong; 
in  the  case  of  a reverse  inequality  it  is  termed  weak.  The  kinetic 
equation  is  applicable  both  in  the  case  of  a weak  and  of  a strong 
field. 

The  quantum  mechanics  treatment  of  the  motion  of  a free  elec- 
tron in  a magnetic  field  shows  that  the  energy  corresponding  to  its 
motion  in  a plane  perpendicular  to  the  magnetic  field  is  quantized 
(6.5.19b).  The  difference  between  the  neighboring  energy  levels 
is  2 \i*H  = h coc,  where  p*  = eHI2mc  is  the  effective  Bohr  magneton, 
and  o)c  = eHImc  is  the  cyclotron  frequency.  Obviously,  if 

kj  < 2 [i*H  = % oic,  (11.5) 

the  discrete  nature  of  the  levels  cannot  be  neglected,  since  the  only 
effect  of  thermal  motion  is  that  it  slightly  widens  the  electron’s 
quantum  levels. 

The  magnetic  fields  satisfying  inequality  (11.5)  are  called  quan- 
tizing. 

The  ratio  of  the  weakest  magnetic  fields  satisfying  the  condition 
of  strong  fields  = 1 to  the  weakest  quantizing  magnetic  fields 
Hq  (11.5)  is  equal  to 


Hst  c 2p*  1 eh 

H q — p k0T  — 2n  \im0k0T 


(11.6) 


If  (11.3)  is  fulfilled,  then  Hq  > i7st,  and  in  this  case  there  is 
a region  of  strong  magnetic  fields  that  are  not  quantizing  fields, 
i.e.,  for  which  the  kinetic  equation  is  valid.  In  quantizing  magnetic 
fields  the  electron’s  motion  cannot  be  described  in  terms  of  continuous 
values  of  energy,  momentum,  coordinate,  and  because  of  that  the 
kinetic  equation  is  inapplicable. 

9.11.3  Consider  an  electron-type  conductor  in  isothermic  conditions 
(S/T  = 0),  placed  in  a magnetic  field  H pointing  in  the  direction 
of  the  z axis  and  in  an  electric  field  E lying  in  the  xy  plane. 

The  phenomenological  equations  (1.1a)  assume  the  form 


jx  ®xx-Ex  ®yxEyj  ] y Gyx^x  "1”  ^xx^ 


y> 


(11.7) 


since  axx  = ayy  and  axy  = — cfyx.  The  tensor  components  oxx  and 
ayx  coincide  with  a1  and  a2  in  (5.4).  In  a strong  magnetic  field,  in 
accordance  with  (5.15), 


^ ne-  1 ecn 
°yx  = ~m~  ~yW  = ~H~  • 


(11.8) 


This  value  of  ayx  independent  of  the  scattering  mechanism  is  also 
obtained  in  quantum  mechanics. 
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It  follows  from  (5.15)  that  in  the  case  of  a strong  magnetic  field 
S**-  = lL  = /±' (11.9) 

i.e.,  that  the  dissipative  component  of  the  electric  conductivity 
tensor  axx  is  much  smaller  than  its  nondissipative  component  a1Jx. 
Relation  (11.9)  holds  for  quantizing  magnetic  fields  as  well.  The- 
parameter  usually  measured  in  experiment  is  the  transverse  mag- 
netoresistance pH,  which,  according  to  (5.6),  is 


Ph  = 


Oxx 

02  J-02 

xx  > yx 


O2 

yx 


(11.10) 


The  dissipative  component  of  the  electric  conductivity  tensor  axx 
in  quantizing  magnetic  fields  was  first  calculated  by  the  Roumanian, 
physicist  S.  Titeica  (1935).  Titeica’s  theory  is  based  on  some  self- 
evident  semiclassical  conceptions;  however,  it  has  been  subsequently 
rigorously  confirmed  by  E.  N.  Adams  and  T.  D.  Holstein  in  1959* 
who  considered  the  motion  equations  for  the  density  matrix. 

Titeica  bases  his  calculations  on  the  quantum  mechanics  equa- 
tions of  motion  for  an  electron  in  crossed  electric  and  magnetic  fields 
(Section  7.7.2).  In  the  case  of  a simple  band  the  electron’s  energy- 
(7.7.23)  in  an  approximation  linear  in  the  electric  field  E is 

h2k2 

e = e (0)  + (2A  + 1)  p*tf  + -^—X*eEky,  (11.11) 


where  the  subscript  c has  been  dropped  in  the  notation  of  appropriate- 
quantities.  It  follows  from  (7.7.21b)  that  in  the  same  approximation: 
in  the  electric  field  the  energy  is 

h*k2 

e = e(0)  + (2A'-l- 1)  \i*H  + -^-  — eEx 0, 

where  x0  = xc  is  the  coordinate  of  the  oscillator’s  equilibrium  posi- 
tion. Hence,  we  can  assume  that  the  electron’s  energy  e depends  on 
the  quantum  numbers  N , kz,  and  x0  and  on  the  electric  field  E,  i.e., 
e (N,  kz , x0\  E)  = ex , where  v=  {N,  kz , a:0).  Assuming  that  the 
electron  in  the  state  v is  “located”  at  point  x0,  we  make  the  current 

jx=  -e  2 2 {/o(8v)  [1  — /o(£v')J  kFvv- 

~ fo  (£v')  [1  — /o  (4)]  w£v}.  (1 1.12) 

Here  /0  (ef ) is  the  equilibrium  distribution  function  for  the  electrons 
with  the  energy  ef,  and  Wyy  is  the  transition  probability  per  unit 
time  from  the  state  v (with  x0  <;  0)  to  the  state  v'  (with  x'  > 0) 
due  to  scattering,  i.e.,  the  probability  of  such  a scattering  of  the. 


;576  9-  kinetic  processes  in  semiconductors 


electron  in  the  result  of  which  it  crosses  the  plane  x = 0 from  left 
to  right;  the  factor  [1  — /0  (e^-)],  in  accordance  with  the  Pauli 
exclusion  principle,  is  the  probability  that  the  state  v'  is  unoc- 
cupied. The  second  addend  in  the  braces  obviously  determines  the 
electron  flux  across  the  plane  x — 0 in  the  opposite  direction. 

Expanding  the  expression  in  braces  in  (11.12)  in  the  powers  of 
the  electric  field  and  retaining  only  the  first  addend  proportional 
to  E,  we  obtain,  comparing  the  result  with  (11.7), 

a,,,  = e2  2 [ - ] (X°~2*°- Ww' . (11.13) 

VV' 

where  all  the  quantities  under  the  summation  sign  are  for  the  field 
E = 0.  Adams  and  Holstein,  making  use  of  (11.13),  have  determined 
the  dependence  of  pH  (11.10)  on  the  magnetic  field  H and  on  the 
temperature  T for  different  scattering  mechanisms  in  the  quantum 
limit  N = N'  = 0 ( k0T  <C  ft«c).  This  dependence  turned  out  to  be 
•different  for  nondegenerate  and  degenerate  semiconductors. 

In  the  case  of  a strong  degeneracy  of  charge  carriers  — dfjdz  = 
= 8 (£  — e),  where  £ is  their  chemical  potential.  It  follows  from 
.(6.5.23a)  that  in  this  case  the  density  of  states  in  (11.13)  is 

g(e)  ex  2 — t 1 6(£  — e)  = 2 — r 1 

N /e-(2A  + l)p*ff  ^ /C-(27V  + l)p*tf 

(11.14) 

TIence,  g (e)  and,  consequently,  axx  as  well,  increase  sharply  every 
time  the  Landau  level  crosses  the  level  of  the  chemical  potential. 
Such  oscillations  of  axx,  and,  consequently,  of  pH  (11.10),  are  periodic 
with  a period  determined  by  the  condition 

2A NyL*H  + (2 N + 1)  p*  AH  = 0 
for  AA^  = 1.  Hence 


A H . I 1 \ 2p*  eh 

'W  ~ A \ T ) ~ ‘ 


(11.15) 


"Such  oscillations  became  known  as  the  Shubnikov-de  Haas  oscilla- 
tions after  the  scientists  who  discovered  them  for  bismuth  in  1930. 
They  can  be  observed  only  in  the  case  of  a strong  charge  carrier 
degeneracy,  their  period  A (1 IH)  being  dependent  on  the  conduction 
•electron  concentration  (since  £ depends  on  it). 

9.11.4  In  1964  V.  L.  Gurevich  and  Yu.  A.  Firsov  theoretical- 
ly predicted  a new  type  of  oscillations  of  pH,  which  became  known  as 
.magneto phonon  oscillations.  They  are  caused  by  inelastic  scattering 
«of  electrons  by  optical  phonons. 
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Consider  the  magnetophonon  resonance  from  a qualitative  point 
of  view.  In  the  absence  of  scattering  the  conduction  electrons  placed 
in  crossed  electric  (E  Ha;)  and  magnetic  (H  ||z)  fields  oscillate  in 
the  xy  plane  and  drift  with  a constant  velocity  vy  = c (E/H)  in  the 
direction  of  the  y axis  [see  (11.8)].  The  current  jx  is  entirely  due  to 
electron  scattering.  The  contribution  to  the  current  jx  of  the  electrons 
with  the  energy  e and  the  magnetic  quantum  number  AT  will  be 
proportional  to  their  number  /„  (e)  g (e,  N),  where  /„  (e)  is  the  Fermi 
distribution  function,  and  g (e,  N)  is  the  density  of  states  for  a 
fixed  N [see  (6.5.23a)];  jx  will  obviously  also  be  proportional  to  the 
probability  of  the  transition  (e,  TV)-*-  (e',  Ar): 

WNh,  (e,  e')  6 (e  + fcco0  - e')  [1  - /0  (e')l  g (e',  N’)t 


where  W N N-  (e,  e')  is  a smooth  function  of  its  indices  and  argu- 
ments, 6-function  expresses  the  energy  conservation  law  in  the  case 
of  the  absorption16  of  an  optical  phonon  h co0,  and  the  expression  in 
square  brackets  determines  the  number  of  vacant  states  with  the 
energy  e' . 

The  total  current  jx  will  be  proportional  to  the  product  of  all 
those  multipliers  added  up  over  N and  N'  and  integrated  with  re- 
spect to  e and  e'.  Integrating  with  respect  to  e'  with  the  aid  of  the 
■6-function  and  making  use  of  expression  (6.5.23a)  for  the  density 
of  states,  we  obtain 


7*  « 


S 1 


de 


N,  N’ 


WNN,  (e,  e + ti(00)  /o  (e)  [1  — f0  (e+faot)] 

Y e — (Ar  + l/2)  £coc  / e — [{N ' + 1 12)  toc  — So>] 


(11.16) 


where  we  made  2 \i*H  = ha>c  (<oc  =eH!mc  is  the  cyclotron  frequency). 
If  the  quantities  subtracted  from  e in  the  expressions  under  the  radical 
signs  in  (11.16)  are  different,  the  integral  with  respect  to  e will  not 
have  any  particular  points.  If,  on  the  other  hand,  these  subtrahends 
become  equal  as  the  magnetic  field  is  varied,  the  integral  will  diverge 
logarithmically,  the  result  being  a sharp  increase  in  jx. 

The  subtrahends  under  the  roots  in  (11.16)  coincide,  if 

(N'  -N)  o)c  = <0O,  (11.17) 


i.e.,  if  co0  is  a multiple  of  fc>c.  Taking  into  account  that  wc  = eHlmc 
we  obtain  for  the  period  of  oscillations  of  jx  by  analogy  with  (11.15) 


A 


e 

W)CO)0  ' 


(11.18) 


An  essential  distinction  of  the  magnetophonon  resonance  from  the 
Shubnikov-de  Haas  oscillations  is  that  the  latter  are  observed  only 


16  The  result  remains  valid  lor  the  case  of  phonon  emission. 
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in  the  case  of  charge  carrier  degeneracy,  and  that  the  period  of  oscilla- 
tions (11.15)  depends  on  their  concentration.  The  magnetophonon 
resonance  can  be  observed  both  in  degenerate  and  in  nondegenerate 
semiconductors,  the  period  of  oscillations  (11.18)  being  independent 
of  the  carrier  concentration.  From  (11.18)  we  can  obtain  the  effective 
mass  m,  provided  we  know  the  maximum  frequency  of  the  optical 
phonons  <d0.  The  theory  of  magnetophonon  resonance  agrees  well 
with  experiment.17 

9.11.5  Consider  briefly  the  theory  of  thermomagnetic  phenomena 
in  quantizing  magnetic  fields. 

The  phenomenological  equations  (1.1a)  in  the  presence  of  a tem- 
perature gradient  S/XT  in  the  direction  of  the  x axis  take  the  form 


j X e j 

I °xi /Vy  1 

(1 

-fP) 

Jy  = 0VxVx(~<l>) 

1 +CT?/.vVy  I 

fl 

l e 

-9) 

- P„*v*r. 

(11.19) 

Since  the  chemical  potential  £ depends  on  the  temperature  whose 
gradient  points  in  the  ^-direction,  it  follows  that  (y — <pj  = Ey* 


V*  (y — = E*  =f=.  Ex.  In  an  isotropic  conductor  oxx  = ayy,  and 
In  the  zeroth  scattering  approximation  only  ayx  and 


'xy 


— a 


yx- 


Pyx.  are  nonzero.  Besides,  in  addition  to  (11.9)  we  obtain  from  (6.8) 
in  the  case  of  strong  fields  (yxH  ;§>  1) 

Pxx f>i  1 


Pyx 


yxH 


<1- 


(11.20) 


Finally  we  obtain  for  the  thermoelectric  power  and  the  Nernst  con- 
stant in  strong  magnetic  fields  in  the  roughest  scattering  approxi- 
mation 


an 


Q= 


|£$l  Pyx 

|V*r|  OyX  ’ 

Ey  OyxPxx — 0.\'xPyx 

^nr=  v 


(11.21) 

(11.21a) 


which  agrees  with  (6.11)  and  (6.4a). 

In  order  to  determine  aH  and  Q,  we  must  in  addition  to  (11.8) 
and  (11.13)  compute  and  (5**.  This  entails  the  following  principal 
difficulty.  In  the  classical  case  in  the  presence  of  a temperature 
gradient  the  temperature  T must  be  regarded  as  a function  of  the 
coordinate  x,  i.e.,  T — T {x).  In  the  quantum  mechanics  case  this 
does  not  make  sense,  because  the  electron’s  coordinate  x in  a quantiz- 


17  For  detailed  information  on  the  problem  see  [9.22]. 
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ing  magnetic  field  is  not  a quantum  number,  i.e.,  has  no  definite 
value.  Applying  the  principle  of  local  thermodynamical  equilibrium 
A.  I.  Anselm  and  B.  M.  Askerov  (1960)  suggested  that  in  the 
presence  of  a temperature  gradient  in  the  x direction  the  tempera- 
ture is  a function  of  the  equilibrium  position  of  the  magnetic  oscil- 
lator £0  (6.5.18a).  Using  the  same  argument  as  was  used  in  the 
derivation  of  axx  (11.13),  we  can  demonstrate  that 

P*.  = IT  2 (*v  - 0 (*o  - *;)2  Wrr.  (11-22) 

VV' 


Since  we  are  interested  in  effects  linear  in  the  electric  field  E and 
the  temperature  gradient  VXT,  we  can  in  (11.22)  take  all  the  quan- 
tities for  E = 0.  Note  that  the  arguments  in  support  of  this  expres- 
sion contained  in  the  paper  by  A.  I.  Anselm,  Yu.  N.  Obraztsov  and 
R.  G.  Tarkhanyan  (1965)  were  similar  to  those  put  forwad  by  Adams 
and  Holstein  in  support  of  (11.13). 

If  we  were  to  use  the  quantum  mechanics  expression  for  the  current 
density  of  the  electron  in  the  state  v = {Ar,  x0,  kz } and  the 
assumption  that  T — T (,z0)  as  the  starting  point,  we  would  obtain 
for  the  current  density 


Expanding  the  Fermi  function  f0  in  the  powers  of  the  increment  A;r0 
and  identifying  AT/Ax0  = V^Y,  we  obtain 


Jyx 


(2m)1/2  e<ac 

4jt2/i 


2U+TM(¥d 

N e„ 


dfo 
de  f/ 


de 


V e— ejv 


(11.23a) 


where  = (N  + 1/2)  hu>c.  It  turned  out,  however,  that  this  expres- 
sion for  f>lJX  did  not  meet  the  Onsager  principle  (1.5a).  A correct 
expression  for  was  obtained  by  Yu.  N.  Obraztsov  (1963).  He 
drew  attention  to  the  fact  that  when  calculating  the  nondissipative 
current  jy,  we  should  add  to  the  volume  current  determined  by 
(11.23a)  the  surface  currents  flowing,  along  the  specimen’s  faces 
perpendicular  to  the  x axis.  In  the  absence  of  a temperature  gradient 
iVxT  = 0)  those  currents  compensate  each  other  and  are  responsible 
only  for  the  diamagnetism  of  the  conduction  electrons  (Section  6.5). 
On  the  other  hand,  when  yxT  ^=0  there  is  no  such  compensation, 
and  a current  appears  in  the  y direction  proportional  to  VXT.  If  we 
take  that  current  into  account,  we  obtain  the  following  simple 
expression  for  fiyx: 

Pyx  = —cS/H, 


(11.24) 
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where  S is  the  electron  entropy  per  1 cm3,  and  c is  the  velocity  of 
light.  Hence,  and  from  (11.21)  and  (11.8)  we  obtain 

aH  = sic,  (11.25)' 


where  s = Sin  is  the  entropy  per  electron. 

Obraztsov  has  demonstrated  that  in  the  case  of  nondegenerate- 
electrons 


hu>c 
2 kj 


Ml 

k0T  }• 


(11.25a) 


In  the  quasi-classical  case  (h<Ac/2k0T)  <C  1;  then  ( fUocl2k0T ) X 
X coth  (h&c/2k0T)  « 1,  and 


ccf 


■-H- 


Z 

k0T 


]• 


this  coinciding  with  (9.6.16). 

Equation  (11.25a)  was  confirmed  by  experiments  with  InSh 
(I.  L.  Drichko  and  I.  V.  Mochan,  1964;  S.  Poorie  and  H.  Geballe,. 
1964). 18 

Making  use  of  (11.8),  (11.13),  (11.22)  and  (11.24),  we  can  find 
the  Nernst  constant  Q (11.21a)  for  various  scattering  mechanisms  and 
compare  the  results  with  experiment.  Unfortunately,  there  are  no 
such  experiments  that  could  be  unambiguously  compared  with 
the  theory. 


18  The  discrepancy  between  experiment  and  theory  for  ( hwc/2k0T ) > 1 
can  be  explained  neither  by  the  spin  splitting  of  Landau  levels  nor  by  the 
deviation  of  the  band’s  shape  from  the  parabolic.  The  origin  of  this  dis- 
crepancy remains  unclear. 
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Appendix  1 

Consider  oblique  coordinates  in  a plane.  It  is  easy  to  generalize  the- 
results  to  a three-dimensional  case. 

Figure  A.l  depicts  the  X1  and  X2  axes  of  a system  of  rectangular- 
coordinates  and  the  S1  and  E2  axes 
of  an  oblique  system,  both  sy- 
stems having  a common  origin 
at  0. 

The  position  of  a certain  point 
M is  determined  by  the  position 
vector  OM , by  the  rectangular 
coordinates  OA  = and  AM— 2 :2,  Xv 

or  by  oblique  coordinates  OB  = 

= g1andJ5F  = l2  (BM  ||  Bs).  The  _ _ 

vector  OM  may  be  regarded  as  the  sum  of  the  vectors  OB  and  BM, 
i.e.. 


OM  = OB  + BM. 


(A. 1.1) 


Projecting  both  sides  of  this  equality  on  the  Xx  and  X2  axes,  we- 
obtain 


x,  = 


Solving  this  system  for  and  l2,  we  obtain 
ii  = “11*1  + “12x2,  |2  = a21xx  + a22x2,  (A.  1.2V 

where 

__  cos  i)?  sin  ip  sin  (p 

ai1  COS  (<p— (-Ip)  ’ a*2  cos  (cp— |-tp)  ’ cos  (<p ip)  ’ 


“22 


cos  <p 

COS  (<p— f-Tp) 


(A.  1.3) 


Similarly,  in  the  case  of  a three-dimensional  oblique  system  of 
coordinates  whose  origin  coincides  with  that  of  a Cartesian  system, 
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the  coordinates  |£  are  homogeneous  linear  functions  of  the  Cartesian 
-coordinates  xh : 

3 

ii=  2 aikxk  (i  = 1,  2,  3),  (A.  1.3a) 

s=i 

where  aik  are  functions  of  the  angles  which  the  S£  axes  make  with 
the  Xk  axes. 


Appendix  2 

To  solve  equation  (1.3.7),  suppose  that  the  unknown  vector  has  been 
-decomposed  into  the  vectors  ax  X a2,  a2  X a3,  a3  X ax  not  lying 
in  one  plane 

b = a (ax  X a2)  + p (a2  X a3)  + y (a3  X ax).  (A.2.1) 

Such  a decomposition  is  always  possible  and  unique  [A.l,  § 102]. 
.Here  a,  p,  y are  scalar  factors  to  be  determined.  Substituting  (A.2.1) 
into  (1.3.7),  we  obtain 

b-aj  = Par(a2  X a3)  = 2ngx, 
h-a2  = ya2-(a3  X a^  = 2ngit 
b a3  = aa3-(ax  x a2)  = 2ng3, 

■whence 


2n  g3  o 2ng!  ..  2 ng2 

Q0  ’ P Q0  ’ *-  Q0  * 


(1.38)  follows  from  (A.2.1)  and  (A. 2. 2). 


(A.2.2) 


Appendix  3 

A.3.1  Consider  two  rectangular  coordinate  frames  (xx,  x2,  x 3) 
:and  (x[,  x'2,  x'3)  with  a common  origin  at  O.  Denote  the  cosines  of 
the  angles  between  the  axes  of  the  two  systems  by  aih  = cos  (xt  x'h), 
where  i and  k independently  assume  the  values  1,  2 and  3.  It  is  an 
established  fact  that 

3 3 

2 = 2 = hi-  (A.3.1) 

i=l  i—  1 

For  k = l (8hi  = 1)  those  equalities  mean  that  the  sum  of  the  squares 
of  direction  cosines  is  equal  to  unity,  and  for  k l,  8hi  = 0 is  the 
condition  of  orthogonality  of  the  xh  and  xt  axes  (or  the  x’h  and  x\ 
axes).  The  projection  of  the  geometrical  sum  (of  the  position  vector 
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r)  on  a given  direction  (e.g. , on  #')  is  known  to  be  equal  to  the  sum 
of  the  projections  of  its  components;  therefore, 


x[  = + a12x2  + a 13x3, 

and,  similarly, 

x'2  = a21xx  + a22x2  + ol23x3, 

X3  = CtgiXi  -f-  0^32^2  “b  ®33^-3» 
or 

3 

<=  2 aikXk- 
k=l 


(A. 3.2) 


(A.3.3) 


Write  (A.3.2)  in  a more  compact  form: 

r'  = ar,  (A. 3. 4) 

where 

/a  11  a12  a13\ 

CC  = I C&21  ^22  ^23  I (A. 3. 5) 

\oc3i  a32  0^33/ 

is  the  matrix  of  the  linear  transformation  (A.3.2).  The  matrix  a 
(A.3.5)  is  of  rank  three , i.e.,  it  is  a square  array  consisting  of  three 
rows  and  three  columns  and  of  32  = 9 elements  alh.  If  the  elements 
of  the  matrix  aih  meet  the  condition  (A.3.1),  the  linear  transfor- 
mation (A.3.2)  is  termed  orthogonal.  The  inverse  transformation 
from  the  primed  coordinates  x'h  to  the  unprimed  x{  can  be  obtained 
by  analogy  with  (A.3.2) 

x1  = ana:'  + a21x'  + a3i^s- 

x2  = a12x^  -r  cc22x3  + a32^,  (A.3.6) 

x3  = oc13a:'  + a23x’t  + a33x3, 
which  can  be  written  in  a form  similar  to  (A. 3. 4) 
r = ocV,  (A. 3.6a) 

where  a-1  is  the  matrix  of  inverse  transformation  (A.3.6). 

We  see  that  the  matrix  of  the  inverse  orthogonal  transformation 
a-1  (A.3.6)  can  be  obtained  from  the  matrix  of  the  direct  orthogonal 
transformation  a (A.3.2)  by  interchanging  the  rows  and  the  columns, 
i.e., 

(a  = (a)fti-  (A.3.7) 

The  scalar  product  of  the  vectors  a and  b is  equal  to 
/\  3 3 

a-b  = a6cos(a,  b)  = 2 ai&i  = 2 aWii  (A. 3. 8) 

i= 1 i=i 
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where  al,  b[  are  the  components  of  the  vectors  a and  b in  the  coor- 
dinate system  (x[,  x'% , x'J).  The  last  of  these  equalities  follows  both 
from  the  geometrical  meaning  of  a scalar  product  and  from  formal 
considerations  if  at  and  bt  are  expressed  in  terms  of  a\  and  b[  with 
the  aid  of  equations  (A. 3. 6)  and  if  use  is  made  of  the  orthogonality 
conditions  (A. 3.1). 

A.3.2  As  a generalization  of  (A. 3. 2)  we  write  the  expression  for  a 
homogeneous  linear  transformation  of  n variables  in  the  form 

x\  = anxr  + a12x2  + ...  + alnxnt 

x g = a2ia:i  ^22*^2  • • • “I-  ^2n^n*  (A. 3. 9) 


x'n  = (*711*1  + <*712*2  + • • • + annXn, 


or 

n 

*i  = S aikXh  (i  = l.  2,  . ..,  n),  (A. 3. 10) 

fc=i 

which  can  be  written  in  a form  similar  to  (A. 3. 4): 
r'  = ar.  (A.3.11) 

Here  r = x%,  . . .,  xn}  and  r'  = {x[,  x'2,  ■ . . , x’n}  are  position 

vectors  in  the  n-dimensional  space,  and  a is  the  matrix  of  the  linear 
transformation  (A. 3.9)  of  rank  n,  i.e., 


/ all  a12 

I (*2i  a22 


a 


177 


®27l 


(*7li  (*7l2 


a* 


(A.3.12) 


In  the  general  case  the  variables  x\,  xk  and  the  matrix  elements  aik 
are  complex  numbers. 

The  matrix  (A.3.12)  of  rank  n is  a square  array  consisting  of  n 
rows,  n columns,  and  na  elements  aih.  The  elements  are  said  to 
be  occupying  positions  on  the  principal  diagonal  of  the  matrix  (i.e., 
on  the  diagonal  passing  from  the  top  left  corner  of  the  array  to  its 
right  lower  corner). 

A consecutive  application  of  two  linear  transformations  of  the 
type  (A.3.11)  with  matrices  a and  P yields 

t n o * 

r = ar,  r = pr  , 

whence 

t”  = Pr'  = Par. 


(A.3.13) 
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In  the  expanded  form 

z”i  = Y f>nx'i  = 2 2 &!«.-***=  2 ($<*)ikxh,  (A. 3. 14) 

i=l  i=  i h= 1 A=1 

where 


(P«)ift  = 2 (A. 3. 15) 

i=  i 

The  latter  relationship  formulates  the  matrix  multiplication  rule. 
To  obtain  the  llc-ih  element  of  a matrix  equal  to  the  product  of  the 
matrices  pa,  we  must  multiply  the  elements  of  the  I-th  row  of  matrix 
P by  the  elements  of  the  fr-th  column  of  matrix  a and  add  the  prod- 
ucts up.  This  rule  can  he  depicted  schematically  as  follows: 


ft' 

" ' 

X X X X X X 

X 

__o 

X 

X 

X 



X 

— 

X 

— 

X 

X 

lx  J 

k 

(A.3.16) 


In  some  cases  it  is  expedient  to  generalize  the  concept  of  a matrix 
(A. 3. 5)  to  include  the  ease  of  rectangular  arrays  in  which  the  number 
of  rows  is  not  equal  to  the  number  of  columns.  The  matrix  multipli- 
cation rule  (A. 3. 15)  can  be  directly  generalized  to  the  case  in  which 
the  number  n of  columns  in  p is  equal  to  the  number  n of  rows  in  a (in 
this  case  the  index  i in  (A.3.15)  runs  through  the  values  from  1 to  n ). 
Then  the  product  pa  is  a rectangular  matrix,  the  number  of  whose 
rows  is  equal  to  the  number  of  rows  in  p and  the  number  of  columns 
is  equal  to  the  number  of  columns  in  a.  In  the  important  case  of 
multiplication  of  a square  matrix  by  a single-column  matrix  we  obtain 
a singlecolumn  matrix. 

It  is  obvious  that  in  general  a matrix  product  is  not  commutative 
(see  A.3.16): 

Pa  ^ «P;  (A. 3. 17) 

at  the  same  time  it  satisfies  the  associative  law 

Y (Pa)  = (vP)  a (A.3.18) 

which  can  be  easily  verified  through  the  use  of  the  matrix  multipli- 
cation rule  (A.3.15). 
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A.3.3  If  only  the  elements  on  the  principal  diagonal  of  a square 
matrix  are  nonzero,  the  matrix  is  called  diagonal  and  its  elements 
are 

(A.3.19) 

where  8ik  is  the  Kronecker  delta. 

The  term  unit  matrix  E applies  to  a diagonal  matrix  whose  ele- 
ments are  equal  to  unity: 

Eik  = 8ih.  (A. 3.20) 

Making  use  of  the  matrix  multiplication  rule  (A.3.15),  we  can  easily 
.demonstrate  that  for  any  matrix 

Ea  = aE  = a.  (A. 3. 21) 

The  zero  matrix  0 is  a matrix  whose  elements  are  zeros.  It  is  obvious 
that  for  an  arbitrary  matrix  a, 

0a  = ocO  = 0.  (A.3.22) 

The  product  of  a matrix  a times  a number  c means  a matrix  with  the 
elements  caih.  The  sum  of  the  matrices  a and  p of  the  same  rank 
means  a matrix  y with  the  elements  yik  = aih  + pife.  The  matrix  a 
is  equal  to  the  matrix  p if  and  only  if  aik  = pift  for  all  i and  k. 

The  term  trace  of  a matrix  a applies  to  the  sum  of  its  diagonal  ele- 
ments 

Tro  = Sa»-  (A. 3.23) 

i 

The  trace  of  a product  of  matrices  is  independent  of  their  order  in 
the  product;  indeed 

Tr  (pa)  = 2 (Pai;)  = 2 2 = 2 (S  a *,?,*) 

i i k hi 

= 2 (aP)fefe  = Tr  (aP).  (A.3.24) 

ft 


The  matrix  inverse  to  a,  denoted  by  a-1  performs  the  transformation 
inverse  to  the  transformation  (A. 3. 11): 


r = a-1r'. 

(A.3.25) 

Substituting  herein  (A. 3. 11),  we  obtain 

r = a_1ar, 

(A.3.261 

whence 

a-1a  = E is  a unit  matrix,  "j 

similarly  > 

(A. 3.27) 

aa-1  = E. 
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These  relations  are  obviously  valid  for  the  orthogonal  transforma- 
tions (A. 3. 4)  and  (A. 3. 6a)  as  well. 

We  have  seen  (see  A. 3. 7)  that  the  matrix  inverse  to  the  orthogonal 
transformation  a-1  is  the  matrix  obtained  by  the  interchange  in  a of 
the  rows  and  the  columns  (this  is  equivalent  to  the  “reflection”  of 
all  its  elements  in  the  principal  diagonal),  this  is  called  the  transpose 
of  a matrix.  Denoting  the  transpose  a by  a (i.e.,  aik  = afti),  we 
obtain  for  an  orthogonal  transformation 

a-1  = a (A.3.28) 

in  agreement  with  (A. 3. 7). 

If  a is  a matrix  of  rank  n,  the  matrix  equation  (A. 3. 27)  is  equiv- 
alent to  n?  first-order  algebraic  equations  in  n 2 unknowns  a 1%. 
Since  the  right-hand  sides  in  n of  these  equations  are  equal  to  unity 
(in  the  other  equations  they  are  equal  to  zero),  the  solution  of  n 2 
inhomogeneous  equations  in  the  unknowns  al*  exists  if  and  only  if 
det  [a!ft]  made  up  of  the  elements  of  matrix  a does  not  vanish.  Hence, 
a matrix  a has  an  inverse  matrix  a-1  only  if  | a;h  | 0,  i.e.,  if  a 

is  a nonsingular  matrix. 

It  can  be  easily  demonstrated  that 

(pa)-1  = a_1p_1,  (A.3.29) 

and 

(Pa)  = £p.  (A.3.30) 

It  follows  from  (A. 3. 27)  and  (A.3.28)  that  for  the  orthogonal  trans- 
formation 

aa  = E.  (A.3.31) 

Since  the  matrix  multiplication  rule  (A. 3. 15)  coincides  with  the  mul- 
tiplication rule  for  determinants  [A.2,  p.  250],  it  follows  that 

det  a det  a = det  E = 1.  (A. 3. 32) 

Since  the  replacement  of  the  rows  by  the  columns  does  not  change 
the  determinant  [A.2,  p.  250],  it  follows  that  det  a = det  a and 
that,  consequently, 

(det  a)2  = 1.  (A. 3. 33) 

Therefore,  the  determinant  of  the  matrix  of  an  orthogonal  transfor- 
mation (A. 3. 2)  is 

det  a = ±1.  (A. 3. 33a) 

It  can  be  easily  demonstrated  that  +1  corresponds  to  a simple  rota- 
tion of  the  system  and  — 1 corresponds  to  a rotation  accompanied 
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by  inversion,  i.e.,  to  the  transition  from  a right-handed  coordinate 
system  to  a left-handed  (or  vice  versa).  Indeed,  a simple  rotation  may 
be  imagined  as  a continuous  process  of  rotation  from  the  initial  state 
in  which  both  systems  coincide  and  which  is  described  by  the  unity 
transformation  with  the  matrix  Eih  — dik.  Since  the  determinant 
corresponding  to  this  transformation  is  det  [•£,-&]  =det  [6ift]  = 1,  and 
since  it  cannot  change  abruptly  in  the  course  of  a continuous  rota- 
tion, the  determinant  corresponding  to  a simple  rotation  is  equal 
to  +1. 

In  the  case  of  inversion  /:  x\  = — xt  ( i = 1,  2,  3),  and  the  corre- 
sponding determinant  is  | / | = [— 8ift]  = — 1.  Hence,  it  follows 
immediately  that  the  determinant  corresponding  to  an  arbitrary 
rotation  accompanied  by  inversion  is  also  equal  to  — 1.  Orthogonal 
transformations  with  the  determinant  equal  to  -f-1  became  known  as 
proper  rotations  (or  simply  rotations),  whereas  orthogonal  transfor- 
mations with  the  determinant  equal  to  — 1 become  known  as 
improper  rotations. 

A.3.4  Consider  some  matrices  important  for  applications. 

Denote  by  a*  a matrix  complex  conjugate  to  a,  so  that  (a*)ik  = a*k. 

The  term  hermitian  conjugate  matrix  a+  applies  to  the  complex- 
conjugate  transpose  of  a,  i.e.,  to  ce+  = a*  in  which  afA  = a|j. 

A self-conjugate,  or  hermitian,  matrix  a exhibits  the  property 
a+  = a;  the  elements  of  a hermitian  matrix  symmetrical  about  the 
principal  diagonal  are  complex-conjugate. 

The  term  unitary  matrix  applies  to  a matrix,  the  complex-conjugate 
of  which  is  equal  to  the  inverse  matrix: 

U+  = U'\  or  UU+  = U+U  = E.  (A.3.34) 

A unitary  matrix  performs  a unitary  transformation,  which  is  a 
generalization  of  an  orthogonal  transformation.  To  demonstrate 
this  point,  we  shall  introduce  the  concept  of  the  inner  (or  scalar) 
product  of  two  n-dimensional  complex  vectors  a (aL,  a2,  ■ ■ an)  and 
b (£>!,  bv  . . .,  bn),  which  by  definition  is 

h 

a-b  = 2 afbi.  (A.3.35) 

i=i 

If  a and  b are  real  three-dimensional  vectors,  the  definition 
(A.3.35)  reduces  to  an  ordinary  scalar  product  (A. 3. 8).  Demonstrate 
next  that 

a-ab  = a+a-b,  (A. 3. 36) 

where  a is  a linear  transformation  matrix  of  rank  n.  Indeed,  the 
left-hand  side  of  (A.3.36)  is  equal  to 

2 a*  (ab)i  = 

i ih 
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and  the  right-hand  side  is  equal  to 

2 (a+a)f^i  = 2 a*akibi, 
i ih 

the  only  difference  is  in  the  designation  of  the  dummy  summation 
indices. 

Let  us  now  apply  unitary  transformation  U to  the  vectors  a and 
b in  (A. 3. 35): 

Ua-Ub  = U+Uab  = Eab  = ab,  (A.3.37) 

where  we  made  use  of  (A. 3.36)  and  (A. 3. 34). 

To  conclude  this  section  we  shall  introduce  the  important  concept 
of  a similarity  transformation  of  the  matrix  a: 

a'  = s_1as,  (A.3.38) 

where  s is  an  arbitrary  nonsingular  matrix  (i.e.,  a matrix  that  has 
an  inverse). 

Premultiplying  (A.3.38)  by  s,  multiplying  the  result  by  s_1,  and 
taking  into  account  that  s_1s  = E,  we  obtain 

a,  — sa's-1.  (A.3.38a) 

It  can  be  demonstrated  that  any  matrix  equation  is  invariant  under 
a similarity  transformation.  For  example,  the  matrix  equation 

pa  + y = e (A. 3. 39) 

under  the  similarity  transformation  (A.3.38a)  takes  the  form 
sp's^sa's-1  4-  sy's-1  = se's-1. 

Premultiplying  this  expression  by  s-1  and  multiplying  the  result 
by  s,  we  obtain 

P'a'  + y'  = e',  (A. 3. 39a) 

i.e.,  (A. 3. 39)  is  invariant  under  a similarity  transformation. 

Demonstrate  in  addition  that  the  trace  of  a matrix  is  invariant 
under  a similarity  transformation: 

Tr  a — Tr  (sa's"1)  = Tr  (s'W)  = Tr  (Ea')  = Tra\  (A. 3. 40) 

where  we  made  use  of  (A. 3. 24). 

A.3.5  The  vector  r' in  (A.3.11)  is  in  general  not  proportional  to 
the  vector  r.  On  the  other  hand,  if  for  some  vector  r = x (xx,  x2,  ... 
• • m 3?n)» 

ax  = Xx,  (A. 3. 41) 

where  X is  a scalar,  then  x is  termed  eigenvector , and  X eigenvalue  of 
matrix  a. 
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Equation  (A.3.41),  when  projected  on  the  axes,  takes  the  form 

n 

3 ^ih^k  = , 

A— 1 


or 


n 


( aik  — xh  — 0. 


(A.3.42) 


We  see  that  the  eigenvector  components  xh  are  determined  from  the 
system  of  homogeneous  linear  equations  (A.3.42),  which  has  nonzero 
solutions  only  if  its  determinant  is  equal  to  zero: 


all  — ' 

X a12 

• • am 

a21 

OC22  — ^ • 

• • ^2n 

«nl 

ar>2 

. . ann  — X 

(A. 3.43) 


or 

det  [aift  — = 0.  (A. 3. 43a) 

The  rc-th  degree  equation  (A. 3.43)  in  X is  termed  a characteristic  or 
secular  equation;  n roots  of  this  equation  Xz,  . . .,  Xn  (some  of 
which  may  coincide)  determine  n eigenvalues  of  the  matrix  a.  Each 
eigenvalue  Xt  is  associated  with  an  eigenvector  x(i>  (or  several  eigen- 
vectors, in  which  case  the  eigenvalue  is  said  to  be  degenerate).  Let 
us  prove  an  important  theorem  concerning  the  eigenvalues  and  the 
eigenvectors  of  a hermitian  matrix  H.  Let 

HxW  = X^W,.  (A.3.44) 

Hx<2>  = ^2x<2>,  (A. 3. 44a) 

where  x(1),  x<2)  and  Jix,  X2  are  two  eigenvectors  and  two  eigenvalues 
of  H. 

In  terms  of  projections  on  the  coordinate  axes, 

'21Hikx?  = X1x?\  (A.3.45) 

k 

3 Hikx^  = A2xj,\  (A.3.45a) 

h 

Multiply  both  sides  of  (A.3.45)  by  x j2'*  and  sum  over  i to  obtain 
3 Hihx£*x?'*  = Xi  3 x?'x‘F*. 

h , i i 
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Take  the  complex-conjugate  of  (A. 3. 45a),  multiply  it  by  XiX)  and 
sum  over  i : 

Zj  aiW  Xx  — Z ixi  *i  • 

k,i  i 


Since  H is  hermitian,  it  follows  that  H*h  = Hkl,  but  in  that  case 
the  left-hand  sides  of  the  last  two  equations  are  equal  (in  the  second 
equation  the  dummy  indices,  i and  fc,  can  be  interchanged)  and,  there- 
fore, 

(Aj  - X*)  S af  >*41'  = 0.  (A. 3.46) 

i 

Suppose  first  that  Xx  = X2  and  that  x(1>  = x(2)  =/=  0;  then  it  follows 
from  (A. 3. 46)  that 

Xx  = XJ  = Xf  (A.3.47) 

(the  last  equality  follows  from  Xx  = X2),  i.e.,  that  the  eigenvalues  of 
hermitian  matrices  are  real.  Suppose  on  the  contrary  that  Xx  =/= 
=4=  X2  = X!,  then  it  follows  from  (A. 3. 46)  that 

2 = x<2)  • x1'  = 0,  (A  .3.48). 

i 

i.e.,  that  the  eigenvectors  of  hermitian  matrices  (associated  with 
different  eigenvalues)  are  mutually  orthogonal.  If  the  eigenvalue  X 
is  degenerate  and  corresponds,  for  example,  to  three  eigenvectors 
x<x),  x<2),  x(3),  the  eigenvectors  associated  with  X can  also  be  made 
mutually  orthogonal  by  means  of  the  Gram-Schmidt  ortho gonaliza- 
tion  process. 

Any  linear  combination  of  the  vectors  x(1>,  x(2),  and  x<3)  will  obvi- 
ously be  also  an  eigenvector  corresponding  to  X.  Make  y(1>  = x(1),. 
y(2>  = x<2)  -f-  px yd).  Choose  px  such  that  y(1)  is  orthogonal  to  j<2): 

y(D.y(2)  = o = y(1>  • X(2)  + PjyW.yd), 

whence 

y(l)  «x<2) 

Pi  ’ y(l) . y(D  • 

Now  make  y(3)  = x(3)  -j-  p2y(1)  + p3 y(2>  and  choose  p2  and  p3  such 
that  y(3)  is  orthogonal  to  yd>  and  y(2).  Eventually  we  shall  have- 
three  mutually  orthogonal  eigenvectors  y<l)  (i  = 1,  2,  3)  corre- 
sponding to  X.  This  process  can  obviously  be  extended  to  cover  the 
case  of  an  arbitrary  degeneracy  of  the  eigenvalue  X. 

A.3.6  We  shall  now  introduce  an  important  generalization  of  the- 
product  of  matrices  of  different  ranks. 
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Let  the  square  matrix  a be  of  rank  n and  the  square  matrix  p,  be 
of  rank  m (n  m).  The  term  direct  product  of  a and  p,  denoted  a X P 
applies  to  a matrix  with  the  elements 

(«  X P)  i /,  hi  = (A.3.49) 

Here  the  double  index  ij,  in  which  i runs  through  the  values  from  1 
to  n and  f runs  through  the  values  from  1 to  m,  numbers  the  rows  of 
the  matrix  a X Pin  accordance  with  a certain  arbitrary  convention. 
For  instance,  the  values  11,  12,  13,  . . .,  1 m,  21,  22,  23,  . . .,  2m, 
ni,  «2,  . . .,  nm  of  the  index  ij  may  be  chosen  to  correspond 
to  the  rows  1,  2,  3,  . . .,  nm.  The  same  rule  must  be  adhered 
to  in  the  numeration  of  the  columns  (E.  Wigner  noted  that  the 
marking  of  the  rows  and  the  columns  should  be  identical).  Every 
change  in  the  marking  reduces  to  an  interchange  of  the  rows  accom- 
panied by  a simultaneous  interchange  of  the  columns.  This  can  be 
demonstrated  to  be  of  no  importance  fur  the  properties  to  be  proved 
below. 

Theorem.  Let  there  he  two  matrices  a and  a'  of  rank  n and  two  matri- 
ces p and  p'  of  rank  m.  Then 

(a  X p)  (a'  X p')  = aa'  X pp'.  (A.3.50) 

Here  in  the  left-hand  side  we  first  compute  the  direct  products  a X P 
and  a'  X P'  and  then  the  ordinary  product  of  the  obtained  matrices  of 
rank  n-m.  On  the  right-hand  side  we  first  compute  ordinary  matrix 
products  aa'  and  pp'  and  then  their  direct  product. 

Proof.  The  element  with  the  index  (if,  kl)  on  the  left-hand  side  is 
equal  to 

{(a  X P)  (a'  X P')}ii.  hi  = 2 («  X P)i j,  rs  (a'  X P')rs.  u 

rs 

= 2 airPl/XrftPsI,  (A.3.51) 

rs 


where  the  first  equality  expresses  the  conventional  matrix  multipli- 
cation rule  (A. 3. 15)  (i.e.,  the  summation  over  the  “inner”  index  rs)  and 
the  second  equality  is  based  on  (A.3.49). 

The  same  element  with  the  index  (if,  kl)  on  the  right-hand  side  of 
(A.3.50)  is  equal  to 

{oca'  X PP'}ij,  hl  = (aa')ift  (PP')//  = 2 <x-ir<h$js%u 


which  coincides  with  (A.3.51).  Hence,  (A.3.50)  has  been  proved. 
In  addition,  we  compute  the  trace  of  the  matrix  equal  to  the  direct 


APPENDICES  593 


product  of  two  matrices: 

Tr  (a  X P)  = S («  X P)ij,  a 

13 

= 2 a«Pw  = 2 «i!  2 Pjj  = Tr a x Tr  P (A.3.52) 

ij  i 3 

i.e.,  the  trace  of  the  direct  product  of  two  matrices  is  equal  to  the 
product  of  the  traces  of  the  matrices. 
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Consider  the  properties  of  an  ideal  Fermi  gas  at  absolute  zero 
(Ya.  I.  Frenkel).  Let  the  volume  AF  contain  AN  electrons  in  the 
lowest  energy  state.  The  Pauli  principle  requires  an  elementary  cell 
of  the  phase  space,  (AxAyAz)  (ApxApvApz)  = (2 n%)z,  to  contain  not 
more  than  two  electrons  (with  opposite  spins).  In  the  lowest  energy 
state  the  AN  electrons  will  fill  in  momentum  space  a sphere  of  the 
radius  p„  determined  from  the  condition 


0 total  phase  space  _ 0 [AF  (4ji/3)  pg  _ * »r 
z (2nh)3  (2n  h)3  v 

whence 


(A. 4.1) 


Po  = 2n7t(-g-)1/3.  (A.4.2) 

where  n = ANIAV  is  the  electron  concentration.  The  maximum  ki- 
netic energy  of  the  electrons  at  the  point  with  a concentration  n is 
equal  to 


e0  = 


2m 


(2ji  h)2  / 3 re  \2/3 
2m  l 8ji  / 


(A.4.3) 


The  number  of  quantum  states  (the  statistical  weight)  per  cubic  cen- 
timetre in  the  momentum  interval  [p,  p + dp]  or  in  the  interval  of 
kinetic  energy  [e,  e + del  is  equal  to 


dpn  = 2 


1 cm3  x volume  of  a spherical  layer  dp 
(255)5 


dtn  = 


8 /2it  m3/2 

(2jiK)3 


y s de, 


8np 2 dp 
(2nH)3 


(AAA) 


where  e = p2/2m.  Figure  A. 2 depicts  the  electron  distribution  (quan- 
tum states)  densities  per  unit  intervals  of  momentum  and  energy. 
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Calculate  the  density  of  the  kinetic  energy  of  the  electrons  (i.e., 
the  kinetic  energy  per  cubic  centimetre): 


Fig.  A.2 


Appendix  5 

The  concept  of  normal  (principal)  coordinates  of  a mechanical 
system.  Consider  a simple  mechanical  system  with  two  degrees  of 
freedom  that  can  be  used  to  illustrate  the  concept  of  normal,  ox* 
principal,  coordinates.  Imagine  two  particles  with  identical  (for  the 
sake  of  simplicity)  masses  m capable  of  moving  along  the  x axis. 
The  quasi-elastic  forces  — Pwx  and  — (5 u2  act  on  the  first  and  the  second 
particles,  respectively,  attracting  them  to  their  respective  equilibri- 
um positions  01  and  02  (ux  and  u2  are  displacements  of  the  particles 
from  their  centres  01  and  02).  In  addition,  the  particles  interact  with 
a quasi-elastic  force  equal  to  ±y  (Mi  — u2).  The  equations  of  motion 
are  of  the  form 

mu,!  = — — 7(^1  — u2), 

mii2  = — $u2  — y (u2  — ux).  (A. 5.1) 

We  shall  look  for  the  solution  of  this  system  of  differential  equations 
in  a complex  form 

ux  = A 1eiat,  u2  = A2eia,t.  (A. 5.2) 

Substituting  (A. 5. 2)  into  (A. 5.1)  and  canceling  out  the  multiplier 
gioi,  we  obtain  a homogeneous  linear  system  of  algebraic  equations 
for  the  amplitudes  Ax  and  A2 

(ooi  — m2)  A1  - co|  A2  = 0, 

— (o%A1  + (coi  — CD2)  A2  = 0, 
where  m(i>2A  = p + y and  mco^  = y. 


(A.5.3) 
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As  we  have  seen  in  a similar  case  in  Section  3.3.2,  the  system 
(A.5.3)  determines  only  the  ratio  AXIA2.  If  follows  from  (A. 5. 3) 


that 

a2 


<Qb 

— G>2 


<B 


2 


(A.5.4) 


Solving  this  quadratic  characteristic  equation  for  to2,  we  obtain  two 
roots 


(D2-COi  + G>! 


P+2v 

m ’ 


w2  = ©a— “b=^- 


(A.5.5) 


It  follows  from  (A.5.4)  that  each  of  these  roots  yields  for  the  ratio 
AJAt 


= — 1,  i.e., 
= + 1»  !•©•» 


A?=-A?'  = c1, 
A[»=+A?'  = c2. 


Hence,  and  from  the  linearity  of  equations  (A. 5.1)  it  follows  that  the 
:general  solution  is  of  the  form 


iij  = + c^e403**,  u2  = — c{eia>it  -f-  c2eia*i. 


(A. 5.6) 


We  see  that  the  coordinates  ux  and  u2  consist  of  sums  each  addend  of 
which  varies  in  time  harmonically  with  its  own  frequency.  At  this 
point  we  may  ask  whether  such  ( normal ) coordinates  could  be  chosen 
in  the  system  that  would  vary  harmonically  with  time.  In  the  above 
case  this  is  quite  simple.  It  is  seen  immediately  from  (A. 5. 6)  that 

(nx  + u2)  ~ e4*3^;  (ux  — u2)  ~ eiati. 


Define  the  normal  coordinates  thus: 


lil  — u 

"71-’ 


Qz 


Ui  + U2 

/2 


(A.5.7) 


(the  constant  factor  Y 2 was  chosen  for  the  sake  of  convenience). 
Solving  (A.5.7)  for  ux  and  u2,  we  obtain 


Ml 


Y 2 

2 


(?1  + ?2)t 


U2 


vi 

2 


(qz—qd- 


(A.5.8) 


Express  now  the  kinetic  energy  and  the  potential  energy  O in 
terms  of  the  normal  coordinates  qx  and  q2  and  the  generalized  veloc- 
ities qx  and  q2.  The  kinetic  energy  is 


=t- (?;+?:)• 


(A. 5.9) 
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The  potential  energy  is 

^ \ (P  (u*  + “*)  + 7 (ui  — u2)2}  = -j  {(P  + Y)  (ui  + ul)  — 2yu1uz}. 

This  can  be  easily  checked  if  we  compute  the  forces  — dO/du1  and 
—d<t>/du2  acting  on  the  particles.  Substituting  the  normal  coordi- 
nates from  equations  (A. 5. 8)  into  cD,  we  obtain 

-y  (®i  q\  + ©frl).  ( A.5.10) 

Hence,  the  Lagrange  function  is 

X = J — O = -y-  (q\  + gl) y + co*g2).  (A. 5. 11) 

We  see  X in  normal  coordinates  and  the  corresponding  generalized 

velocities  qt  to  reduce  to  a sum  of  quadratic  terms  (it  does  not  include 
mixed  members,  for  instance,  proportional  to  q1q2).  This  condition 
is  easily  seen  to  be  necessary  and  sufficient  for  each  coordinate  to  bo 
a harmonic  function  of  time.  Write  the  Lagrange  equations  of  the 

second  kind  -gj  — -g-  = 0 for  the  Lagrange  function  (A. 5. 11). 

1 9qi  qi 

We  have 

d dX  " , dX  2 

-J7  — = rniqi  and  ——= —m<o \qu 

at  dq{  °qt 

whence 

qt  + (ofg{-  = 0 (i  = 1,2).  (A. 5.12) 

We  see  that  qt  oc  elWit , in  accordance  with  the  above.  Since  G>  and, 
consequently,  the  Lagrange  function  X = £T  — O,  expressed  in 
the  variables  ut,  contain  a mixed  member  — 2yu1u2,  the  variables  ut 
and  n2  in  the  equation  of  motion  (A. 5.1)  cannot  be  separated.  For 
this  reason  the  time-dependence  of  each  coordinate  ut  is  not  har- 
monic but  more  complex. 

Let  us  introduce  generalized  momenta  corresponding  to  the  nor- 
mal coordinates  qt,  pt  = dXldqi  = mqi. 

The  Hamiltonian  function  for  our  system  is 

S£(q,  p)  = ^r  + <I,=-^-(j5i  + />2)  + -4r(®i?i  + (02«,2)-  (A. 5.13) 

i.e.,  it  also  contains  only  the  squares  of  the  canonical  variables  q 
and  p.  The  problem  of  determining  the  normal  coordinates  of  a sys- 
tem may  be  said  to  consist  in  the  reduction  of  the  Hamiltonian  fun- 
ction SK  to  the  sum  of  the  squares  of  q and  p. 
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Appendix  6 

Compute  these  two  sums: 

L = 2 eiq'a"  and  M = 2e,q'an,  (A.6.1> 

a„  q 

where  the  vector  of  the  direct  lattice  is 

3 

a„  = n1a1  + n2a2+  n3a3  = 2 nhah  (nk  = 1, 2, 3,  . . . , G),  (A. 6. la) 

A=l| 

and  the  wave  vector  is1 

3 

q = 4-(^bi  + ftba  + ^bs)=  2 -§■*»*  (~ ^<^<4)’  (A-6'lb> 

i=l 

as  stipulated  by  the  Born-von  Karman  cyclic  conditions  (Section 
3.5.6).  The  sum  L is  a three-dimensional  generalization  of  expres- 
sion (3.4.5).  The  first  sum  is 

3 3 

L=  2 exp[*  ~G  2 2 nfca*] 

n\ n,n3  i—\  A=1 

3 

= 2 exP  1'ir  2 £j"t]  . (A.6.2) 

nin2n9  i=l 

where  we  made  use  of  the  condition  bj-aft  = 2n8ik  [see  (1.3.9)]. 

1)  q 0;  in  this  case  at  least  one  gt  =^=  0 and 

^exp^g^l.  (A.6.3) 

In  this  case 

l=  2 

TliTljTla  71^ 

but 

2 y=h+n+  •••  =°» 

"•=1 

since  all  the  if  = exp  (2jt igt)  = 1 and  the  denominator,  according 
to  (A.6.3),  is  nonzero.  Hence,  in  this  case  L = 0. 

2)  q = 0,  i.e.,  all  the  gt  = 0,  all  the  = 1,  and  L = 

= 2 1MM”»  = 2 1 = G3  = N = number  of  cells  in  the 

njn2n3  ttinfn3 

crystal’s  principal  region. 


1 G is  conveniently  assumed  to  be  a large  odd  number. 
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The  case  q = 6g  is  the  vector  of  the  reciprocal  lattice  is  obviously 
equivalent  to  the  case  q = 0. 

Hence, 

£ = 2 eiq  a“  = N8qbg,  (A. 6.4) 

an 

where,  in  particular,  bg  = 0. 

The  second  sum  is  equal  to 

3 

M=  2 exp[-^r  2 8ini\-  (A.6.5) 

gigtga  1=1 

Denote 

= exp  , (A. 6.6) 

then 

M=  2 (A. 6. 7) 

glgaga 

Consider  two  more  cases: 

1)  an  # 0;  then  at  least  one  nt=f=  0 corresponds  to  1.  In 

this  case  the  sum  M has  a factor 

G-l 

2 G-l  G-3  G-l 

+ m.  2 + . . . + m.  2 

1 1 1 1 \ 


V m8i  = m.  2 _j_  m 2 

1 7 


G-  1 


G-l 


= m.  2 (14-m»4-  ...  +mf  i)=m.  . 

i viii  ii/  , 1 — wf 

since  the  numerator  1 — mf  = 1 —exp  {2nint)  = 1 — 1=0,  and 
the  denominator  is  nonzero. 

2)  an  =0;  then  all  the  = 0,  and,  therefore,  all  = 1.  In 
this  case,  as  in  the  preceding  one,  the  sum  M — N.  Hence, 

M = 2eiq‘an  = -/v6a„o-  (A.6.8) 

q 

Appendix  7 

A. 7.1  We  present  here  some  definite  integrals  commonly  used  in 
semiconductor  theory  (e.g.,  see  [A.l,  p.  258]). 


±Ll -mf 
2 i = 0, 


e~ax‘  dx  — 2 [ e-®**  dx  = 


y ii 


i 


a 

» u 

oo 

e~ax‘x2  dx  — 2 J e-^'x2  dx  - 
. o 


1/2 


i y ji 

_2“^372_ 


(A. 7.1) 
(A.7.2) 
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j e~a*‘xidx  = 2 [ «-«•** 

—oo  o a 

oo 

( e~ax'xdx  = -±, 

0 


oo 

j e~ax‘x3dx 
o 


1 

2a2  ’ 


j e~axlxb  dx  = -^-, 
o 


(A. 7.3) 
(A.7.4) 
(A. 7.5) 
(A.7.6) 


A.7.2|Defme  the  gamma  function  T (z)  by  means  of  the  equality 

oo 

T(z)=  f xz~ie~x  dx.  (A. 7. 7) 

o 


The  definite  integral  on  the  right-hand  side  with  respect  to  the  real 
variable  x depends  on  the  parameter  z.  The  equality  (A. 7. 7)  determines 
the  gamma  function  for  any  complex  values  of  z with  a positive  real 
part. 

Deduce  an  important  recurrence  equation 
r (z  -f  1)  = zT  (z).  (A.7.8) 


Integrating  by  parts,  we  obtain 

Oo  OO 

r (z  + 1)  = j xze~x  dx  = — ^ x2  de' 
o o 

oo 

= 2 | xz~1e~x  dx  = zT  (z). 
o 


— x e 


oo  oo 

-f-  j zxz~le~x  dx 
o 


To  determine  the  value  of  T (z)  for  integral  and  half  odd  integral 
values  of  z,  compute 

oo 

r(l)=  j e-*dx=l  (A. 7.9) 

o 


and 


r(i-)=  \ XW e~xdx  = Y n,  (A. 7. 10) 

o 

where  we  introduced  the  integration  variable  t = x1/2. 


39-01137 
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Making  use  of  the  recurrence  equation  (A. 7. 8)  and  of  the  values 
of  T (1)  and  T (1/2),  we  obtain 


r (2)  = l,  r (3)  = i-2,  r (4)  = 1-2.3,  . . r (n) 

= (n—  1)!  (A.7.11) 

r(i)=T^.  r(i)=UTV»’ 


r(J?±L) 


(2ra  — 1)11 


2" 


V n. 


(A. 7. 12) 


where  (2 n — 1)!!  is  a product  of  successive  odd  numbers  from  1 to 

(2 n - 1). 


Appendix  8 

A.8.1  To  simplify  calculations  deduce  formula  (4.2.9),  i.e.,  cal- 
culate the  energy  % of  a system  consisting  of  N = 2 electrons.  The 
generalization  to  the  case  of  N electrons  does  not  present  any  prin- 
cipal difficulties,  the  only  thing  we  have  to  do  is  to  make  use  of  well- 
known  properties  of  determinants. 

Making  use  of  the  wave  function  (4.2.8)  and  of  the  Hamiltonian 
(4.2.1a)  for  a system  of  two  electrons,  we  obtain 

%=  j \ j [<p?  (1)  q>;  (2)  — q>r  (2)  (1)] 

X {<$?!  + Si2  -f  -^-j  [<Pj  (1)  <p2  (2)  — <pt  (2)  cp2  (1)]  c/tj  dx2,  (A.8.1) 

where  S£i  ( i = 1,  2)  are  given  by  expression  (4.2.1b). 

Opening  the  brackets  in  the  integrand  we  obtain 

% = j-  { J 9?  (1)  <$i9i  (1)  dx , + j cp*  (2)  #2(pi  (2)  dx2 
+ j 9*  (i)  Sem  (i)  dxi  + j q>*  (2)  Se2^2  (2)  dx2 

+ j l9i(l)l2-^l92(2)|2dT1dT2 

+ j I «Pi(2)  I2  I cp2(l)  \idxldx2 
— \ 9?  (1)  q>2  (1)  -j-  9i  (2)  9*  (2)  dTj  dx2 

J 1 12 

— j 9*  (2)  92  (2)  ~ 9i  (1)  9*  (1)  dxt  dx 2| . 

Here  the  first  integral  is  equal  to  the  second,  the  third  to  the  fourth, 
the  fifth  to  the  sixth  and  the  seventh  to  the  eighth,  since  the  only 
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difference  between  the  integrals  in  those  pairs  is  in  the  integration 
variables,  and  this  does  not  affect  the  value  of  a definite  integral. 
Hence, 


1,  2 

8=  2 j 

i 

1,  2 

+4  s J i24~  i <m2)  i2  ^1^2 

ipj 


1,  2 

— 4 2 j 9?  (!)  <Pj  (!)  4r  9i  (2)  <Pi  (2)  dr2.  (A. 8.2) 

H=i 


For  N = 2 this  coincides  with  (4.2.9). 
A.8.2  It  follows  from  (4.2.9a)  that 


1 , N 

2 j (ri)  (r4) 

i 

, r v'  f 1 I***  , , 

+LS  J — 4 — W'J 


S'.  (J 


parallel 

spins 


(r2)  9*j( fa)^r2\ 
r 12 


) (rl)]}- 


(A.8.3) 


The  factor  1/2  in  front  of  the  double  sums  in  (4.2.9a)  vanishes, 
since,  when  the  functions  iJ)J|  are  varied,  the  function  with  given  nt 
occurs  twice:  the  first  time  in  the  sum  over  i and  the  second  time  in  the 
sum  over/.  Take  into  account  the  additional  condition  (4.2.10a) with 
the  aid  of  the  method  of  indefinite  Lagrange  multipliers.  To  this 
end,  multiply  (4.2.10a)  by  — Xtj,  sum  up  over  i and/,  add  to  (A.8.3), 
and  equate  to  zero: 

1,  N 

2 | <Mi Ptl  (rj)  (ri)  + ...  — 2 (rt)}  = 0.  (A.8.4) 

i 7 


Since  the  variations  Si]:^  are  arbitrary,  the  expression  in  braces  in 
(A.8.4)  is  zero  for  all  values  of  i.  It  can  be  demonstrated  that  we  can 
always  choose  the  solutions  so  as  to  make  the  matrix  Xtj  diagonal. 
Denoting  Xu  = %n.,  we  obtain  equation  (4.2.11). 
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Appendix  9 


Substitute  the  Bloch  functions  (4.3.1)  into  the  expression  (4.2.11b) 
for  °lle ff  making  nt  = k and  n}  = k': 


^eff  (ri)  — 2 f 

k' 


e2  | uk,  (r2)  l2 
I r2—  rx  | 


dr2 


’ uk.  (rt)  elk,-rt  ^ e2uk  (r2)  elk*r,ujj?.  (r2)  e ik'  T « 
, wk(ri)etk‘r‘  J I r2  — ri  I 


Substitute  in  this  expression  rx  + an  for  rx  and  r2  + an  for  r2; 
the  latter  is  the  change  of  the  integration  variable.  Making  use 
of  the  properties  of  periodicity  (4.3.1a)  of  the  functions  uk  and  uk . 
and  canceling  out  the  factor  ej(k  ~k)an  on  the  right-hand  side  of  the 
second  sum,  we  see  that  ^/eff  (rx  + an)  is  equal  to  the  initial  expres- 
sion for  ‘Ugft  (rx),  i.e.,  we  have  thus  proved  that  %eff  is  periodic. 


Appendix  10 

When  we  substitute  (4.3.1)  into  the’Schrodinger  equation  (4.3.7),  we 
have  to  calculate  the  result  of  applying  the  Laplace  operator  V2  = 
ss'div  grad  = d2/dx2  + d2!dy2  + d2/dz2  to  the  product  of  two 
functions  of  r (r  = x,  y,  z ):  uk  (r)  ei-kr.  We  can  easily  check  the 
validity  of  the  following  equation: 

V2  {/  (r)  <p  (r)}  = div  grad  (/cp)  = /v2c p + cp V2/  + 2 (grad  /-grad  cp). 

(A. 10.1) 

Making  / = uk  (r)  and  cp  = eik,r,  we  obtain 
grad  / = grad  uk,  grad  cp  = ikeik’r, 

V2/  = V2Wk,  V2<P  = —k2eik’r. 

Substituting  these  values  into  (A. 10.1),  we  obtain 
V2  (/<P)  = V2  (wkeik'r) 

=*  (V2«k  + 2ik>grad  uk  — k2uk ) eik-r.  (A.10.2) 

Making  use  of  this  expression,  we  can  easily  obtain  (4.3.8). 


Appendix  11 

A. 11.1  Consider  the  simplest  properties  connected  with  the  con- 
cept of  a tensor.  A vector  is  usually  defined  as  a quantity  that,  in 
contrast  to  a scalar,  is  characterized  not  only  by  its  numerical  value, 
but  also  by  its  direction  in  space.  The  simplest  examples  of  a scalar 
and  a vector  are,  for  instance,  the  mass  of  a particle  m and  its  posi- 
tion vector  r determining  its  position  in  space.  As  we  shall  now  de- 
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monstrate,  the  definition  of  a vector  requires  a clarification  that  at 
the  same  time  will  enable  us  to  define  a tensor. 

Consider  two  rectangular  coordinate  systems  (xlt  x2 , x3)  and  (x', 
x',  x')  with  a common  origin  0.  Denote  the  cosines  of  the  angles 

between  the  axes  of  both  systems  by  aik  = cos  (x;,  x*),  where  i 
and  Jc  independently  run  through  the  values  1,  2,  3. 

Let  us  ask  the  following  question.  Is  the  projection  of  the  position 
vector  r on  a certain  axis  x,  a scalar?  On  one  hand,  the  projection  is 
characterized  only  by  its  numerical  value,  on  the  other  hand,  in  the 
primed  coordinate  system  x\  xt,  whereas  the  scalar  mass  m re- 
mains the  same  in  both  systems. 

It  is  known  from  analytical  geometry2  that  the  projections  of  a 
position  vector  r in  both  coordinate  systems  are  related  thus: 

x'  = xxan  -)-  x2a12  + x3als, 

xg  = X]0c2i  x2a22  x3<x23, 

xa  = xxa31  + x2a32  + x3a33,  (A.11.1) 

or  briefly 

3 

x[  = 2 &ihxk  (i  = 1>  2,  3).  (A. 11.2a) 

h=t 

Similarly, 

= S a hixh  (i  = 1,  2,  3).  (A. 11. 2b) 

h= 1 

Let  us  now  give  a rigorous  definition  of  the  concept  of  a vector. 
We  shall  understand  a vector  to  be  a set  of  three  quantities 
At  (i  = 1,  2,  3),  which,  in  the  process  of  transition  from  one  system 
to  another,  undergo  transformations  obeying  the  rules  (A.  11. 2a) 
and  (A. 11. 2b): 

Ar  = Sai  hAk,  Ai  = ^ahiA'h.  (A. 11. 2c) 

h ft 

A.  11. 2 Consider  the  rules  governing  the  transformation  of  prod- 
ucts of  the  type  AtBh  = Tik  consisting  of  the  components  of  two 
vectors  A and  B in  the  process  of  transition  from  one  coordinate 
system  to  another. 

It  is  obvious  that 

T' ih  = A{Bh  — 2 ®*ilAl 

l m l,  m 

r 

2 See  Section  A. 3.1. 
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i.e., 

T'ik=  S o.uahmTlm.  (A.  11. 3) 

l%  m 

Any  set  of  nine  quantities 


Ta 

^*13\ 

T23  J. 

(A.11.4) 

T 32 

tJ 

that  is  transformed  in  accordance  with  the  rule  (A.  11. 3)  is  termed  a 
rank  2 tensor.  From  this  point  of  view  it  is  natural  to  term  a vector 
and  a scalar  tensors  of  rank  1 and  rank  0.  Accordingly,  the  term 
rank  3 tensor  applies  to  a set  of  twenty-seven  quantities  Tikh  which 
can  be  transformed  in  accordance  with  the  rule 

T ihl=  2 kn^lp^  mnp'  (A. 11. 5) 

m , n,  p 

A.11.3Thus,  a tensor  is  not  simply  a collection  of  scalar  quantities 
remaining  constant  in  the  process  of  transition  to  a new  coordinate 
system,  but  a set  of  quantities  whose  transformation  obeys  a defi- 
nite rule. 

In  physics  tensors  usually  appear  as  coefficients  in  relations  con- 
necting the  components  of  various  vectors  and  scalars  with  vectors. 
Let  us  consider  some  examples  of  tensors.  The  differential  Ohm’s 
law  in  an  isotropic  medium  is  of  the  form 

j = oE,  (A.11.6) 

where  j is  the  vector  of  current  density,  E is  the  vector  of  electric 
field  intensity,  and  0 is  the  electric  conductivity  of  the  material  at 
some  point.  In  projections  on  rectangular  coordinate  axes  we  have 

ix  — jy=oEy,  j z = oE  z.  (A. 11. 6a) 

The  generalization  of  (A. 11. 6a)  for  the  case  of  an  anisotropic  medium 
is  based  on  a natural  assumption  that  each  current  density  compo- 
nent is  a homogeneous  linear  function  of  all  the  electric  field  inten- 
sity components: 

jx  — ^xx^x  "4"  tixyEy  ^xz^zi 

iy  = ayx&x  + ayyEy  + Gyz^zi  (A. 11. 7) 

]z  = Gzx^x  “I-  Gzy^y  “f-  &z z^ zi 

or^  briefly, 

it  = h°ikEk,  (A.  11. 7a) 

k 

where  the  indices  i and  k assume  the  values  x,  y and  z or,  respectively, 
1,  2 and  3. 
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In  the  course  of  a transition  to  the  primed  coordinate  system  the 
vector  components  jt  and  Ek  are  transformed  in  accordance  with  the 
rule  (A.11.2c).  It  can  be  demonstrated  that  the  transformation  rule 
for  the  quantities  aik  is  (A. 11. 3),  i.e.,  that  they  form  a rank  2 tensor. 
It  follows  from  (A.ll.Ta)  and  (A. 11. 2c)  that 

2 &lijl  — 2 G ih  2 

l h m 

Multiplying  both  sides  by  ani  and  summing  over  i,  we  obtain 

2 (2  7 1 = 2 (2 

l i m i,h 

Making  use  of  (A. 3.1)  for  the  left-hand  side,  we  obtain 
j'n  — 2 Q'nmE'mi  (A. 11. 7b) 

m 

where 

Onm=^a.niamhaih.  (A. 11. 7c) 

i,k 

Comparing  (A.11.7c)  with  (A.11.3),  we  see  that  the  coefficients 
in  (A.  11. 7)  are  the  components  of  a rank  2 tensor. 

It  can  be  demonstrated  that  the  electric  conductivity  tensor 

(&XX  Gxy 

Gyx  Oyy  OyZ  I (A.11.8) 

& zx  & zy  & zzj 

is  a symmetrical  tensor: 

(Tift  = Cffti.  (A.11.9) 

Thus,  we  see  that  the  components  symmetrical  about  the  principal 
diagonal  of  the  tensor  On  are  equal.  In  isotropic  dielectrics  the 
following  relationship  between  the  electric  field  intensity  E and 
the  electric  induction  vector  D exists 

D = eE,  (A.11.10) 

where  e is  the  dielectric  constant.  The  generalization  of  this  relation 
to  anisotropic  media  (crystals)  is  as  follows: 

£|  = 2efftZ?ft,  (A. 11. 10a) 

h 

where  eik  is  a symmetrical  tensor  of  the  dielectric  constant. 

The  energy  of  an  electron  in  a crystal  close  to  its  extremum)  value 
is,  according  to  (4.3.18),  equal  to 

e (k)  — e (k0)  = Ae  = 1/2  2 


(A.11.11) 
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where  pt  and  p; are  the  components  of  the  electron’s  quasi-momentum 
vector,  mJi  are  quantities  determined  by  equality  (4.3.19)  and  i 
and  l are  indices  that  assume  the  values  x , y and  z (or  1,  2 and  3). 
In  a new  (primed)  coordinate  system  the  value  of  the  energy  Ae  is 
invariant,  and  the  components  of  the  vector  p are  transformed  in 
accordance  with  the  equations  (A.  11. 2c): 

Pi  = Hv-niPn,  Pl  = l]aslP's. 

n s 


Hence, 

(Ae)  = 2"  2 (mnsY  PnPs, 
nfs 


(A. 11. lla) 


where 

(rriniy  = S aniaslmil.  (A.  11. lib) 

i,l 

In  the  process  of  transition  to  a new  coordinate  system  the  quan- 
tities m-ii  will  be  seen  from  the  latter  equality  to  be  transformed  in 
accordance  with  the  rule  (A. 11. 13),  i.e.,  like  the  components  of  a 
rank  2 tensor.  From  (4.3.19)  the  inverse  effective  mass  tensor  (mil) 
is  seen  to  be  symmetric,  i.e.,  mil  — mil. 

Just  as  a vector,  i.e.,  a rank  1 tensor,  can  be  represented  as  a di- 
rected segment  (an  arrow),  a symmetrical  rank  2 tensor  (T ih)  can  be 
represented  as  a second-order  surface 

S?Wa  = 1,  (A. 11. 12) 

i,  h 

or,  in  an  expanded  form, 

T u%\  + T22x\  + T33x23  4-  2 T1^clx2  + 2T13x1x3  + 2T  23x2x3  — 1. 

(A. 11. 12a) 

It  can  be  demonstrated  that  if  all  Tit  > 0,  the  surface  is  an  ellip- 
soid termed  a tensor  ellipsoid. 

A. 11. 4 The  tensor  components  change  in  the  process  of  transition 
from  one  coordinate  system  to  another.  It  can  be  proved  that  for  a 
symmetrical  rank  2 tensor  we  can  always  choose  a coordinate 
system  in  which  the  tensor  assumes  a diagonal  form,  i.e.,  only  the 
tensor  components  Tn  located  on  its  principal  diagonal  are  nonzero. 
In  this  case  the  tensor  ellipsoid  takes  the  form 

T1 1*5  + T22x\  + T33x\  = 1.  (A.11.12b) 

We  see  that  from  the  point  of  view  of  analytical  geometry  the  choice 
of  such  a coordinate  system  corresponds  to  the  reduction  of  the  ten- 
sor ellipsoid  to  its  principal  axes. 
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In  the  principal  axes  the  electric  conductivity  and  inverse  effecti- 
ve mass  tensors  take  the  form 

ATj  0 0 \ /m'1  0 0 \ 

("«)=  0 <*a  0 . (^x)=  0 0 . (A. 11.13), 

\0  0 aj  \ 0 0 ml1} 

The  quantity  1 -f-  ml1  denoted  here  by  mt  is  not  a tensor  compo- 
nent, i.e.,  it  is  not  transformed  in  accordance  with  the  rule  (A. 11. 3). 
It  has  the  dimensionality  of  mass  and  is  termed  an  electron  effective, 
mass  in  a crystal. 

Since  the  electric  conductivity  and  inverse  effective  mass  tensors; 
are  material  constants  of  a crystal,  the  directions  of  their  principal 
axes  have  a definite  orientation  with  respect  to  the  crystal’s  sym- 
metry axes  (e.g.,  in  the  case  of  a crystal  belonging  to  the  orthorhom- 
bic system  the  principal  axes  are  parallel  to  the  edges  of  a unit 
cell).  In  general,  the  principal  axes  of  various  material  tensors,  e.g., 
of  the  dielectric  constant  and  of  the  inverse  effective  mass,  need  not 
coincide.  Only  the  microscopic  theory  of  such  tensors  can  provide  an 
answer  to  this  question.  If  the  crystal’s  symmetry  is  such  that  the- 
principal  axes  x1  and  x2  of  a tensor  are  physically  equivalent,  then 
obviously  = u2,  and  mx  = m2.  In  a cubic  crystal  all  three 
principal  axes  of  a tensor  (parallel  to  the  cube’s  edges)  are  equiva- 
lent: e.g.,  for  this  reason  the  electric  conductivity  tensor  is  of  the- 
form 


/c  0 0\ 

(°tx)=  0 (TO,  (A.  11. 13a> 

\0  0 aj 

and,  consequently,  the  rule  (A. 11. 7)  reduces  to  the  isotropic  relation 
(A. 11. 6a).  The  rank  2 tensors  in  crystals  of  cubic  symmetry  may  be 
said  to  reduce  to  scalars. 


Appendix  12 

The  Bloch  electron  function  (r)  = uh  (r)  eik,r  in  a periodic  crystal 
field  V ( r ) satisfies  the  Schrodinger  equation 


V2xp  (r)  + -|r  [e  (k)  — F (r)]  ip  (r)  = 0. 

Differentiating  both  sides  with  respect  to  kx,  we  obtain 
2 Jhj3_  , 2m  f ds 


dkx 
We  have 


h 2 


(A. 12.1). 
(A. 12.2). 


W (“eik‘r)  = ix*  + eik’r  W’ 


(A. 12.3) 
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and 


= 2 i|i  + ^V^  + V2(^-r-^-).  (A. 12.4) 

Substituting  (A. 12. 4)  and  (A.12.3)  into  (A. 12. 2),  we  obtain 

2^S+5-w'|5+^x{v2,1,+^■(e_F)^1,} 

+ [v2+^-(8-F)]e^.r^_  = 0,  (A. 12.5) 

where  the  expression  in  braces  vanishes  because  of  (A.  12.1). 

Premultiplying  both  sides  of  equation  (A. 12. 5)  byij)*  and  inte- 
grating over  the  crystal’s  principal  region,  we  obtain 

+ j^k-^[v2  + ^(e-F)]a|)*dT=°,  (A. 12.6) 

where  in  the  transformation  of  the  last  integral  we  made  use  of  the 
fact  that  the  operator  V2  is  self-conjugate.  The  last  integral  is  zero, 
since  also  satisfies  (A. 12.1).  Hence,  if  we  take  into  account  that 
i|3  is  normalized  to  the  principal  region,  it  will  follow  from  (A.12.6) 
that 


, 1 Jb 

h akx 


(A. 12.7) 


Comparing  this  expression  with  (4.3.28),  we  obtain  (4.3.32). 


Appendix  13 

Figure  A. 3 depicts  a cube  and  a rectangular  coordinate  system  with 
the  axes  x,  y and  z directed  along  its  edges.  The  black  circle  depicts 
an  atom  in  the  cube’s  centre,  and  the  white  circles  depict  atoms  on 
its  faces.  If  the  cube’s  edge  length  is  a,  and  if  i0,  j0,  k0  are  the  unit 
vectors  of  the  coordinate  system,  the  basis  vectors  of  a face-centred 
•cubic  lattice  can  be  chosen  as  follows: 

ai  =_2  Oo  + ko), 

a2  = _2  (*o  + jo)> 

a3  = |-(jo  + ko)*  (A. 13.1) 

'The  vectors  al5  aa  and  a3  connect  the  origin  with  the  nearest  O-atoms. 
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It  follows  directly  from  (A. 13.1)  that 

a2 

X a3  = — (i0  — j0  + k0),  (A.  13. la) 

and,  therefore,  the  volume  of  a unit  cell  is 

Qq  = ^-(ag  X a3)  1 = a3/4,  (A. 13. lb) 

i.e.,  it  is  equal  to  1/4  of  the  cube’s  volume. 

Basis  vectors  of  a body-centred  cubic  lattice  can  be  conveniently 
chosen  as  follows: 

ai  = y(*o  jo  + fafa  a2  = y(io  + jo  — fafa 

a3=="2"(  — fa  + jo  + fafa  (A. 13.2) 

i.e.,  they  should  connect  the  origin  O with  the  central  •-atoms  of 
the  cubes  located  in  front,  below,  and  to 
the  left  of  the  one  depicted  in  Fig.  A.3.  2 

The  basis  vectors  in  Fig.  1.66  were  chosen 
similarly. 

It  follows  from  (A.  13.2)  that 
a' x a'  = -^-(i0-f  k0).  (A. 13.2a) 

kc 

The  volume  of  a unit  cell  is 

Q;  = I a;. fa'  X a;)|  = a3/ 2,  (A.13.2b) 

i.e.,  it  is  equal  to  1/2  of  the  cube’s  vo-  Fig.  A.3 
lume. 

Now  we  can  easily  construct  the  reciprocal  lattices.  For  a face- 
centred  cubic  lattice  we  have  from  (A. 13. la)  and  (A. 13. lb): 

1 1 

fa  = a2  X a3  = — (i0  — jo  + k0), 
and,  similarly, 

bz=  Q^33  X ai  = ~ (io  + jo — k0), 

b3  = -jj~ai  X a2  = — ( — io  + jo  + fa)).  (A. 13.3) 

For  a body-centred  cubic  lattice  we  obtain  similarly  from  (A.  13.2a) 
and  (A.  13.2b) 

bl  = 32  X a3  = (*0  + k<>)  ’ 

K = ^faXai  = 7(jo  + ko)- 


(A.13.4) 
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Comparing  (A. 13. 3)  with  (A. 13. 2),  and  (A. 13. 4)  with  (A. 13.1),  we 
see  that  the  reciprocal  lattice  of  a face-centred  cube  is  body-centred, 
and  vice  versa. 


Appendix  14 

1,8 

To  compute  the  sum  2 eik,a"o  in  the  case  of  a body-centred  cubic 

Do 

lattice,  turn  to  Fig.  A. 3.  The  vector  an(i  = For  the  •-atom  in 
the  centre  of  the  cube 

ai  = ~2  j'o  + k°)-  (A. 14.1) 

Similarly  for  the  other  seven  atoms 

a2  = ~2  ( — h>  + Jo  + k0),  a3 ==  ~2~ ( - i<)  — jo  + k0), 
a4  = |-(io  — jo  + k0),  a5  = |-(i0-f- jo  — k0), 

ae  = y ( — *o  + Jo  — k0) , a7  = y ( — *o  — Jo  — k0) , 
a8  = y(io  — 3o-k0).  (A. 14. la) 

It  follows  from  (A.  14.1)  that 
k • a i = ~2  (kx  + ky  + k2) ; 

similar  results  are  obtained  for  the  products  k,af  (i  = 2.  3 8) 

from  (A. 14.1a). 

Hence, 

1,8  ta  . to 

y eik  an„  = eT  '*<+W  _j_  eT  t-As+Ap+V 


+ e—  <-*,-*y+**>  + gT  V'x-by+Xz'  + g—  <**+*£,-**> 

_|_  g~  {'~hx+hy~hzi  e~<-~hx~ky~hzi  e~Y  (kx ~hy~hz) 

Carrying  the  factor  eia<-hx+hv)/2  out  of  the  first  and  fifth  addends, 
we  obtain  for  these  addends: 

ifl  f~  idh—  -i  An 

g— <**+V[eT"  + e~~ ] = 2e~  (’>>x+ky)  cos  _ 


Performing  a similar  operation  for  the  second  and  sixth  addends,  for 
the  third  and  seventh  addends;  and  for  the  fourth  and  eighth 
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addends,  we  shall  obtain  in  each  case  an  expression  containing 
the  same  factor  2cos  (akJ2).  Taking  it  out  of  the  common  bracket, 
transform  the  remaining  expression  in  a similar  way.  The  result 
will  be  equation  (4.7.10b). 

Appendix  15 

We  substitute  the  electron  wave  function  in  a crystal  (4.7.17)  into 
the  Schrodinger  equation  (4.7.3)  to  obtain 

n 

X {onj5*(r  — a„)  + pi])j,(r  — a„)  + Y'l’z  (r  — a„)}  = 0.  (A.  15.1) 

Since  ip*,  tp2  are  electron  wave  functions  in  an  isolated  atom, 
they  satisfy  the  equation 

— -|^-V2^(r  — an)  + [^(|  r — an  ])  — e0]T(3n(r  — a„)  = 0,  (A.15.2) 

where  p = x,  y,  or  z,  e0  is  the  p-electron’s  energy,  and 
<?/  (1  r — an  |)  is  its  potential  energy  in  the  field  of  the  isolated  n-th 
site. 

^ 2 

Substituting  the  quantities  — ^ V2^  in  (A. 15.1),  in  accordance 
with  (A.15.2),  we  obtain 

2 exk  an  (e  — e0)  [a$x  (r  — a„)  + p^j,  (r  — an)  + (r  — an)] 
n 

= 2 eik  &n  [V  (r)  — 7/  (|  r — a„  |)] 

n 

X {ottjj*  (r  — an)  + (r  — an)  + yip2  (r  — an)}.  (A. 15.3) 

Multiply  both  sides  of  this  equality  by  the  wave  function  of  the 
zeroth  site  ip*  (r)  and  integrate  over  the  volume  of  the  crystal’s 
principal  region.3  Assuming  the  wave  functions  aj?  M to  be  orthonor- 
mal, i.e., 

f f n (r)  i|>v  (r)  dr  = 6UV  (p  and  v = x,  y,  z),  (A.  15.4) 

and  neglecting  the  overlap  integral  of  wave  functions  belonging  to 
different  sites,  we  obtain  for  the  left-hand  side  of  (A. 15. 3) 

a (e  — e0).  (A. 15.5) 


3 It  is  obvious  that  with  respect  to  the  sum  2 embracing  all  crystal 

n 

sites  in  (A. 15.3),  the  zeroth  site  is  equivalent  to  any  other  site  n',  we  could  have 
multiplied  (A. 15. 3)  by  ip  (r  — an,). 
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The  right-hand  side  of  (A. 15. 3)  for  n = 0 will  contain  integrals  of 
the  form 

S xx  = j (r)  [V  (r)  — u (r)]  ij;v  (r)  dx  (v  = x,y,z).  (A. 15.6) 

For  v = x the  integral 

S'xx  = j i|4(r)[F  (r ) — U{T)\dx=  — C< 0 (A.15.7) 

is  similar  to  (4.7.7).  For  v = y or  v = z 

S' xi , = Sxz  = 0.  (A.15.8) 

This  can  be  verified  if  the  coordinate  system  is  rotated  about  the  z 
axis  until  the  x axis  coincides  with  the  y axis,  and  the  y axiscoincides 
with  the  — x axis.  This,  according  to  (4.7.16),  will  transform  the 
function  into  and  into  — i))*.  Since  such  a transformation  of 

the  coordinates  leaves  [F(r)  — (r)]  invariant,  because  of  the  cubic 

symmetry  of  the  crystal  field,  the  integral  as  a whole  will  change 
sign.  On  the  other  hand,  any  coordinate  transformation  leaves  the 
value  of  a definite  integral  unchanged,  hence  S xy  = — S'  xy,  whence 
(A.15.8)  follows  directly.  It  follows  from  the  same  considerations  of 
the  crystal  field’s  cubic  symmetry  that 

S’  xx  = S'yy  = S zz  = —C.  (A. 15. 7a) 

On  the  right-hand  side  of  (A. 15.3)  take  into  account  the  nearest 
neighbours  of  the  zeroth  site,  i.e.,  the  members  with  a„  = ±ai0, 
±aj0,  ±ak0,  where  i0,  j0  and  k0  are  unit  vectors  of  rectangular  coor- 
dinate axes  x,  y and  z.  The  corresponding  integrals  will  be  of  the 
form 

S *v(ano)  = j tMr)  [ V — r — a„0  |)]  i\  (r  — a„0)  dx,  (A. 15.9) 

where  v = x,  y or  z. 

Consider  first  the  case  v = y or  z.  Take  a neighbouring  atom4  n0 
on  the  z axis,  i.e.,  make  aDo  = ak0.  If  only  the  fields  of  the  zeroth 
atom  and  of  the  neighbouring  atom  we  chose  on  the  z axis  are  taken 
into  account  (this  is  permissible  in  the  region  where  the  values  of 
the  wave  functions  (A. 15. 9)  differ  appreciably  from  zero),  then 
[V  (r)  — °U  (|  r — ak0  ])]  is  independent  of  the  azimuthal  angle  cp. 
Since  t))*  oc  cos  cp,  oc  sin  <p,  and  o|;z  is  independent  of  <p,  it  is  easily 
seen  that  the  integral  (A.  15. 9)  with  respect  to  tp  in  the  cases  v = y 
or  v = z is  equal  to  zero.  It  should,  however,  be  noted  that  in  the 
case  v = x,  when  the  integral  (A. 15. 9)  is  nonzero,  its  value  will  be 
different  depending  on  whether  the  neighbouring  atom  is  located  on 


4 The  only  reason  for  choosing  a neighbouring  atom  on  the  z axis  is  to  retain 
the  customary  orientation  of  the  spherical  coordinate  frame. 


APPENDICES  til  3' 


the  x axis  or  on  the  y or  z axis.  In  the  first  case  the  wave  functions 
if*  (r)  and  t])*  (r  — ai0),  which  change  signs  when  crossing  the  planes 
perpendicular  to  the  x axis  (as  shown  in  Fig.  A. 4),  will  be  of  different 


Fig.  A.4 

signs  in  the  region  where  they  overlap,  and  since  [V  (r)  — 
— °IL  (I  r ± ai0  1)1  < 0,  we  can  expect  the  integral  (A. 15. 9)  to  be 
positive  in  this  case: 

f xx  (±  a>o)  = j (r)  [F  (r)  — U ( | r =F  ai0  1)1  (r  ai0)  dx  = A > 0. 

(A. 15. 10) 

In  the  second  case  the  value  of  the  integral  will  be  different,  and 
it  will  be  still  more  difficult  to  judge  its  sign.  We  denote 

^ xx  (±  a jo)  = 3'xx{±  flko) 

= [ 'Mr)  [V  (r)  — °ll{  \ r + ajo  l)]^(r  + aj0)dT=  — B. 

(A.  15.11). 

Taking  into  account  the  six  nearest  neighbours  in  a simple  cubic 
lattice,  we  obtain  for  the  right-hand  side  of  (A. 15.3) 

a [ — C + A ( eikxa  + e~ihxa)  — B ( eihva  + e~ihua -f  eikza  + e~ihza)] 

= a [ — C + 2A  cos  akx  — 2 B (cos  aky  + cos  akz)] . (A.  15. 12) 

It  follows  from  (A. 15. 3),  (A. 15. 5)  and  (A. 15. 12)  that 
a [e  — e„  + C — 2A  cos  akx  + 2B  (cos  aky  + cos  akz) J = 0. 

(A. 15. 13) 

Should  we  multiply  (A.  15.3)  by  (r)  or  z (r)  and  integrate  over 
the  volume  of  the  crystal’s  principal  region,  we  would  obtain  instead 
of  (A.15.13)  two  other  equalities  which  can  be  obtained  as  a result 
of  a cyclic  permutation  of  x , y and  z and  of  a,  p and  y: 

P [e  — e0  + C — 2 A cos  aky  + 2 B (cos  akz  -f  cos  akx )]  = 0, 

(A. 15. 13a) 

y [e  — e0  + C — 2 A cos  akz  + 2 B (cos  akx  -f  cos  aky) ] = 0. 

(A. 15.13b) 
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The  equalities  (A. 15. 13),  (A.15.13a),  (A. 15. 13b)  may  simultaneously 
have  a trivial  solution  if  we  make  a = |3  = y = 0,  which  is  of  no 
interest  since  in  this  case  the  wave  function  (4.7.17)  is  identically 
equal  to  zero.  If  a 0,  it  follows  from  (A. 15. 13)  that 

e = e0  — C + 2A  cos  akx  — 2 B (cos  aky  + cos  akz),  (A.15.14) 

and,  therefore,  f5=y  = 0,  since  otherwise  e would  depend  on  kx , 
7cy,and  kz  not  in  accordance  with  (A.15.14)  but  in  accordance  with 
(A. 15. 13a)  and  (A. 15. 13b)  for  p ^ 0 and  y 0.  Thus,  we  see  that 
three  cases  are  possible:  (1)  a =^=  0,  p = y = 0;  (2)  p ^ 0,  a = y = 
= 0,  and  (3)  y =/=  0,  a = |3  = 0,  corresponding  to  the  dispersion 
rules  (4.7.18),  (4.7.18a),  (4.7.18b). 

Appendix  16 

Denote  the  projections  of  the  vectors  rn,  rp,  R,  and  r on  the  x axis 
by  the  same  letters  but  not  in  bold  type.  Since  (5.3.2)  also  hold  for 
projections,  they  will  be  valid  for  rn,  rp,  B,  and  r. 

Compute  d^ldrn'. 


dip 

dip  di?  dip 

dp  _ 

mn  dip 

i 

drn 

d i?  dr„  dr 

drn 

- M di? 

+ dr  ’ 

a2i|>  , 

f mn 

d2ip  . 

d2tp  \ 

mn  d2ip 

L 

dr%  1 

{ M 

di?2  1 drdi?  ) 

M + { 

M di?  dr 

1 dr2  ) 

( mn  ' 

|2  a2ip 

O mn 

d2ip  , 

d2ip 

= 

{ M , 

1 di?2 

' 1 M 

dr  di?  ^ 

dr2  * 

Similarly 
a2*  _i 

f mP  ) 

2 d2lp 

o mV 

d2ip 

d2lp 

dr2p  ' 

l M ) 

di?2 

1 M 

dr  di?  ^ 

dr2  ’ 

whence 

l d2ip  , 

1 d2ip’ 

1 d2ip  , 1 

d2ip 

mn  dr f, 

1 mp  drf, 

~ M di?2  ^ p 

dr*  * 

Since  similar  equalities  hold  for  the  projections  on  the  y and 
z axes,  (5.3.3)  follows  directly. 

Appendix  17 

In  order  to  calculate  the  integral  / (6.2.7)  in  the  next  approximation, 
we  shall  introduce  the  variable  r]  = (e  — £,)lk0T  and  expand  the 
function  cp  (e)  = (r])  into  a power  series  in  t).  Since  the  function 

is  of  the  delta-type,  only  values  of  e close  to  £ (i.e.,  small 
•q’s)  will  play  any  part  in  the  integral: 

'M'n)  = ^M0)  + 'I5'  (0)t1  + |-^"(0)t12+  • • • • 


(A. 17.1) 
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Further, 

-lkde=  —|^dri=  -JL(— — )dr]=  ^ dr).  (A.17.2) 

de  dr\  ' 9r)  1 1 ' 

Substituting  — oo  for  the  lower  limit  in  the  integral  / equal  to  — z 
(for  the  variable  ri)  (this  is  permissible  since  z 1),  we  obtain 

/=  J ( — Kr) 

— oo 

— OO  — oo 


+ oo 


V (0)  J 


r)2e  11 

(l  + «-T1)8 


dr). 


(A.17.3) 


The  first  integral  on  the  right-hand  side  is  unity,  the  second  is  zero 
(because  the  integrand  is  an  odd  function),  the  third  is 


+ oo 


1 f r)2e-T1  J f , 

2 ) (14-e-T1)2  11  J (l+e_1h2  11 


= f T]2  [e_T1  — 2e-2T>  + 3e-3Ti — . . .]  dr) 

a) 

0 

= 2 (l--gr  + p— p-  + . . . ) 

= 2^  = 4.  (A.17.4) 

When  we  computed  the  last  integral,  we  expanded  the  factor  (1+ e-T|)-2 
in  the  integrand  into  a series  in  e_T',  and  then  we  made  use  of  the 
equation  for  the  sum  of  the  alternating  series  of  inverse  squares  of 
natural  numbers  [A.l,  p.  156] 

Finally 

J = 'M0)  + i^"(0).  (A.17.5) 


In  the  case  (6.2.5) 

^)  = ^Tt£  + W/2-  (A. 17.6) 


Making  use  of  (A.17.5)  and  (A.  17. 6), 
following  equation: 


n 


(2  m*)*/2 
3ji*S3 


S3/2[i+-£( 


we 


obtain  for  (6.2.5)  the 


40-01137 
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Assuming  that  it  is  possible  to  put  in  the  square  brackets  £ = £a 
and  solving  the  equality  thus  obtained  for  £,  which  stands  in  front 
of  the  square  brackets,  we  obtain 

Expanding  the  expression  in  square  brackets  into  a series  in 
( k0T/t,0 )2  and  retaining  only  the  first  two  members,  we  obtain  (6.2.9). 

Appendix  18 

In  accordance  with  Poisson’s  equation  [A. 3,  p.  77], 

oo  oo  +00 

2 cp  (2 = 2 eiU  j <P  (t)  e~ilx  dx.  (A. 18.1) 

JV— — OO  ;=— OO  — OO 

In  our  case  (6.5.25b), 

<p  (2j iN  + t)=  {2^)V2  (2 nN  + t)3'2,  (A. 18.2) 

if  we  substitute  — N for  the  summation  index  N and  make 
t = 2ne  — it.  (A.  18. 3) 

Since  9 (2niV  + t)  is  real,  we  have  in  our  case 
-[e  - 1/2]  < N < 0,  (A.18.4) 

where  [x]  denotes  the  largest  integer  contained  in  x.  The  variation 
limits  of  the  argument  of  the  function  9 ( 2nN  + t)  are  from 
2n  (e  — 1/2)  — 2n  [e  — 1/2]  (for  large  e this  is  close  to  zero,  which 
will  be  assumed  in  the  future)  to  t.  This  determines  the  limits  of  the 
integral  in  (A. 18.1)  since  outside  these  limits  9 (t)  = 0. 

Hence,  (e)  in  (5.25a)  for  large  e is  equal  to 

00  t 

0(e)  = 72^  2 eilt  \x^e~^dx.  (A.18.5) 

00  0 

The  addend  for  l = 0 is  equal  to 

t 

j xV2dx  = -j-t5'2.  (A.18.6) 

0 

For  the  sum  of  the  two  addends  +Z  and  — l we  obtain 

t 

( _ 1)*  |[cos  (2jt/e)  + i sin  (2jiZe)]  ^ t3/2  [cos  (Zt)  — i sin  (Zx)]  dx 

o 

t 

+ [cos  (2jiZe)  — i sin  (2jxZe)]  j x3/2  [cos  (Zx)  -f  i sin  (Zx)]  <Zx  j 

o 
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t 

= ( — if  2 £cos  (2nle)  ^ t3/2  cos  (It)  dx 
o 

t 

+ sin  (2:riZe)  j t3/2  sin  (lx)  dx  J . (A. 18. 7) 

o 

Here  we  took  into  account  that  e±iln  = ( — 1)(  and  made  use  of 
the  relation  e±ia  — cos  a ± i sin  a.  Integrating  by  parts  in  (A.  18.7) 
with  the  aim  of  lowering  the  power  of  t from  3/2  to  — 1/2  and  sub- 
stituting ( n/2l ) 3?  for  the  variable  t in  the  last  integral,  we  obtain 

oo 

® w - [4  <2"')s/2 + 3 2 -I ~£-  {(W'2 

- f sin  (2jxZe)  S (/4fe)  + cos  (2jxZs)  C (V  4/e)] } ] , 

(A.  18.8) 

where 

U 

S (u)  = j sin  ^2)  (A. 18.8a) 

o 

u 

C (u)  = j cos  a:2 ) dx  (A.  18.8b) 

o 

are  Fresnel  integrals  [A. 4,  p.  73];  the  functions  S ( u ) and  C (u) 
oscillate  with  a period  of  the  order  of  1,  same  as  the  trigonometric 
functions  in  (A.  18. 8)  for  l = 1 but  with  an  attenuating  amplitude; 
C (oo)  = S (oo)  = 0.5. 

The  sum  in  (A.  18.8)  is  equal  to  [A.l,  i.  156] 

2 (2nZe)  V2  = (20X6)1/2  £ 

i-i  t-i 

= (2n6)‘/2  (--g-)  ; (A. 18.9) 

(6.5.26)  follows  directly  from  (A. 18. 8)  and  (A. 18.9). 

Appendix  19 

With  the  aim  of  deducing  the  Kramers-Kronig  relations  (7.1.9a) 
continue  the  function  e (to)  analytically  to  the  upper  complex 
half-plane,  making 

to  = co1  + xco2  (co2  > 0). 


(A. 19.1) 
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Then  (7.1.7a)  assumes  the  form 

OO 

e (to)  — 1 = e (©!  + i©2)  — 1 = f / (t)  1 dt.  (A. 19. 2) 

0 


It  follows  from  the  properties  of  the  function  f(t ) and  from  the  pres- 
ence in  the  integrand  of  a decaying  exponent  exp  ( — ©2f)  that  the 
integral  converges,  and,  therefore,  the  function  e (©)  — 1 has  no 
singular  points  in  the  upper  half-plane. 

If  the  function  % (©)  = X (fflj  + i©2)  has  no  singular  points 
inside  a closed  contour  C,  it  follows  from  the  Cauchy  theorem  [A. 2, 


p.  525)  that 

§ X (©)  d©  = 0. 
c 


Make 


X(t»)  = 


e (q>)  — 1 
co  — G>0  ’ 


(A. 19.3) 


(A. 19.4) 


Fig.  A.5  where  ©0  is  some  fixed  positive  re- 

al value  of  ©.  Choose  the  contour 
C,  as  shown  in  Fig.  A.5,  i.e.,  in  the  shape  of  a semicircle  of  a large 
radius  R,  of  two  segments  of  the  real  axis,  and  of  a semicircle  of  a 
small  radius  p with  its  centre  at  point  ©0;  in  this  case  the  integral 
(A.19.3)  with  the  value  of  % (©)  equal  to  (A.  19.4)  will  be 


coo-P 

I 

-R 


g (C0i)  — 1 

©l  — ©0 


8 (Cp)  — 1 
© — ©o 


da 


f dti)  + f g (©)-l  d(0==o.  (A.19.5) 

J ©1— ©o  1 J ©—  ©0  v 

aio+p  (H) 


In  the  limit  R oo  and  p 0 the  last  integral  will  be  zero,  since 
8 (©)  — 1 tends  exponentially  to  zero  for  R —y  oo.  To  compute  the 
second  integral,  take  into  account  that  © — ©0  = pe^,  so  that  for  a 
specified  p we  have  da  = ipe1^  dtp.  Then  for  p ->•  0 


(“  e (©)— 1 
J ©—©o 

p-*0 


d©  = 


s (©)— 1 
pei<p 


ipe 'V  dcp 

= i [e  (©0)  — 1]  ( — Jt). 


(A. 19.5a) 


Finally,  the  sum  of  the  first  and  third  integrals  for  p 0 yields 
the  principal  value  of  the  integral.  Hence,  we  obtain  from  (A. 19.5a) 


, jr  co/  da>i  ~ in  (g  ((°o) — 1] =°’ 
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and  we  can  rewrite  it  in  the  form 
e1  (®)  + ie2  (co)  - 1 =±  j dx,  (A. 19.6) 

where  we  introduced  the  notation  co0  = co  and  cox  = x. 

Separating  in  the  last  equality  the  real  parts  from  the  imaginary 
parts,  we  obtain 


oo 


Ej  (co)  — 1 = — X 6g  — dx, 

’ n J x — co  ’ 

— OO 

(A.19.7) 

e2(W)-  » f X-CO  dX ’ 

(A.  19. 7a) 

— oo 


this  coinciding  with  the  first  equalities  in  (7.1.7)  and  (7.1.7a). 

To  obtain  the  second  equality  in  (7.1.7),  we  transform  the  inte- 
gral in  (A. 19. 7): 


oo  0 oo 


oo  — oo  0 


Substitute  in  the  first  integral  on  the  right-hand  side  — x for  x and 
make  use  of  the  fact  that  the  function  e2  (x)  in  (7.1.6a)  is  odd.  The 
right-hand  side  will  take  the  form 


which  coincides  with  (7.1.7). 

The  second  equality  in  (7.1.7a)  is  obtained  in  a similar  way. 


Appendix  20 

A.20.1  Consider  certain  points  of  the  theory  of  quantum  transitions 
of  importance  to  us. 

Let  the  full  Hamiltonian  of  a system  be 

S£(t)  = Sf0  + S6'{t),  (A.20.1) 

where  Si'  ( t ) is  a small  time-dependent  perturbation.  The  time-de- 
pendent Schrodinger  equation  with  the  Hamiltonian  (A.20.1)  is 
of  the  form 


(A. 20.1a) 
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Expand  the  solution  of  this  equation  Y ( t ) in  a closed  system  of  eigen- 
functions^* = unexp(  — of  the  unperturbed  Hamiltonian  Si* 

V(t)=  2 an(t)unexip  ( — -15^)  (A. 20. 2) 

n 

with 

Si  qU-jx  ==  (A.20.2a) 

Making  an  ( t ) = a‘£’  + a(n  ( t ) + a(%  (t)  + . . where  a'"’)  is  the 
unperturbed  (initial)  value  of  an  (t),  and  an„  (t),  a‘%  (t)  are  correc- 
tions of  the  first  and  second  orders  of  smallness  in  Si'  ( t ),  we 
can  demonstrate  that  [A. 5,  Sec.  29] 

- = -jjj-  3 <%'hnan)  exp  [ y (e*  — e„)  t j , (A. 20. 3) 

n 

= 2 ^Anan1)exp[-i(eft  — en)  f]  , (A. 20. 3a) 

n 

where  the  matrix  element  is 

Si'hn  = j utSi'undx , (A.20.4) 

and  2 means  the  summation  over  the  discrete  and  integration  with 

n ^ 

respect  to  the  continuous  states  of  the  unperturbed  system. 

A.20.2  Suppose  that  at  the  initial  instant  ( t = 0)  the  system  is 
in  the  t-th  quantum  state.  Then  a'f  = 1,  and  all  other  a = 0 
(n  i).  We  are  interested  in  the  amplitude  a)l)  (t)  of  the  final  state  / 
at  the  time  t,  if  the  perturbation  Si'  ( t ) is  “switched  on”  at  the  in- 
stant t — 0.  It  is  obvious  that  a/l)  (0)  = 0;  therefore,  from  (A. 20.3) 
we  have 

t 

a(fl)(t)=~  j Si'n  (?)  exp  [-i-  (e,  — Si)  ? J d? . (A. 20.5) 

o 

If  Si'  is  independent  of  time,5  we  obtain 

aS^(t)=~~Si'n  °xp(y -1  , (A. 20.6) 

wherej^/i  = const.,  and  c ofi  = (&f  — e;)//i. 

It  is  known  from  quantum  mechanics  that  the  squares  of  the  modu- 
li of  the  coefficients  in  expansion  (A.20.2)  determine  the  relative 

6 This  statement  is  inaccurate,  since  it  is  assumed  that  3f€' = const,  for 
f >0  hut  $€'  = 0 for  t'  < 0. 
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probabilities  of  the  corresponding  states;  therefore,  the  probability 
of  finding  the  system  in  the  state  / at  the  instant  t is 


l41)(*)i2=l  Mh\2 


4 sin2 


nwf. 


2 it  t 

~w 


\Sf'n\ 


t 

2ji 


(A. 20.7) 


Since  at  the  initial  instant  t = 0 we  have  at  (0)  = 1 and  a(})  = 0, 
it  follows  that  | aty  {£)|2  can  be  regarded  as  the  probability  of  transi- 
tion of  the  system  from  the  state  i to  the  state  / in  the  time  t. 

Let  us  demonstrate  that  the  expression  in  square  brackets  on  the 
right-hand  side  of  this  expression  for  behaves  like  a 8-func- 

tion of  CO/;,  i.e.,  for  large  t’s 


r * sin2  -] 

I 2 it  (afil/2)2  Jt»i  ^U>H' 


(A. 20.8) 


Figure  A.6  depicts  the  factor  sin2  ((oftt/2)/ atji  as  a function  of 
<ofi.  For  t ofi  =0  the  expression  in  square  brackets  in  (A. 20. 8)  is 
equal  to  £/2ji,  i.e.,  in  units  of  1 la>fi  it  is  very  large.  On  the  other  hand, 


Tig.  A.C 

the  half-width  of  the  central  maximum,  outside  which  the  expression 
in  the  square  brackets  is  practically  zero,  is  quite  small,  since  it  is 
equal  to  2n.lt.  It  remains  to  be  proved  that  the  integral  of  the  expres- 
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sion  in  square  brackets  with  respect  to  da>fi  is  unity: 


[■  p t sin2  (fv^/2)  i j 

J L^r ' «»fit/ 2)»  J 


ax 


sin2  x 


dx  — 1, 


since  the  last  integral  is  equal  to  jt  [A.4,  p.  58]. 

Hence,  the  i —*■  f transition  probability  per  unit  time  is 

|ain  (t) I8  2ji 

WU=  t = TF  (A. 20.9) 

Since  [A. 5,  p.  56] 

6 (t on ) = 6 ( h Zt  ) = Ed  (6/  — et)» 

it  follows  that 

®i/  = irl<^ilafi(e>-e»)-  (A.20.10) 

Note  that  owing  to  the  structure  of  the  expression  in  square  brackets 
in  (A. 20.7),  which  can  be  reduced  to  a 6-function,  | a<p  ( t ) |2  is  pro- 
portional to  t,  i.e.,  wif  is  independent  of  time. 

To  determine  the  total  number  of  transitions  per  unit  time,  W 
we  must  add  up  all  the  w if's  over  the  states  i and  f: 

W=7wu  = ^~7j  l^/i|26(e/-ei).  (A. 20. 10a) 

i,f  i ,/ 

A. 20.3  If  the  perturbation  $6'{t)  is  a harmonic  function  of  time, 
i.e.,  if 

3('W  = M o(e-i<ot  + ei<oi)i 
then  it  follows  from  (A. 20. 5)  that 

a(/>(*)=-A-  f SSW  <“^"“)  t'  + ei(an+^i'}dt' 

o 

T ei(u>fl~a)t  — 1 | eHafi+u>)t—i 
h L (j )fi — CD  ^ C0y  j — ( — CD 

The  difference  between  this  and  (A. 20. 6)  is  that  now  we  have  two 
addends  in  the  expression  for  the  amplitude  aty  ( t ),  the  difference 
between  the  first  and  (A. 20. 6)  is  that  coy;  — to  is  substituted  for 
wfi,  and  between  the  second  and  (A.20.6)  is  that  a>fi  + co  is 
substituted  for  co^,-.  The  expression  corresponding  to  the  first  addend 
is  6 (coy£  — co),  i.e.,  the  energy  conservation  law  ef  = e,  + ftco  for 
the  absorption  of  a quantum  K co  by  the  system;  the  expression  corre- 
sponding to  the  second  addend  is  6 («/;+  co),  i.e.  the  energy  conser- 


(A. 20.11) 


(A. 20.12) 
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vation  law  ef  = e, — hi o for  the  emission  of  a quantum  by  the  sys- 
tem. The  two  physical  situations  cannot  occur  simultaneously; 
therefore,  either  the  first  or  the  second  addend  in  the  square  brackets 
(A. 20. 12)  should  be  retained.  For  example,  in  the  case  of  the  absorp- 
tion of  a quantum  ha>  we  obtain  instead  of  (A. 20. 10) 

= \<$ffi\2&  (ef  — ei  — ^©).  (A. 20. 13) 

In  the  case  of  emission  of  a quantum  h co  we  obtain  the  same  equa- 
tion only  there  will  be  a plus  sign  in  front  of  he o. 

The  total  number  of  quanta  ha>  (photons)  absorbed  per  second  per 
one  cubic  centimetre  of  the  crystal’s  volume  in  the  course  of  electron 
transitions  from  the  valence  ( v ) to  the  conduction  ( c ) band  is 

= 2 l®^/i  1 2 ^ (ef  — ei  — ha).  (A.20.13a> 


Here  the  summation  is  performed  over  the  occupied  states  (per 
1 cm3)  of  the  valence  band  ( i = v)  and  over  the  vacant  states  in  the 
conduction  band  (f  = c ),  which  satisfy  the  energy  conservation  law. 

A.20.4  Consider  the  second  approximation  of  the  theory  of  quan- 
tum transitions  (A.20.3a);  the  need  for  it  arises,  for  instance,  in  the 
case  where  an  electron  goes  over  from  the  valence  to  the  conduction 
band  absorbing  two  quanta,  a photon  and  a phonon. 

Let  the  perturbation 

<# (t)  = 2 (A. 20.14) 

T 


consist  of  a sum  of  members  each  of  which  is  a harmonic  function  of 
frequency  ak.  We  consider  the  case  when  the  system  absorbs  a quanta 
hcok,  this  placing  no  limitation  on  the  generality. 

From  (A. 20.3a)  and  (A. 20. 14)  we  obtain  for  the  transition  i -+■  via 
the  intermediate  state  m 


da(f2> 

it 


^22  M)ma£>  e^frn-*^ 
k m 


- - T5T  2 2 { ——F1  } 

k,  h'  m 


k,k'  m ml  h 


(A.  20. 15) 
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X 


:,  we  obtain 

1 X'  Xi 

h2  —i  Zi  ami—ah, 
ky  k'  m 

\ CO/j  — COfe  — 0)ft, 

6)/m  J 

(A. 20. 16) 


This  expression  consists  of  a sum  of  members  that  depend  on  m,  k 
■and  k' . It  is  seen  from  (A.20.6)  that  only  the  squares  of  the  moduli  of 
separate  addends  entering  into  the  expression  in  braces  in  (A. 20. 16) 
result  in  the  proportionality  of  | aSf  ( t ) |2  to  time  and  in  the  respec- 
tive energy  conservation  law.  The  square  of  the  modulus  of  the 
first  addend  in  braces  in  (A. 20. 16)  leads  to  the  energy  conservation 
law:  ey  = Ej  + h cok  4-  ha>h-;  in  such  conditions  the  second  “para- 
sitic” addend  in  the  braces,  which  is  the  result  of  a nonphysical  situ- 
ation of  an  instantaneous  appearance  of  a perturbation  at  the  in- 
stant t = 0 [A.5,  Sec.  29],  can  be  neglected.  We  arrive  at  the  con- 
clusion that  to  calculate  wif  =|  a(f(t)  \2/t,  we  must  take  the  squares 
of  the  moduli  of  the  individual  addends  on  the  right-hand  side  of 
(A. 20. 16)  (dropping  the  second  addend  in  the  braces),  since  only 
they  provide  for  the  proportionality  of  ] a(f  ( t ) |2  to  the  time  t and 
for  the  fulfillment  of  the  law  of  energy  conservation  between  the 
initial  and  final  state. 

Hence,  we  obtain  for  the  probability  of  an  i -*■  / transition  via  an 
intermediate  state  m 


■w 


if 


2n  sr\ 

~ h 2i  u 


<*$»!* 


Ci  I2 


ft,  ft' 


6 (8/  — 8 1 — hti)h  — h<&k')  ■ 

(A. 20. 17) 


Tor  a definite  process  this  expression  assumes  a more  concrete  form. 
In  Section  7.3  we  considered  indirect  interband  transitions.  Here 
the  following  two-stage  transition  is  possible:  a valence  electron  near 
k « 0 first  absorbs  a photon,  the  result  being  its  direct  transition, 
and  subsequently  it  absorbs  a phonon  ft(oq  and  goes  over  to  another 
point  of  the  Brillouin  zone.  Thus,  the  transition  i — +■  m takes 
place  as  a result  of  the  electron’s  interaction  with  a photon  hay, 
which'  means  that  <Mmi  = the  other  hand,  the  transition 

m — *■  f involves  the  electron’s  interaction  with  a phonon  Hayq; 
therefore,  M)m  = S£fm- 

Finally  (A. 20. 17)  for  this  transition  takes  the  form 
2n  xi 

h Zl  (gm  — e i — ha)2 


m 


8(Hf  — ef — h(tiq  — hay).  (A. 20. 18) 
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The  expression  for  the  total  number  of  transitions  W can  be  obtain- 
ed from  (A. 20.18)  in  the  same  way  as  in  (A. 20. 13a)  by  summation 
over  the  initial  state  i and  the  final  state  /. 

Appendix  21 

Write  out  the  matrix  element  (8.3.7a)  making  use  of  (8.3.1)  and 
(8.3.3): 

<k\  N'qj  | AF  | k,  Nqj) 

= - YWW  5 t (r)  n (<?q i)  gfad  v-  Z’  ev  (a^iq-T 

y qi  v 

+ a*'e_iq'r)  t|:u  (r)  J[  (<?qj)]  dx  JJ  dQqj.  (A. 21.1) 

q 3 qi 

Change  the  orders  of  integration  and  summation  and  separate  the 
integrals  with  respect  to  the  electron  coordinates  and  to  the  normal 
lattice  vibrations: 

~VWM  2 {[e«  If  J grad  Fe«k+q-k')-r uk  (r)  up  (r)  dr] 

' <v 

x [ j II  (*?qi)  aqi  II  't’Wqj  (Qi i)  (dQii)  ] 

qi  qi 

+ [eqj~  ^ grad  yei(k-q-k')T (r)  (r)  dr] 

x [ j II  ^A7qj  (Qii)  aqi  H ^A'qj  (Qqi)  (d(?qi)J}  > 


where  (dQqj)  = 0 dQqj. 


(A.21.2) 


v 


Denote  the  first,  second,  third  and  fourth  square  brackets  in  (A.21 .2) 
successively  by  K+ , L,  K~  and  L*.  Consider  first  L.  The  integrals  of 
all  the  pairs  -(^q/)  i[)  Nq]  (Qqj)  for  Qqj  not  corresponding  to  aqj 
are  equal  to  unity  if  N'qj  = Nqj  and  to  zero  in  all  other  cases.  The 
matrix  element  of  aqJ,  according  to  (3.10.25),  is  nonzero  only  for 
TVqy  = Nqj  — 1,  and  in  this  case 


L — (Nqj  1 | Uqj  I Nqj) 


hNli 


2<o, 


<v 


(A.21.3) 


with  L*  — 0.  Using  the  same  arguments,  we  find  L*  to  be  nonzero 
only  if  Nqj  = NqJ  + 1,  and  in  this  case,  according  to  (3.10.26), 


L*  = {Nqi  + \\a*qi\Nqj)=^  ■ 


HN  gj  + l) 

2°>q; 


(A. 21. 3a) 
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Hence,  the  interaction  of  electrons  with  lattice  vibrations  results 
only  in  such  transitions  in  the  course  of  which  the  number  of  pho- 
nons of  a definite  kind  q;  either  decreases  or  increases  by  unity,  the 
number  of  all  the  other  phonons  remaining  unchanged. 

Consider  now  the  integral  K+  with  respect  to  the  electron  coordi- 
nates r.  In  K+  substitute  a„  + r'  for  r,  where  r'  varies  within  one 
unit  cell.  Taking  into  account  the  three-dimensional  periodicity 
(with  lattice  periods)  of  V (r),  uk  (r)  and  uk>  (r),  we  obtain 

K+  =^2  Ci(k+,-k')-“nj  e«k+q-k')-req..gradF(r)Mk(r)M*,  {v)d%Qr 

(A.21.4) 

where  the  integration  is  performed  inside  the  unit  cell,  and  where 
we  dropped  the  prime  at  r'  in  the  integrand.  According  to  (A. 6. 4), 
the  sum  over  n will  be  nonzero  and  equal  to  N if 

k'  = k + q.  (A. 21. 4a) 

However,  in  this  case  the  following  possibility  should  be  reckoned 
with.  The  sum  of  the  vectors  k + q may  fail  to  correspond  to  a point 
in  the  first  Brillouin  zone.  In  this  case  in  order  to  reduce  the  vector 
k'  to  the  first  Brillouin  zone  we  must  make 

k'  = k + q + bg,  (A. 21. 4b) 

where  bg  is  a vector  of  the  reciprocal  lattice.  In  this  case  the  sum  over 
n in  (A.21.4)  will  also  be  nonzero. 

The  term  for  the  scattering  corresponding  to  (A. 21. 4b)  is  Umklapp 
process,  and  it  plays  an  important  part  in  the  establishment  of  thermal 
equilibrium  in  lattices  (Peierls). 

Umklapp  processes  play  no  part  in  the  kinetic  phenomena  consi- 
dered below,  and,  accordingly,  they  will  be  ignored  in  the  future. 
In  the  case  (A. 21. 4a)  we  have 

K+  = | j eqj  -grad  Vuk  (r)  uk<  (r)  dx0  = j ukuk.  dx0 

= j jp  (wk ut'V)  dx0—  f V (ukut>)  dx0,  (A.21.5) 

where  k'  = k + q,  and  d/ds  means  differentiation  with  respect  to 
the  direction  eq}.  The  first  integral  on  the  right-hand  side  of  (A.21.5) 
can  be  reduced  to  a surface  integral  [A.l,  §11]: 

J -jf  (Ukut'V)  dx0  = eqj-  [ grad  (uki4-F)  dx0  = eqj  ^ vwkuk'F  do0, 

(A. 21. 5a) 

where  v is  the  external  normal  to  the  surface  of  the  unit  cell.  Since 
UkUk’V  at  the  corresponding  points  of  the  opposite  faces  of  the  unit 
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cell  is  the  same,  and  eq;*v  = cos  (v,  eqj)  is  equal  in  magnitude  but 
opposite  in  sign,  the  integral  (A. 21. 5a)  as  a whole  is  zero.  Hence, 


K+=  — j V -Jj-  (ukup)  dx0. 

The  functions  uk  and  up  satisfy  (4.3.8): 

^•V2«k  + T (r)  uk  — (k-grad  uk)=  (ek  — ) 

V2^k'  + V (r)  up  + ~ (k'  • grad  up)  = ( ek 


(A. 21.5b) 


2 m 
h 2 
2m 


Uk, 

h2k'* 


2m 


Up. 


Multiplying  the  first  equation  by  dup/ds  and  the  second  by  duk/ds, 
adding  up,  and  integrating  over  the  unit  cell,  we  obtain 


— J V ~ (ukup)  dx0 

= H-5 


dup 


V2nk 


itfl  r 
m L 


dut 


ds 

ds  (k-grad  up) 
hV 


duXf 


ds 


L v24'] 

(k'  - grad  uk»)  j 


T I \ 

-L(Sk__2^H 


uk 


dup 


ds 


( 


ek*  - 


h2k’2  \ * 
-2 —)ul' 


duk 

ds 


■]} 


dxa. 
(A.21.6) 

Transform  the  second  addends  in  each  of  the  square  brackets,  mak- 
ing use  of  the  facts  that  the  operators  V2  and  iy  are  self-conjugate 
and  that  the  integrals  of  the  type  of  (A. 21. 5a)  are  equal  to  zero: 


1)  f -jy-  V2up  dx0  = | nk'V2  ( ) dx0  = j up  ~ (V2uk)  dx0 

ig  f dut, 

07  (up- v2uk)  dx0  — j — V2nk  dx0 

r duP 

= ) — V i^k  dx oJ 

Jduv  (•  duv 

iyup  dx0  = j up  ( + i)  y—  dx0 

iQ 

up  -^7  ( + iyuk)  dx0 


- f 


J ds 


[Wk'(  + 0 vuk]  dt0 
dut 


(*  tfak'  . 7 f 5wk'  . 


(3)  f up  -^-dx0=  j (upuk)  dx0 

- w 


dup 

ds 


- dx. 


—i 


Uk- 


dup_ 

ds 


dx0. 
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Making  use  of  these  three  equalities,  we  obtain  from  (A. 21. 5b)  and 
(A.21.6) 


ij2 1 r (*  du£,  -i 

K+= — [(k-k).  j grad  rfT0] 


H*k'2 

\ 2 m 

2m 

(A.21.7) 


If  the  effective  mass  m*  is  equal  to  the  electron  mass  m,  the  expres- 
sion in  square  brackets  in  the  second  addend  is  equal  to  zero,  since 
ek  = h2k2/2m  and  ek-  = h2k'2l2m.  If  the  effective  mass  is  of  the 
order  of  magnitude  of  m,  the  order  of  magnitude  of  the  expression 
in  square  brackets  is  %2k2hn.  The  integral  in  square  brackets  in  the 
first  addend  is  of  the  order  of  magnitude  of 


f a a“k  . If  duk'  , 

) erad  » T ) Mk  ST  dx°' 


where  a is  the  lattice  constant.  Accordingly,  the  ratio  of  the  second 
addend  to  the  first  will  be  of  the  order  of  magnitude  of 

™L+™L  = ak, 

m ma 

this  in  the  case  of  semiconductors  is  much  less  than  unity. 

This  estimate  is  true  if  the  electron’s  energy  extremum  is  at  the 
centre  of  the  Brillouin  zone,  at  k = 0. 

Neglecting  the  second  addend  in  (A.21.7)  and  making  use  of 
(A.21.4a),  we  obtain 

T7 . hH  r , f ^u\.  m „ 

K *=— q-  J grad  uk  j —-dr0  = —^qaefi 

a,  p 

l*  dut  dut, 

<A'21'8> 

where  eg  is  a rectangular  component  of  the  polarization  vector  eqj-. 
Here  use  is  made  of  the  relation 

dii?., 

— eq j • grad  Uk». 

In  a cubic  crystal  uk  is  either  an  even  or  an  odd  function  of  xa ; 
therefore,  du\Jdxa  is  in  the  first  case  an  odd  function  and  in  the 
second  an  even  function  of  xa.  In  integrating  in  (A. 21. 8)  with 
respect  to  xa  from  — a/2  to  +a/2  (a  is  the  lattice  constant),  the  inte- 
gral for  P =7^=  a is  equal  to  zero;  therefore, 

K ~ m 2 J dxa  dxa  dX° ■ 


APPENDICES  629* 


It  can  be  demonstrated  that  uk  depends  little  on  k,  so  that  uk  « 
» uk’  = u.  Since  all  three  rectangular  axes  in  a cubic  crystal 
are  equivalent,  it  follows  that 


f 


duk 

dxa 


duk' 

dxa 


du 

dx<x 


j I grad  u |2  dx0 


for  all  a. 

Thus,  we  have 

^ = ~ j I grad  n |2dT0  (q-eq;).  (A. 21.8a) 

If  we  consider  three  vibration  branches,  one  longitudinal  (/  = l)eqi|[q 
and  two  transverse  (/  =2,  3)  eq2  and  eq3_Lq,  we  see  that  in  our 
approximations  only  the  longitudinal  vibrations  interact  with  the 
electron. 

Finally,  we  obtain  for  (A. 21. 8a) 

K+  = i^qC,  (A.21.8b> 

where 


j |grad  u\2dx0.  (A. 21.8c) 

Combining  (A. 21. 3)  with  (A. 21. 8b),  we  obtain  the  expression 
(8.3.10)  for  the  matrix  element  describing  the  absorption  of  a pho- 
non. 

Considering  the  case  when  L*  =^=  0 and  is  equal  to  (A. 21. 3a),  i.e.r 
the  case  of  an  electron  emitting  a phonon,  we  can  easily  see  that  the 
only  difference  between  the  computation  of  K~  and  K+  is  that  in  the 
former  case 


k'  = k - q (A.21.9) 

takes  the  place  of  (A. 21. 4a)  with  the  result  that  the  only  difference 
between  K~  and  K+  is  in  the  sign.  Combining  (A. 21. 3a)  with  the 
expression  for  K~,  we  obtain  (8.3.10a). 


Appendix  22 

Prove  relation  (8.5.15)  by  direct  quantum  mechanics  calculation 
of  the  variation  of  energy  of  an  electron  occupying  a level  near  the 
bottom  of  the  conduction  band  caused  by  a deformation  of  the 
crystal  [A. 6]. 

The  lattice  constant  of  a cubic  crystal  in  the  case  of  homogeneous 
extension  is 

a = a0  (1  + e),  (A. 22.1) 

where  a0  is  the  lattice  constant  of  an  undeformed  crystal  and  e = 
= Eu  = dujdxi. 
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If  the  decrease  in  the  level  of  the  bottom  edge  of  the  conduction 
hand  caused  by  this  extension  is  AJf,  then  by  definition  (8.5.4), 

8i=-J (A.22.2) 

In  a homogeneous  deformed  crystal,  same  as  in  an  undeformed 
one,  the  conduction  electron  is  described  by  the  Bloch  function 

i|>k  (r)  = (r)  eik'T,  (A.22.3) 

where  uk  (r)  is  a function  periodic  in  three  dimensions  with  the  pe- 
riod a.  The  modulating  function  uk=0  = u0  near  the  bottom  of  the 
conduction  band  k = 0 satisfies  (4.3.8) 

— V2u0  + V ( r ) u0  = gu0,  (A.22.4) 

where  V (r)  is  the  periodic  potential  acting  on  the  electron,  and  % 
is  the  energy  of  the  bottom  edge  of  the  conduction  band  in  a defor- 
med crystal. 

For  perturbation  theory  to  be  applicable,  both  the  perturbed  and 
the  unperturbed  wave  functions  must  satisfy  the  same  boundary 
conditions,  which  for  the  function  u0  are  replaced  by  conditions  of 
periodicity.  To  make  u0  in  a deformed  and  in  an  undeformed  crystal 
satisfy  the  same  periodicity  conditions,  we  introduce  dimensionless 
coordinates 


x 


X X 

a ao  (1 T-  8) 


(A.22.5) 


with  similar  expressions  for  y'  and  z'.  An  increase  in  x by  a = 
= a0  (1  + e)  both  in  a deformed  (e  0)  and  in  an  undeformed 
(e  = 0)  crystal  will  obviously  cause  a change  in  the  coordinate  x' 
by  1,  and,  therefore,  the  period  of  u0  in  the  dimensionless  coordinates 
x'  will  in  both  cases  be  the  same  and  equal  to  1.  Introducing  dimen- 
sionless coordinates  r'  = r la,  we  obtain  instead  of  (A.22.4) 


— -^-a-2V?'«o  + V (ar')u0  = gu0. 


(A.  22. 6) 


Denoting  the  periodic  potential  and  the  electron’s  energy  (for  k = 0) 
in  an  undeformed  crystal  by  F0  and  g0,  respectively,  we  obtain  by 
analogy  with  (A. 22. 6) 

— £-<vr'“o  + n («(/)  u0  = $0u0,  (A.22.7) 


where  r'  = r la0. 

In  all  real  cases  the  deformation  8<1;  therefore, we  calculate  the 
displacement  of  the  bottom  edge  of  the  conduction  band  in  terms 
of  the  perturbation  theory  in  the  first  approximation  in  e,  i.e.,  neg- 
lecting corrections  of  the  order  of  e2  and  higher. 
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It  is  established  in  quantum  mechanics  that  to  determine  the 
perturbation  energy  in  the  first  approximation  we  can  take  the 
wave  functions  in  the  zeroth  approximation.  This  means  that  u0 
in  (A. 22. 6)  and  (A. 22. 7)  may  be  assumed  to  be  identical.  Premul- 
tiplying (A. 22. 6)  and  (A. 22. 7)  by  u*  (r/a0),  subtracting  the  equali- 
ties term-by-term  and  integrating  with  respect  to  dx'  = dx!a\ , we 
obtain 

(g  — g0)  [ u*u0dx’  j u*{--^-a'2(l  + e)~2V?' 

+ V K (1  + e)  r'l  + a^V'^  — F„  (a0r')|  u0  dx' . 

(A.  22.8) 

If  we  normalize  the  Bloch  function  (A. 22. 8)  in  accordance  with 
(4.3.6),  we  obtain 

J ujuo  dx'  = j | u0|2(/t  = -^-.  (A. 22.9) 

We  expand  the  first  addend  in  the  braces  in  (A. 22. 8)  into  a series 
in  e leaving  only  members  of  the  zeroth  and  first  orders,  cancel  out 
the  zeroth-order  member  with  the  third  addend  in  the  braces,  and 
return  to  the  variable  r — r'a0;  we  then  obtain  from  (A. 22. 8), 
making  use  of  (A. 22. 9), 

g-g0=A g-e—  f u*V2n0dT  + f M*{P  [(l  + e)r] 

m J J 

— F0(r  )}u0dx.  (A. 22. 10) 

Applying  Green’s  equation  [A. 2,  p.  361 , equation  (9)1,  we  obtain 

j u*S72u0dx=—  [ j S/u0  |2  dx  + u*  (Vu0-da),  (A. 22. 11) 

where  the  last  integral  over  the  surface  of  the  unit  cell  is  zero. 

According  to  the  hypothesis  of  deformable  ions  (8.3.3),  V 1(1  + 
+ e)  rl  = V0  (r);  it  then  follows  from  (A. 22. 10),  (A. 22. 11)  and 
(A. 22. 2).  if  use  is  made  of  the  definition  of  C (8.3.10b),  that 

sr-=£ilv“»l!!^  = lc'  <A-22-12> 

this  coinciding  with  (8.5.15). 

Appendix  23 

The  calculation  of  %n  (or  iv)  from  equation  (9.2.8)  [or  (9.2.10)]  re- 
duces to  the  solution  of  the  vector  equation 

x = a -}-  b X x (A. 23.1) 

for  the  unknown  vector  x. 


•i  1-01137 
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Note  that  from  (A.23.1)  follows 
b • x = b • a 


since 

b-  (b  X x)  = 0. 

Substituting  into  the  right-hand  side  of  (A.23.1)  the  expression 
a + b X x for  x,  we  obtain 

x = a + bXa-rb-(bX  x).  (A. 23. 2) 

Making  use  of  the  identity  transformation  [A. 2,  pp.  21 
b X (b  X x)  = b • (b  • x)  — xb 2 
and  of  (A.23.2),  we  obtain 

x = a + b X a + b*(b-a)  — xb2. 


whence 

a-f  bxa  + (a-b)b 
x~  1 + 6* 

Using  this  expression,  we  obtain  (9.2.11)  and  (9.2.12). 


(A.  23. 3) 


Appendix  24 

The  indices  p,  a and  v in  the  symbol  6|tav  independently  assume  the 
values  1,  2,  3.  Consider  all  possible  permutations  of  the  numbers 
1,  2,  3: 

(123),  (231),  (312),  (132),  (213),  (321).  (A.24.1) 

Their  number  is  equal  to  3!  = 6. 

Apply  the  term  disorder  to  the  permutation  when  a larger  number 
precedes  a smaller  one,  and  count  the  number  of  disorders  in  the 
permutations  (A.24.1).  It  is  easily  seen  to  be  equal  to 

0,  2,  2,  1,  1,  3,  (A.24.2) 

i.e.,  the  number  of  disorders  in  the  first  three  permutations  is  even 
and  in  the  last  three  it  is  odd. 

If  we  make 

8 ^av  — +1  when  (pav)  forms  an  even  number  of  disorders, 

Snav  = —1  when  (pav)  forms  an  odd  number  of  disorders, 

^nav  = 0 when  there  are  identical  indices  among  (pav), 

we  find  immediately  that  the  vector  product  v X H can  be  written 
in  the  form  (9.8.22)  with  the  aid  of  the  symbol  8j,av. 

Apply  the  term  transposition  to  the  operation  in  which  two  ele- 
ments (indices)  change  places  in  the  course  of  a permutation. 
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A transposition  is  easily  seen  to  change  the  number  of  disorders  by 
an  odd  number.  Hence,  transpositions  transform  permutations  with 
an  even  number  of  disorders  into  those  with  an  odd  number  of  disor- 
ders, and  vice  versa,  so  that 

6|iav  = ^aiivi  (A. 24.3) 

etc. 

A cyclic  permutation  of  the  indices  p — a,  a — v v,  v->  p does 
not  change  the  symbol  6^^.  It  is  obvious  that  5p,av  = 1 or  0. 

It  can  be  demonstrated  that  is  a rank  3 tensor  in  which  only  6 
out  of  27  components  are  nonzero. 

The  above  concepts  and  results  can  easily  be  generalized  to  the 
case  of  permutations  of  n elements  [A.l,  i.  117]. 
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